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A starting point for understanding neural network
expressiveness is the case of deep linear networks. In
such a network, the parameters are matrices. A function
expressed by the network takes an input vector z € R%
and repeatedly multiplies it by matrices W:

cr— WiWr_q1---Wix € RdL.

The depth of the network is L, the number of matri-
ces. The sizes of these matrices determine the network’s
architecture. That is, if W; is a d; X d;_1 matrix, then
the network has architecture (do,ds,...,dr). Here dy is
the input dimension, dj is the output dimension, and
di,...,dr_1 are the widths of the hidden layers.

An architecture that can express every linear map
from R% to R is called filling. For linear networks,
filling is determined by linear algebra. When the net-
work has a single hidden layer, this is the familiar rank-
factorization problem. A matrix factored through a hid-
den layer of width A has the form

A = WoW;, where Wy € R and W, € R4xh,

Such a matrix has rank at most h. Therefore, to repre-
sent every linear map from R% to R,

the hidden widths must be at least min(dp, dr,).

Moreover, a deep linear architecture is filling precisely
when every hidden layer is at least this large.

Example. The neural networks below have architec-
tures (4,2,3), (4,4,3,3), (4,3,3). They express func-
tions from R* to R3. The architecture on the left is not
filling. The other two networks are filling; this is because
every linear map from R* to R3 has rank at most three.
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Polynomial neural networks (PNNs) generalize this
picture by inserting an activation function between lin-
ear maps. In the setting studied in [2] the activation is a
power function applied coordinatewise, such as z — 2".

PNN Example. Fix the architecture to be (2,ds, 1),

and denote the input variable by x = [xl xg]T. If the
parameters are chosen to be

11
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Wy = and Wy=[11..1],

1d

then the resulting homogeneous polynomial function ex-

pressed by the network is of degree 7:
= (x1 +x2)" + (21 + 2x2)" + -+ + (1 + dyz2)".

For a fixed architecture, varying the entries of the
weight matrices determines a polynomial map from the
network parameters to a space of homogeneous polyno-
The image is the neuromanifold; the
smallest algebraic set containing it is the neurovariety.
They agree in the linear case, and always have the same
dimension, which can be computed as the maximal rank
of the Jacobian matrix of the parameterization.

In the PNN setting, an architecture is filling if its
neurovariety is the entire ambient space of homogeneous
polynomial functions of the appropriate degree. It is
minimal filling if it is filling and stops being filling as
soon as any hidden-layer width is decreased.

The linear story suggests that minimal filling archi-
tectures should have a simple shape. Kileel, Trager, and
Bruna formulated the unimodal minimal filling architec-
ture congjecture, which predicts that, once the input and
output widths are fixed, every minimal filling PNN ar-
chitecture should have hidden-layer widths that increase
up to a peak and then decrease.

Recent work [1] by Kevin Dao and Jose Israel Ro-
driguez, presented at CoLoRAI ICML 2026, shows that
this natural expectation fails. The example was found
through a frontier search and certified using symbolic
computation and previous results on neurovarieties.
Their work also established the exhaustiveness of some
searches through algebraic geometry results.

The first counterexample. Using a quadratic activa-
tion function z — 22, the architecture (2, 3,4,5,4,6,4,1)
is minimal filling but not unimodal.
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The counterexample demonstrates that efficient ex-
pressiveness need not follow the simple rise-and-fall pat-
tern suggested by classical intuition. It opens the door
to a sharper algebraic-geometric understanding of neural

network architecture design.
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