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CHAPTER 1

Math 290A - UCSD

ABSTRACT. The course is being taught by Zhouli Xu. The course is being taught asyn-
chronously and most work shall be done autonomously. There are no official textbooks
though we will mainly follow Hatcher’s text. References for this course are listed as follows.
Algebraic Topology, by Allen Hatcher: here. A Concise Course in Algebraic Topology, by
J.P. May: here. Lectures on Algebraic Topology, by H. Miller: here.

1. Lecture 1: September 24th, 2021

ABSTRACT. We reviewed the course logistics and went over some aspects of the course
material that will be covered.

Again, the entirety of the course is online. For the first two quarters at least and the
third quarter will depend on if Justin Roberts chooses to do in-person lectures.
Motivation: Algebraic topology studies the relationship between topology and algebra.
Namely, topology is “difficult” and algebra is a good tool to solve problems in the category of
topological spaces. Indeed, we will be interested in constructing functors from the category
of topological spaces to algebraic objects (and here, we mean functors in the categorical
sense). The following are the key functors in this course sequence.

e 7, the fundamental group

e H, the homology groups (abelian groups)

e H* cohomology groups (commutative rings)
e 7, homotopy groups

The first two are studied in 290A, the second and third in 290B, and the last in 290C.
Now, we need to balance the complexity of our algebraic objects in comparison to how much
information we lose from the functor. Indeed, working with f.g. Z-modules is much easier
than working with something like f.g. C-algebras due to the classification of modules over
PIDs.

Zhouli discusses a few interesting results of algebraic topology that got him hooked in
his respective course as an undergraduate and graduate student:

e the Brouwer fixed point theorem:;
e the hairy ball theorem;
e the Borsuk-Ulam theorem.

The first theorem is proved using m; while the third uses knowledge of 7.

Zhouli also posed an interesting problem that can be solved using topological methods.
Question: Does there exist matrices A; € M, (R) s.t. for all nonzero vectors v € R, the
set of vectors

{Ary,- - A}


https://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://math.mit.edu/~hrm/papers/lectures-905-906.pdf
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F1GURE 1. The blue coloring indicates X and the f; : X — Y are continuous
maps. Along the vertical, we are moving along ¢ continuously while along the
horizontal, we are varying over X.

is always linearly independent? Hint: the result depends on n. Zhouli asked the class to let
him know if we have any ideas on this one, but he of course already knows the answer — this
question is not open.

2. Lecture 2: September 27th, 2021

ABSTRACT. We work towards defining the fundamental group (at a basepoint) of a topo-
logical space. We define homotopy equivalences, contractible spaces, homotopy relative to
a subspace, and the fundamental group at a basepoint.

To classify topological spaces, we need something to classify them w.r.t. and the ideal
would be doing it up to homeomorphism. However, this requires a lot of information since we
preserve all of the information from the topology. So, we focus on what is called homotopy
equivalence which loses some information, but is somewhat easier to work with.

Definition 2.1. Two continuous maps f,g : X — Y are homotopic if there exists a
continuous map H : X x [ — Y s.t.

(1) H(x,0) = f(x) for all z € X,

(2) H(z,1) = g(z) for all z € X.
We call H a homotopy from f to g. Intuitively, this means we can continuously deform f

to g through a family of maps, H(x,t) = f;(z). We will assume from here on that all maps
are continuous.

Example 2.2. Any two maps f,g: X — R” are homotopy via
a straight line homotopy.
Proposition 2.3. Homotopy is an equivalence relation.

PRrROOF. The proof is easy to show. If we view homotopy through means of the square in
figure 1 above, then transitive property is simply stacking the two squares and reparameter-
izing. 0
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Definition 2.4. Two topological spaces X,Y are homotopy equivalent if there exists
f: X =Y, g:Y — X mapss.t. fgis homotopic to idy and ¢gf is homotopic to idx.
The pair f, g is called a homotopy equivalence.

Proposition 2.5. Homotopy equivalence is an equivalence relation.

ProoF. Let f,g be a homotopy equivalence for X ~ Y with f : X - Y andg:Y — X.
Let f’, ¢’ be a homotopy equivalence for Y ~ Z with f':Y - Zand ¢ : Z — Y.

Clearly, X ~ X by taking the identity map both ways. Furthermore, X ~ Y iff Y ~ X
by using the same homotopy equivalence. So we show transitivity: X ~ Z. We claim
f"o f,go ¢ is a homotopy equivalence. Indeed,

(f'fof)o(gog) = foidyog = fog =idy
(gogho(f of)=goidyo f=idx.
O

Example 2.6. It is easy to deduce that R" ~ {x} (our notation for homotopy equivalent
topological spaces) where {+} is a one point set. Since homotopy equivalence is an equivalence
relation, we deduce R™ ~ R™ for all (m,n) € N2.

Remark 1. We will write f ~ ¢ for homotopic maps and X ~ Y for homotopy equivalent
spaces.

Definition 2.7. A space X is contractible if X ~ {x}. A map f is a null-homotopic
map if f ~ ¢ where c¢ is a constant map.

Proposition 2.8. A space X is contractible iff idx is null-homotopic.

PROOF. (= ): If X ~ {x}, there exist a homotopy equivalence f : X — {x}, g : {*} = X.
Observe that g o f maps X — {*} < x € X so that means im(g o f) = x where g(x) = .
Thus, g o f is a constant map and g o f ~ idx implies idx is null-homotopic.

( < ): If X is contractible, idx =~ ¢ for ¢ a constant map ¢ : X — y for some y.
Let H(x,t) be the homotopy. Now, consider fog : {x} — {x} with ¢ : {y} — X and
f+X = {y}. So, fog ~idg. But, go f is a constant map (and constant maps are
homotopic) = go f ~c~idy. O

Example 2.9. The sphere S™ C R""! is not contractible. The proof of this fact requires a
but of work which we will see later.
Other examples are the torus and the coffee mug.

Definition 2.10. Maps f,g : X — Y are homotopic relative to a subspace Z of X if
there exists a homotopy H : X x I — Y s.t. forall x € Z,

H(z,0) = H(z,1) = f(z) = g(x).
That is, f|z = gz

Definition 2.11. A path in X isamap f: 1 — X. It is aloop if f(0) = f(1). We will say
two paths or loops are homotopic if they are homotopic as maps relative to 01 = {0, 1}.

Definition 2.12. Given two paths f,g : I — X st. f(1) = ¢(0), we may form the
composition f - g by

. f2t) 0<t<1)/2
(1) fr9:= {g(zi _>1) 1/2 <t §/1
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FIGURE 2. The idea is to just combine the homotopies and then reparame-
terize maps.

which is a map f: [ — X.

Proposition 2.13. If f; ~ f; and g; >~ ¢o, then f1 - g1 >~ fo - go.

PROOF. A visual proof can be found in figure 2.
O

Definition 2.14. We will denote [f] for the homotopy class of paths and the preceding
proposition shows [f] - [g] = [f - g] is well-defined (and as Professor Zhouli says, “legit”).

Definition 2.15. Let xq € X be a point which we call a basepoint. Then define
(X, xo) ={[f] : f: I = X st. f(0) = f(1) =x0}.

Define a binary operation

(2) (X, zo) X 71 (X, o) — ™ (X, 20)

given by ([f], [g]) — L] - lg]-

Theorem 2.16. The pair (m (X, zg),-) forms a group called the fundamental group.

3. Lecture 3: September 29th, 2021

ABSTRACT. The goal of this lecture is prove the last theorem of the previous lecture. That
is, we show 71 (X, z¢) with the multiplication defined by combining paths is a group.

Definition 3.1. A reparameterization is a map ¢ : I — I s.t. ¢(0) =0 and p(1) =1. If
a1 — X is a path, then « o ¢ is a reparameterization of a.

Lemma 3.2. With the notation as above, o ~ a o .
PRrROOF. Take H(s,t) = a(ts + (1 — t)p(s)). O

Now we prove lemmas that will help show that m; (X, x¢) is actually a group.
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Lemma 3.3. Let «, 5,7 be loops based at g € X. Then (a- ) -v~a-(5-7).

Lemma 3.4. If a € X, let C, : [ — X be a constant path at a. If v is a path from a to b,
then C, - v ~~ and v - C, ~ 7.

Lemma 3.5. Let @ = o(1 — ) for a : I — X a path. Then,
a-a:Ca(o) & a-a:(Ja(O).

PrROOF OF THEOREMS AND LEMMAS. Each of the lemmas can be proved using a homotopy
diagram. Furthermore, the lemmas imply the theorem in obvious ways. 0

Note that the basepoint of the fundamental group is important. However, if z¢, x; are in
the same path component of X, then the respective fundamental groups are isomorphic.
Indeed, let v be a path from x( to x;. Define

(3) g s mi(X 1) = mi(X,20) by [o] = [Y][a][7].
Lemma 3.6. The change of base-point homomorphism [y]y is a group isomorphism.

Definition 3.7. We say X is simply connected if X is path connected and (X, x¢) = 0.
The first condition is usually indicated by mo(X, o) = 0.

Proposition 3.8. The space X is simply connected iff for all zq, z; € X, there always exists
a unique homotopy class of paths from x( to x;.

Proor. Trivial. O

As an exercise, show that X is simply connected iff mo(X) = 0 and f : S' — X is
null homotopic. Furthermore, R™ is simply connected for all n, but R? — {0} is not simply
connected. This second example is actually the case for the following theorem.

Theorem 3.9. 7(S!) 2 Z.

4. Lecture 4: October 1st, 2021

ABSTRACT. In this lecture, we work towards showing that 7(S') = Z. We first prove some
general facts about covering maps and covering spaces. Notably, we prove the UHLP which
asserts that covering maps have unique homotopy lifting. This then implies a path lifting
property which will be used to show m; (S!) = Z.

It is often convenient to identity S* as a subset of C by S = {2z : |z| = 1}. Pick the base
point to be g = 1 € S1. Then, there exists a map

p:RY = St s
We know that 71 (R') = 0 so our goal is to relate the fundamental groups in some natural
way. The preimage of a point a € S* is infinite and in the case of z, p~! = Z. Furthermore,
any small neighborhood of a point of S! has preimage which is a disjoint union of sets in
R!. Indeed, if U > a is a small neighborhood, then p™'(U) = U;czU; s.t. ply, : Uy — U is a
homeomorphism.

There is a more general notion of this which we now define. We also define some related
notions as well.
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Definition 4.1. A map p : X > Xisa covering map if for every a € X, there exists an
open U 3 x s.t. p~ Y (U) = Ui U; with ply, : U; — U a homeomorphism. We say U is evenly
covered and X a covering space. The covering space is called n-fold if p~!(a) contains n
points for each a and therefore, |I| = n for all U.

Example 4.2. (1) Let A be a space with discrete topology. Then A x X — X defined
by (a,z) + x is a covering space for X. If |A| < oo, then it is |A|-fold. This is a
product covering space.

(2) If n € Z*, define S* — S! by z + z". This is an n-fold cover.
(3) The map R! — S! given by 0 + €2™ is a covering map.

Definition 4.3. Let p: Z — X and a lift of f : Y — Z is a map f:Y—)Zs.t. f:pof

/l

Y—>X

commutes. Existence is not obvious and uniqueness is not generally true.
In the case of covering maps, the issues indicated above do not arise.

Theorem 4.4 (Unique Homotopy Lifting Property (UHLP)). If p : X > Xisa
covering map, f: Y — X is a map with lift f Y — X and H : Y x [ — X is a homotopy
s.t. H|y><{0} = f, then there exists a unique lift H:YxI— X st p o H = H and
H|Y><{O} - f

Essentially, if io(y) = (y,0) so that f = H o g, then the theorem says that if the outer
square of the following diagram commutes, then the dotted arrow exists and the smaller
triangles commute:

X

h<

=

[ 7

Y><I—>X

Corollary 4.4.1 (Path lifting property). Let p : X = X be a covering, a € X, and
a € p~*(a). Then

(1) for all paths v : I — X with a = (0), there exists a unique lift 7 : I — X s.t.

3(0) = ] )
(2) if vy =~ 4/, then 7 ~ +' (and so (1) = /(1)).
PROOF. For (1), let Y be a point in the theorem. For (2), let Y := I. O

Warning, the lifted loop may not be a loop in X. This can already be seen with R? — S1.

Proor or UHLP. The proof of UHLP can be found in Hatcher Theorem 1.17 Property
().

First, the UHLP is true if the image of H is contained in an evenly covered neighbor-
hood. We may assume Y is path connected and f is defined on a path component. These
assumptions aid in the proof of this fact.
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Next, the idea is to break Y x I into small pieces and apply the lemma. Then, glue
together the maps. First, let y € Y and choose V' 3 y s.t. H extends on V' xI. This is possible
since we can consider I := {J; ., ., [%=, 2] and write {y} x I = o<, {y} X [Z1, 2] and

n

choose n sufficiently large. Then H on each of these disjoint sets is contained in some evenly
covered subset Uy,. So there is a Vi, 3 y s.t. H(V,, x [, 2]) C U,, and let V := () _

So, H(V x [2=1,™]) C U,,. Then define H via the preceding paragraph.

Next, if Y is a point, H is unique. This follows by breaking I into pieces.
For general Y, H is unique. Indeed, if Hy, Hy2 ar elifts, we have

ﬁ/l|{y}><1 - Er;|{y}><[
for all y € 1.
Finally, H itself exists. For each y € Y, there exists V,, 3 y s.t. H Vyx I — X exists.

For all y,y’, we have Hy|(Vymvy/ w] = Hy K (VyV, ) xI by the preceding paragraph. Now, glue
these maps together to get the desired homotopy lifting which is unique. O

5. Lecture 5: October 5th, 2021

ABSTRACT. In this lecture, we prove that 7;(S') = Z through using the fact that R! is a
universal covering space of S'. We also discuss the induced homomorphisms on fundamental
groups which one obtains via the functor 1 (—). This functor is well-behaved and commutes
with the change-of-basepoint homomorphism.

Recall that we described that a covering space with covering map gives a local homeomor-
phism over neighborhoods of the space we cover. Furthermore, we showed that covering maps
have the Unique Homotopy Lifting Property (UHLP) and then derived a some corollaries of
this fact.

Corollary 5.0.1. For any p: X — X covering map, any z € A, take @ € p~'(a). Then
(1) given any path v : I — X with r(0) = 0, there exists has a unique lift of v s.t.
3 : 1 — X with 3(0) =
(2) if v ~ 4/, then ¥ ~ 7. In particular, 3(1)~/(1).
(3) If (1) = v/(1), then v ~ 7.

PROOF. We proved (1) and (2) last lecture, so we prove (3). If X is simply connected, we
know 3(0) = 7/(0) and F(1) = ~/(1). Since X is simply connected, 3 ~ /. Then,

poy~poy = y~7.
O

Definition 5.1. A covering space ()? ,p) with X simply connected is called a universal
covering space.

Proposition 5.2. The covering space R! of S! is a universal covering space.

PROOF 71 (X, z9) = Z. We now return to showing that (S, 7o) & Z. WLOG, set zy = 1.
Recall p : R! — St given by 6 — €2™ was the covering map. Apply the previous corollary (3)
to uniquely lift [y] € 71 (S, z0) to [§] : I — R with 5(0) = 0. Then 5(1) € p~'(0) =Z C R.
From the corollary, v ~ +" iff (1) = ~ (1) € Z. Then this defines a map

pim(SL) =L ] = A1)
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The integer that the classes of path are mapped to is known as the winding number. The

map ¢ is injective from the corollary and one can check that it is a group homomorphism.
Indeed,
wly -nl =7 -n(1) =7(1) + (1) = ¢l] + ¢ln]
because ¢ gives the number of times [y - 7| goes around the circle and the number of times
it goes around the circle is the number of times one moves via [y] and then [n].
Furthermore, it is surjective since we can define 7, : I — S! by 6 > €2™9 which then

[a)

has ,(1) = n and hence, ¢([y,]) = n. So ¢ is an isomorphism and 7;(S!,1) = Z. O

The map 7;(—) is a functor from the category of based spaces to the category of
groups. The objects on the left are (X, zg) with morphisms (X, zo) EN (Y, yo) which gets
sent to m1 (X, x0) I m (Y, yo) where yo = f(x9). We define the map f, explicitly bellowing.
Definition 5.3. Let f: X — Y with f(xo) = yo. If v: Z — X is a loop based at xg, then
f o~ is aloop based at yo = f(x0)-

One can check that 1 ~ 7, implies f o~y >~ f os.

Then define f, : m (X, x0) — m(Y,y0) by [y] = [f o~]. This f, is called the induced
homomorphism of 7.

Proposition 5.4. In the setting of the definition above,
e f, is a group homomorphism;

® (fog)=fiogs

e (id), = id;

e (constant map), = 0;

e if v is a path from zy to z1, we get a commutative diagram

m (X, 21) —Ls m(Y, f())

k# l(for)# :

M (X, 20) —2 m(Y, f(x0))

Another question is what happens to (fy). and (f1). if fo, f1 : X — Y are homotopic?
We have

(fo)s« : m (X, 20) — m (Y fo(20))
(f1)s s m(X,20) = (Y, fi(20))-

Now since fy >~ fi, the points fo(xo) and fi(xg) are in the same path component. Given a
homotopy H : X x [ — Y from fy; to f1. We get a path h : [ — Y from fy(xg) to fi(xo)
given by t — H(zg,t). Using this, we the following theorem.

Theorem 5.5. The map hy is an isomorphism and the following diagram commutes:

(Y, fo(zo))
(fo)«

7T1(X, $0) hay

(f1)«
(Y, fi(zo))
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PROOF FROM LECTURE. Take [v] € m (X, zo). We show

[foorl=1[h-(frof) Al
For any s € 1, take a path o, : I — I x I given by a,(t) = (s,t). Then we have maps
IS TxI"™ S xx1 8y
If s = 0, this is fyoy. While if s = 1, thisis h- (f, o) - h. O

HATCHER’S PROOF. Let [v] € m1 (X, x¢). We show [foov] =[h-(fio f)-h] by exhibiting a
homotopy. Define hy(s) := h(ts) is a path in V. Essentially, it is a restriction of & to [0,7].
Then hy - (H(y(—),t)) - hy is the desired homotopy because

t=0 = foovy(—) & t=1 = h-(fioy):h

6. Lecture 6: October 6th, 2021

ABSTRACT. In this lecture, we defined retracts, deformation retracts, and strong deforma-
tion retracts. We use this to show that S* is not a deformation retract of D? and Brouwer’s
fixed point theorem for n = 2. Our computation of the fundamental group also lends itself
to another proof of the fundamental theorem of algebra.

Lemma 6.1. If fo~ fi: X Y and gy~ ¢, : Y — Z, then ggo fo ~g10f1: X = Z.

PROOF. Assume gy = g1 = g. Let H : X x I — Y be a homotopy from fy to f;, then
goH : X x I — Zis a homotopy from go fy to g o f;. Similarly, assume fy = f; = f and
H':Y x I — Z is a homotopy from gg to g;. Then

XxI™yxz% 7
is a homotopy from ggo f to g; o f. So in the general case, gy o fo >~ g1 0 fo >~ g1 o f1. OJ

Lemma 6.2. (1) If f : X — Y is a homotopy equivalence, then f, : m (X, xo) — m1 (Y, f(20))
is an isomorphism for all zq € X.

(2) If f: X — Y is null-homotopic, then f, : m (X, x9) — m (Y, f(z0)) is zero for any
ro € X.

PRrOOF. We only prove (1). Assume X =Y. Then f ~idx and
™ (X7 f(xl)))

e

771(X>~T0)

IR

7Tl(X7$0)

and the commutativity of the diagram means f, is an isomorphism. In the general case,
f X — Y being a homotopy equivalence means thereisa g: Y — X s.t. fog~idy and
go f ~idx. Then f, o0 g, =id and g, o f, =id. Then f, is an isomorphism. U

Corollary 6.2.1. If X ~ Y then 71 (X) & m(Y).
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Corollary 6.2.2. If X ~ {x} is contractible, then m (X) = 0.

Definition 6.3. Let A be a subspace of X. A retraction from X to Aisamapr: X — A
s.t. 7(a) = a for all € A. We say A is a retract of X if there exists a retraction from X to
A.
A deformation retraction form X to Aisamap H : X x [ — X s.t.
(1) H(z,0) =z for all x € X,
(2) H(z,1) = Aforall z € A,
(3) H(a,1) =a for all a € A.
We say A is a deformation retract of X if there exists a deformation retraction from X to
A. Essentially a deformation retraction is a homotopy between idy and a retract r : X — A.
A strong deformation retraction is a deformation retraction satisfying

(1) H(a,t) =aforallac At eT.

Lemma 6.4. A deformation retract A of X has embedding i : A — X that is a homotopy
equivalence.

Proor. If H : X x I — X is a deformation retract, define r : X — A by x — H(z,1) € A.
Then r oi =1id4 and i or ~ idx (by using H, that is, observe that ior = H(xz,1) : X — X
and using H, this is homotopic to H(z,0) = idx.). O

Example 6.5. Let A := {x}. Then A is always a retract of X since X — {x}. A point is a
deformation retract iff X is contractible.

Example 6.6. Let A= S!' C C and X = C — {20} with |2| < 1, then A is a deformation

retraction of X. In particular, if zy = 0, we can use the map r : X — A given by r(z) = ﬁ

There are many other maps to get a deformation retract when |zo| < 1.

If |29] > 1, then A is a not a retract of X. Indeed, if we use the next proposition, and
note 7 (X) = Z, then we must have 7, : m(A) — m(X). But a loop in A is homotopic
to the constant loop in X when |z9| > 1. Therefore, i,(m(A)) = 0 which means it is not
injective.

Proposition 6.7. If i : A — X then we have an induced map i, : m(A,a) — m (X, a).
Then,

(1) if A is a retract of X then i, is injective;
(2) if A is a deformation retract of X, then i, is an isomorphism.

PROOF. (1) Let r : X — A be a retract and so 7o = id4 which means r, o7, = (ida)..
So i, is injective.
(2) There is a retract 7 : X — A st. r. = (idx).. But then, (r o), = (ida). =
(idx 0 4)s = i4. S0, i, = (ida).. That is, i, is an isomorphism.
0

Corollary 6.7.1. Despite S! being the boundary of the disk D?, S! is not a retract of D?.

PROOF. We have m;(S') = Z and 7 (D?) = 0 so if S! were a retract, then i, : Z — 0 would
be injective. This is absurd. 0

Theorem 6.8 (Brouwer Fixed Point Theorem for n = 2). Every continuous map f : D* —
D? has a fixed point.
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PROOF. Assume f(z) # x for all z € D% Then define r : D* — S! via the ray projection
starting from f(z) to x and eventually crossing S! (take the point crossing S* as r(z)). Then
r|g1 = idgi. We know r is well-defined since f(z) # z for all x € D?.

Then r is actually a retraction from D? to S'. Indeed, r(z) = x for all z € S and the
projection itself is continuous. However, the proposition implies 4, : 7 (S') < m;(D?) which
is absurd. Contradiction. O

Remark 2. This proof cannot generalize to higher dimensions. We will need to use “better”
functors in place of m; to do the job.

Theorem 6.9 (Fundamental Theorem of Algebra). Any non-constant polynomial has a root
in C.
PROOF. Let p(2) := 2"+ +a, 12" '+ +ay € C[z] for n > 1. Suppose p(z) # 0 for all
2z € C. Thenp: C — C—{0}. Let R > 0, then define fp : S* — C—{0} given by z + p(Rz2).
Then fr ~ 0 since we can extend fr to the disk D?. Now take R > 1+ |a,_1| + -+ + |ag]|.

We claim that fr ~ (Rz)™ % 0. This can be shown using a linear homotopy and the fact
that

|Rz|"™ > |an_1(R2)"™" + -+ +aq|.
Indeed,
H(z,t) = (R2)" + t(an_1(R2)" ' 4+ -+ a1Rz + ap)
works. Define )
gn = (R2)": ' — C — {0} T gt
Then
(gn)w s (ST B 7 (C — {0}) S m(SY)  going from Z — Z — Z.

This is a contradiction because this shows (Rz)" % 0 and 0 ~ fr ~ (Rz)" % 0 which is
absurd. 0

7. Lecture 7: October 8th, 2021

ABSTRACT. This lecture discusses certain categorical constructions. A review of group
presentations is also provided.

We begin by discussing products and coproducts from category theory.
Definition 7.1. Let C be a category and X, X5 objects in C. A product of X; and X,
denoted by X; x Xs is the following data
(1) there are maps p; : X; x Xo — X,
(2) for maps f; : Y — X, s.t. the big triangle in the following following diagram
commutes

Y

fi iH!f P
+

Xl <p—1 Xl X X2 T> X2
there exists a uniqe f : Y — X; x X5 making the entire diagram commute.

Example 7.2. (1) In the category of sets, a product is Xy x Xo = {(z1,22) : 1 €
X1, 72 € Xo} and the p; are the usual projection maps.
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(2) In the category of topological spaces, the product is X; X Xo = {(z1,22) : 1 €
X1, x9 € Xo} with the product topology.

(3) In the category of pointed topological spaces, the product is (X7 x X, (21, z3)).

(4) In the category of groups, G1 x G2 = {(g1,92) : g1 € G,go € G} with a group
structure.

Definition 7.3. Let C be a category and X;, X5 objects in C. A coproduct of X; and Xs,
denoted by X [[ Xz (or X; LI X5), is the following data

(1) there are maps p; : X; — X; U Xy,
(2) for maps f; : X; — Y s.t. the big triangle in the following following diagram
commutes

fi 0
3if
I f2

X1 <p—1 X1HX2 T) X2

there exists a unique f : X; U Xs — Y making the entire diagram commute. That
is, it satisfies a universal property.

Example 7.4. (1) In the category of sets, the coproduct X; LI X5 is a disjoint union.
(2) In the category of topological spaces, it is a disjoint union of spaces.
(3) In the category of pointed topological spaces, the coproduct is (X; U Xs)/(x1 ~ z2).
Essentially, we have X; V X, where we identified the base points.
(4) In the category of abelian groups, G @ G is the coproduct of two groups.
(5) In the category of groups, the coproduct is the free product G * G5 which we define
later this lecture.

Proposition 7.5. We have 7 (X x Y, (2o, v0)) = m1(X, z0) X m (Y, v0).

PROOF. The universal property says that the maps (f1, f2) are in bijection with f and
(f1/ =, f2/ ~) is in bijection with f/ ~ where f/ ~ indicates the homotopy class of the
map. Thus,

(X, z0) X T(Y, 90) = 71 (X X Y, (20, %0))-
(S, %)

/ ET K
*

(X, 20) <5— (X XY, (20, %0)) 5~ (Y. %0)

1

O

Example 7.6. Since 71(S') = Z, we deduce that m;(S' x S') =2 Z x Z. Similarly, m (S x
St x S'x ... )2 ZXxZxZX... for some finite number of copies of S?.

Definition 7.7. Let GG, H be a groups. A word in GG and H is a product s;ss...s, with
s; € Gors; € H. Such a word can be reduced

(1) remove any identity elements eq, ey,
(2) replace pairs g1go by their product in G and do the same for H.

Thus, every reduced word has form similar to g1higs ... grhi (and g1 = e or hy = e could
occur, but we do not indicate this here).
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The free product of G and H, denoted by G % H, is defined as the group of reduced
words with the usual multiplication. The identity is e = ey = e and (g1higahs)™' =
hy gy 'hitg;yt. The product is well-defined.

The abelianization of G is G/[G, G| = Ab(G) where [G, G| is generated by elements of
the form g,9,g7 'g;".

Lemma 7.8. We have Ab(G x H) = Ab(G) & Ab(H).

Definition 7.9. Let S be a set. The free group generated by S denoted by Fy is
Lxlxlx---x 1.

where a copy of Z appears for each s € S. That is, Fg = *scsZ.

Definition 7.10. Let R C Fs and the group generated by S with relations R, defined
(S|R) is defined as follows. Let Ny be the normal subgroup Fg generated by R. That is,

Ng := {products of a 'r*a:«a € Fs,r € R}

Then (S|R) := Fg/Ngr and we call S a set of generators and R a set of relations. Essentially,
it is obtained from Fg by imposing the relation r = e for all r € R.

Example 7.11. (1) {a,blaba b)Y X Z & Z,
(2) {a,blaba™tb~1 a% b?) X Z/2 D 7/2,
(3) (a,blaba,ba) = {e} = (a]a).
(4) (S|R) is called a presentation of a group G if G = (S|R).

Definition 7.12. The rank of G = (S|R) is the minimal size of S and if rank(G) < oo, we
say G is finitely generated. If both S| R are finite sets, then G is finitely presented.

Remark 3. The word problem asks if one can determine when two presentations give
isomorphic groups. It turns out that it is unsolvable.

Theorem 7.13 (Boone-Rogers). The word problem is unsolvable. There is no uniform

algorithm that determines whether (S|R) is trivial or not for arbitrary S, R.

8. Lecture 8: October 11, 2021

ABSTRACT. We state Van Kampen’s theorem, and sketch a proof of the theorem.
Theorem 8.1. Suppose X is path-connected, (J,.g Aa is an open cover of X s.t. z9 € X is
a basepoint, xg € A, for all @ € S, and let us denote the induced inclusions by
Qo T (Aa, o) — m (X, 20) & lapT1 (Ao N Ag, x0) — T1(Aa, To).
(1) Suppose A, N Az is always path connected. Then
P *aesm1(Aa, To) — T1(X, T0)

is surjective.
(2) Suppose A, N Az N Ap is always path-connected. Then

ker(®
If

:= normal subgroup generated by {ins(w)[ige(w)] ™! : @, B € S,w € m(AaNAg, 20)}

)
(1) and (2) hold, then (X, z¢) = *qesm1(Aq, o) /N.
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PROOF SKETCH. Ignore z in the notation. Given h € m(X), we define a factorization of h
to be a sequence (hq,...,h,) s.t. h; € m(A,,) and

Qo (h1) .. g, (hy) = h.
Define an equivalence relation on all factorizations by saying that two factorizations are
equivalent if they are related by a series of the following transformation (and their inverses):
(1) If oy = a1, then (hl, . ,hi, hi+17 ey hn> ~ (hl, ey hz . hz‘+1, cey hn)
(2) If h; = iq,p (w) for some w € m (Aq, N Ag,), then set

h; = iﬁiai(w)'
Then we define (hy, ..., ki, ..., hy) ~ (hy, ... R} . hy).
We make three claims:

(1) Two equivalent factorizations give rise to the same h.
2) Any h has factorization.

y
(3) Any two factorizations of h are ~.

Any factorization gives an element in the free product. An element h € 7(X) has a
factorization iff h € im(®). So the quotient obtained from the group group is just adding
relations which give a way to identify two factorizations are equivalent.

The proof of claim (1) is relatively easy to see. So, we focus on proving claim (2). The
idea is that if we have a loop h : I — X, we can decompose the unit interval 0 =ty < t; <
oo < t, = 1st. each f([t;,tir1]) C Ay, for all i. Now, for all i, f(t;) € Aa, N Aa,+1, pick a
path p; that goes from z to f(¢;). Then,

Flitots) Pr-p1- flinta) * D2 D2 flitaos ta)-
NOW7 for each f [titit1] Di-pi €M (Aai)'
For the proof of claim (3), see Hatcher’s text. The idea is that if we have two factoriza-
tions, there is a homotopy H : [ x I — X between them. The I x [ is a square and the idea
is to cut up the square and disturb each square slightly. O

Remark 4. Each of the hypotheses of Van Kampen’s theorem are as general as they can
be.

9. Lecture 9: October 13, 2021

ABSTRACT. We derive some consequences of the Van Kampen’s theorem. For instance, we
shall show that fundamental group of the wedge sum is just the free product of individual
groups provided our spaces are nice.

Corollary 9.0.1. Let X = |J,cqAa st. A, is open and simply connected for all a,
ﬂaeS Ay # 0, Ay N Ag is path-connected for all o, f € S. Then, X is simply connected.

PROOF. Choose a basepoint in (,.g As- Part (1) of van Kampen’s theorem is fulfilled and
the surjection implies 71 (X) = 0. O

Remark 5. The philosophy of Van Kampen’s theorem is we can build up the fundamental
group of a space via the subspaces. However, we cannot use it to compute 71(S') = Z
because we would need a subspace with nontrivial fundamental group.

Lemma 9.1. For all a € S, S™ — {a} is homeomorphic to R".
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PROOF. Rotate to assume a = (1,0,...,0). Then, let p : S™ — {a} — R™ be given by
stereographic projection and it is a known fact that this is a homeomorphism of S™ — {a} to
R™. O

Corollary 9.1.1. For n > 2, S™ is simply connected.

PROOF. Let a # b be points on S™. Then A; = S™ — {a} and Ay = S™ — {b} are an open
cover of S = A; U Ay. Furthermore, A; N Ay = S™ —{a,b} = R™ — {point} is path-connected
when n > 2. By the lemma, m(A;) = 0. So, Van Kampen’s theorem says m(S") =0. O

Definition 9.2. Recall that a pointed space is a pair (X, z) with 2o € X called a base
point of X. Let {(Xa,Za)}acs be a collection of pointed spaces. We defined the wedge of

\/‘:(O = (l |4<a>/r\_/

where z, ~ x5 for all a, 3 € S.

Our goal is to show that m(\/, Xo) = %71 (X,s). However, if we apply Van Kampen’s
theorem with A, = X,, we cannot guarantee that A, is always open. This motivates the
next definition.

Definition 9.3. A base point z( is nice if there exists an open neighborhood U > zy in X
s.t. U strongly deformation retracts to xy. That is, there exists a homotopy H : U X I — xg
s.t.

H(z,0)=xVx e U, H(z,1)=x¢Yx €U, H(xo,t)=uxoVtel.

Proposition 9.4. Let X =\/__ X,. Suppose z, is nice for all « € S. Then m(\/ g Xa) =
*aesT (Xoc)‘

Remark 6. The nice condition is wild. It is satisfied by a large class of spaces. For instance,
CW-complexes which will be introduced in the next lecture.

PROOF. Let Ag := XpV (\/aeS’a# Ua> where each of the U, are the nice open neighborhood

of 25 in X,. Then X = J,.g Aa- Furthermore, if v # 3, then A, N Ag = \/ g U, is simply
connected.

By Van Kapmpen’s theorem, 71(\/ cq Xa}) = *aesmi(As). But m(Ay) = m(X,) since
A, strongly deformation retracts to X,. So we get the desired isomorphism. U

Example 9.5. We have m;(\/]"_, S) =« | Z

n=1%"

Example 9.6. Let X := R*\ {p1,...,p,}. Then X is homotopic to the wedge of n copies
of S*. Thus, m(X) &« _,Z

m=1%"+

Example 9.7. Let X :=R? — {py,p2,...,Pn, ... }. There are two cases.
If {p;} does not converge, then m (X) = m (V.o S =% ,Z

n=1%"

If {p;} converges, say for instance we have the points p; = (%, O), then we get what is
called the Hawaiian earring. In this case, H := X % A 2, S'. The Hawailan earring is not
nice since we can define f,, : H — C,, which collapses all other circles to C,,. This induces a
map (fn)« : m(H) = m(Cy). Then, [[(fn)s: m(H) = ][, Z.

We claim that [](f,)* is surjective. Indeed, we can define a loop v : I — H s.t.
7(0) = v(1) = v(1/2) = --- = 0 and |7|[%+1’%} goes around C,, each a,-times. That is, we
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map [y] — (a1, as,...). Therefore, m(H) — [[ ., Z is surjective and the number of loops
is uncountable because |[[>7, Z/2Z| = 2".

10. Lecture 10: October 15, 2021

ABSTRACT. This lecture introduces the concept of a CW complex and discusses a more
general construction called a “attaching along a map”. The process of constructing a CW
is just a special case of this more general construction.

The idea of CW complexes is to build up spaces by gluing cells. Cells shall be the building
blocks for certain spaces. We fix notation
D" :={x e R":||z]| < 1}
Srhi={r e R": ||z|| < 1}.

To discuss CW complexes, we begin with a general construction. Let A C B be denoted
by (B, A). Given a map f: A — X, we can define

XUyB:=XUB/ ~

where ~ is generated by x ~ f(z) for all z € A. We call X Uy B the space obtained by
attaching B to X along A via the attaching map f.

B o
2
(o) @
N s
O {2

F1GURE 3. Method of gluing one space to another.

There three types of points in the resulting space:

e for all z € X \ im f, then x is in an equivalence class by itself,

e for all b € B\ A, then b is in an equivalence class by itself,

e for all z € im f, then {z} ~ {f~!(z)} is the equivalenc class. Note that f~!(x) may
not be a singleton set.

A special case is pictured in figure 4.
The construction gives a diagram:

A—L 4 x

zl Iinclusion

B—— XU; B

inclusion

which is called a pushout diagram. The pushout construction satisfies a universal property.
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R
3
e -
?
N

FI1GURE 4. Gluing B to X by collapsing A.

Proposition 10.1. Suppose there are maps j : X - Y andg: B - Y st. jof=gou.
Then there exists a unique map X Uy B — Y making the whole diagram commute.

;)X

N

inclusion

-

Sy

%XUfB

inclusion

PROOF. Trivial. 0

Example 10.2. e If X is a point, then X Uy B = B/A.
o If X =0, then X U; B = B[] X.
o If Ais a point, then X Uy B = B A X.
o If (B,A) = (D™, 5" 1), then X Uy D™ is called attaching an n-cell to X along f.

Example 10.3. Recall that the torus can be constructed using a gluing diagram of the
square I x I. Here, we show how to obtain the torus via gluing cells.

Let X, be a single point. Attach two 1-cells to the point to get a figure eight. Give a
label of the figure eight as in figure 5.

o

F1GURE 5. The figure eight with an orientation.
Now, we attach a single 2-cell (D?, S') via S' — aba='b~! and from the diagram

st —L . x,

! |

D> —— X, =17
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The map S* + aba='b~! glues S! along the path a,b,a!, b~

Definition 10.4. We say X is a CW-complex if there exists a sequence of subspaces where
) = sk_; X (here “sk” stands for skeleton)

P=sk 1 X Cskg XCsky XC-.-CX

s.t.
(1) X =U,sk, X,
(2) U is open (resp. closed) in X iff U Nk, (X) is open (resp. closed). in sk, (X),
(3) for all n > 0, sk, X fits into a pushout diagram

Uaen, SP1 —2s sk, 1 X

! |

Uaea, DZ T> Ski(

That is, sk, X is obtained from sk, _; X by attaching n-cells. Here, { D"} is indexed by A,,.
Here, f,, = Uf,q is given by f, 4 : St — sk, 1 X is called attaching maps for n-cells
D?.

If X = X, for some n, then we say X is an n-dimensional CW-complex (so dimension
is a topological invariant).

Example 10.5. We showed X = 7% = S x S! is a CW-complex with sko X a point,
sk; X = S'v St and ske X = X.

Definition 10.6. A CW complex X is finite-dimensional if X = sk, X for some n. It is
of finite type if each A, is finite (finite may cells in each dimension). It is finite if it is
finite dimensional and of finite type.

Proposition 10.7. (1) Any CW complex is Hausdorff.
(2) Any CW complex is compact iff it is finite.
(3) Any smooth manifold admits a CW structure.

11. Lecture 11: October 18, 2021

ABSTRACT. We compute the fundamental group of CW-complexes and classify one and two
dimensional complexes.

Let us classify the carious CW-complexes. For 0-dimensional CW complexes, we simply

have a disjoint union of points. So, X = skq X = [[{x*} is a discrete topological space.
The situation for 1-dimensional CW complexes is more interesting. These are graphs.

Definition 11.1. A graph is called a tree if it contains no “loop” i.e. it contains no cycles.
A tree is contractible if it is connected.
A sub-graph T of X is a maximal tree if
(1) T is a tree,
(2) T contains all vertices of X,
(3) if we an edge e ¢ X \ T, then e UT is not a tree.

Proposition 11.2. A connected graph has a maximal tree.
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Theorem 11.3. If T" is a maximal tree of a connected graph X and S parameterizes the
edges in X \ T, then 71 (X) & Fg where FJ is the free group generated by S.

PRrROOF. For each edge o € S, pick p, in the interior of the corresponding edge e,.

Define U, = X — {ps}pes—{a}- Then U, is open and deformation retracts to S'. If
a#d, then U —aNUy =X — {pa}acs is contractible.

By Van Kampen’s theorem, ® : xm(U,) — m(X) and *m(U,) = Fg. This is an
isomorphism because iq5(w)iqs(w) ™t is trivial for all w € (U, N Us) = 0. O

Now we consider the case of 2-dimensional CW-complexes. In the following theorem, we
do not concern ourselves with basepoints for our fundamental groups.

Theorem 11.4. Consider the pushout diagram

[1s: ey y

]

[[D? — X

where X is connected. The maps f, determine a loop in Y and therefore an element in
m1(Y). Let N be the normal subgroup of m1(Y") generated by [f|acs-

The inclusion Y — X induces a surjective map m(Y) — 71 (X) and the kernel is N. In
particular, m(X) = m(Y)/N.

PROOF. We start with simple case of a single D?. Then X =Y U; D?. See figure 6 for a
visual.

— L
X Vw$p

FIGURE 6. The squiggles represent the image f(S!) one which D? is attached.

Let Uy := X \ {*} where x is the center of D?. Then U; deformation retracts to Y. Let
U, = Int D?. Then U, is contractible.
By Van Kampen’s theorem,

O :m (V) X m(Up) *m(Uz) — m(X)

is a surjective map with kernel generated by [f]. But then we get m(Y)/N = m(X).

This finishes the proof for a single 2-cell. It is not hard to prove the result for finitely
many 2-cells. Furthermore, it is a fact that any compact subset of a CW complex can only
intersect finitely many cells. This can be used for the case of infinitely many cells. 0J



12. LECTURE 12: OCTOBER 20, 2021 25

Theorem 11.5. Suppose X is obtained from Y by attaching cells of dimension dim > 3.
Then the inclusion Y < X induces an isomorphism on 7.

The proof of the theorem is essentially the same as the last.

Corollary 11.5.1. One has m X = m(ske X) for a CW-complex X.

12. Lecture 12: October 20, 2021

ABSTRACT. We do some computations using CW-complexes and demonstrate an example
on how to construct and think about the universal covering space.

Let us demonstrate some examples of computations with cell complexes.

Example 12.1. Let K be the Klein bottle. It has gluing pattern as in figure 7. The cell

FI1GURE 7. We identify a pair of edges in the obvious way. We identify the
remaining pair of edges in the “opposite”.

structure is constructed as follows. First, skg X = {a} is a single point because all four
points are identified. Let sk; X = SV S! be a figure eight with each of them labeled a, b.
Then, glue D? onto sk; X via S' — aba='b. Then the presentation of m(K) is

m(K) = {a,b | aba™'b).

Example 12.2. Consider the sphere S2. It has a cell structure with 2 0O-cells, 2 1-cells, and
2 2-cells. Tt is easy to show via the cell structure that m(S?) = 0.

Let X = S?/(x ~ —x) be the quotient space after we identify antipodal points. Then
we get a CW-structure on X that has 1 O-cell, 1 1-cell, and 1 2-cell. We call X the real
projective plane and denote it RP2. The construction of the cell complex is as follows.

First, skoRP? = {x} is a singleton. Then sk; RP? ~ S! attaches a single 1-cell. Then
sko RP? = RP? attaches a single 2-cell which goes around the circle twice. In this case, one
finds

m (RP?) 2 (a | a®) 2 Z/2Z.

Example 12.3. The higher dimension sphere S™ has a CW-structure consisting of 2 i-cells
for 0 < ¢ < n. The quotient where we identify antipodal points is S™/(z ~ —z) ~ RP?
which has a CW-structure consisting of 1 i-cell for 0 < i < n. Also, sk,, RP™ = RP™ for
n > m and for n > 2,

1 (RP™) = (RP?) = Z/27.

We now begin discussing 7 in more detail and covering spaces. We recall some defini-
tions.
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FIGURE 8. The covering spaces map each vertex onto the vertex v of StV S*.
Observe that each vertex has a and b each coming in and out exactly once.

Definition 12.4. A map p : X 5 Xisa covering map if for all x € X, there exists a
neighborhood U > z s.t.
— H U,

and each U, is open with p|y, a homeomorphism. Each U, is called a sheet of X over U. We

called X a covering space of U. The cardinality of p~'(x) is the number of sheets over any
evenly covered U > x. We have a natural function X — Z U {+o00} given by z — [p~'(z)|.
This function is locally constant so if X is connected, it is constant.

Example 12.5. Let R! — S be given by 6 + >’ Then R! is a universal cover of S!
i.e. it is a simply connected cover and this particular map is an n-fold cover.

Example 12.6. Let S — RP"™ be the map onto the quotient with n > 2. This is a 2-fold
cover and 71 (S™) = 0. So, S, is a universal cover for RP".

Let us discuss covering spaces for CW-complexes.

Example 12.7. Let X = S'V S! be as pictured in figure 8
The key idea is that locally around the point, we have a going into the point and out of
the point once each and the same goes for b.
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The next few lectures will be focused on discussing covering spaces. The question one
may have is: what is the universal cover of S' Vv S'? Well locally, we want something as in

figure 9.
a l b

w‘é O b ’
Te
FIGURE 9. We want a and b coming in and out once.

If one continues this picture in each direction by adding vertex points at the ends of each
arrows, we get an object as in figure 10.

FIGURE 10. The universal cover of SV S*. It contains all of the other possible
covers of S'V S and is simply connected since we can deformation retract the
entirety of the space to a single point.

13. Lecture 13: October 22, 2021

ABSTRACT. To discuss covering spaces in more detail, we prove some basic results using
the Unique Homotopy Lifting Property. In particular, the importance of the covering space
is due to the lifting property and not the fact that they have a local homeomorphism onto
the space X.
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FIGURE 11. The universal cover of S! following the construction for that of
Stv st

We begin by recalling some facts. A lifting of f: Y — X was a map f: Y = X st

/l

Y—>X

commutes. We can also talk about the lifting of paths.

Theorem 13.1 (Unique Homotopy Lifting Property). Given f : Y — X and H : Y xI — X
a homotopy with Hl|y oy = f and a lift f : Y — X, then there exists a unique homotopy
H:Y x I — X that lifts H i.e.

N
7 .wlp

Yl ", x

s =

Corollary 13.1.1. If f : YV — X has a lift f: Y - X with Y connected, then f is
null-homotopic iff f is null-homotopic.

ProOF. Fix p : X > Xa covering. If ]7 is null-homotopic, then the composite from the
lifting diagram implies f is null-homotopic.

Suppose f is null-homotopic and choose H : ¥ x I — X a homotopy with H \yX{l}
constant and H|y oy = f. By the UHLP, there exists H:Y x I — X with H|YX{0} = f,

H ly {1y constant by the following lemma. Thereby f is homotopic to a constant map and
so it is null-homotopic. 0

Lemma 13.2. If Y is connected, any lift ¢ : Y — X of a constant map ¢ : Y — X is also
constant.

PROOF. Let c(y) = xo. Then ¢(y) € p~'(xg). But p~!(zg) is a discrete topological space
and Y being connected implies that p~!(x¢) is singleton. O

We also proved some results on lifting paths in previous lectures.
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Theorem 13.3. Let 25 € X, p: X — X be a covering, and T € p~'(zg). Then,
(1) for any path ~ with starting point z,, there exists a unique lift ¥ : I — X s.t.
3(0) = o i
(2) give paths 7,7 in X with v(0) = +/(0) = x, their lists 7, satisfy
vy = Foo
So, the lifts have (1) = 7/(1).

Corollary 13.3.1. In the situation above, consider p, : WI(X', 7o) — m (X, zg). Then

(1) p. is injective,

(2) im(ps) = {[7] € m (X, x0) : v can be lifted to a loop based at 7 based at zo}.

(3) if X is connected, then imp, < m (X, zo) with index [p=(x)].
PROOF. (1) Assume p.([71]) = p«([72]). Then this means 7; ~ 2. But the unique lifting
property for paths implies 7; ~ 3. Therefore,

PO POV = Y17V = p. injective.
(2) Suppose v € m (X, z) can be lifted to a loop. Then [y] = p.([7]) € ps(m1 (X, 20)).

Suppose [y] € p.(m(X,Z5)). Then choose v ~ +' s.t. ~ satisfies 7/ = p o/ for a
~' loop based at Zo. Let ~ be the lift of v with 5(0) = zy. Then v ~ 4" which means
F(1) = 7/(1) = &o. So 7 is a loop.

(3) Define ® : m (X, x)/imp, — |p~'(xo)| by [y]imp. — (1) where 7 is a lift of v with
¥(0) = 2. We will show that this is a bijection.

First ® is well-defined. If 7/ =~ - h for [A] € imp,, then & is a loop based at Zy. Then
N = ?ﬁ implies VN’(I) = 7/(/1)

Next, ® is surjective. Givgn 9;{) € p~1(xg), take a path 7 : I — X form z to x~6. Then
v =po7 and ®([y]imp,) = .

Third, ® is injective. If ®([y]im p,) = ®([y']imp,), then 77,7, are paths from zy to the
same endpoint. But then 7;95 " is a loop based at 2. Then,

p«([71 - ’72,]) 2] = [l

Example 13.4. See figure 12.

Definition 13.5. A space is locally path-connected if for any y € Y, any any open
neighborhood U 3> vy, there exists a small open neighborhood V with y € V C U and V
path-connected.

Example 13.6. Any CW-complex is locally contractible and hence, locally path-connected.
See Proposition A.4 of Hatcher.

Proposition 13.7. If Y is locally path-connected, then Y is connected iff Y is path-
connected.

PROOF. O

Example 13.8. Topology’s sine curve is path-connected, but not locally path-connected.
See figure 13.
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b

b

F1GURE 12. The space Xisa 2-fold cover of X. We have fundamental groups
m(X,20) = Z*7Z = (a,b) and (X, Zy) = Z* Z * Z = (a,b?, bab). This is an
index 2 subgroup of of (X, xo).

FiGURE 13. The space is path-connected since we can always use the larger
arc to connect the origin with points on the sine curve. However, it is not
locally path-connected because there is no smaller open neighborhood about
the origin that is path-connected.

Theorem 13.9. Let p : (X, Zg) — (X, o) be a covering map and f : (Y, yo) — (X, z) with
Y connected and locally path-connected. Then f has a lift

iff fo(m (X, m0)) < pa)m (X, 20)).

PROOF. ( = ) is obvious so we show the other direction. We shall define f explicitly.
Given y ey Y, take a path v : I — Y from yg to y. Then f o ol is a path in X that starts at

xg. Let f o be the lift of f o~ that starts with zy. Define f( )=1fo ’y(l)
We check f is well-defined. Let 4 be another path from y, to y. Then [y-+/] € m (Y, 30)
and f.([y- 7] € im(f.) € p.. But fu([y 7] = (f o 7)(f o) which means (f o ¥)(f o) can
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be lifted to a loop based at xgy. Therefore,

forn(l)=fov(1).
We check that fvis continuous. Given y € Y. Choose a neighborhood y € V' and choose

an evenly covered set U 2O f(V). Then ﬂv = ptof (and p~! is well-defined because
plu, : Uy — U is a homeomorphism). ]

14. Lecture 14: October 25, 2021

ABSTRACT. In this lecture, we work on constructing the universal covering space for arbi-
trary topological spaces satisfying certain “nice” conditions.

Definition 14.1. A space X is semilocally simply connected if for any x € X and open
neighborhood U > x, there exists an open neighborhood V s.t. x € V C U and

m(V,z) = m (X, x)
is trivial.

Example 14.2. All CW-complexes are semilocally simply connected (as they are locally
contractible).

OTOH, the Hawaiian earring is not semilocally simply connected. Any arbitrarily small
neighborhood of the basepoint contains an essential loop in X.

Recall that a covering space ()Af , p) is the universal covering space if X is simply connected.
There is a necessary condition it must satisfy.

Proposition 14.3. If X has a universal covering space, p : XX , then X is semilocally
simply connected.

PROOF. For any x € X, let U’ be an evenly covered neighborhood of . Then p, := p|y: :
U!, — U is a homeomorphism. For any open neighborhood U of x, let V.= U NU’. Then
we have a commutative diagram

X
P
Vo X
with () = p;'(2). Then i, is trivial because 4, = 4, o p, and 7 (X) = 0. O
Example 14.4. The Hawaiian earring has no universal covering space.

Theorem 14.5. If X is path connected, locally path connected, and semilocally path con-
nected, then X has a universal covering space.

Some motivation is warranted. Pretend that X did exist. How might we construct X
using points and paths in X7 There are two defining properties we know.
e Any path v in X with v(0) = 0 has a unique lift 7 s.t. 7(0) = xo.
o v~~~ iff ¥(1) = +/(1) by virtue of m(X) = 0.
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We shall show that there is a well-defined bijection
p: X ={]17:1—X70) =z} =+ X

given by [7] — (1) B

We can define X for any X. Our goal is to then recover X from X by giving X a topology.

Suppose 1 = y(1). Choose an evenly covered neighborhood U of z;. By shrinking U
a little, we may assume U is path-connected. The U, C X are sheets which cover U and
choose U, specifically so that it contains y(1).

How do we describe ¢ ~!(U,) (as a subset in X)? Simply take

0 Y(U,) = {[y-n] | nis a path starting at z; in U}
and require ¢ 1(U) to be open.

Definition 14.6. Given any path v in X starting at xy and any open neighborhood U of
v(1). We define

U0 =A{ly-nln:1—U n0)=~(1)}
We define a topology on X by specifying a basis of open sets

U:={UIy])|~v:1I— X,v(0) ==y, U open neighborhood of v(1)}.
Lemma 14.7. This is in fact a topology. One needs to show (U, []) N (U’, [7']) is open.

Theorem 14.8. Assume X is path-connected, locally path-connected, and semilocally sim-
ply connected. Then (X, p) is the universal covering space where p is defined by p([y]) = v(1).

PROOF SKETCH. For z € X, choose an open neighborhood U 3 x s.t. U is path-connected
and 7 (U, x) — m(X, ) is trivial Then

p ' (U) = [JW. 1)

where the coproduct is over the homotopy classes of paths from xq to x.

First, one can check that (U, [y]) N (U, [¢/]) = 0.

Second, plw,ny : (U, [7]) = U is a homeomorphism. One needs to construct an inverse
p~':U — (U, [y]). Simply take the map that sends 2’ to [y - n] where n : I — U is a path
from x to z’.

So, U is evenly covered and p is a covering map.

Third, we check that X is path-connected. For all [y] € X, we define 7, : I — X by
Yi(s) = (ts). Then t — [y] is a path in X from [y] = [Cy,] to [11] = [7]. So every point
[v] in X can be connected to [Cy,].

Fourth, X is simply-connected. The map

Pyt (X, [Cry]) — T1(X, 20)

is injective. So we need to show that the image is zero in 71 (X, z9). Take any path v €
P«(m1 (X, [Cy,))) There exists a unique lift 7 : I — X that starts at [C,,]. We can construct

it explicitly by ¥(t) = [v]. Since v € p.(mi(X,[Cy))), we know 7 is a loop. But then [v]
is a loop which corresponds to ¥(1) = 4(0) which has a path to [C,,] as points in X. So,

v 2 Cypy. S0 [7] = 0 in pu(m1 (X, [Cay)]))- -
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15. Lecture 15: October 27, 2021

ABSTRACT. This lecture proves certain nice “algebraic” properties of the universal covering
space. In general, there is a sort of “Galois correspondence” between connected covering
spaces and subgroups of the fundamental group.

Recall that a simply connected covering space is called a universal covering space. We
recall the proof of the following theorem.

Theorem 15.1. Let X be a connected, locally path connected, semilocally simply connected,
topological space. Then X has a universal cover. The condition that X is connected and
locally path connected occurs iff it is semilocally simply connected.

PROOF SKETCH. We defined X = ([y] | v: I — X,~(0) = z) with p : X — X given by
p([7]) = v(1). We gave it a topology which was the on generated by the

U, 0]) =(y-nl In:T—Un(0)=~(1))
for every [y] € X with open neighborhood U > v(1). Essentially, U C X is open iff A is the
union of the sets above i.e. A= J,(Ua,[Val)- O

We know that p, : m1 (X, zg) — m1(X, 29) was injective and the theorem of last time gave
a partial converse, That is, universal covers correspond to p.(m ()? ,Tg)) trivial.

For the rest of this lecture, fix X connected, locally path connected, and semilocally simply
connected.

Theorem 15.2. For all H < (X, zg), there exists a covering space p : Xy — X s.t.
p(m1(Xw, 7o) = H and 7 € p~(x0).

PROOF. The proof is similar to the proof of existence of a universal cover. Take X :=
([v] | v:1— X,v(0) = zo) and this is simply connected. Define an equivalence relation ~ g
on H by [y1] ~g [y iff 71(1) = 12(2) and [y175] € H C 7,(X,x0). This is an equivalence
relation.

Define X := X/ ~p. One can check that p is a covering map and that p, (71 (X, Zo)) =
H where z is the constant path at xg.

For all [y] € m (X, z0), we know that v has unique lift 7 € Xy starting at zo. But 7
can be explicitly constructed as a map I — Xy that sends s — [v,] where 7, : [ — X is
vs(t) = v(st). Uniqueness ensures this is correct.

Note that 7(1) = [v] and so,
V] € pu(m1( Xy, 2o)) <= (1) =2y € Xy <= [y] ~g [constant map] <= [y] € H.
0

Example 15.3. We know 71(S') = Z D {e} which occurs iff 7;(R'). What are the corre-
sponding covering maps for nZ C 77

Well, nZ = 7Z and this should give an n-fold cover. Realize that S — S given by z ++ 2"
yields the desired covering.

For m(S* x S') 2 Z x Z, we know the universal cover is m(R?). Meanwhile, each
subgroup aZ x bZ corresponds to coverings given by (21, z2) > (2%, 25) which is an ab-fold
cover.

Definition 15.4. Two covering spaces p; : X; — X and py : Xy — X are isomorphic if
there exists a homeomorphism A : X; — X5 s.t. p; = py o h.
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Theorem 15.5. Given two connected covering spaces p; : X1 — X, ps : Xo — X with
T0 € X, 71 € py *(20), To € Py (z0). Then (X1, p;) is isomorphic to (Xy, po) iff

pe(m(Xi,21)) & pa(m(Xa, 22))

are conjugate subgroups.

Remark 7. In the theorem, is worth noting that changing base points from ; € p~*(z¢) to
T9 € p1(xp) corresponds to conjugating H by an element [y] where [4] lifts to a path from
Ty to 7.

To prove the theorem, we shall need a lemma.

Lemma 15.6. Let f: Y — X, f(y1) = f(y2) = x0, 7 : I — X the lift with 7(0) = y; and
(1) = y2. Then

Fem(Y,0)) = 7 fu(m(Y ) -

PRrROOF. Use the change of basepoint diagram

(Y, y2) s (Y, 1)
| |
7T1(X,ZEO) i) 7T1(X,l’0)

Following the diagram,

for all [] € m (X, zo). O

Lemma 15.7. Given f:Y — X and p : X — X a cover. Let fl,f2 Y — X be two lifts
of f and assume Y is connected. If fl(yo) f2(y0) for some yo, then f = fo.

PROOF. The trick is to show the set A where they are equal is both open and closed. Then
as it is nonempty, Y being connected implies it is the whole space.

First, A is a closed set because fl, fg are continuous.

Second, let U, be a sheet over A containing fl( ) = f2( ) by choosing an evenly covered
neighborhood of f(y). Now fl, f2 belng continuous means there is a V' 3 y neighborhood
s.t. forall y' € V, fi(y') € Uy and fo(y') € U,. But then

p(FL)) = p(fa(y) = f(y)

(as the lifts are equal). But p|y, is injective which means f,(y/) = fa(y/). So V C A which
means A is open. O

ProOOF OF THEOREM. There is an induced diagram

(X .%'1 —) 7T1 X h(xl))

|pe /

(X .Z'()

and commutativity means pi,(m1(X1,21)) = pou(m(Xa, h(z2)). The first lemma implies
Pox(m1(Xa, h(73)) is conjugate to po.(m (Xa, T2)).
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For the other direction, assume p1,(m (X1, 21)) = [y]p«(m1(Xo, 22))[y] 7! Let 7 : [ — X,
be a lift of v starting at 3. Then

Y]pe (11 (X, 22)) 7] = pan(mi (X2, 7(1))-
By replacing z; by 7(1), assume that
P1(m1 (X1, 71)) = pau(mi (X2, T2)).

We have a diagram

X1 > X2 Zi > X1
X

and the composite py o p; : X7 — X lifts oy writ. pp and p; o py © Xo — X, lifts po
w.r.t po. So the second lemma says ps o p1 and ps o p; are the identity. Indeed, So, p; is a
homeomorphism. O

To summarize, if X is connected, locally path connected, and semilocally simply con-
nected, there is an equivalence

connected covering spaces of X o subgroups of m(X)
isomorphisms

conjugation

The correspondence is given by
(X.p)] & [p(m(X))].

This correspondence is similar to the Galois correspondence.

16. Lecture 16: October 29, 2021

ABSTRACT. This lecture discusses the group of covering transformations on a covering space
which help classify the covering spaces. If we view the group of deck transformations as sort
of action on the covering space, we may consider the orbit space which is a useful tool for
constructing covering spaces and classifying possible subgroups of the fundamental group.

Assume X is path-connected, locally path-connected, and semilocally simply-connected.
Recall that if X, X5 — X were two covering spaces, an isomorphism h between (X, p;) and
(X2, p2) is a homeomorphism h s.t. py o h = py.

Assume X1, Xo are connected throughout.

Theorem 16.1. Given zp € X, 7; € p; (7o), and T € p,*(z0), then there exists an
isomorphism A : X; — X, with x; hy To iff

pr(m1 (X1, 21)) = pai(m1 (X2, 72))
as subgroups of m1(X, xo).

Definition 16.2. A deck transformation (or covering transformatlon) on a covering

space (X,p) is an isomorphism A : (X,p) — (X,p) s.t. poh = p. Let G(X) denote the
group deck transformations.
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FiGURE 14. Cover of St v St.

Example 16.3. Consider the covering p, : S* — S' given by z = 2". Then the deck
transformations are rotations and h(z) = e*™/"z being the rotation by 2 generates G(X).
So, G(X) = Z,. Furthermore, G(X) = m (X)/m (X).

Example 16.4. Let X — S be the universal covering space. Then the deck transformation
h sending = to x + 1 generates. Therefore, G(X) = Z. So, G(X) = m(X)/m(X) and
7T1(X) =0.

Example 16.5. Let X be R with loops attached at each integer. The edge from n to n =1
are labeled by b and the loops are labeled by a. This gives a covering p : X — S' Vv S%.
The situation is the same as above since the deck transformation h(x) = x + 1 generates

GX)~Z.

Example 16.6. Consider the cover pictured in figure 14. A deck transformation must send
points to points which preserve the paths around them. However, each point is distinct in
this sense because the loop a in S' Vv St can lift to a loop a at 7, but not at 7, Z3. The
same applies for b with 3. So the only deck transformation is the identity.

The idea here is that a reflection would send a to b, but pushing down to S v St would
require a = b which is not true. So, G(X) = {e}.

Definition 16.7. A covering map is normal or regular if for every x7, x5 € X with p(ry) =
p(z2), there exists h € G(X) s.t. h(z1) = 5.

Example 16.8. The first example from before is normal. The second and third are as well.
However, the fourth is not!

An interesting question to ask is if we can determine if a covering map is normal and
how to compute deck transformations in more generality.

Remark 8 (Group Theory). Denote S¢ for the normal closure of S < G. Let Ng(S)
denote the normalizer of S. Then S < G iff S¢ = S iff Ng(S) = G.

Theorem 16.9. If p : X — X is a connected covering space, H = p, (m1(X, Zo)) C m1(X, 7o),
then
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(1) G(X) = Ng(H)/H,
(2) X is a normal covering space iff H < (X, xo).
In particular, a universal cover X is always normal and G(X) = m;(X).

PRrROOF. See Hatcher. O

An alternative way to think about normal covering spaces is now given. Let G be a
topological group i.e. it is a group with a topology s.t. its group operations are continuous
as maps G X G — G. A G-action on Y is a continuous map p: G xY — Y s.t. p(e,—) :
Y =Y =idy, p(g1,—) o p(g92, —) = p(g192, —), and each p(g, —) is a homeomorphism. We
will write for shorthand p(g,y) =g -y =g(y) € Y.

Define an equivalence ~g on Y by g1 ~y ys iff there exists g € G s.t. g(y1) = vo.

Denote by Y/G the space Y/ ~¢ and this is called the orbit space.

Definition 16.10. An action is a covering space action if for all y € Y, there exists a
neighborhood U 3 y s.t.

n(U)NgU)=0 Vg #ged.

The LHS condition is similar to requiring that our space Y be a covering space. Note that
if G is finite and Y is Hausdorff, then G is covering space action iff the action is free.
We could also rewrite the condition to mean U Ng(U) =0 iff g = e € G.

Example 16.11. We give an example of space with a free action but which does not give
a covering space action. Let Z act on S' by rotation by an angle a where o € R\ Q. Then
this is free because n(x) = z for z € S',n € Z iff n is the identity. However, this is not a

covering space action due to density. Indeed, if U 3 y, then we can always find a g € Z s.t.
g(U)NU # 0. This has to do with how the orbits Zz are dense in S*.

Theorem 16.12. Let GG be a covering space action of Y. Then,

(1) Y — Y/G is a normal covering,

(2) if Y is path-connected, then G = G(Y) is the group of deck transformations of
Y - Y/G,

(3) if Y is path-connected and locally path-connected, then G = m(Y/G) /p.(m1(Y)).

PROOF. See Hatcher. O

Example 16.13. The group G = Z; acts freely on S™ via the antipodal action. Indeed,
1(y) = —y has order two. The orbit space is /G = RP" and the theorem says S" — S"/G
is a covering space. This is a universal covering space when n > 2.

17. Lecture 17: November 1, 2021

ABSTRACT. This lecture discusses some applications of covering space actions and the orbit
space. There is also a basic introduction to topological manifolds which will prepare for the
classification of closed manifolds of dimension 2. Additionally, we discuss some basic ways
to obtain examples of manifolds such as by the Inverse Function Theorem.

Recall that G is a topological group if it is a group with a topology s.t. the group
operations are continuous. Let Y be a space. Then it is a space with G-action if there
isap:GxY — Y defined s.t. p(g,—) : Y — Y is always a homeomorphism. We define
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a relation ~g on Y by y; ~¢g y2 s.t. there exists g € G s.t. g(y1) = y2. We denoted the
quotient space by Y/G and call it the orbit space.

Recall that we also defined a covering space action. It was an action G on Y s.t. for
all y € Y, there exists an open U 2 y s.t. UNg(U) = for all g € G not the identity. Note
that if G is finite and Y is Hausdorff, then we have a covering space action iff it is a free
action.

Example 17.1. Let Z&Z act on R? by (a,b)(z,y) = (r+a,y+0b). This is a covering space
action (choose balls of radius < 1/3). The quotient is R?/Z & Z 2 R/Z x R/Z = S x S*.
So, R? is the universal covering space of 7% and m(T?) = Z & Z.

Example 17.2. Let p,q € Z—{0}. Let G = Z/pZ and G act on S® := {(z1, 22) : |21]*+]|2|* =
1} as follows. Let | € Z/pZ and

2mi 2mi;
l(z1,22) = (e ? lgz,e? "2z ).

So, we just have rotation by %

One can check that if (p,q) = 1, the action is free. The quotient space is L(p,q) = S*/G
which is the lens space. The quotient is has a covering map with S? as its universal covering
space. By construction, 7 (L(p,q)) = Z/pZ. A partciular case is L(2,1) = RP3.

Example 17.3. See Example 1.41 in Hatcher. We have a Z/5Z action on My, s.t. My, /(Z/5Z) =
Ms. In which case, m(M3) contains m(Mi;1) as a normal subgroup of index 5. Here, we
observe that 7 (M) = Z" while 7y (M) = 723,

We now discuss manifolds and surfaces. I will be very quick in the presentation in these
notes since this overlaps with the differential geometry course.

gl in the (z1,y1) = 2 plane and et in the (x2,Y2) = 29 plane.

Definition 17.4. Let X be Hasudorff and n > 1. Then X is an n-dimensional topological
manifold if it is locally Euclidean of dimension n (here, there is no assumption on second
countability).

It is said to be a topological manifold with boundary if it is locally homeomorphic to R
and there is some open subset that must be homeomorphic to an open subset of R that
intersection {x, = 0} C R%}.

By convention, a 0-dimensional manifold is just a discrete space and the empty manifold
is a manifold of any dimension.

The easiest examples of n-manifolds are S™, D". The boundary 0.X consists of the bound-
ary points of X i.e. those points whose local homeomorphisms has to intersect {x, = 0}.
The boundary is an (n—1)-manifold. The space SV St is not a manifold due to a singularity
at the base-point of the wedge.

Let f: R® — R™ be a C*®-function s.t. f = (f1,..., fm). Assume n > m. We say

x € R" is a regular point if rank (%) =m at x and y € R™ is a regular value if f~!(y)
J

consists of only regular points.

Theorem 17.5 (Inverse Function Theorem). Let y be a regular value of f. Then f~!(y) is
an (n — 1)-dimensional manifold.

Example 17.6. Let R?* — R given by (z,y,2) — 2% + 3*> — 22, One can check that the
regular values are a # 0. In this case, f~'(a) is a 2-manifold when a # 0.

When a > 0, we get a hyperboloid of one sheet. At a = 0, we get an elliptic cone which
has a singularity at the origin. When a < 0, we get a hyperboloid of two sheet.
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18. Lecture 18: November 3, 2021

ABSTRACT. This lecture is meant to prepare for the classification of closed 2-manifolds.
Here, we define the Euler characteristic and orientability which classify all closed 2-manifolds
up to homeomorphism. Additionally, we define the connected sum which is used to state
the classification theorem itself.
Let us start by reviewing definitions covered last lecture. Recall that a manifold was a
Hausdorff space that is locally homeomorphic to R”. A manifold with boundary had the
condition replaced by R”.

Definition 18.1. A closed manifold is a compact manifold without boundary i.e. a
manifold without boundary whose underlying topological space is compact.
A 2-manifold is called a surface.

Example 18.2. The disk D? is compact but has boundary. Meanwhile, int D is not compact
and has no boundary. The sphere S? is a closed surface. The space S x I has boundary
(which are the two boundary circles). The space S! x R has no boundary but is not compact.
Finally, R? is not compact.

The goal for today is to discuss the classification of closed surfaces. We begin with the
situation for 1-dimensional manifolds.

Proposition 18.3. If X is a connected 1-manifold with or without boundary, then X is
homeomorphic to one of

0,R, S [0,1],[0,1).

The proof of this proposition is elementary. For the situation with surfaces, we have some
examples. For instance, T? the torus is one. Also the surfaces M, of genus g. Meanwhile,
the Mobius band has boundary which is the boundary circle. Interestingly, the Mobius band
is also nonorientable (which we will not define precisely here).

For 2-manifolds, if one picks an orientation p, then it determines the orientation in a small
neighborhood about p. So any path v : I — X from p to another p’ defines an orientation
O, which we extend along a path to get an orientation at O;. We denote said orientation
by 1(Op).

If v(0) = v(1) = p, then v4(0,) is another orientation at p. There is no guarantee
they will be the same. Indeed, 7 is an orientation preserving loop if v4(O,) = O,
and reversing otherwise. We will say that a 2-manifold is nonorientable if there exists an
orientation reversing loop. For instance, S?, D? do not have such curves.

Definition 18.4. A surface X is orientable if all loops are orientation preserving. A surface
Y} is non-orientable if an orientation reversing loop exists.

Example 18.5. The surfaces R?, D? S% T2 are all orientable. The surface RP? is nonori-
entable because it contains the Mobius band.

Definition 18.6. Let X, X, be closed manifolds. We define the connected sum X;#.X,
as follows.

Take X, —U;, Xo—Us for Uy, U, disks. These new surfaces are surfaces with boundary and
the boundary is homeomorphic to S*. Identify the S'’s to obtain X;# X,. This operation is
symmetric. Essentially,

(X1 = Uh) [1(Xa = Us)
x ~ f(z)

Xi# X =
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where f : OU; — 0U, is a homeomorphism. One can easily check that the connected sum of
closed 2-manifolds is a closed 2-manifold.

Example 18.7. One has S?#X =~ X,

Theorem 18.8 (Classification of Closed Surfaces). If ¥ is a connected closed surface, then
¥ is homeomorphic to one of S% #I ,T? # RP% The first two of which are orientable
and the last is nonorientable. Moreover, the surfaces are pairwise nonhomeomorphic. The
numbers n, m are called the genus of 3 and denoted by g(X).

Corollary 18.8.1. A connected closed surface is determined by its orientability and genus.

Consider a CW structure on Y. The Euler characteristic is

x(2) = Z(—l)”#{n-cells}.

n

For surfaces, we only need to go up to n = 2. We shall see later that this is actually a
homotopy invariant. For now, we have a lemma.

Lemma 18.9. One has y(X1#%2) = x(Z1) + x(Z2) — 2.

PROOF. Observe x (¥ —int D?) + x(D?) — x(S') = x(X; — D?) + 1. The connected sum has

X(Zi#%2) = x(B1—int D?)+x(Sa—int D?)—x(S") = x(Z1) = 14+x(Z2)—1 = x(Z1)+x(Za) 2.
U

Corollary 18.9.1.

2 —2¢g(X¥) X is orientable
2 —g(3) X is nonorientable ’

X(X) = {

PROOF. Observe x(T?) = 0, x(5?%) = 2, and x(RP?) = 1. The proof then follow from above
and the classification theorem. O

Example 18.10. The Klein bottle K has y(K) = 0 and is nonorientable. So, K =
RP2#RP? by the classification theorem.

Proposition 18.11 (Exercise for the reader). Let M, denote an orientable closed surface
of genus g. Let N, denote a non-orientable closed surface of genus h.
Then the following are true

Mo#My = Mgy & No#ENp = Ny = My#Ng = Nogyp.

19. Lecture 19: November 5, 2021

ABSTRACT. We discuss the classification of closed connected 2-manifolds and its conse-
quences. We explain how to construct such surfaces, compute their fundamental group,
explain what their universal covers look like, and discuss the orientable double cover.

Recall from last lecture the classification theorem for connected closed surfaces.

Theorem 19.1. Any connected closed surface is homeomorphic to one of S?, #%_ T2, }"ZIRPQ.
The first two are orientable and the last is nonorientable.
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We observed from last lecture that closed connected surfaces are determined up to home-
omorphism by orientability and genus (the numbers n,m in the theorem). The method of
proof for the above theorem would consist of using cuts along certain curves. Another proof
would use the methods of triangulation. For this course, we do not prove this result, but
merely use it as needed.

Recall from last lecture that we also defined the Euler characteristic. We also proved a
formula x(31#%2) = x(21) + x(X2) — 2. Using this, we could deduce that x(X) = 2 — g(X)
for ¥ orientable and x(X) = 2 — g(X) for ¥ non-orientable. Using this, one can deduce that
K = RP?#RP?;

We now discuss CW-structures on certain closed surfaces. We begin with the orientable
surfaces. Let P be a polygon with 2L edges. If we label each edge (in pairs and with a letter
and an orientation), we can then define an equivalence relation on P by declaring = ~ 2’
if they correspond to points on the indicated edges. Then, ¥ := P/ ~ is a 2-dimensional
CW-complex (so 3 from P is obtained by gluing edges). Here, sky ¥ are the vertices modulo
equivalence, and sk; ¥ is just the polygon (without the face) modulo equivalence. There are
L 1-cells. Also, sky ¥ = ¥ and the 2-cell is obtained by gluing along dP. It turns out every
closed connected surface can be obtained this way.

From this construction, we may deduce the following lemma.

Lemma 19.2. If ¥ is a closed connected surface, then ¥ is orientable iff every pair of
identified edges consists of a single edge going clockwise.

The proof of the lemma follows by noting that if two edges went in the same direction,
then we could obtain a subspace which is homeomorphic to a Mobius band.

There are canonical ways to obtain #7_,7% and #™,RP%. For the former, we take a
2n-gon and glue along the edges clockwise from some vertex given by

arbra; byt anbaa 't = [ag, bi] .. [an, ba).

This gives the desired space since this is the same as attaching 0D — \/12:1 St via the
indicated gluing. Alternatively, this construction as one O-cell, 2n 1-cell, and one 2-cell so
the genus is 2 — 2n (and what we obtain is oriented, closed, and connected).

For #ﬁlRPQ, we take an m-gon. Then label the edges counterclockwise as ajayasas . . . G ap,.
This has 1 0-cell, m 1-cells, and 1 2-cell. This also is a nonorientable surface by the lemma.
In this way, the classification theorem says we have the desired surface.

Corollary 19.2.1. One has
ﬂ—l( ?ZITQ) = <CL17 <oy Qny, bla s >bn ‘ [ab bl] cee [&n, an

and

1 ( ?ZlRPQ) ={(a1,...,an | a%...afn).

The proof essentially follows by applying Van Kampen’s theorem.
We now give some closing remarks on covering spaces of closed surfaces. If X is a
k-dimensional CW-complex and X is an m-fold cover, then X is also a k-dimensional CW-

complex. Furthermore, y(X) = my(X) for m < oco. In particular, any covering space of
closed surfaces is a surface (and it is closed iff m < o0).

Theorem 19.3. If X is a connected closed surface, then there exists a universal cover 3.
They are
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o g) = S%if x(X) > 0 (as this corresponds to 5% RP?),
o X =R?if x(X) = 0 (corresponding to T?, K),
e 3 =int D% if x(2) < 0 (for all other cases).

The reason why we distinguish the last two cases (despite the interior of a disk being
homeomorphic to R?) is because they can be distinguished if given extra structure (for
instance, a smooth manifold structure).

As a concluding remark, there is a particular cover of interest called the orientable
double cover of a closed surface. Recall that if ¥ is a nonorientable surface, then there
exists a loop v : I — X that is not orientation preserving. We can define Hy := {[y] €
m1 (X, xg) | y orientation preserving}.

Theorem 19.4. If ¥ is non-orientable, then Hy < (X, z) with index 2.
There exists a connected covering space p : > — X corresponding to Hy. We have X

orientable iff p,(m (X)) C Hy.

In particular, Hy itself is a 2-fold cover which is the orientable double cover. For instance,
the orientable double cover of a Mdbius band M can be obtained by gluing two copies of
M so that we get a cylinder S' x I. For the Klein bottle, we can glue the two squares to
get the gluing pattern of 7% (and so T? — K is the orientable double cover). For RP?, the
orientable is just S2.

At last, we now come to the end of our chapter studying of covering spaces and the
fundamental group. Starting next lecture, we shall being discussing homology theories and
the origin of homology came from Poincaré’s seminal Analysis Situs (and within it he intro-
duced simplicial homology, the fundamental group, stated the Poincaé conjecture, defined
the Euler Characteristic for chain complexes, and stated an early formulation of Poincaé
duality).

20. Lecture 20: November 8, 2021

ABSTRACT. This lecture begins our march toward singular homology. We define the nth
singular homology groups and observe that it is a functor from the category of topological
spaces.

From here on, we shall follow Haynes Miller’s notes more closely than Hatcher’s textbook.
Recall the classification of closed connected surfaces and how we found the fundamental
groups. It is easy to see that they are nonisomorphic if we consider their abelianizations (we
write Hy(—) = m(—)/[m1(—), m1(—)] for the abelianization of 7m; which will turn out to be
the first homology group)

H,(58% =0, Hy(#5,T% = 7+,

Hy(#" RP?) = (éz) \{(2,2,...,2)2Y = 7" Z)2.

As the abelianizations are different, the groups are different. It turns out that m(X) =
[S1, X] is in general a group and it is determined by the set of homotopy classes of maps
St — X. So a generalization is 7,(X) = [S", X| and these are always abelian groups.
Though easy to define, they are difficult to compute. Homology is the alternative.


https://math.mit.edu/~hrm/papers/lectures-905-906.pdf
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Definition 20.1. Let n > 0. An n-simplex A" is the convex hull of the standard basis of

R je.
A" = {Ztiei | Y ti=1t€o, 1]} C R".
1=0 =0

The (to,...,t,) are called barycentric coordinates. Define face maps (or face inclusions)
d’: A"t — A" by sending vertices to vertices in order except with e; omitted. In general,
there are n + 1 face maps A"~ — A",

Definition 20.2. Let X be a topological space. A singular n-simplex in X is a continuous
map o : A" — X. Let Sin, (X) be the set of singular n-simplices in X. Define
d: A" - A" by o~ ood.

Putting the faces together, we obtain the boundary of a simplex inside X. One may observe
that a closed loop will correspond to a 1-simplex o with dyo = dyo.

Definition 20.3. We define the abelian group S, (X) := ZSin,(X) of singular n-chains
as the free abelian group generated by Sin,(X). If n < 0, Sin,(X) = @ and so S,(X) = 0.
The boundary operator is defined via d : Sin,(X) — S,—1(X) by o — Y7 (=1)"'d;o
and then extended to a group homomorphism d : S, (X) — S,—1(X).

Definition 20.4. An n-chain (i.e. an element of S,) in X is cyclic if dc = 0. An n-chain
b is a boundary if d € imd. Let Z,(X) = ker(d : S,(X) — S,-1(X)) and B,(X) = im(d :
Snt1(X) = Sn(X)) be the group of n-cycles and n-boundaries.

Theorem 20.5. Any boundary is a cycle i.e. d? = 0.

Definition 20.6. A graded abelian group is a sequence of abelian groups index by Z.
A chain complex is a graded abelian group {4, },cz together with group homomorphisms
d: An — An—l st. & = 0.

In this way, (S,(X),d) is a chain complex.

Definition 20.7. The nth singular homology group of X is
Zo(X)  kerd
B,(X) imd
The set {H,(X)},ez is a graded abelian group (these are not necessarily free).
When X is nice (for instance connected compact manifolds), H,(X) is finitely generated.

H,(X) =

Later, we shall show H, (—) is a functor from the category of topological spaces to the cat-
egory of graded abelian groups. Also, we shall see H,,(5") = Z and that if X is contractible,
then H,,(X) = 0 for all m.

21. Lecture 21: November 10th, 2021

ABSTRACT. This lecture shall explains the differential maps and provides some basic compu-
tations for singular homology. Additionally, we define the induced map on singular homology
obtained from a continuos map on topological spaces.
Recall last we defined the standard n-simplex A" C R™"! and the singular n-simplex
in X as 0 : A" — X. Then, we defined Sin,(X) := {singular n — simplices in X. For
each of 0 < i < n, we had specified maps d* : A"~! — A" which we called the face maps.
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These induced maps d; : S,(X) — S,_1(X) by sending ¢ : A" — X to o od'. where
Sn(X) = ZSin,(X) was the set of n-singular chains. Afterwards, we defined boundary
maps d : S,(X) — S,-1(X) (sometimes denoted 0) which mapped

n

do =Y (~1)'dio.

i=0
One can check that d? = 0 and then one defines the nth singular homology group
Zn(X)  ker(d)
B,(X)  im(d)’

H,(X) =
One can also check that the d’ satisfy a quadratic relation d'd’ = d’*'d’ for i < j and so
djdz‘ = didj+1.

Definition 21.1. A collection {K,,},>¢ with maps d,, : K, = K,,_1 s.t. d;d; = d;dj4, for
i < j is called a semi-simplicial set. This definition is motivated by Sin,(X) which is a
semi-simplicial set.

Categorically, we have the following set up

H,

{spaces} > {graded abelian groups}

[ 1

.. .. take homology
{semi-simplicial sets} ool
O complexes

2 |

{semi-simplicial abelian groups} {chain complexes}

Example 21.2. Let 0 : A' — X which is a path in X. Define ¢ : A' — A! which
sends (t,1 —t) — (1 —¢,t) (i.e. it reflects the interval and changes the orientation). Then
T =o00¢ : A = X is a l-singular chain. However, @ # —o as abstract objects in
S1(X) = ZSin(X). Indeed, both 7, o are generators.

One can amend this by observing that @ = —o mod By(X) i.e. there exists a 2-chain
T € S(X) st. dr = T+ 0. So, if dyo = dyo (i.e. 0 € Z1(X)), then [g] = —[o] in
Hy(X) = Z1(X)/B1(X).

Let 7 : A2 — A! be the projection sending ey > €g, €1 > €1, €3 — €.

Fix C7' : A" — X the constant map with value x € X.

Observe that

d(oom) =ond® — ord" + ond?
=7 —Cy
Therefore,

Example 21.3. Let X = (). Then, Sin,(X) = 0, S,(#) = 0, so that means Z,(0) = 0,
B, (0) = 0, and thereby H, (@) = 0.
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Example 21.4. Let X = {*}. Then Sin(X) = {C?} and so S,(X) = Z when n > 0 and
Sn(X) =0 whenn < —1.
For all 4, we have d;C" = C"! and

n n—1
(T =3 (-1 = {0 moe
So, we have a complex

77 1572257 > 0
from which, we compute that Hy(X) =Z and H;(X) =0 for all i > 1.

Let f : X — Y be continuous and f, : Sin,(X) — Sin,(Y) be the induced map. In
particular, o — f oo. Now, f, is a map of semi-simplicial sets i.e.

Sin, (X) —— Sin, (V)

J# J#
Sin,_1(X) —2 Sin, (V)
is a commutative diagram. Indeed,
dpfio = (fio)od" = foood"
fedno = (fudy)o = foood®
which implies f, : S,(X) — S.(Y).

Definition 21.5. Let C,, D, be chain complexes. Then a chain map is a collection of maps
fn: Cp — D, in which df, = f,_1d.

Example 21.6. If f : X — Y is continuous, then f, is a chain map S.(X) — S.(Y).

Proposition 21.7. If f is continuous, there is an induced map f, : H,(C) — H.(D) i.e.
fn: Ho(C) — H,(D) for all n.

PROOF. One shows f, sends Z,(C) — Z,(D) and B,(C) — B,(D). In which case, f, :
H,(C) — H,(D) is obtained. The proof is trivial. O

22. Lecture 22: November 12th, 2021

ABSTRACT. In this lecture, we put into context what singular homology exactly is. We
define basic categorical objects such as groupoids, the fundamental groupoids, and the
simplex category which have made quite a bit of use of in the previous lectures.

Last time, we defined chain maps between chain complexes. An example was the induced
chain map f. : Si(X) — Si(Y) from a continuous function f: X — Y. Indeed, f. is a map
of semi-simplicial sets Sin,(X) — Sin,(Y) as it commutes with face maps and this gives the
induced maps f, : S.(X) — S.(Y) by linearity.

Whenever a chain map f, : C, — D, of chain complexes exist, one can check that it maps
boundaries to boundaries and cycles to cycles which means it induces a map on homology
fs: H(C) — H. (D).

We now briefly review category theory. Most of this can be found in Haynes Miller’s
Lectures Notes. We call a category C small if obj(C) is just a set.
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A set M is a monoid if there exists a composition law M x M — M that is associative and
there is an identity w.r.t. this law on M. For example, (Ng, +) is a monoid. Alternatively, a
monoid is a category with one object. If all morphisms were to be required to be isomorphism,
we get a group structure on C(X, X).

Definition 22.1. A groupoid is a category C s.t. all morphisms are isomorphisms.

Example 22.2. Groups are groupoids with one object.
If X is a topological space, then its fundamental groupoid 7 (X) is the category where
obj(m (X)) = {points in X'} and

m1(X)(z,y) = {homotopy classes of paths from z to y}.

One can check that this is indeed a groupoid. In a sense, the fundamental groupoid is
a basepoint free version of 7 (X, () and is much larger. See May’s A Concise Course in
Topology for a version of the Van Kampen’s Theorem for the fundamental groupoid.

Example 22.3. The simplex category A has [n] :={0,1,...,n} (for n > 0) as its objects
and maps which are weakly order preserving (i.e. n < m implies f(n) < f(m)).

Example 22.4. A semi-simplex category A;,; has the same objects are for the simplex
category, but the morphisms are required to be injective as well.

Finally, we give some examples of functors between categories.

Example 22.5. The following are all functors:
e 1 : Top, — Grps
e Sin, : Top — Sets,
e Sin, : Top — Semi-Simp,
e S, : Top — Ab,
e S, :Top — Ch, and
e H,:Top — Ab.

23. Lecture 23: November 15th, 2021

ABSTRACT. In this lecture, we define some more categorical notions and state the Yoneda
Lemma, a foundational theorem of category theory that has widespread applications. Ad-
ditionally, we define split epimorphisms and split monomorphisms which are used to help
us define the reduced homology groups of a space.

Recall last time that we discussed categories and functors. Our main examples were
Sin,(—) : Top — Set, Z(—) : Set — Ab, S,, := Z Sin,(—) : Top — Ab, and H,(—) : Top —
Ab. We now define a natural “functor” map between functors. These are called natural
transformations.

Definition 23.1. Let F,G : C — D be functors. A natural transformation between F,G
is a collection Ox : FI(X) — G(X) of maps for all objects X € obj(C) s.t. forall f: X - Y
in C(X,Y), the following diagram commutes
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Example 23.2. There is a natural transformation between S,,,S,_1 : Top — Ab given
by d : S,(X) — S,—1(X). Indeed, this follows from the fact that if f : X — Y, then
frod=do f,.

Definition 23.3. If C, D are categories with C small, then the category of functors (or
functor category) Fun(C, D) is defined as follows. Its objects are functors C — D. Its
morphisms are natural trnasformations between functors i.e. Fun(C,D)(F,G) is the set of
natural transformations from F' to G. By requiring C small, these collections of natural
transformations are sets.

Example 23.4. Let G be a group viewed as a category with one object. Consider F' €
Fun(G, Top). Then F sends the only object of G to some topological space and the mor-
phisms to morphisms from that topological space X to itself. So, the image is equivalent to
having a space with a G-action. Given another functor F’, then a natural transformation
between F' and F’ induces a G-map from X to X'.

Example 23.5. Let Vec, be the cateogry of vector spaces over a field k. Then the dual
functor V +— V* where V* = Hom(V, k) is a contravariant functor (i.e. it satisfies all of
the functor axioms except the arrows are reversed). All functors from before are called a
covariant functor. A contravariant functor is nothing more than a functor from a category
C? — D where C is the category C with all of its arrows reversed.

Definition 23.6. Let Y € C. The functor C(Y, —) : C — Set is covariant and called a corep-
resentable functor (functors naturally isomorphic to it are also called corepresentable).
The functor C(—,Y’) : C — Set is called a representable functor.

Theorem 23.7 (Yoneda Lemma). Let F' : C — Set be a functor and X € C : C — Set.
Then

Nat(C(X,—), F) = F(X)
where Nat(F, G) is the set of natural transformations of the functor F to G.

Corollary 23.7.1. Take F' = C(Y,—). Then,

Recall that a simplex category A had objects obj(A) = [n] its morphisms were the weakly
order-preserving map. We had face maps d' : [n — 1] — [n] which skips the element ¢ and
the degeneracy maps s' : [n + 1] — [n] which repeats the element 1.

Proposition 23.8. All weakly order-preserving maps are a compositions of face and degen-
eracy maps.

Definition 23.9. Let C be a category. Then a simplicial object in C is a functor K :

O

A° — C and a semi-simplicial object is a functor K : A7}, — C.

So essentially, the simplicial sets are the simplicial objects in the category Set.

Example 23.10. Let X be a space. Then Sin, : A% — Set is given by [n] — Sin,(X) =
Top(A™, X). The maps d' : [n — 1] — [n] are sent to Sin,(X) — Sin,,_;(X). So, Sin,(X) is
actually a simplicial set.

Definition 23.11. Let sSet denote the category of simplicial sets. The objects are

simplicial sets which are functors A°? — Set. The morphisms are natural transformations
between these functors.
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Definition 23.12. A morphism f: X — Y in C is a split epimorphism if there exists a
g:Y = X st gof=idy.

A morphism ¢ : Y — X is a split monomorphism if there exists f : X — Y s.t.
f g = ldy
Lemma 23.13. A morphism is an isomorphism iff it is a split epimorphism and a split
monomorphism.

Lemma 23.14. Any functor will send split epimorphisms to split epimorphisms and split
monomorphisms to split monomorphisms.

Proposition 23.15. Let C =: Ab. Assume f : A — B is a split epimorphism. Then there
exists g : B — A s.t. i : ker f — A and it gives an isomorphism

kerf@B@A.

Example 23.16. The map Z — Z/2 is an epimorphism but not a split epimorphism while
Z7]6 — 7.J2 is a split epimorphism.

Example 23.17. For every space X, there exists a unique map X — {x} and {*} serves
as a terminal object in the category of topological spaces. It induces a map €, : H. (X) —
Z n=0
H.({*}) = {0 else -
Let ¢ = ) a;x; be a 0-cycle in Sy(X) (so a; € Z,x; € X). Then So(X) — So({*}) which
maps ¢ — »_ a;. This induces a map

€: H (X)— H.({x}).
Let X # (), then the map X — x* is a split epimorphism. So, the map €, : H.(X) — H.({*})
is a split epimorphism as well. This then induces an isomorphism

H.(X) 2 ker(e,) ® H,({*}) = H.(X) & Z.

The groups ﬁ*(X ) are called the reduced homology of X. The individual groups are
called the reduced homology group of X .
Formally, one thinks of the Z in the augmented complex

cee = S9(X) = S1(X) = Se(X)—=Z —0

as being generated by the unique map [()] — X of the empty simplex into X. The augmen-
tation is then the usual boundary map.

24. Lecture 24: November 17th, 2021

ABSTRACT. In this lecture, we prepare for the proof of homotopy invariance of homology. If
this statement were false, then singular homology would be totally useless for us in studying
homotopy. The idea rests up the definition of a chain homotopy and reducing the problem
to showing the existence of a chain homotopy.

Last time, we had discussed the categorical language and reduced homology. For any
space X, there exists a unique map X — {x} and this gives an induced map on homology
groups that is a split epimorphism. So if X # (), then H,(X) 2 H,(X) ® Z and we called
IA{;(X ) the reduced homology group. In particular, ]TI;(*) =0 for all n € Z.

Some natural questions are:
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(1) For which X is H.(X) =07

(2) For which X is H.(X) — H.({*}) an isomorphism?

(3) When do the two maps 1x : X — X and f : X — *x — X induce the same
homology?

(4) When do the two maps f1, fo : X — Y induce the same maps on homology?

The idea is that homology is a discrete invariant and so it should be unchanged by
deformation. We shall prove the following theorem.

Theorem 24.1 (Homotopy Invariance of Homology). Homotopy Invariance of Homol-
ogy is true. That is, if fy ~ f1, then H.(fo) = H.(f1).

Recall that fy, fi : X — Y are homotopic if there exists a map h : X x [ — Y s.t.
hlxx{oy = fo and h|xxpy = fi. This was denoted by f, ~ fi. Recall also that homotopy
was an equivalence relation on Top(X,Y’) and we shall write [X, Y] for the set of homotopy
classes of maps X — Y. For instance, we know [S?, S| & Z.

If fo >~ f1 are homotopic maps X — Y, h is their homotopy, and g : Y — Z, then go h
is a homotopy for go fy ~ g ~ f;. Similarly, if K : W — X,  then hok: fyok ~ fookisa
homotopy. So categorically, we get a commutative diagram

Top(X,Y) x Top(Y, Z) —— Top(X, Z)

| |

Definition 24.2. The homotopy category hTop of topological spaces is the category
with obj(hTop) = obj(Top) and whose morphisms are the homotopy classes of maps i.e.
hTop(X,Y) = [X,Y] = Top(X,Y)/ ~.

The homology functors H, : Top — Ab then factors through Top — hTop — Ab by
homotopy invariance.

Recall that f: X — Y is called a homotopy equivalence if [f] € [X, Y] is an isomor-
phism (or before, we said that there exists a g : Y — X s.t. go f ~idx and fog ~idy).
This definition in terms of the homotopy category sheds light on why our original definition
was the way it was.

Corollary 24.2.1. By homotopy invariance, homotopy equivalence induces an isomorphism
in homology.

Recall that a space X is contractible if X — {x} is a homotopy equivalence. Then this
next corollary follows by invariance.

Corollary 24.2.2. If X is contractible, then € : H,(X) — Z is an isomorphism.

Our goal now is to prove homotopy invariance. However, the proof itself is not at all
straightforward. So, we being with a special case and start to understand homotopy on the
level of chain complexes.

Definition 24.3. Let fy, fi : C, — D, be chain maps. A chain homotopy A : fy ~ f is a
collection of homomorphisms A : C,, — D,y s.t.
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This is an equivalence relation because if fy ~ f;, we can use —h in place of h to get f; ~ fj.
Ifh:fo~ fi, M :fi~fy, then h+h': fo~ fo. If we want fy ~ fo, we just take h = 0.
If there exists a chain homotopy between fy and f;, we say fy, fi are chain homotopic.

Lemma 24.4. If f; ~ f;, then they induce the same maps on homology.

PROOF. We need to show that if ¢ € Z,(C.), then fic — foc is a boundary. But ¢ is a cycle
which means

fic — foc = (dh + hd)c = dhc + hdc = dhc + 0 = d(hc) € imd.
O
Homotopy invariance then follows from the following proposition.

Proposition 24.5. If fy, fi : X — Y are homotopy, then fy,, f1, : S.(X) — S«(Y) are
chain homotopic.

Again, this is still quite complicated to show. So, we deal with the simpler case of star
shaped regions.

Definition 24.6. A subspace X C R” is star-shaped w.r.t b € X if for all x € X, the
interval {tb+ (1 —t)x : t € I} lies in X.

Proposition 24.7. Any nonempty convex region is star-shaped. It is not necessarily true
that any star-shaped region is convex. Also, any star-shaped region is contractible.

Now we state the theorem in the case that X is star-shaped.

Proposition 24.8. Let X be star-shaped. Then € : S,(X) — Z, and n: Z — S.(X) (given
by 1+ ¢} the constant simplex at b) are two maps which satisfy en = idz. They also satisfy
ne ~id : S.(X) — S.(X).

PROOF. Only the last part is hard. To do this, note that ne : S,,(X) = Z — S, (X) is given
by
o {0 n>1
A n=0"

We want to construct a chain homotopy h : S;(X) — Sg+1(X) s.t. dh+ hd =1 — ne. The
proof is based on a cone construction. We define

h(o) :=bxo: AT = X where o:AT—= X
by having

b iftyg=1
Pictorially, we have a cone from our simplex to our point as in figure 15.
Now, setting to = 0, we have dy(b * o) = o and setting t; = 0 for ¢ > 1, one has

t t .
b*O'(to,...,thrl) = {t0b+(1—t0)g (ﬁ?"'af_ﬁt) lft()?él

di(bxo)=(bxo)d Lbx(cod™) =bxdio

The equality at (1) may not be obvious at first, but it follows by checking what input for o
is omitted in the definition of h(o). So,

dbxo)= > (~1)'di(bx0) =0 —bxdo

1<q+1
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0-k

FIGURE 15. Picture of the cone in the case of ¢ = 1. Here, we are given
o : A' — X. Then the cone is given by bxo (tg, t1, t2) = tob+(1—tg)o (M>

1—to

(as the second equality follows by bring in the d;) and
dlbxo)+bxdo=0c (g #0).
For instance, if ¢ = 0, then d(b* o) = o — ¢). Therefore,
dho 4+ hdo = d(b* o) +b* (do) =0 — c) = 0 — nec
which means dh + hd = 1 — ne. O
Remark 9. This proposition shows that the homology of a star-shaped region is trivial.

This is because
.= 0>Z—=0—>0— ...

has trivial homology.

25. Lecture 25: November 19th, 2021

ABSTRACT. The notes for this lecture continues from p. 14 of Miller’s notes and proceeds

until the end of Theorem 6.2. Please refer to Miller’s notes if the presentation here is not

sufficiently clear.

Recall we defined a chain homotopy between two chain maps h: fo ~ f; : C, — D, as a
map h that satisfies
dh + hd = f; — fo.

We also observed that if h: fo ~ f; : Ciy — D, is a chain homotopy, then fy. = fi. as maps
H.(C) — H.(D). Additionally, the last lecture proved the following result.

Proposition 25.1. If X is a star-shaped space, then S,(X) -+ Z is a chain homotopy
equivalence where Z denotes the chain complex

.= 0=20—2Z—=0—.

Recall that a chain homotopy equivalence would mean there is a map 1 : Z — S,(X) s.t.
€on idz and 7 o €idg, (x). So in particular, H,(X) — Z is an isomorphism. Additionally,
H.(X) = 0. Our goal now is to prove the full theorem.

Theorem 25.2 (Homotopy Invariance of Homology). If h : fy ~ f; is a homotopy of maps,

then there exists a chain homotopy fo. ~ fi« : Si(X) — Si(Y). This implies the induced
maps on homology groups are isomorphic.
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Recall the fact that homotopy is nice w.r.t. composition. That is, if fo ~ fi : X = Y
and g : Y — Z, then go fy >~ go f;. This extends to chain complexes in the following lemma.

Lemma 25.3. Let fy, f1 : C. — D, be chain homotopic maps and g : D, — FE,. Then go fy
and g o f; are chain homotopic.

The proof of the lemma is essentially from definition. This lemma will be useful because
when we have a homotopy A : fo ~ fi, there is a diagram

X x {0}

X x {1}

Q

nd how = fi,hot = fo. We then can show that tg,¢; induce equivalent chain maps
«(X) — S.(X x I). Then post composing with h gives the result. So, we show there exists
k:Sy(X) = Spt1(X x 1) s.t.

n

s

df + kd = U1x — LOx-
The idea is to define S, (X) — S,4+1(X x I) on generators o : A" — X. So, we need to
get a map A" — X x I. We may identify I with A! to reduce to needing a map
AT S AT Al 5 X x T

The question is then how to define the map A" — A" x Al. The following theorem plays
an essential role.

Theorem 25.4. There exists a map x : 5,(X) x Sy (Y) = Sp,(X X Y) called the cross
product. Given a pair of chains o € S,(X), 7 € S,(Y), we shall write o x 7 for the image.
The cross product satisfies the following conditions.

(1) Tt is functorial. That is, if f: X — X" and g : Y — Y”, then we have a commutative
diagram
Sy(X) % Sy(Y) —> Sypl(X x V)
(1) | |
Sp(X7) X 8,(Y7) S0y (X x V)
i.e. for all a € S,(X),b e S,(Y), we have fi(a) x g.(b) = (f x g).(a xb).
(2) The map X is bilinear i.e.
(a+d)xb=axb+d xb & ax(O+V)=axb+axl.
(3) The map satisfies the Leibniz rule i.e.
d(a xb) =da x b+ (—1)Pa x db

for a € S,(X).

(4) It is normalized. Letz € X,y € Y, be S,(Y),anda € S,(X). Let j, : ¥ - X xY
map y — (x,y) and jo.b = & X b. So, we get Sp(X) x S (V) = S,(X x Y) where
we start by fixing a generating element in Sp(X).
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If we fix y € Y, we get 7, : X — X x Y defined by z — (z,y). This gives
lys@ = a4 X 02.
Essentially, we have maps

(2,0) € So(X) x Sy(Y) = (ju)sb € S(X xY)
and
(a,¢)) € Sp(X) X So(X) = (iy).a € Sp(X x V).

The proof of the theorem will follow by induction on p + ¢. It is clear that the normal-
ization property gives the result for when p + ¢ € {0,1}. The idea of proof is to examine
some of the basic properties the cross product must satisfy.

PrROOF. Let 0: A? — X and 7: A? - Y. We want to define 0 x 7: APT¢ - X x Y. Take
ip = idAp and iq = iqu.
Then, 0 := o oidar = 0.(i,) which gives a map

0, 1 Siny(AP) — Sin,(X) ip > 0.

In part, we need to define i, x i, : APT9 — AP x A? and this is enough as ¢ X 7 :=
(0 % 7)4(ip X i) gives

APTT 5 AP x A775 X X Y.
Assume p > 1,q > 1. By the Leibniz rule, we know that
d(ip X ig) = diy X ig + (=1)Pip X iy € Sprq—1(AP + AY).
So, d* = 0 and it is necessary for d((—1)?i, x i, €) = 0. Writing this out,
d((=1)Pi, x i, €) = d*ip X diy + (—1)P"di, x diy + (—1)Pdi, X diy + (=1)?(=1)Pi, x d*i; =0

as the terms cancel. Note that this is the reason why the (—1)? factor must appear. Now,
APx A7 C RPFI xR is convex which means that it is star-shaped. So, H,y,—1(APx H9) =0
forp>1,q9 > 1. So,

d(ip X iq) € Zprg—1(AP x A?) = By, 1(AP x AY).
So choose any element in Sy, ,(AP x A?) with boundary (i.e. its image under d)
dip + ig 4+ (=1)Pi), + dig.

This will do for a choice. Next lecture, we shall see how to make an explicit choice. Indeed,
the this procedure constructs a non-unique cross product and depends on choice of the chain
i, X i, for each (p,q) pair with p 4 ¢ > 1. d

Now, homotopy invariance follows quite naturally. We need to define a chain homotopy
h:Su(X)— Sp1(X xI)s.t. dh+ hd = 11, — tgs. Pick i : A — T which sends 0 — 0 and
1 — 1. So, doc = & and djc = ). So, ho := (=1)"0 x i € Sp1(X x I) will do as a map
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from Sin, (X) — S,41(X x I). Indeed, extend this linearly to a map from S, (X). Now,

(dh + hd)o = dho + hdo
=d((—1)"c x 1))+ (=1)""do x i
= (=1)"dy x i+ (=1)"(=1)"0 x di + (—=1)"'do x i
=0 xdi
=0 x (] — )
=oxcd —0oxdc

= il*U — iO*U.

Here,the last equality follows by the normalization property for the cross product. So,
1o« = 11, which means homology is a homotopy invariant.

Though we already stated this above, we shall detail it here again. We now have the
following diagram

S S (X)) — 2 S (X)) — L S (X)) —— ...

l /h/ 0% | L1% l/h/ l

F— Spt(X X I) ——= S (X X I) —— Spa(X X I) —— ...

which tells us that dg., 1. : H,(X) — Hp(X x I) are the same. Pre compose by H, where
H is the homotopy H : X x I — Y between fy, fi, we get H, oig,, H, 01y, induce the same
maps on homology due to chain homotopy being nice with composition. But functoriality
says that

(HOiO)* = H*oiO* = H* oil* = (Hozl)*

as maps.

26. Lecture 26: November 22nd, 2021

ABSTRACT. This lecture explains a more concrete construction of the cross product. The
construction is based on the Eilenberg-Zilber chain which is shown to exist.

Let us begin by reviewing what we did last time. We had already proven the following
theorem.

Theorem 26.1. If fy ~ f; : X — Y are homotopic, then fo. = fi. : Ho(X) — H.(Y). IP,
homotopy equivalent spaces have the same homology.

The idea of proof was as follows. First, one can show that if gy ~ ¢g; : C, — D, are chain
homotopic chain maps, then go. = g1, : H.(C) = H.(D).
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Now if fy ~ fi : X — Y are homotopic, then fo. ~ fi. : Si(X) — S.(Y) are chain
homotopic. Now a homotopy implies that we have a diagram

X x {0}

X x {1}

so that fy = hoig and f; = hoiy. It then suffices, as homotopy is nice w.r.t. composition, to
show that ig, =~ i1, : Su(X) = S.(X x I),. That is, we show that there is a chain homotopy
k - Sn(X) — Sn+1(X X ]) s.t. dk + kd = 114 — 10x.
If o € Sin, (X)), we defined
ko = (—1)"o x i
where ¢ : A' — I is the natural identification and ¢ x i is the cross product. To construct
the cross product, we had the following theorem.

Theorem 26.2. There exists a map X : Sy (X) x Sy (Y) = Sp,(X X Y) called the cross
product which was natural, bilinear, satisfied the Leibniz rule, and was normalized.

We prove that such a map existed via a nonconstructive method. That is, we implicitly
constructed a map i, X i, for 7, = idar : AP — AP and i, = idas : A? — A? and i, X 44 :
APT? — AP x A?. We did not prove this explicitly and only relied on the convexity of AP x A
in R x R?™ to deduce that it was star-shaped and therefore H, , 1(A? x A?) =0 when
pt+q=2.

The question to ask now is if there is a more explicit/geometric construction to 4, X 4,7
Yes, there is and it is called the Eilenberg-Zilber construction. The idea is triangulate
a prism.

Consider the ordered set [p] = {0,1,...,p} and [p] x [¢] = {(a,d) : a € [p],b € [¢]} with
the lexicographic order i.e. (a,b) < (¢/,V) iff a < @’ or both a = @’ and b < ¥'. Fix this
ordering for [p] x [q].

Let O denote the set of order preserving maps w : [p+ q] — [p] X [¢]. The elements of O
can be visualized as staircases in [0, p] x [0, ¢]. See figure 16.

Definition 26.3. Let A : O — 7Z be the area under the staircase. In figure 16, we have
A(wg) =0, A(wy) =1, A(ws) = 0. Now extend A linearly to A : ZO — Z.

An element w € O determines w : APT? — AP x A9, Recall that A? := {d>~F t;e; €
RPH 0 <t <1,37 ¢, =1}

If w(j) = (k,1), then w(e;) = ex x e; which means j € [p+q],k € [p],l € [¢]. Extend
linearly. See figure 17. A better picture is in 18.

Definition 26.4. We define i, x i; = Y., _»(—1)"™w where the sum is over all order-
preserving maps. We may decompose AP x A? into pieces and each piece is homeomorphic
to APTY. So, i), X iy € Spiq(AP X AY).

Proposition 26.5. The cross product defined by the Eilenberg-Zilber chain (i.e. i, xi, =
S (—1)Aqy) satisfies the Leibniz rule.
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FIGURE 16. An example in the case of p =2 and ¢ = 1.

PRrooF. This is straightforward and just a combinatorial proof. O

This then gives an explicit map Sxy @ S«(X) x S.(Y) — S.(X x U) that is associative
and commutative. That is, the following diagram commutes

Se(X) X Su(Y) X Su(Z) —— S(X xY) x Su(2)

| |

Se(X) X Su(Y X Z) —— S (X xY x Z)

and so does the following (where T': X XY — Y x X switches coordinates and is normalized

i.e. T(a,b) = (—1)P4(b,a) for all (a,b) € X xY)

Bx,y

Se(X) x S (Y) —— S(X xY)

| |z

S.(Y) % 8.(X) 2% .Y x X)

In this way, the cross product gives a map X : S,(X) x S,(Y) = Spiq(X X Y).
Let A,, B,, C, be chain complexes and x : A, x B, — C, be a bilinear map that satisfies
the Leibniz rule. It turns out that these properties determine a bilinear map on the homology.

Lemma 26.6. The data above determines a bilinear map
x : H.(A) x H.(B) — H.(C)

- Z.(4)  Z.(B) | Z.(C)
B.(A) “ B.(B) " B.(C)

PROOF. Let a € Z,(A),b € Z,(B). Set [a] x [b] := [a x b]. Now, the Leibniz rule gives
d[axb]—daxb—l—( )paxdbzo So a X bis a cycle.
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0 1 A
L 3
0 1
a 1 g

FiGure 17. Examples of the corresponding prisms.

We now check that this is well-defined. Let @’ = a + da and ¥ = b+ db. Then, we shall
show that a’ x b’ — a x b is also a boundary. We know

a xV —axb=(a+da)x (b+db)—axb
ax db+bx da+ da x db.

We can compute the following using the fact that da = 0, db = 0 and d* = 0 respectively

d(a x b) = (—1)? x db

d(bxa)(—1)? x da

d(@ x db) = da x db.
So,
axb—axb=d(—1)Paxb+ (1) X a+a X db)

is a boundary. O
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Lp X Lg = Z(—I)A(w)w.

0 0

F1GURE 18. A drawing for the Eilenberg-Zilber chain which is taken from
Miller’s lecture notes.

Theorem 26.7. There exists a natural bilinear normalized associative and commutative
map

Xt Hy(X) X Hy(Y) = Hppg(X X Y).
So, although chain level cross product is not unique, the homology level cross product s
unique.

27. Lecture 27: November 24th, 2021

ABSTRACT. In this lecture, we work towards more computational tools. So far, we have
avoided computing the homology of any really complicated spaces because we did not have
enough weapons to attack such problems. For instance, we have not computed the singular
homology of the all of the closed 2-manifolds. To make computations easier, we shall prove
the Mayer-Vietoris Theorem which relates the homology of a union of two spaces. We also
define relative homology which hels us determine the homology of a space with knowledge
of the homology of a subspace.

The goal of the next few lectures will be to provide some actual computational tools
for computing homology. In the previous lectures, we had only focused on the theoretical
construction of singular homology and not so much on computations.

The goal of algebraic topology is to understand [ X, Y] i.e. the homotopy classes of maps
from X to Y. This is not as strong as studying the classes of homeomorphisms between
X and Y, but this already gives more than sufficient information to solve many problems.
Homology can be viewed as an additive approximation to these goals. In particular, we may
expect
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e if A C X is a subspace, then H,(X) can be related to a combination of H,(A) and

e and that H,(AUB) is related to A, B in some way “like” H,(A)+H.(B)—H.(ANDB).

The formal notions for the first idea is the idea of the long exact sequence (LES) and

the latter is formalized by the Mayer-Vietoris Theorem. The last few lectures of this
quarter will be focused on these topics.

The goal of today is to discuss relative homology. First off, it will not be the case that
H.(X/A)= H,(X)/H.(A) for all spaces, but we can get something quite close.

Definition 27.1. A sequence of abelian groups is a diagram of abelian groups

s O e e,

s.t. im(fne1) C ker(f,). It is exact if this is actually an equality for all n. We say it is
exact at O, if it is exact for n.

Remark 10. The difference between chain complexes and sequences of abelian groups is
minor. Here, something like 0 - A — B — C — 0 can be called a sequence of abelian
groups while for a chain complex, we would require it to be extended to the left and right
indefinitely:

.02 A—->B—->C—-0—-0—....
Also, observe that a sequence is exact at C,, iff H,(C.) = 0 which means that homology
measures failure of exactness.

Example 27.2. A sequence 0 — A 1y Bis exact at A iff f is injective. OTOH, A % B — 0
is exact iff ¢ is surjective.

Definition 27.3. A short exact sequence (SES) is an exact sequence of form 0 — A EN

B % C — 0. Note that we sometimes call a general exact sequence a long exact sequence
(LES).

Example 27.4. Some examples of SESs are
0—=Z/2—=Z/206Z]2—7Z/2—0
0—-2Z/2—7Z/4—7Z/2—0
0—>Z—Z—17ZJ2—0.

It is left to the reader to specify the maps. OTOH,
0—2Z/2—Z—7Z—0

can be made to be a nonexample. In fact, it is impossible for there to be a pair of maps that
makes this sequence exact.

Definition 27.5. Let B, be a chain complex. A subcomplex A, of B, is a chain complex
A, with injective chain maps i, : A, — B,

I

L/ An > A, > Ay —— ...
. — B, > B, >y B,_1 —— ...
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Example 27.6. If A C X is a subspace, then S,(A) is a subcomplex of S,(X) and the map
i: A — X induces the desired chain map i, : S.(A) — S.(X).

Definition 27.7. If A, is a subcomplex of a chain complex B,, we may define the quotient
chain comple (B/A). by
(1) (B/A)r = Bi/Ax,
(2) and if [a] € (B/A), the differential map d[a] := [da] is well-defined and satisfies
d*> = 0.
Lemma 27.8. The differential d on (B/A), is well-defined.

PrROOF. The proof is easy. If [a] = [d/] in (B/A)k, write a = o' + @ for @ € A;. Then
applying d gives

da = da' + da.
But because A, is a subcomplex, da € Ai_; which means [da] = [dd’] as elements in
(B/A)_1. Also, d* = 0 follows immediately from the equation. O
Essentially, we have the following commutative diagram
L/ An > A, y A, —— ...
. — B, > B, > B, —— ...

| ! |

L Bn+1/An+1 E— Bn/An E— Bn—l/An—l _— ...

Definition 27.9. Let A C X be a subspace. We define the relative homology H,.(X, A) as
the homology of the quotient complex S, (X)/S.(A). So, if A =0, then H.(X,A) = H.(X).

So in a sense, the relative homology generalizes the usual notion of singular homology.

We shall state the following theorem which shall be proved later. It is a powerful tool
for computations.

Theorem 27.10. If A is a subcomplex of the CW-complex X, then H,(X, A) = H.(X/A).

Let us try to understand the relative homology categorically. First, we define a category
Top, Top, which has objects being pairs (X, A) s.t. A C X and morphisms f : (X, A) —
(Y, B) being morphisms f : X — Y with f(A) C B. There are some obvious functors
from Top, to Top that relate them. Consider Top +— Top, defined by X — (X)) and
Top — Top, defined by X + (X, X). OTOH, there is Top, — Top defined by (X, A) — X
and Top, — Top defined by (X, A) — A.

Proposition 27.11. Relative homology is a functor H,(—,—) : Top, — Ab given by
(X,A) — H,(X,A).

PrOOF. Let f: (X, A) — (Y,B). We show it induces a map f. : H.(X,A) — H.(Y,B).
There is a diagram

I

o

o — <



28. LECTURE 28: NOVEMBER 29TH, 2021 61

which induces another diagram

S.(A) —— S.(B)

So, the diagram shows that we have an induced map S.(X)/S.(A) = S.(Y)/S.(B) (which
is actually a chain map). Taking homology induces a map f. : H.(X, A) — H.(Y, B). O

Remark 11. Observe that S, (X) and S,,(A) were defined to be free abelian groups. By the
identification of S, (A) < S,(X) as a subgroup, one can actually show (think about it) that
Sn(X)/Sn(A) is a few group whose generators are the cosets of singular n-chains in X that
do not lay entirely in A.

Example 27.12. Consider A" and how A" = [J;_,im(d; : A" — A"'). Consider i, :
Sn(A™) — S, (A™) given by the identity map. Then

d(in) = (=1)(d: A" — A") #0
J
S0 i, is not a cycle, but it does land in S,,_1 (A™). So, d(i,,) = 0 as an element of S,,_1(A")/S,_1(OA™).
So, i, is a relative n-cycle and it represents an element [i,] € H — n(A", A" 1). We will
later show that H,(A", A""!) 2 Z and it is generated by [i,].

28. Lecture 28: November 29th, 2021

ABSTRACT. In this lecture, we complete the construction of the long exact sequence of
homology which is a powerful computational tool for relative homology.

Recall that (X, A) denotes a pair where X is a topological space and A is a topological
subspace with induced topology A C X. We defined the relative homology. The idea was
that if A, is a subcomplex of B,, then one can defined the quotient complex (B/A), := B, /A..
Indeed, take S.(A) C S.(X) to obtain S,(X)/A.(A) and the homology of this complex is

H.(X,A) = H*(g(()j))) This may be viewed as a functor Top, — Ab.

Another way to understand this is to consider the SES
0— Si(A) = Su(X) = Su(X)/S.(A) =0

where all of the maps are chain maps. Taking homology, we get a sequence H,(A) —
H.X) — H.(X,A) which we may ask whether or not it is exact. The answer is yes, but is
generally not a SES. The proof itself follows by a diagram chase. In general, we have a long
exact sequence of homology which follows from a more general theorem.

Theorem 28.1 (The Long Exact Sequence of Homology). If 0 > A, - B, - C, —» 0
is a SES of chain complexes, then there exists a natural homomorphism 0 : H,(C,) —
H,_1(A,) s.t. the sequence

co. = Hyt(C) - Hy(A) - Hy(B) — H,(C) —» Hp1(A) — ...
is exact (we omit the x if the complexes are understood).

PROOF. Apply the Snake Lemma (or do a diagram chase). O
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Corollary 28.1.1. Let (X, A) be a pair and then there exists a LES
.= Hy(A) = Hy(X) - Hy(X,A) = Hypq(A) — .

Corollary 28.1.2. If 0 — S,(A) — S,(A) — S.(X,A) — 0 is a SES (where S, indicates
the reduced complex), then there is a LES

o Hy (X A) = ]7;_/1(14) — ]7;_/1()() — H, 1(X,A) — ...

Example 28.2. Consider (X, A) := (D", 5"1). We know H,(D") = 0 and so there is
sequence

0 — Ho(X,A) = Hy 1(A) = 0 — Hy_1(X, A) = Hy 2(A) > ...
and so, 0 : H, (D", 5" ) — H, 1(S"') is an isomorphism.

Lemma 28.3 (5-lemma). Given a diagram

Ay —L s Ay —% 5 Ay —4 5 A, —L s 4,
lf4 lfS lfz lfl lfo
B, —%» By —» B, —*» B, —% B,

where d? = 0 and everything commutes. Then,

(1) if fy is injective, f; and f3 are surjective, then f; is surjective;
(2) if fy is surjective, f; and f3 are injective, then f, is injective;
(3) if fo, f1, f2, f4 are isomorphisms, then f)2 is an isomorphism.

PROOF. (3) follows immediately from (1) and (2), but the other parts are via diagram
chases. ]

Corollary 28.3.1. Given map of SESs of chain complexes

0 s A, > B, s O, > 0

| |

0 > Al > B, > O, > 0

in which two of three of the vertical maps induce isomorphisms on homology. Then the third
map induces an isomorphism on homology.

Proor. Write out the LES of homology and the chain map between the two LESs. Then
apply the 5-lemma. U

Proposition 28.4. If f : (X, A) — (Y, B) is a map in Top, and two of the three maps
X =Y, A— B, (X,A) — (Y, B) induce isomorphisms on homology, then the third map
induces an isomorphism on homology.

PROOF. Apply the preceding result. O
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29. Lecture 29: December 1st, 2021

Recall that we have been discussing relative homology H,.(X, A) for A C X which was
constructed from the quotient complex S.(X)/S.(A4). A tool for computing the relative
homology was the LES of homology

= Hp1(X) = Hyp (X, A) = Hy(A) — Ho(X) = Ho (X A) —

which was obtained via an application of the snake lemma (though we only implicitly used it).
To forget more information, we may consider the relatively homology H.(X) = ﬁ*(X ) Z
where our Z is concentrated in degree 0. Then, H.(X,{x}) = IA{;(X) via the LES and
H.({+}) = Z. Two crucial properties we have obtained are the homotopy invariance of
homology and the existence of relative homology. In a sense, H,(X, A) gives information for

“X — A” which we now make rigorous.

Definition 29.1. A triple (X, A,U) of sets U C A C X is called excisive if U C int(A).
The inclusion (X —U, A—U) C (X, A) is called an excision. We have essentially excised A
our of our space.

Boh ek
N A N\

FiGURE 19. Examples of what counts for an excision. The RHS does not
work since U touches the boundary of A.

Theorem 29.2. If (X, A,U) is excisive, then the excision induces an isomorphism on ho-
mology groups i.e.
H. (X —-AA-U) = H.(X,A).

Remark 12. Intuitively, relative homology depends only on X — A so removing U does
not change it. The proof of the theorem would take a few lectures so we leave this for next
quarter.

Given a pair (X, A), we have a collapsing map (X, A) — (X/A, A/A = {x}) obtained
by quotienting by A.
Corollary 29.2.1. Assume there exists B C X s.t.

retraction. Then there is an isomorphism H, (X, A)

t(B) and A — B a deformation

A Cin
= H.(X/A, {+}).

PRrROOF. There is a commutative diagram

(X,A) ——— (X, B) ———— (X - A B- 4

| L J+

(X/A, (%)) —— (X/A, B/A) «—— (X/A = {x}, B/JA = {x})
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and all of the vertical maps are collapsing maps. All horizontal maps are inclusions. To
show that (X, A) — (X/A, {x}) induces an isomorphism on homology, it suffices to show
that 4, 4, k, 7,7 do by commutativity of the diagram.

We know 7,5 do by the excision result. We know k does because it is a homeomorphism
(intuitively, X — A has A removed so quotienting by A first and removing the point A
collapses to is the same i.e. X — A= X/A — {x})). Since i : (X, A) — (X, B) has A — B a
deformation retraction, homotopy invariance gives us what we want. Now look at the LES

. —— H,(A) — H(X) — H.(X,A) — H. 1(A) —— H.(A) —— ...

L — H}B) — H}X) — H*()l(, B) — H*_%(B) — H*%X) I
and the isomorphisms were all justified above. By the 5-lemma, H,(X/A, {x}) — H.(X/A, B/A)
is an isomorphism. O
Corollary 29'2'2;,If A C B C X with B deformation retracting to A and A C int(B),
then H,(X,A) = H,(X/A) (this holds in the particular case where X is a CW-complex).
Corollary 29.2.3. For n > 1, H,(D", S""1) = H,(S™).

PROOF. Let X = D" and A = S""!. Set B := D" — {0} and use D"/S"~! = S". O
Lemma 29.3. If X is contractible, then Hy(X, A) = ]?;:(X) for all k.
Proor. Fomr the LES,

— Hp(X) = Hy(X, A) = Hy_1(A) = Hyy(X) = ...

and since the objects on the LHS and RHS are zero, there is an isomorphism in the middle.
O

Corollary 29.3.1. One has H;, (D", S"~1) 2 H,_{(S"1).

The above corollary follows by the preceding result. Now I/{-;(S”_l) = E(S”) So we
know H,(S°) = Z in degree 0 (this is clear by S° consisting of two points). So it tells us that
H.(S") =7,
concentrated in degree zero. It follows that th usual homology is

ZOT n=0k=0
0 n=0,k>0
Y/ n>1,k=0n"
0 n>1,k#0,n

Hy(S™) =

Also,
Z k=n

n n—1\ __
(D", 5777) = {0 otherwise
Now (A,dA") = (D™, 8" 1) so we know what the generator of the copy of Z is.

Corollary 29.3.2. By homotopy invariance, if m # n > 0, then S™ is not homotopy
equivalent to S™.

Corollary 29.3.3. For all n > 0, S™ is not contractible.
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Corollary 29.3.4. For m # n, R™ is homeomorphic to R".
PROOF. Remove a point and use the homotopy equivalence R™ \ {x} ~ S+, 0J
Corollary 29.3.5. For n > 1, S""! is not a retract of D".

PROOF. Suppose not and there exists r : D" — S" ! s.t. rod = idga—1 for i : S*~1 < D"
the inclusion. Apply the homology functor to get

H, 1(5") = H, (D") = Ho 1 (5"

which is just a composite Z — 0 — Z. Clearly there is not way for the composite to be an
isomorphism. O

Corollary 29.3.6 (Brouwer Fixed Point Theorem). Any continuous map f : D™ — D"
has a fixed point.

PROOF. If not, define g(x) as the boundary point that is on the ray from f(x) to z. This is
a retract of D" to S"~1. Contradiction. U

30. Lecture 30: December 3rd, 2021

This final lecture is simply a quick review of everything that was covered this quarter.
The quarter itself can be split into two parts: the first part covered m; and covering spaces
and the second part covered singular homology which is a functor H, : Top — Ab that is
homotopy invariant.

At the start of the course, we defined a homotopy between maps f ~ g : X — Y and
used this to define a homotopy equivalence between two spaces X ~ Y. This is the notion
of equivalence that is of interest in algebraic topology and is weaker (though not too weak)
than homeomorphisms. We defined m; (X, zo) = [(S?, *), (X, z0)] which was the fundamental
group and there is an equivalent way to define it as the group of homotopy classes of loops.
We showed that if X ~ Y, then m (X, z9) = m (Y, 30)-

To begin using the fundamental group, we need to know some basic computational ex-
amples. The easier nontrivial example is 71(S') which was computed using covering space
theory. Additionally, we need properties of m(—) like functoriality and that it is a functor
from Top, to Ab. One could also observe that m (X x Y) = 7 (X) x m(Y).

A major computation tool is Van Kampen’s Theorem. It roughly says that if X =
Useg As and there exists zg € A, for all s € S, then m (X, z0) = #4971 (As, 29)/N where
N is the normal subgroup generated by the elements i,s5(w)ig,(w)™! for o, 8 € S, w €
m1(Aa N Apg, o) and iap : m1(Aa N Ag, o) = m1(An, 20).

For n > 2, Van Kampen’s theorem shows 7 (5™) = 0. Additionally, the theorem shows
how we can compute m; for CW-complexes X = UneNO sk, X. Here, recall that push-out
diagram construction of sk, X. By Van Kampen’s Theorem, m(X) = m(ske(X)). Using
this, if skg X = {x} is a singleton set, then attaching 1-cells gives generators for 7 (—) while
attaching mo(—) gives relations. So every group arises as the fundamental group of some
topological space.

Covering spaces are useful for studying the fundamental group. Recall that a covering
space of X is a map p: X — X that is locally a homeomorphism. It has lifting properties.
For instance, if there is an f : Y — X, then we can lift f : Y — X iff fim(Y) C pom(X).
Also, one can show that m,(X) < m,(X) from injectivity of p,. If m(X) = 0, then X is
called a universal covering space (and these are unique up to covering space isomorphism).
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The correspondence related connected covering spaces with subgroups of 7 (X) under
some conditions on X. Indeed, there is one-to-one correspondence of connected covering
spaces modulo covering space isomorphisms with the subgroups of 7;(X) modulo conjuga-
tion.

In our study of covering spaces, we wanted some examples to work with. We computed
S1v S1’s double-sheeted covers. Additionally, we stated the classification theorem of closed
surfaces: any such space ¥ is homeomorphic to the orientable S?,#,T? surfaces or the
non-orientable surfaces #,,RP?. Using the Euler characteristic

o n _J2-2g if ¥ is orientable
X() = Z(_l) #{n-cells = { 2 —¢g if ¥ is nonorientable ’

n

If p: X — ¥ is an n-sheeted cover of a closed surface, then y(X) = nx(Z). For instance, we
gave an example of a 5-fold cover of a genus 3 surface by a genus 11 surface. Van Kampen’s
Theorem can also tell us the fundamental groups of these closed surfaces:

T (#aT?) = (ar, ..., an, by, by | ] Jlai b))
=1

T (#nRP?) = (a1,...,am | a3 ...d%).

m

For the second part of the course, we developed the theory of singular homology. We
have not been able to do too many concrete computations (which is for next quarter). Recall
we started with Sin, (X)) which is the set of continuous maps A™ — X. Then we defined
singular chain complex S,(X) = Z Sin,,(X) with the differentials d; : Sin, (X) — Sin,_1(X)
given by precomposing by d¢ : A" — A" It follows easily that d> = 0. Then singular
homology is defined as the homology of the singular chain complex.

The most important properties of H,,(—) are the fact that it is a functor and homotopy
invariant. Proving the latter property required defining chain homotopies of chain complexes.
Afterwards, we defined the relative homology H,.(X, A) := H.(S.(X)/S«(A)) and the most
important property of the relative homology was the LES

co. > H(A) - H(X) > H(X,A) - H,1(A) — ...

The LES is useful for computations and is constructed from a diagram chase (used to prove
the Snake Lemma). Some practice in diagram chasing can be obtained by proving the
5-lemma.



CHAPTER 2

Math 290B - UCSD

ABSTRACT. This course is a continuation of the previous Math 290A course taught by Zhouli
Xu. The course is being taught asynchronously. There is no single official textbook though
we will mainly use Miller’s Lecture Notes. References for this course are listed as follows.
Algebraic Topology, by Allen Hatcher: here. A Concise Course in Algebraic Topology, by
J.P. May: here. Lectures on Algebraic Topology, by H. Miller: here.

1. Lecture 1: January 3rd, 2022

ABSTRACT. This first lecture sets up the logistics of the course and describes our rough
plan. Most of the material here is in Section 1.11 of Miller’s notes.

The course grading scheme is the same as before (80% homework and 20% exam). The
final is on Friday March 16th.

For this quarter, we shall cover most of the equivalent of Hatcher’s Chapters 2 and 3.
In particular, we shall continue following Miller’s lecture notes. We will deal with homol-
ogy theories like singular homology, simplicial homology, and cellular homology as well as
cohomology.

Definition 1.1. A homology theory on Top is

e a sequence of functors h,, : Top, — Ab for n € Z,
e a sequence of natural transformations 0 : h, (X, A) — h,—1(A,0)

s.t.
e (Homotopy invariance): if fo, f1 : (X, A) — (Y, B) are homotopic, then
fO* = fl* : hn<X7 A) — hn<Ya B)
e (Excision) Excisions induce isomorphisms (recall excisions are (X — U, A —U) —
(X, A) for U C Int(A)).
e (Long Exact Sequence) For any pair (X, A), there is a sequence
= B (X, A) 3 hy(A) = hy(A,0) = ho(X) = hy(X,4) % ...

that is exact.

e (Dimension axiom) The group h,(*) is nonzero only for n = 0. Note for singular
homology, Hy(%) = Z, H,(x) = 0 if ¢ # 0.

e (Milnor axiom) Let I be set and for each i € I, let X; be a space. Consider X; —
[1X;. Then this induces h,,(X;) = h, (][] X;). Then there is a map €, ; hn(X;) —
ho(]] X;). The Milnor axiom asserts that

B (X)) = hn (]_[ Xi>

iel iel
is an isomorphism i.e. the homology functors preserve coproducts.

67
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Observe that singular homology satisfies all of these axioms. The dimension axiom is
similar to the parallel postulate. It is obvious but omitting it leads to many interesting
alternatives. If the dimension axiom is in place, one has “ordinary homology”.

Definition 1.2. Let X be a topological space. A family A of subsets of X is a cover if X
is the union of the interiors of elements of A.

Definition 1.3. Let A be a cover of X.
An n-simplex o is A-small if there exists A € A s.t. Image(o) is entirely in A.

Example 1.4. Let X = Rand A = {(—o0, 1), (0, +00)}. Consider the 1-simplex o : A! — R
whose image is [—1,2]. This is not A-small.

OTOH, if ¢/ : A! — R has image [1, 2], then it is A-small since [1,2] C (0, +00).

If oy has image [—1, 1] and o, has image [3, 2], then they are both A-small.
Example 1.5. Note that if o : A — X is A-small, then so is d;o.

Let Sin?(X) denote the space of A-small simplices which is a subgroup of Sin, (X). Let

SA(X) := ZSin(X) and this is a subgroup of S,(X) = Z Sin,(X).

The work in the previous example shows that S7 is a chain complex (and in particular,
a sub-chain complex of S,(X). Therefore, we can take homology and denote the homology
groups by HA(X).

Theorem 1.6 (The Locality Principle). The inclusion SA(X) C S,(X) induces an iso-
morphism in homology

HAMX) S H, (X).
The proof of the locality principle is quite long, but it implies excision.

Remark 13. We shall show that locality implies excision. Let U C Int 9A) and so U C A C
X. Let B:= X — U and take A := {4, B} as the cover of X. Now,

(B,ANB) = (X —U,A—U) < (X, A).

We want to show that S.(B, AN B) — S.(X, A) induces an isomorphism on H,. We have a
diagram of chain complexes with exact rows (with = indicating they are the same)

0 —— S.(4) — S, (X)* —— SAX)/S,(A) —— 0
0 —— Si(A) —— Su(X) ——— S.(X,;A) ——— 0

This induces a morphism of exact sequences

. —— Hy(A) —— HMX) —— H,(SMX)/S.(A) —— H, 1(A) —— HA (X)) — ...

|k | I

— Hy(A) ——— H\ (X)) —— H, (X, A) ——— H, 1(A) — H, 1(X) —— ...

~Y

and the indicated isomorphisms = follow from the locality principle. By the 5-lemma,
H,(SA(X)/S:(A)) = Hy(X, A).

Now we observe that
SAX) . Si(A S«(B) . S«(B)

S+(A) S.(4) S(A)NS.(B)  S.ANBY

+
=
&
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Then,
H,(571(X)/S.(A)) = Hu(B,AN B).
So for all n,

H.(X,A) = H,(SX)/S.(A)) = H,(B,AN B).

We now discuss the Mayer-Vietoris sequence (abbreviated MV-sequence). Let A =
{A, B} be a cover of X. We have a diagram

ANB 1 A
[ ]
B—2 X
Theorem 1.7 (MV-sequence). Let A := {A, B} be a cover of X. Then there exists
natural maps
0:H,(X)— H,_1(ANB)

s.t. the following sequence is exact

S Hy(X)

H,(AnB) =% H,(A)@® H,(B) —— H,(X)

H, (AnNB) — ..

where o = ( jl.* ) and = (z’l* ig*).

—J2%

PRrROOF. There is a SES of chain complexes
0= S, (ANB) S S.(A) ® S.(B) S SAX) =0

given by a : ¢~ (¢, —c) and f : (d,e) — d + e. This then induces the desired LES on H, if
we use the locality principle. 0

2. Lecture 2: January 5th, 2022

ABSTRACT. This lecture discussions that subdivision map which is needed to prove that
locality implies excision.

Last time, we discussing homology theory in general (and some examples are/will be
singular, simplicial, and cellular homology). A homology theory was the data of functors
h, : Top, — Ab and natural transformations 9 : h, (X, A) — h,_1(A,0) s.t. it is homotopy
invariant, has a LES, satisfies the Milnor axiom, has excision, and satisfies the dimension
axiom. We also discussed A-small chains. Let A be a cover of X. Then o : A" — X is
A-small if its image lands entirely in some A for A € A.

Let SA(X) be the subgroup of S,(X) generated by A-small chains (i.e. they are generated
generated by A-small simplices o : A" — X). The locality principle says that HA(X) —
H.(X) is an isomorphism.
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We showed that locality implies excision and the Mayer-Vietoris sequence
.~ H,(AnB) - H,(A)® H,(B) - H,(X) > H, 1(ANB) — ...

Our goal not is to prove the locality principle itself. For this, we need to define subdivision
(pictures can be found in Miller’s notes or Zhouli’s lecture notes).

Recall the cone construction which was a map b, : Sin, (X) — Sin,1(X). It is defined
as follows. If X is a star-shaped region in R” w.r.t. b € X, then h.(X) — S,11(X) sends o
to b o where b* o is the cone connected to o with tip b. We also showed that b, is a chain
homotopy between id and n,e. Here,

my: 2 — Se(X)
sends 1 to the constant zero chain CP. Also,
€:9(X) = Z
is the augmentation map on degree 0. Being chain homotopy equivalent through b, means
db, + b,d = id — npe.

Definition 2.1. An affine simplex is the convex hull of a finite set of points in Eulcidean
space.

The affine simplex is non-generated it the points vy, . . ., v, has {v1—vg, va—vo, . .., v, —V0 }
forming a linearly independent set.

The barycenter of this affine simplex is the center of mass of the vertices: b = n%l > Ui

Definition 2.2. Subdivision $ : S, (X) — S,(X) is the natural transformation defined as
follows.

First, define $(¢,,) for ¢, : A" — A the identity. Then, we define $(0) = 0.($(z,)) and
extend linearly.

For n = 0, set $19 = to. Then inductively, n > 0 has $¢,, = b, * $d¢,,.

Proposition 2.3. $ is a chain map S,(X) — S.(X) that is naturally chain homotopy to
the identity.

PrOOF. Do it yourself or see Proposition 12.1 in Miller’s notes. It is just a long but straight-
forward proof. Then we introduction triangulations of spaces and use the geometric realiza-
tion to do this. U

3. Lecture 3: January 7th, 2022

ABSTRACT. We finish the proof of the locality principle for singular homology.

Last time, we discussed subdivision $ : S.(X) — S5.(X). We showed it is a chain map
$d = d$ and that it is chain homotopy to the identity i.e. there exists a 7" homotopy s.t.
dT +Td = $ —id. Geometrically, we defined $¢,, = b, * $dt,, for b, the barycenter of A™ and
set $o = 0.%¢,,.

Now we proceed to our goal: show the locality principle of singular homology. We shall
need some facts about R™ and metric spaces.

Recall that if X is a metric space, diam(X) := sup{d(x,y) : z,y € X} is the diameter
of X.

Lemma 3.1. If ¢ is an affine n-simplex, then the diameter exists and its maximum is
achieved. As o is convex, it is the maximum distance between its pairs of vertices.
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Let 7 be the image of an n-simplex in $o. Then it is another affine n-simplex and one
can show diam(7) < -5 diam(o). For a proof, see Miller’s notes.

Lemma 3.2 (Lebesgue Covering Lemma). If M is a compact metric space and U an open
cover, then there exists an € > 0 s.t. if € M, there exists U € U s.t. B(x) CU.

Lemma 3.3. For any singular chain ¢, some iterate $* of the subdivision operator sends c
to an A-small chain.

PRrROOF. It is intuitively clear — do it yourself. 0
Lemma 3.4. For all £ > 1, we have $* ~ id : S,(X) — S,(X).
PROOF. A straightforward computation. O

Theorem 3.5 (Locality Principle). If A is a cover of X, then SA(X) C S,X() induces an
isomorphism
HAX) S H(X).

PROOF. Prove injectivity and surjectivity. Both of these are straightfoward from the defini-
tion and what we did above (see Zhouli’s notes or Miller’s notes). O

We now begin discussing simplicial homology.

Definition 3.6. A simplicial complex is a set V' (a set of vertices which may be infinite),
a subset FF C 2V st. 0 € F and 7 C ¢ implies 7 € F.

Example 3.7. If V = {0, 1,2, 3}, then F = {0, {0}, {1}, {2}, {3},{0,1},{1,2},{0,2},{1,3},{2,3}}
gives a simplicial set. This generalizes to arbitrary n instead of n = 3.

Definition 3.8. If K = (V, F) is a simplicial complex, its geometric realization |K]| is
constructed as follows.
Elements in V' are vertices and attach a A™ to any vy, ..., v, for which {vy,...,v,} € F.

Example 3.9. Try drawing out the picture for our K = (V, F') above. In the F' = 2V and
V ={0,1,...,n}, we get |K| = B".

Definition 3.10. A triangulation of a space X is a homeomorphism X — |K| for some
K. X is called triangulable in this case.

Remark 14. There exists spaces that are not triangulable. Indeed, all smooth manifolds
are triangulable but this is not true for topological manifolds. Be some recent work, it was
show that if the dimension is > 4, there always exists topological manifolds that are no
triangulable.

Remark 15. It is known the minimal number of triangles one needs to triangulate orientable
surfaces: Minimal triangulations on orientable surfaces by Jungerman and Rigel.

4. Lecture 4: January 10th, 2022

ABSTRACT. The goal of this lecture is to introduce the concept of mapping degrees. Hopf’s
famous theorem explains that it determines a map between spheres up to homology. The
mapping degree is also a more general concept which can be defined for manifolds.

We review what we did last time. First, we showed the locality principle for singular
homology. Then, we began working toward simplicial homology. Towards this, we defined


https://projecteuclid.org/journals/acta-mathematica/volume-145/issue-none/Minimal-triangulations-on-orientable-surfaces/10.1007/BF02414187.full
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a simplicial complex, constructed its geometric realization, and used it to define tri-
angulation of a topological space. Not all spaces are triangulable e.g. the topologist sine
curve. It is a known fact that any smooth manifold is triangulable, but there always ex-
ists nontriangulable manifolds in any dimension > 5. Our goal now is to define a sort of
combinatorial homology for simplicial complexes.

Definition 4.1. Let K be a simplicial complex. Fix a total order “<” on V. Let F,, :=
{o € F: 0 has n+ 1} elements.Define

S& = 7F, = {0, : 0; € F,,a; € 7}

be the free abelian group generated on F,. Define d : S5 — S2 | as follows. First, if
o={vy,..., vy 09 < -+ <wv,}, then
do = Z(—l)iai
i=0
for o; .= o \ {v;}.
Lemma 4.2. %0 = 0.

The proof of the lemma is just as before (or see Hatcher’s Chapter 2). In any case,
(S2,d) defines a chain complex and then nth simplicial homology of K is H2(X) := k4

imd *

Theorem 4.3. For any simplicial complex K, there is an isomorphism
HY(X) = Hy(|K]).

PrOOF. Simplicial homology is “special case” of cellular homology and cellular homology =
singular homology in this case. 0

Now define morphisms between simplicial complexes K;. A map f: K; — K5 is a map
of simplicial complexes if f : V; — V5 is the a map which induces a map f : F} — Fb.
We let |f|: |K1| — |K3| be the continuous map on geometric realizations it induces.

Note that not all maps |K;| — |K3| need to come from a simplicial map f (maps as
defined above). However, there is a version of subdivision $ that takes K to $K s.t. the
geometric realizations are the same.

Theorem 4.4 (Simplicial approximation). If f : |K;| — | K| is continuous, there is an
ns.t. g:$"K; — K5 induces a a map |g| ~ f

We do not prove this result, but assume it as a fact (we have not even constructed the
map $).

Any simplicial map f : K; — K, induces a chain map S2(K;) — S2(K,) and hence, a
map on homology H2(K,) — H2(K>).

Denote by SimpComp the category of simplicial complexes with morphisms being sim-
plicial maps. Then there is a commutative diagram

SimpComp —> Top

H“l/
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—_——

We now discuss the concept of a mapping degree. Recall that H,(S") = Z and is
zero in other degrees. Then any continuous f : S™ — S™ induces a map f, : Z — Z on
homology. Define deg(f) := f.(1) as the mapping degree of f. By homotopy invariance,
f1 == fo implies deg(f1) = deg(f2). In Math 290C, we shall prove the converse called Hopf’s
Theorem:

Theorem 4.5 (Hopf). If fi, fo : S™ — S™ are continuous, then
fi = fo < deg(f1) = deg(f2).
Corollary 4.5.1. [S™, S"| = Z.
Let r, : S — S™ be the map that sends (zg, 1, T2, ..., Tpni1) = (—T0, T1, T2, .« ., Tpi1)-
Proposition 4.6. deg(r,) = —1 for all n > 0.

PROOF. In the case n = 0, we know 7y sends ro(—1) = 1 and ro(1) = —1. Recall that
Hy(S%) = Z @ Z is generated by [c] and [¢?,]. Then,

Ho(S°) = ker(Ho(S°) = Ho(pt)) = ([e}] = [2.])-
So, ro([cl] — [4]) =[] = [e}]. So, deg(ro) = —1.

Now we use induction. Assume deg(r) = —1. Decompose S¥*1 = S¥1 g S¥ into its
northern and southern hemispheres. Then S_IT_H =~ GhFl o~ D+l are contractible spaces. It
follows that their reduced homology are zero. So the Mayer-Vietoris sequence gives

0 — Hypr (S5 S Hy(S%) =0

which means 0 is an isomorphism. But r;,; preserves the the decomposition and restricts
to r, on the equator. By naturality,

Hy (5% —2— Hy(S%)

l(rkFFl)* l(m)*
Hia(SH1) —= Hy(S")
with horizontal maps being isomorphisms. That means deg(ryy1) = deg(ry) = —1. O

5. Lecture 5: January 12th, 2022

ABSTRACT. For this lecture, we provide some applications of simplicial homology and show
how it can be used to study topological spaces.

Last time, we discussed simplicial homology. Recall that if X is a CW-complex, there is
a filtration
P=X,CXoCX1C---CX
and we set sk; X = X, for the ith skeleton. So in particular X is the set of discrete points
we inductively construct X,, ., as the pushout diagram

HaGA SZ L) Xn

! |

n+1 9n
HQEA Da Xn+1
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and the maps g, are called characteristic maps. Therefore, X, is obtained by attaching
(n+1)-cells {D™} for a € A, the indexing set to X,, along 9D = S” via the attaching

maps f.

Note that g, itself may not be injective. Therefore, D"+ cannot always be viewed as
subspaces. However, gy, pn+1) is injective. Thus, Int(D"™!) can always be viewed as a
subspace. These are called the open (n + 1)-cells. Note that different open cells do not
intersect each other. Therefore, there is a decomposition

xX=J | meDy)

n>0 a€Any,

of X.

Definition 5.1. Let X be a CW-complex and a subcomplex of X isa Y C X s.t. for all
n, there exists B, C A, s.t. sk, Y =Y Nsk, X which provides Y with a CW-structure.

Example 5.2. If we let X be the unit interval with the usual CW-complex structure, then
Y =[0,1) is not a subcomplex. This is because Y does not have a CW-complex structure.
Another non-example is (0,1).

We shall take the following statement as fact.

Theorem 5.3. The union and intersection of subcomplexes is again a subcomplex.

To construct S™, we could form it by taking skg = {*} and sk; " = --- = sk,,_1 " = {x}
and set sk, ™ = {x} Uy D™ via 0D™ — {x}.
We can also construct S™ by have two cells in dimensions 0, 1,...,n. The construction

itself is as follows.
Set 8™ := {(zo,...,x,) € R" 3" 27 = 1}. Then,

sk(S") = {(wo,...,2,0,...,0): Y af =1} ~ 5"

Now take Dﬂ Usk,_, D! where Di and D! are the subsets of sky(S™) in which z, > 0 and
x¢ < 0. Then, we have a pushout diagram

SIS —Ls sk S7 = 51

| l

DLTIDY ———— sk Sm = S°

and here, f‘S_Z‘jl : 81— §1 s the identity.
Now using this construction, we can consider S*°. Indeed, we take S* to be the CW-

complex with 2 cells in each dimension. That is, S = UnZO S™ and explicitly,

Sw:{(mo,ml,...)G@R::@R:Z:ple}

and the condition of being the direct sum ensures the RHS sum is always finite.
We know that S™ is not contractible because H, (S™) = Z. However, S* is special in the
fact that it is contractible.

Proposition 5.4. S is contractible.
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PROOF. Let T': S — S be defined via (zg, x1,...) +— (0,20, 21, ... ). This is well-defined.
We shall show that T' ~ idg~. Indeed, define the homotopy by
te+ (1 —t)Tx

M) = = ora) €°

and when t = 0, we get T'x while we get idg~ when ¢ = 1. The above formula is well-defined
because the denominator is nonzero.

Now we show T is homotopy to the constant map S — (1,0,0,...). Indeed, this is
done via the linear homotopy

1(1,0,0,...)+ (1 =t)Tx
M) = 50,0,0, )+ A= Ta]

This implies idg~ ~ constant map which implies S is contractible. [l

We know that Z/2 acts on S™ by the antipodal map. Therefore, f : D} — D™ and this
yields a CW-structure on RP2. The same ideal can be done for RP> and we observe that
sky(RP>°) = RP*. Furthermore,

Skfl f R Pkfl
DF — RPF
Now we study complex projective space CP". It is the set of all lines through the
origin of C"*!. Observe that
(CIF)n — 52n+1/Sl

where S?"*! is the unit sphere in R?" =2 C". Now define ¥ (zy,...,2,) = (¢¥2,...,e%2,).
So, define a quotient map

hy : 821 — CP"
which is called the Hopf fibration. There is a CW-structure on CP™ given by
pcCP’CcCP CCP*C---CCP"
Here, CP* := {[20, ..., 2,0,0,...,0] € CP"}. Then we have a diagram

524—1 y DQZ

lhl—l lg£71

CpP*!' —— CP*

where
-1

gg,l(zo, ceey Zg,l) = [Zo, cee P11, 1-— Z ‘%’2] € Cpe
i=0
This means we may obtain CP? from CP*"! by attaching a 2/-cell D?>< with attaching map

equal to the Hopf map. So, CP™ has a CW-structure with a single cell in each even dimension
2n.
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6. Lecture 6: January 14th, 2022

ABSTRACT. In this lecture, we begin discussing cellular homology which is more convenient
for studying topological spaces that are CW-complexes. Using this theory, we will later
show that any group can be realized as a homology group of some space.

Recall that a CW-complex is a space with a sequence of subspaces
=X ,CXoCX;C---CX
s.t. X = Usz1 Xk where X denotes the k-skeleton. Then, there is a pushout diagram

H Skz—l A H Dk \/ Sk

OtGAk 07 CMGAk @ aeAk (o4
lf k lgk l’:“homeomorphism
Xk-1 > Xi ? Xk/Xk—l

and here, f; the attaching map and \/ . A, Sk is a bouquet of k-spheres.
Recall that a CW-complex is of finite type if there are finitely many cells attached at
each step. By excision we have an isomorphism

Hy (X, X-1) = Ho(Xu/ X1, ().
In fact, X;_; is a deformation retract of X} — {center of each k-cell}. Therefore,
Z(Ax) q=k
H(X/ X1 {}) = Hy( \) S5 {}) = { 5 12k
a€Ag

Here, Z(Ay) denotes the free abelian group generated by Ay.

Thus, Hi( X/ Xk_1,%) = Hp(X, Xy_1) = Z{A) so the relative homology keeps track of
the k-cells in X in terms of the rank.
Definition 6.1. The kth cellular chain group of a CW-complex X is

Ck(X) = Hk(Xkanfl) = Z<Ak>
The cellular homology is better controlled than singular homology. Looking at the LES,

— Hj1(Xpm1) —— Hp1(Xy) —— Hp1 (X, Xpm1) =0
Hk(Xk:fl) — Hk(Xk) — Hk(Xkanfl)

Hy1(Xp—1) — Hp1(Xy) —— Hpoa (X, Xjmy) =0 ——

we see the that LES splits shorter sequences. On closer inspection, we see that for all
q # k,k — 1 there is an isomorphism H,(Xj_1) — H,(X)). So cellular homology detects
when we add k-cells. That is, attaching k-cells only affects Hy_, and Hj.

Fix ¢ > 0. Then the sequence

o o

Hy(Xo) =05 Hy(X1) =05 Hy(Xy) = ... 5 Hy(Xp1) = Hy(X,) = Hy(Xgp1) = ... = Hy(X)

and there are only two maps that may possibly be a nonisomorphism. We have thus shown
the following;:
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Proposition 6.2. Fix k£ > 0,q > 0. Then the following are true:

o H,(X))=0for ¢ >k+1 (soif X is of dimension k, then H,(X) =0forqg>k+1
and X = XK),
o H,(Xy) = H,(X) is an isomorphism for k > ¢ + 1.

The nth cellular chain group is defined to be
Co(X) := Hy (X, Xy1) 2 Z(A,)

where the RHS is the free abelian group generated by the set of n-cells. We shall show that
these abelian groups are related i.e. they form a chain complex.
First off, from the pushout diagram we have

Dt — X

I I

i — X1 —> Xn_l/Xn_Q = V Sn—1

a€An_1 Pa
and we define the differential as

d: Co(X) = Hy(Xp, Xno1) 5" Hyoy (X)) 75" Hyo (Xt X)) = Coi(X)
and here, j,,_1 is the quotient map.
Theorem 6.3. d? = 0.
PRrROOF. Given the pairs (X141, X)), (Xn, Xn-1), (Xn_1, Xn_2), we have a diagram

C7L+1(X) = Hn+1(X7L+1vXn) 0= anl(Xn72)
\LB" \) \L
Hi (X 1) = 0 = Hy(Xn) ——2—— On(X) = Hy(Xo, Xo—1) ———— Hy_1(Xo 1)
o \ =
Hp(Xn+1) Cn-1(X) = Hn—1(Xn—1, Xn-2)
Hn(Xn\ELXn)

and observe that d? = 0 because 9, o j, = 0 as it sits inside a LES.

Therefore, there is a cellular chain complex (C,(X),d) and cellular homology is the
homology of this chain.

All of the j,,j,—1 maps are injective maps. Thus, kerd = ker j,_10,_1 = kerd,_1
im j, = H,(X,). OTOH, imd = j,(im0,) = imd, C H,(X,). So,

H,(C.(X),d) =kerd/imd = H,(X,)/imd, = H,(X,)/ker¢ = H,(X,+1)
and this is preserved as adding higher order cells does not change it. So, H,(X,:1)
H,(X).

Theorem 6.4. Let X be a CW-complex, then H,(C,(X),d) = H.(X) i.e. cellular homology
groups are isomorphic to singular homology groups.

O

This allows for easier computations. For instance, we have the next corollary.

Corollary 6.4.1. Let X be a CW-complex with only even dimension cells. Then H,(X) =
C.(X) ie. H,(X) is always a free abelian group that is zero for odd n and whose rank is
equal the number of cells of dimension n when n is even.
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PROOF. Our chain C,(X) looks like
04 Z(Ap) < 0 Z(Ay) 0« ...

Example 6.5. As CP" has a 1-cell in each even dimension up to 2n,

n Z 0<q<2neven
Hy(CP") = {O else ’

7. Lecture 7: January 19th, 2022

ABSTRACT. We prove that cellular homology and singular homology coincide for CW-
complexes. Furthermore, this provides a more efficient computation of certain topological
spaces.

Last time, we saw that if X is a CW-complex, then we could define a chain complex
C.(X) which gave rise to the cellular homology H,(C.(X)) of X. The filtration

X D=sk ;| X Csky XC---CX
then gave rise to the nth cellular chain group

Co(X) 1= Hy (X, Xpo1) = Hy(Xo/ Xy, {x}) 2 Ho(\/ 8™, {x}) 2 Z(4,.

CMGAn

Then, we defined d : C,(X) — C,—1(X) via

8n_1 An—l
Z(An) = Ho( X, Xo1) ™3 Hyod(Xo1) ™5 Hyod (X1, Xna) = Z(An-1)
and this map is defined on the generators. We saw that d*> = 0 and that
Theorem 7.1. H,(C,(X)) = H.(X).

Let’s discuss the map d a bit more. We need to examine the map on the n-dimensional
cells.
Let S™~! be the boundary of an n-cell D" for each o € A,,. Then we have a diagram

_ _1 quotient _
Sg 1 E— Xn—l E— Xn_l/Xn_Q e VBEAn—l Sg ! E— Sg !

]

Dl — 5 X,

which gives a map fo5: S"7! — Sg’l as a composite of the top maps.
So for every a € A, and § € A,,_1, we have a map

fa,B* : Hn—l(SZ_l) — Hn—l(‘gg_l)

given by Z — deg(fap) - Z. So, d: Cp(X) — C,_1(X) is determined by deg(f.z) for varying
«, B. This shows that d is determined by a matrix with coordinates «, 3.
We remark that cellular homology only sees the first order attaching map structure of a

CW-complex. That is, the attaching map [ S*~! — X;_; determines everything. So if we
should look at S¥~1 — Xk-1 — Xk-1/xk=2 o Gkl
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Example 7.2. Let us compute the homology of RP". It has a CW-structure where sk, RP" =
RP* and it has 1 cell in each dimemsion 0 < k& < n. The attaching map S* — RP" =
S"/(x ~ —x) is the double cover map. The cellular chain complex looks like

0 «— Co(RP") «—— C1(RP") ¢—— ... «—— C,(RP") +— 0

| | J

0 < 7 < d 7 < e n 7, < 0

and dy,q : S¥ — RP* — RPF/RPF1 = S¥ i5 exactly the degree of this. In particular,

do

Sh-1 , Sk , Sk /Sl o Gk gk

e oo Jpe

RPF1 — 5 RPF — 5 RPk/RPE-1 = G

and the map on the RHS is id V « for a : S¥ — S* the antipodal map.

The maps D.C' in the diagram and just the double cover maps.

Recall from before that the reflection map has degree one. The antipodal map « is a
reflection composed k + 1 times. So the degree of the antipodal map is (—1)**!. Hence,
deg(S* — S*) =1+ (—=1)k*! which means deg(dj 1) = 1 + (—1)*1.

Therefore, the cellular chain complex of RP" is

0 < Z < 7 « Z < co 4 Z

<
0 2 0 (=1

YR 0

It follows that we have the following table for the singular homology of RP™.

RP™ Hy H, Hy, Hy H,; Hj
RP’ = {x} Z 0 0 0 0 0

RP'=S' Z Z 0 0 0
RP2  Z Z/2Z 0 0 0
RPP Z Z/2Z 0 Z O
RP* 7 7/2Z 0 ZJ2Z ...
RPS 7 ZJ2Z 0 Z/2Z 0 7 O

We have shown

Proposition 7.3. The singular homology of projective space is

Z k=0
o A k=n & n odd
Hy(RP") = 2/27 koddand 1 <k<n-1
0 otherwise.

Remark 16. If the student wishes to see more details for these computations, please see
pp- 51-52 of Miller’s notes.

8. Lecture 8: January 21st, 2022

ABSTRACT. In this lecture, we discuss an important invariant of topological spaces — the
Betti number and the Euler characteristic. We show how to compute them via homology
and that the Euler characteristic coincides with the usual definition for CW-complexes.
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Last time, we learned how to compute the cellular homology of RP". Now we return to
an old promise from last quarter and discuss the Euler characteristic.

Let X be a finite type CW-complex. Then let a, := # of n-cells = |A,| < co. Now set
f := rank of H,(X) which is called the Betti number.

Definition 8.1. The Euler characteristic is x(X) := Y., (=1)fay = >_,(—1)*; and we shall
soon prove the second equality. This second inequality implies that the Euler characteristic
is homotopy invariant of X. In particular, it does not depend on the CW-complex structure
of X.

Remark 17. Originally, Euler showed that if v, e, f are the number of vertices, edges, and
faces of a convex polyhedron, then v — e + f = 2. Of course, any such surface is homotopy
equivalent to S? and Euler’s original theorem follows from the homotopy invariance. Indeed,

H.(S?) = {Z *=0,2

0 otherwise
so the alternating sum is exactly 2.

Recall from abstract algebra that any finitely generated abelian group A has form
AZ2Z" LML S - & L/

where n|ns|...|n;. We call r the rank of A.
If X is a finite CW-complex, then H(X) is always finitely generated because Cy(X) is
finitely generated. Indeed,

Zi(X)/Bi(X) = Zy(X) = Co(X) = IH(X) is L.g..

So now we assume Hy(X) = Z'®) @ @) Z/n;(k) and ny (k)| . .. ny (k) and (k) is then the
rank of Hy(X).

Lemma 8.2. If 0 - A - B — C — 01is a SES of f.g. abelian groups, then rank(A) —
rank(B) 4 rank(C) = 0.

PRrROOF. Apply — ® Q and use rank-nullity. 0
PROOF OF THE EULER CHARACTERISTIC FORMULA. We know there is a SES
O—>Zk%Ck—d>Bk,1—>O
and another sequence
0— B, = Z, — H, — 0.
Then
Z(—l)kak = Z(—l)k rank Cy, = Z(—l)k rank Zj, + rank Bj_;

k

k
= Z(—l)krankBk + Z(—l) rank Hy + Z(—l)krank Bi_1 = Z(—l)k rank Hy.
k k k

k
U

Now a natural question to ask is if we can give a lower bound on the number of k-cells
in terms of H,(X).
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Let
t(k)
Hy(X) =2 & @ z/ni(k)
i=1

for ni (k)| ... |nyw (k). Divide Hi(X) into its torsionfree and torsion parts. For Hy = Z',
and H, = 0 for all ¢ # k, we can consider the chain complex

.= 027" —=0— ...

concentrated in dimension k. Then ﬁ*(\/r S*¥). So our choice is \/, S*.
For Hy = Z/n and H, = 0 where ¢ # k, then the minimal chain complex of free abelian
groups is

07237 50— ...

where the first Z appears in dimension k + 1. Then the CW-complex is

Sk NhLan

Sk —— M(Z/n, k)
where we write M(Z/n, k) to mean the Moore space. It has 1 zero-cell, 1 k-cell, and 1
k + 1-cell.

As an example, M(Z/2,1) is RP? Tt follows now that the lower bound on the number
of k-cells is

r(k) + t(k) + t(k — 1).

Proposition 8.3. For all graded abelian group A, = €, A with A, = 0 for £ < 0, there
exists a connected CW-complex X s.t.

—_—

H.(X) = A,.

PROOF. We use the method due to Moore. For A, write 4, = Z"® @ @f:kl) Z/n;(k)
with ni(k)|...|nyw (k) and r(k) the rank of Ay. Realize it as M(Ax, k) =V, Sk v
V. M(Z/n;(k), k). Then realize A, via

\/ M (A, k).
k

O

Theorem 8.4. If X is a simply connected CW-complex of finite type, there exists a CW-
complex Y with

r(k) +t(k)+t(k—1)

k-cells and a map Y — X that is a homotopy equivalence.



9. LECTURE 9: JANUARY 24TH, 2022 82

9. Lecture 9: January 24th, 2022

ABSTRACT. In tis lecture, we continue the study of homology by introducing homology
with coefficients. These will provide an array of functors which can then be used to study
topological spaces. For instance, studying homology groups with Fy coefficients often reduces
the computations.

Recall from last time our discussion of the Euler characteristic. Fix X a finite CW-
complex. The Euler characteristic could be defined via two sums

XX) =) (—DFar =D (—1)" B

k k

where a,, is the number of n-cells of X and 5, is the rank of H,(X). This second sum
shows that the Euler characteristic is defined up to homotopy type due to the invariance of
H,(X) up to homotopy. This implies Euler’s classical result o convex polyhedrons. Another
problem was to realize every graded f.g. abelian group A, as the homology of some space.
We had the following result:

Proposition 9.1. If A, := @, A, with A, = 0 for k£ < 0, then there exists a connected
CW-complex X s.t.

—

H.(X) = A..

SKETCH. Write A = 7" @le Z/n;Z for some abelian group A that is f.g. and realize it as
the homology of a space that is the wedge sum of Moore spaces. Taking the wedge sum of
these spaces given A,. The construction was as follows.

If Z is concentrated in dimension n, the chain complex ... - 0 — Z — 0 — ... has
Z in dimension n and the reduced homology of S™ has this form. For Z/k in dimension n,

o Z 87505 .. withZ > 7Z starting in dimension n + 1 has homology that of the
Moore space M(Z/k,n). Now take the wedge sum over all of these spaces. O

Example 9.2. M(Z/2,1) = RP?.

Today, we shall discuss homology group coefficients. So far, singular homology H, is a
functor from topological spaces to graded abelian groups. The question now is whether or
not we can map to vector spaces over some field k£ or R-modules over some commutative
ring R with unity.

We begin with the case of a commutative ring. Fix R a commutative ring with unity.

Define Sin,(X) := {0 : A" — X} and let

Sn(X; R) := free R-module generated by Sin,(X) = R(Sin, (X)) = {Z rio; @ ri € Ro;:
i=1

We can define the differentials as before i.e. d : S, (XIR) — S,_1(X;R) is given by do =
S o(=1)id'oc. Then d* = 0 as before and we get a chain complex

= St (X R) S S (X R) S S, (X R) > ...
Taking the homology gives H,(X; R) which is an R-module. The usual theory of singular
homology takes R := Z.
Homology with coefficients in R satisfies many familiar properties. We list them below.
e H.(—,R): Top -+ R — Mods,

A"—>X}.
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e f~¢g:X =Y, then f, =g.: H.(X;R) - H.(Y; R),

o H.(— 'R) satisfies all the Eilenberg-Steenrod axioms except the dimension axiom,
H,(X;R) = H,(X;R) if n > 0 while H,(X;R) = H,(X;R) & R for n =0,
H.({* } R) = R in degree zero and H,({*}, R) =0,

( R) = R concentrated in degree n,

) for CW—complexes X, we can define the cellular chain complexes in R by
Cu(X; R) = Hy(X, /X0 13 R) = R(A,)
with A,, the number of cells in dimension n,
o d:C,(X;R) — C,_1(X; R) is defined similarly and we obtain the cellular homology
HY(X;R) = H.(X; R).

Example 9.3. We consider RP" in different coefficients. Recall RP™ a single cell in each
dimension 0 < k < n.
Take R := [Fy. Then the cellular chain complex looks

O%FgglFQ(iFQ(g(—FQ%FQ%O
and so all the maps are zero. Since d is zero, the homology is

0 otherwise

Hy(RP";Fy) = {

which is very different from the usual singular homology:

Z k=0

Z  if k=0,n, and n odd
7/2 ifkoddand 0 <k <n

0 otherwise

H(RP" Z) =

We have a similar answer for k with characteristic 2 i.e. any For or Fs.
For F3, H,(RP" F3) is the homology of

and in F3, the element 2 is a unit. So the maps for multiplication by 2 are isomorphisms.
Thus, the homology is simpler if n is even,

Hy(RP") = { . ~ H,({+}).

otherwise

If n were odd, we get

Fs k=0and k=n .

Hy(RP") = { 0 otherwise = H.(5").

Similar answers occur when 2 is a unit (such as when R := Q, Z[1/2],R).
We leave it to the reader to doe the same problem with R := Z/4Z.

A natural question to ask now is whether or not we can define homology with coefficients
in some module. Additionally, if we are given information about H,(X; R), can we deduce
information about H,(X; M) for an R-module M? The answer to these two questions are
the tensor product and the Universal Coefficient Theorem respectively.
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10. Lecture 10: January 26th, 2022

ABSTRACT. Today, we build towards a valuable tool for computing homology with coeffi-
cients called the Universal Coefficient Theorem. We start by reviewing some properties of
tensor products and then explain the construction of homology with coefficients once more
to describe how one can take coefficients in a module M.

Last time, we defined singular homology with coefficients in a commutative ring with
unity R (we shall not repeat these hypotheses when speaking of a commutative ring ever
again). At the end of the lecture, two natural questions arose. For today, we shall apply ®
tensor products to define H,(X; M) which aid in the study of bilinear maps.

A good portion of this lecture discusses tensor products, but due to their ubiquity in
mathematics, we refer the reader of these notes to any textbook on Abstract Algebra.

A few fundamental facts about tensor products we shall use repeatedly are listed:

1) R®gp M = M with R x M — M defined by (r,m) — rm,

2) LI(M@N)=(LeoM)® N)via Lx (M xN)— (LxM)xN,

) M@N=N®M via M xN=N x M,

9 @,(MeN,) =M (@, N).

5)if f: M — M and go,q1 : N — N’, then f® (go+¢1) = f® g0+ f ® g1 and
f®&rgo=r(f®goasmaps M @ N — M’ ® N’ and any r € R.

Example 10.1. One has Z/mZ ® Z/nZ = 7/ gcd(m,n)Z. This is an easy exercise for the
reader.

(
(
(
(
(

Now we define homology with coefficients in M for M an R-module. Define S,,(X; M) :=
Spn(X;R)®@r M and d :=dr®1: S, (X; M) — S,_1(X; M). The maps d are R-linear and
d?* = 0. This gives a chain complex

S (X5 M) = S (X5 M0 — S, (X5 M) — ...
and taking homology, we obtain H, (X; M). For any A C X, the map S, (A4; R) — S.(X; R)
is a split homomorphism of free R-modules. Then we have a SES

0= Su(A;R) = Sp(X5R) —» Su(X,A;R) — 0

where the RHS R-module is defined as the quotient. Applying — ®pz M, we obtain a SES

0— Su(A; M) — Sp(X; M) — S, (X, A; M) — 0.
Then we define H, (X, A; M) = H,(S.(X,A; M)) which is the relative singular homology
with coefficients in M. Additionally, there is a LES

.= Hy(AAM) — Hy (X M) — Hy (X, A M) — Hy (A M) —

of relative homology.

Given an R-module homomorphism M — M’ we get a map S.(X; M) — S.(X;M').
This induces a map H,.(X; M) — H,(X; M’) on homology. Using this, a SES 0 — M’ —
M — M" — 0 gives rise to a SES 0 — S, (X, M) — S,(X, M) — S.(X, M") — 0 of chain
complexes. Then the Snake Lemma induces a LES

o= Hy (X, M) = Hy (X, M) — Hy (X, M") = Hy (X, M) — ...

A natural question to ask now is how to compute H,(X, M) in terms of H,(X). The answer
is not easy because in general

H.(X; M) % H(X)® M.
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We already say such an example with RP"™ in different coefficients.

11. Lecture 11: January 28th, 2022

ABSTRACT. Today, we construct the derived functors TorfDL (—, N) and show that they are
well-defined. In particular, we shall state some useful facts about them to reduce future
computations.

Last time, we constructed the tensor product. It is a common fact that the universal
property determines the tensor product and one always considers M ®r N as a pair with the
map ® : M x N - M ®r N. We observed a number of properties about ®z and constructed
homology with coefficients in M.

Today, our goal is to relate H,(X; M) with H.(X) ®r M. First, note that the functor
M ®pr — from the category of R-modules to itself is only a right exact functor. Left
exactness fails with the example 0 — Z — Z — Z/2Z — 0 and tensoring by Z/27 ®z —.
However, left exactness may be preserved if M is a free R-module (or more generally a flat
R-module). This leads to homological algebra which is a tool to measure failure of exactness.

We will need to define free resolutions. For now, fix R to be a PID. Then a standard
fact of algebra is that any submodule of a free R-module is also free.

Fix M to be an R-module. Then find a free module Fj s.t. Fj ﬁ M — 0 1is exact. Then
take the kernel of this to get a SES 0 — F} — Fy — M — 0 with Fy, Fy free R-modules.
This is an example of a free resolution, but it need notbe ungiue.

Now — ®gr N is right exact and applying it gives a sequence F) g N — Fy ®r N —
M ®r N — 0 that is exact. The kernel of the LHS map is called Tor? (M, N) and fits into
a sequence

0 — Torf(M,N) = Fy ®r N = Fy@g N - M ®r N — 0.

We shall observe that Tor is independent of the resolution taken.

Example 11.1. Fix M free. Then 0 — M — M — 0 is a free resolution and hence,
Torf (M, N) = 0.

Example 11.2. If R = Z and M = Z/n. Then 0 — Z > Z — Z/nZ — 0 is a free

resolution. Computing Tor, we find that Tor?(Z/n, N) = ker(N = N) which is the set of
n-torsion elements in N.

Example 11.3. Tor?(Z/27Z,7) = 0 and Tor)(Z/27Z,7./27) = Z/27 and more generally,
Tor?(Z/n,Z/m) = 7./ ged(m, n)Z.

Our goal not is to general from the case of a PID to any commutative ring. Let R be a
commutative ring and M an R-module. Then there is a diagram

\T\T\T\T\
/ X X X \ \
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It is constructed as follows. Take a free module surjecting onto M via Fy — M — 0. Let
Ky be the kernel of this. Then take a free module F) surjecting onto Fy. This gives maps
Fy — Ky — Fy which we compose to call d. Then repeat this process inductively.

Observe that d? = 0 because there is a SES 0 — K; — F; — K;_; — 0 which appears in
the composite. So there is a chain complex (Fy,d) called the free resolution of M

L EBEARE AR S E o

Now there is a diagram

> Iy > I y I » Iy > 0
> 0 > 0 > 0 s M > 0

which is a chain map. This induces an isomorphism on homology: im(F,; — F,) =
im(K,, — F,) and ker(F, 1 — F,) = ker(F,, = K,,_1) whenever N > 1. We see that

H,((F.,d)) =0forn>1 & Ho((Fy,d)) = Fo/im(Ky — Fy) = M.

So the free resolution of M is a “replacement” of M with the same homology. Now F, ® N

gives a chain complex

L EBNB ReNE ReN -0

with potentially nontrivial homology. We define
Tor®(M, N) := H,(F, ® N)

for F, a free resolution of M.
We shall later show that this is well-defined (i.e. independent of free resolution) and that
the Tor-functors are functorial.

Remark 18. If M is free, Tor®(M, N) =0 for n > 1.

If Ris a PID, Tor®(M,N) = 0 for n > 2.

One has Torf (M, N) = M ® N and the higher index n are called the derived functors
Of ®RN

12. Lecture 12: January 31st, 2022

ABSTRACT. In this lecture, we focus on categorical constructions. It is useful to know which
categorical constructions our derived functors preserve. In particular, whether or not they
preserve limits.

Last time, we discussed Tor(M, N) and free resolutions. We always take R to be a
commutative ring with unity. If M is an R-module, there is a free resolution F, of M and
the construction relied on properties of free modules. Then, H,((Fy,d)) = M concentrated
in degree zero. We then defined Tor®(M, N) := H,,(F, @z N).

We observed that higher tor functors vanished when M is free and Tor’ (M, N) vanished
for M a PID and n > 2.

In this lecture, we proved the following theorem.

Theorem 12.1 (Fundamental Theorem of Homological Algebra). If M, N are free R-
modules and E,, F, are their respective free resolutions, any R-module map f: M — N lifts
to a chain map f, : M, — N,.
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PROOF. See Miller’s notes on Weibel’s Introduction to Homological Algebra. We take the
Lang approach to homological algebra and suggest the reader of these notes to attempt the
proof themselves. O

Definition 12.2. One might observe that the proof of the fundamental theorem only re-
quired the property of projective modules.

That is, we call P a projective module if any map P — N facts through a surjection i.e.
if M — N — 0 is exact, then there exists a lift P — M.

Every free module is projective so one could consider projective resolutions instead of
free resolutions.

A direct summand of a projective module is projective. Any projective module is a direct
summand of a free module. Over any PID, projective modules are free.

Corollary 12.2.1. Tor’(—, N) is well-defined for any R-module N.

Proor. We can always lift the identity map idy; : M — M two a map of free resolutions
f« 1 Fr. — F!. By uniqueness up to chain homotopy, one sees that f, an isomorphism and so
gives an isomorphism on homology after tensoring — ® N. 0

We state a few facts. First, any homomorphism f : M’ — M with free resolutions F_, F,
induces a lift F/ @ N — F, ® N in which the map of homology is independent of the choice
of lifts of f.

PrOOF. Given f, another lift, f, ~ f, so they induce the same map on homology. Then
fi®l~flel. O

This proof also shows functoriality in M and N for the Tor-functor.

Remark 19. It is true, but difficult to show that M ® N = N ® M implies Tor’(M, N) =
Tor®(N, M). The proof uses double complexes.

13. Lecture 13: February 2nd, 2022

ABSTRACT. For this lecture, we do some computations and explain how to prove the uni-
versal Coefficient Theorem.

Last time, we define the Tor-functors as the homology of F, ® gz N where F; is a free
resolution of a module M. To show that it is well-defined, we proved the Fundamental
Theorem of Homological Algebra which asserts that any R-module homomorphism f: M —
N can lift to a chain map f, : F, — E, of the respective free resolutions.

Definition 13.1. Let M, N be R-modules and define
Homp(M,N):={f: M — N : fis an R-linear map}.
This is an abelian group and an R-module if we define (rf)(m) = f(rm) = rf(m).
Proposition 13.2. There is a natural isomorphism of R-modules
Hompg(L ®p M, N) = Hompg(L, Hom(M, N))
for M, N, L all R-modules.
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The proof of the proposition is a routine. This shows that the functors — ® g M and
Hom(M, —) are adjoint functors. Recall that if C,D are categories and F' : C — D and
G : D — C are functors, we say F'is left adjoint to G if there is a natural isomorphism

D(FX,Y) = C(X,GY)

for any objects X € obj(C) and Y € obj(D).
It follows from right exactness of — @z M and right adjointness of Hompg(M—) that
Hompg(M, —) is a left exact functor.

Definition 13.3. Let I be a small category. Let X : I — C be a functor. A cone under
X is a natural transformation

n : X — consty

where consty : I — C is the functor mapping all objects of I to some Y € obj(C) and all
maps of I to the identity idy. In this way, we may view [ as a sort of indexing set.
That is, for all ¢ € I, and ¢ — j map in I, there exists n; : X; — Y s.t.

commutes.

Definition 13.4. A colimit of X is an initial cone under X. That is, colim; X is an object
of X such satisfying the universal property indicated by the diagram

Example 13.5. If I = (), then colim; X is the initial object of C. It may or may not exist.

Example 13.6. Let [ be discrete i.e. there are no morphisms other than the identity
morphism. Then colim; X is the coproduct. In the category of sets, this is the disjoint
union. In the category of abelian groups, it is the direct sum and of groups, it is the free
product. In the category of topological spaces, it is the disjoint union. In the category of
pointed spaces, it is the wedge sum.

Example 13.7. Suppose [ is a directed system i.e. it is a partially ordered set s.t. for
all 4,7 € I there exists k € I s.t. i < k and j < k. Additionally, for all : < j, I(7,j) is a
singleton set {fi;} s.t. fii =1id; and f;, = fjx o fi;. This is usually referred to as a directed
set.
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In this case, colim; X is the direct limit. One writes this as hg and explicitly in the

category of sets,

lim A; = 114/ ~

el iel
where x; € A; is equivalent to x; € A; if there exists k € I s.t. fix(x:) = fin(x;).
Example 13.8. Consider the case where I = N is the directed set. Consider

2 3 4 5
23575725758 .

Then the colimit is Q. Indeed, there is a diagram

X2 x3 x4

Z s 7, > 7

l l1/2! ll/{}!
Q—1t->Q—21>0Q0 2> ...

so one deduces that the direct limit here must be Q.

Example 13.9. Let I be the index set given by A — B and A — C. This is no longer a
directed set. However, the colimit should be very familiar. It is the pushout. In the category
of topoloogical spaces, colim; = BUy C' = B[ C/ ~ where f(a) ~ g(a) for all a € A.

Example 13.10. Let [ be the indexing set f : A — B,g : A — B. Then colim; is the
coequalizer. In the category of abelian groups, if ¢ = 0 then the colimit is coker(f).

Example 13.11. Let G be a group. View G as a groupoid (i.e. a category with 1 object
whose maps are given by elements in G). If there is a functor from G to some space, then
this is given equivalently by an action of G on a topological space. The colimit with G as
the index set is the orbit space.

The concept of a limit is defined dually to that of a colimit. One takes a terminal object
instead of an initial object. One has products instead of coporducts, inverse limits instead of
direct limits, pullbacks instead of pushforwards, equalizers instead of coequalizers, and fixed
points instead of orbits.

One may view colimits and limits as functors C! — C from the functor category.

Definition 13.12. A category is complete if it has all limits. It is cocomplete if it has
all colimits.

Theorem 13.13. A category if (co)complete iff all (co)equalizers and (co)products exist.

14. Lecture 14: February 4th, 2022

ABSTRACT. Today, we employ the UCT to compute some examples. We then work toward
the Kiinneth Theorem and do so by constructing the tensor product. The Kiinneth Theorem
provides a way to relate homology of two spaces with their product.

Last time, we introduced the Hom-functor: Hompg(—, N) where Homg(M, N) is the set
of R-module homomorphisms M — N. It is an R-module defined by (rf)(m) = f(rm) =
rf(m). Additionally, Homg(—, N) defines a functor from R-modules to R-modules and it is
right adjoint to the tensor product

Hompg(L ®r M, N) = Hompg(L, Homg(M, N))
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i.e. —®pr M is left adjoint to Hompg(M, —). We also defined cones, colimits, and limits.
We also stated what a complete category was and gave a criterion for a category to be
complete or cocomplete.

Example 14.1. Let C! — C be the colimit functor. Let const : C — C! be the constant
functor. Then there is an adjoint pair

C!(X, consty) = C(colim; X,Y)
and similarly, there is an adjoint pair for limits
C!(consty, X) = C(Y, li}nX).
This shows that colim is a left adjoint and that lim is a right adjoint. This also gives an

example of a functor with both a left and right adjoint.

Theorem 14.2. Left adjoints preserve colimits (sometimes referred to as cocontinuous).
Right adjoints preserve limits (sometimes called continuous).

The proof of the above theorem can be done via the Yoneda Lemma, but this course
is not about category theory.

Example 14.3. Recall that Hom —®-adjunction. We now know from the theorem that
— ®pr M is a right exact functor while Hompg (M, —) is a left exact functor. Furthermore, we
know — ®p M preserves colimits while Hompg(M, —) preserves limits.

As direct limits are colimits, — ® g M preserves direct limits i.e.
lim M; ®p N = hg(Mz ®gr N).

Theorem 14.4 (Facts about limits). Limits commute with limits and similarly for colimits.
Limits and colimits do not always comute.

Example 14.5. Direct limits in the category of abelian groups is right exact. OTOH, inverse
limits are left exact.

Theorem 14.6 (Fact about direct limits). Direct limits in abelian groups are left exact
functors but are not generally right exact.

Proposition 14.7. Let I be a direct system. Let X;,Y;, Z; be in the category of abelian
groups and assume X; — Y; — Z; is exact for all ¢ € I. Then

ligXi — ligY; — ligZi
I
i1s exact.

PRrROOF. Omitted. O

Corollary 14.7.1. Let I — {chain complexes} be given by ¢ — C,; where each C,; is a
chain complex. Then

ligH*(C*i) = H*(hg Cui)

Example 14.8. Suppose Xy C X; C --- C X, be a filtration for X, subspaces of X,,. View
U, Xi = liﬂXi as a colimit. Then,



15. LECTURE 15: FEBRUARY 7TH, 2022 91

Example 14.9. One has a sequence of isomorphisms
HL(X5Q) 2 HL(5.(X) © Q) = HL(S.(X) @ i Z)  H.(lny(5.(X) © 2))

= lim H, (5.(X) ® Z) = limg H,(S,(X))
because — ®z Z = H,(X) ® Q for the last isomorphism. We conclude that
H*<X; Q) = H*(X) Xz @

and this also holds when H,(X) is a f.g. abelian group (this is also an easy computation).
The above isomorphism is not true if QQ is replaced by some other field F.

15. Lecture 15: February 7th, 2022

ABSTRACT. To prove the Kiinneth Theorem, we study models and acyclic objects. These
become important tools for homological algebra and play an essential role in proving the
Eilenber-Zilber Theorem.

Let R be a commutative ring and M, N be a R-modules. We defined Tor (M, N) as the
derived functors of — ®z N. We know Tor?(M, N) = 0 for n > 2 whenever R is a PID.

Recall we had asked the following question: Can we compute/deduce H, (X ;M) from
knowledge of H.(X; R)?

Example 15.1. Consider RP?, S? with the map RP? — S? that quotients out the 1-skeleton
of RP?. We explicitly know that
Z k=0
H,(RP*)=(Z/2Z k=1
0 k otherwise

But C.(RP?) @ Z/27 gives singular homology

72 k=012
0 k otherwise’

H.(RP* 7Z/27) = {

OTOH,
5 Jz)2 k=02
Hi(5%2)2Z) = { 0 & otherwise’

Examining the above, the quotient map p : RP? — S? gives corresponding maps on homol-
ogy. In particular,

Hy(=):Z5Z & Hy(=):Z/230, & Hy(-):0>7Z
while
Ho(—ZJ2Z):Z)2 5 Z)2 &  Hy(—Z/2Z):Z)2—0 &  Hy(—Z/2):Z/2 5 Z)2.

The computation of the Hy(—;Z/2) map follows from the collapsing of the 1-skeleton of
RP?. Also, Hy(—) and Hy(—;Z/2) are different maps and because Ho(—), we can deduce
that H.(—;Z/2Z) is not functorially determined by Ha(—).

Though there is failure of functoriality, we can still obtain a natural map. This is done
algebraically. Let C, be a chain complex of modules over R. There exists a natural map

a:H,(C,)@ M — H,(C, @ M)
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via [z] ® m — [z ® m] because d(z) = 0 implies d ® 1(z ® m) = d(z) ® m = 0. Now, we
consider the following diagram

not necessarily injectiveT T

Zn(CH) @M —— Z,(C @ M)

and the horizontal map is given by z®@ m — z @ m. If Z,(C,) ® M — C, ® M is injective,
an easy diagram chase shows Z,(C.) @ M — Z,(C., @ M).
Now there is a diagram

Hoy(C) @ M —2— H,(C, ® M)

\
I
\
I

Zn(C) @ M Zn(Co® M)

d®1

If the middle map is injective, then « is also injective.

Combining our two claims on injectivity, Z,(C,) @ M — C, ® M being injective implies
H,(C.,®M)— H,(C, ® M).

Suppose R were a PID and C,, were free over R (this will be the case with the cellular
and singular chain complexes). There is a diagram

0= Z,(C,) = Cp % B,_1(C.) C Cpy — 0.

Because C),_; is free, B, _1(Cy) is free. So there exists a splitting (i.e. Z,(C,) — C, is
a split monomorphism) C,, = B,,_1(C.) & Z,(C,). So, Z,(C,) @ M — C, ® M is a split
monomorphism

Crni1 @ M = (Z,(C.) © M & (B, (C) @ M).
This fits into a diagram

Crny1 @M = Zn(C) @ M B(Bn(Cy) @ M)
ld®1 /

where that diagonal map need not be injective. Taking homology, we see that
H,(C. ® M) = (Hn(C,) @ M) & (7)

where (7) is some module we do not know yet. This shows that a : H,(Ci) @ M —
H,(C, ® M) is a split monomorphism thus far. Our goal to explicitly determine (7).



15. LECTURE 15: FEBRUARY 7TH, 2022 93

If M = R, then (7) = 0 since a would be an isomorphism. So the idea shall be that it is
easier to work with free modules. Replace M be its free resolution and if R is a PID (as it
will be in virtually all of our applications),

0— F — Fy— M — 0.
Tensoring by C, gives
0->C,F - C.@F—-C.@M —0
and exactness follows from C, a complex of free modules. Then there is a LES of homology
L= H(Co® F) — Hy(C,® Fy) = Hy(C.@ M) — Hy, 1(C ® F1) —

From our work above,

~ ~

coker(H,(C, @ Fy) — Hy(C, ® Fy)) —=— coker(H,(C,) ® Fy — H,(C.) ® Fy)

~ ~

H,(C.,® M) — > H,(C, @ M)

ker(Hn,l(C* X Fl) — Hn,1<C* &® Fo)) — ker(Hn,l(C) X Fl — Hn71<0) X Fo)

Now the cokernel in the dlagram is H,(C,) ® M because tensor products preseve coker-
nels. OTOH, kernel is Tor?(M, H,,_,(C.)) = Torf(H,_(C,), M) because we restricted our
attention to the sequence

Tor®(M, H,_,(C,)) = FL ® H,_1(C,) = Fy ® H,_1(C,) = M ® H,_,(C,) — 0.
So it follows that the splitting is
H,(Co® M) = (H,L,(C.) ® M) @ Tory'(H,1(C), M).

Theorem 15.2 (Universal Coefficient Theorem). If R is a PID, C. is a chain complex
over R s.t. each C), is a free R-module, then there a SES of R-modules

0— H,(C,)® M — H,(C, ® M) — Tor?(H,_,(C,), M) = 0
that splits but the splitting is not functorial.

Corollary 15.2.1. Let X be a topological space. Let R be a PID and M an R-module.
Then there exists a nonfunctorial split SES

0— H,(X;R)® M — H,(X; M) — Torf(H,_1(X; R), M) — 0

and so
H,(X;M)= (H,(X;R)® M) ® Tor®(H,_1(X;R), M).
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Example 15.3. From before, we know
H,(X;Q) = H,(X) ®Q

from a colimit computation. But from the Universal Coefficient theorem, we get the isomor-
phism from Tor(H,,_,(X),Q) = 0 as Q is a flat Z-module.

16. Lecture 16: February 9th, 2022

Last time, we proved the universal coefficient theorem which says that if R is a PID, C,
is a chain complex with each C,, being free R-modules, then there is a SES of R-modules

0— H,(C,; RY® M — H,(C,; M) — Torf(H,_,(C,; R), M) =0
which splits noncanonically. As corollary, we had:

Corollary 16.0.1. If X is a topological space and M a module over a PID R, then there is
a noncanonical split SES

0— H,(X;R)® M — H,(X; M) — Torf(H,_(X; R), M) — 0.
Some immediate consequences are that H,(X;Q) = H,(X) ® Q and

Z/2®&0 n=0

Z/]2®60 n=1

0BZ/2 n=2
0 otherwise

H,(RP*Z) =

Indeed, this computation follows from some basic facts about Tor? and the splitting
H,(RP* 7/27) = H,(RP*) ® Z/2 & Tor?(H,_(RP?),Z/2).

Theorem 16.1 (Basic Facts about Tor?). Tor?(Z/n, Z/m) = Z/ gcd(m, n) and Tor?(Z, Z/m) =
0 for all m,n € Z.

In a similar vein, one can show that

Z/3®0 n=0
0 otherwise

H,(RP*7Z/3) = {

Example 16.2. Suppose we are given a space with

7 n=20
Z]2 n=1

Z]207Z)3 n=4
Z®Z/2 n=50 otherwise

We now from previous lectures that there will exist such a space (the construction used
Moore spaces and wedge sums with spheres). Now the Universal Coefficient Theorem can
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help us compute

( 7)2 n=>0
72 n=1
0B Z/2 n=2
Hoy(X:Z/2) = Hoy(X)®Z/20 Tor®(H,_1(X,7/2),Z/2) = 72 n=3
Z]2 n=4
(Z20Z)2)DZ/2 n=5
L 0®7Z/20 otherwise

A general heuristic is that the Tor factor of the universal coefficient theorem only ever
contributes to the next line.
Another example is

( Z/3 n=>0
0 n=1
0 n=2
H,(X;7/3) = H,(X) ®Z/3® Tor*(H,_1(X),Z/3) = 0 n=3
Z/3 n=4
Z/3®7/3 n=5
L 0 otherwise

Let us now discuss the Kiinneth Theorem. Recall that the cross product x : S,(X) x
Sq(X) = Spiq(X x Y) is a bilinear map and that it satisfied a Leibniz formula

d(z x y) = (dz) x y + (—=1)’z x (dy).

From the universal property of the tensor product, we get an induced cross product map (by
abuse of notation also called x)

X 1 Sp(X) x Sy (Y) = Spig(X xY)
where d(z x y) = (dz) ® y + (—1)Pz ® (dy).

Definition 16.3. Given two chain complexes C,, D,. We can define the tensor product
of chain complexes by

p+q=n
and d(z ® y) = (dz) ® y ® (—1)Px ® dy Observe that d> = 0 by the same reasoning that
d*(zxy) = 0. Now C,® D, — C,_1®@ D, +C,® D,_; is how the map acts on each summand.

Remark 20. The cross product is actually a map of chain complexes S,(X) ® S.(Y) —
S(X xY).

There are some natural questions to ask. Does the cross product induce an isomorphism
on homology? The answer is actually yes:

H. (S«(X)®@S.(Y)) = H(S:(X xY)) = H (X xY)
and the first isomorphism is called the Eilenberg-Zilber Theorem.

Theorem 16.4 (Eilenberg-Zilber Theorem). Eilenberg-Zilber Theorem Take coefficients
in a commutative ring R. There exist unique chain homotopy classes of natural chain maps

S.(X) ®p S,.(Y) & S, (X xY)
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covering the usual isomorphisms Hy(X) ®r Ho(Y) = Ho(X x Y) and any such pair are
natural chain homotopy inverses.

Corollary 16.4.1. There exists canonical natural isomorphism H,(S.(X) ®g S.(Y)) =
H.(X xY).

Another question is whether or not H,(C,®D,) can be determined from H,(C,)®H,(D,)?
The answer is a bit technical, but in the case of D, being concetrated in degree zero we
already have an answer — the Universal Coefficient Theorem!

The full answer is known as the Algebraic Kiinneth Theorem.

Theorem 16.5 (Algebraic Kiinneth Theorem). Let R be a PID and C, D, chain com-
plexes of modules over R with C), free for all n. Then there is a SES that splits nonfunctorially

0— €P H,(C*) @ Hy(D*) - Hy(C. @ D.) = @ Torf(H,(C.), Hy(D.)) = 0
p+g=n ptrg=n—1
Corollary 16.5.1. Let R be a PID and X, Y topological spaces. Then there is a SES that
splits nonfunctorially
0= P H,(X;R)®H,(Y;R) = Hy(XxY;R) > @B Torf(H,(X;R), Hy(X;R)) = 0
ptg=n ptg=n—1
and note that the middle module being H,, (X xY’; R) is due to the Eilenberg-Zilber Theorem.

Example 16.6. If £ = R is a field, then Tor’f is always zero. Then there is a Kiinneth
isomorphism from the first map

X H(X;K)@ H(Y: K) = @ Hy(X;k)® Ho(Y;k) = Ho(X x Yik).
ptg=n

Example 16.7. Let us compute H,(RP? x RP3;Z/3). We know that

Z n=0
Z/2 n=1

3.7\
H,(RP°;Z) = 0 n—2

7Z n =30 otherwise

and from the Universal Coefficient Theorem,

Z/3 n=0
3. o 0 n=1
H(RP%Z/3) =4 0 12

Z/3 n =30 otherwise
Applying the Kiinneth formula,

( Z/3 n=>0
0 n=1
0 n=2
H,(RP* xRP*7/3) = Z/3®Z/3 n=3
0 n=4
0 n=2>9
. Z/3 n = 60 otherwise
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Additionally, one also finds

( Z)2 n=>~0
/27 n=1
2/2 n=2
H,(RP* x RP?Z/2) = %@3 Z _ i
(Z/2)? n=5
(Z/2)  n=6
L 0 otherwise

For these computations, it is often useful to use a table. For instnace, if we want to compute
H,(RP? x RP3 7Z), the table

® | Z |Z/2|0] Z
Z | Z |z/2]0] Z
Z/2|Z]2|Z[2|0|Z/2
0| 0] 00| O
Z | Z |Z/2|0| Z

and a computation of the Tor functors tells us that we have Z,Z/2 ® 7./2,2/2,7Z ® 7 &
7)2,7./2 & 7/)2,7 for degrees 0,1,2,3,4 and 5 and zero for all else.

17. Lecture 17: February 11th, 2022

The goal for today’s lecture is to prove H,(S«(X)®rS.(Y)) = H (S (X xY)) = H (X x
Y) to obtain Kiinneth’s Theorem for topological spaces. Recall that the cross product
X 1 Sp(X) x S,(Y) = Spi4(X xY) induces a linear map X : S,(X) ® S,(Y) = Spiqg(X xY)
which gives a chain map with d(z ® y) = (dz) @ y + (—1)Pz ® (dy).

To do this, we must discuss acyclic modules.

Definition 17.1. Let C be any category and M a fixed set of objects (called models) in
the category. A functor F': C — Ab is M-free if F' can be factored

C — Set — Ab

where the first map is a coproduct of functors [[ C(M;, —) for M; € M and the second map
is the functor that takes sets to the free abelian group generated on that set.

Example 17.2. Let C be Top and then S,(X) = ZSin,(X) = ZTop(A", X). So we can
take M = {A" : n > 0} which means S,,(—) is an M-free functor.

Example 17.3. Let C = Top x Top. Let M := {(AP, A?) : p,q > 0}. Consider S,(X X
Y) := ZSin, (X xY) = Z Top(A", X xY"). This can be identified with Z(Top x Top)((A™, A™), (X x
Y)) and this is M-free on a single model.
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Now (S«(X) ® S.(Y)), = P Sp(X) ® Sy(X) : Top x Top — Ab equals

ptg=n"~P

P zSin,(X) @ ZSin, (V) = @ Z(Sin,(X) x Siny(X)) = Z < IT sim(X) @ Sinq(Y)>

p+q=n p+g=n prtg=n
= Z< [T Top(a”, X) x Top(A“, Y)>
p+g=n

=7 < H Top x Top((AP; A?), (X, Y))>

p+q=n

is also M-free with models (AP, A?). Essentially we showed both S,,(—) and (S,(—)®S.(—))n
are M-free.

Definition 17.4. A natural transformation of functors § : ' — G in Fun(C,Ab) is an
M-epimorphism if 0, : F(M) — G(M) is surjective in Ab for all M € M.

A sequence of natural transformations G' - G — G” is M-exact it G'(M) - G(M) —
G" (M) is exact for all M € M.

Example 17.5. The sequence
= S (X XY) = S (X XY) = =5 S(X XY) = Hy(X xY) =0

is M-exact for M = {(AP, A?) : ¥p,q > 0}. Take X = AP and Y = A? and we would know
AP x AY is contractible. Hence, we get exactness.

Example 17.6. Consider the sequence
(S (X)@S.(Y))n = (Se(X)@Sx(Y))e1 = ... = So(X)@5p(Y) = Ho(X)®@Ho(Y) = 0
which is M exact for the same choices of M.

Lemma 17.7. Let R be a PID and C! — C, and D, — D, induce isomorphisms on
homology. Assume (C),, (C.), are always free. Then C, ® D, — C, ® D, induces an
isomorphism on homology.

Proor. Consider the diagram

0 — H,(C")® H,(D.) —— H,(C'® D.) —— Torf«H,(C"), H,(D.)) — 0

!

|
:
0 — H,(C,) ® H.(D,) — H,(C,®D,) — Torf(H,(C,), H.(D,)) —— 0

< IR—

and apply the 5-lemma. O

Lemma 17.8. Let C be a category with a set of models M. Let F,G,G" be functors
C — Ab where F' is M-free and G' — G is an M-epimorphism and f : F' — G is a natural
transformation. Then there exists a lift



17. LECTURE 17: FEBRUARY 11TH, 2022 99

PROOF. Since F' is M-free, we know F'(X) = [[ZC(M,X) for M € M. So we only need
to consider F(X) = ZC(M,X). Take X = M and consider 1), € ZC(M,M). By M-
epimorphism, we can choose a ¢y € G'(M) s.t. ¢y maps to fas(1ar). Define ﬁw(lM) =cpy.
Then for any ¢ : M — X, define fx by fx(¢) = p.(car). That is,

@ C(M, X) —— G'(X) p«(cnr)
I d |
Lar c(M, M) P4 /(M) cm
is the diagram for a natural transformation. 0

Theorem 17.9 (Acyclic Models). Acyclic Models Let C be a category with a set of models
M. Let 0 : ' — @ be a natural transformation of functors C — Ab. Let F,, G, be functors
C — ChainComplex with natural transformations Fy — F, Gy — G. Assume the F), are all
M-free. Also assume that G, — G —) is M-exact.

Then there exists a chain map F, — G, covering # that is unique up to chain homotopy

> I > Fo > F > 0

I

» G > Go > G > 0

Corollary 17.9.1. If  is a natural isomorphism and G,, were also M-free with F, — F' — 0
is exact, then any chain map F, — G, covering 6 is a chain homotopy equivalence.

PROOF. Similar to the fundamental theorem of homological algebra. 0

Theorem 17.10 (Eilenberg-Zilber Theorem). Let R be a commutative ring. Then there
exists unique chain homotopy classes of natural chain maps

Se(X) @ Su(Y) = Su(X xY) & Sd(X)@8.(Y) « S(X xY)
covering Hy(X) x Ho(Y) = Ho(X X Y) that are natural chain homotopy inverses.

Proor. Work with C = Top x Top and M = {(AP,A?) : p,q > 0}. Then the previous
examples show that S,(X) ® S.(Y) and S,(X x Y') are M free and that S,(X) ® S,(Y) —
Ho(X) ® Ho(Y) and S.(X xY) = Ho(X xY) are M exact. Now apply the acyclic model
theorem. O

Corollary 17.10.1. For any R coefficient in place of Z
H (S:(X)® S.(Y)) Z H(S(X xY)) =2 H (X xY).
As a consequence, we obtain the Kiinneth theorem.

Theorem 17.11. Let R be a PID. Then there exists a SES that splits nonfunctorially

0= P H(X)@Hy(Y) = Hi(X xY) = @ Torf(Hy(X), Hy(Y)) — 0.

pt+g=n pt+q=n—1
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18. Lecture 18: February 14th, 2022

ABSTRACT. Intoday’s lectures, we describe what sort of algebraic objects singular homology
groups form. Then, we construct the dual theory called cohomology. It turns out that the
cohomology groups have “more” algebraic structure and this warrants their study.
Recall that the Eilenberg-Zilber Theorem states that for any commutative ring R,
there exists a chain homotopy equivalence

S«(X;R)® S(Y;R) — S.(X X Y;R)

between the tensor product of two singular chain complexes and the singular chain complex
of the Cartesian product. Then, it was possible to compute H,(X x Y') via the Kiinneth
Theorem. In sufficiently nice cases, one could have Kiinneth Isomorphism

X : H (X;R)® H.(Y;R) - H.(X X Y;R)

such as when all Tor-functors vanish in the the Kiinneth Theorem computation.

We now proceed to discuss the case of X x X. Let A : X — X x X denote the
diagonal map. This induces a map on homology A : H,(X;R) — H. (X x X;R)
H.(X;R)®r H.(X;R) if R is a PID and H.(X;R) is free over R. This map is called a
coproduct. More generally, we have:

Definition 18.1. Let C' be a commutative ring. A graded coalgebra over R is a graded R-
module M with a comultiplication map A : M — M ®r M and a counit mape: M — R
s.t. the following diagrams commutes

M—2 s M@z M

P Js [

ROpM +— MOzM —— M &g R Mog M 225 Mo Mo M

Also, it is cocommuative if the following diagram commutes

M®RM T )M@RM

where 7(z ® y) = (=1)Vly @ 2.
At the level of chain comlexes and using acyclic models, we know

S.(X)®5,(Y)®5,(2) 225 S, (X xY)® 8,(2)

ll@x lx
S(X)® S, (Y x Z) —Z— S(X xY x Z)

commutes up to chain homotopy. Similarly, if T'(z,y) = (y,z) : X xY — Y x X, the
diagram

S(X)®S.(Y) —== S, (X xY)

|- |z

S(Y)® S (X) —— S(X xY)
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commutes up to homotopy. In other words, X is associative and commutative. Similar
diagrams apply to the functor H, of the tensor products of chain complexes.

Theorem 18.2. Let R be a PID and H,(X; R) be free over R. Then H,(X; R) is a cocom-
mutative graded coalgebra over R.

Proor. This follows from our discussion above. O

In some sense, coalgebras are dual to algebras. Then homology is dual to cohomology.
For the rest of the lecture, we begin to introduce cohomology.

Definition 18.3. Let N be an abelian group. A singular n-chain on X with values in N
is a function

Sin, (X) = Top(A™, X) - N

which we can extend Z-linearly S, (X) = ZSin,(X) — N. If N is an R-module, we can
extend R-linearly to get S,(X; R) = S,(X) ®z R : RSin,(X) — N.

Notation. We shall write S™(X;N) = Set(S5,(X),N) = Hompg(5,(X; R),N). This
RHS object is an R-module if N is an R-module.

This is a contravariant functor. Now recall that d : S,11(X;R) — S,(X;R) was a
differential. Tt induces a map d : S*(X; N) — S™™(X; N) by f — df where

df (o) = (=1)"*"' f(do)
for any o € Sin,,11(X) and do € S, (X; R). The factor (—1)"*! is important for later.
Proposition 18.4. d*f =0 for all f € S"(X;N).
PROOF. d*f(0) = +d(f(do)) = £f(d*c) = £f(0) = 0. O

The proposition tells us that S"(X; N) is a cochain complex with differentials increas-
ing by degree 1.

Definition 18.5. The nth singular cohomology group is the cohomology of this cochain
complex i.e. it is the singular cohomology group of X with coefficients in N given as

H"(X;N) =ker(d: S"(X,N) — S""(X;N))/im(d : S"*(X,N) — S"(X;N)).
So if N is an R-module, then H"(X; N) is an R-module.

Remark 21. Consider H°(X; N). The 0-chains are just functions f : Sing(X) — N i.e.
f:X — N. Then df € Sin'(X) has
df (o) = —f(do) = —f(a(e1) — a(eo) = flo(en)) — flo(er))

for 0 : A — N. Now f is a cocycle iff this is zero. Equivalently, this is iff f is constant on
path components of X.

Lemma 18.6. One has H°(X; N) = Map(mo(X), N) where mo(X ) = {path components of X }.

Warning. S"(X;Z) = Map(Sin,(X);Z) = [Ig,, (x)Z is a direct product and not a
direct sum. So this is not a free abelian group. This is very different from homology

because PZ C [[Z.
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Notation. Let S¥, (X;N) = S"(X;N). Then the diagram
S"(X;N) —— S"(X; N)

| |

In this way,
(SYX;N) @ Su(X))n = P Su(X;N) @ 54(X).
pta=n
Then an evaluation map (—, —) : SY * X; N) ® S,.(X) — N is defined by (f,0) — (f, o). We
would like this to be a chain map to N concentrated in degree zero. So

0=d(f,0) = {df.0) + (-D)"{f,do)
gives
df (7) = (df o) = = (=1 f(do) = (1) f(do).
This explains the sign and so we get a chain map
H_,(S}(X;N))® H,(S«(X)) = Ho(S)(X;N)) ® Su(X) = N.

We call this the Kronecker pairing (—,—) : H"(X; N) ® H,(X) — N. We can develop
the properties of cohomology in analogy with properties of homology using this.

Let A C X. There exists a restriction map S™(X; N) — S"(A4; N) induced by Sin, (A) —
Sin,(X) and any function Sin,(A) — N extends to a function Sin,(X) — N. Hence,
S™"(X;N) — S™(A; N) is surjective.

Definition 18.7. The relative nth chain group with coefficient in N is S™"(X,A; N) =
ker(S™(X; N) — S™(A; N)). This defines a sub-chain complex of S*(X; N). We set

H"(X,A;N)=H"(S"(X,A;N)).
So there exists a SES of cochain complexes
0— S"(X,A;N) — S*(X;N) = S*"(A;N) =0

(note that it is in the other direction compared to homology). However, the LES of homology
is a covariant operation so it gives

.= H"(X,A;N) — H"(X;N) = H"(A;N) = H"" (X, A;N) — ...
19. Lecture 19: February 16th, 2022

ABSTRACT. Last time, we had describe various algebraic structures that cohomology sat-
isfies. We combined cohomology and homology to define the Kronecker pairing. Now,
we import some results about homology to cohomology by beginning with the Universal
Coefficient Theorem.

Last time, we had discussed coalgebras and cohomology. Let us briefly review what was
covered.

Fix R a PID and H.(X;R) all free over R. Then H,(X; R) is a cocommutative graded
algebra over R. We can take the dual of coalgebras to obtain algebras and of homology to
get cohomology.

Let us define cohomology. Let S™(X; N) be the nth cochain group with coefficients in
N. Tt is defined to be Hompg(S,(X;R),N). It has a coboundary map d : S"(X;N) —
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S"+1(X; N) that maps f — df which acts as df (o) := (—1)/"1 f(do). This gives a cochain
complex S*(X; N) and taking homology gives the chomology groups
ker d

imd

H*(X;N) =

Now one can regrade to get a chain complex by SY (X;N) := S™(X;N). With chain
complexes, we can take the tensor product with S,(X) to get SY(X;N) ® S.(X). The
evaluation map gives a chain map

(—, =) :SYUX;N)®S.(X) = N
which sends f ® 0 — (f,0) = f(0).

This is a chain map due to the modification by a sign. Indeed (noting that we view N
as being in degree zero),

0=d(f,0) = (df,0) + (=1)"(f, do)
which forces
df (o) = (df, o) = (=1)"*" f(do)
which explains the sign we had from earlier.
Furthermore, we get the Kronecker pairing

<_7_> : Hn(X7N) ®Hn(X) — N
which is a composition
H_,(S}(X;N)) ® H,(S.(X)) 5 Ho(SY(X;N)® S.(X)) — N.

Indeed, p is just the identification of H_,(SY(X;N)) ® H,(S«(X)) with the LHS of the
Kronecker pairing to get a mapping Hy(SY(X;N)) ® S.(X)) — N.
For today, we study the Kronecker pairing some more. It has an adjoint property and it
is adjoint to the map
p:H"(X;N)— Homg(H,(X), N).
We can view this map as an estimate of H* in terms of H, of X. In particular, we get the
following theorem,

Theorem 19.1. Let R be a PID, N an R-module, and C a chain complex of free R-modules.
Then there is a SES or R-modules

0 — Extyp(H,_1(C,), N) = H"(Hompg(C,, N)) — Homg(H,(C.), N) — 0
which is natural in C, and N which splits nonfunctorially.

Example 19.2. Let C, := S,(X; R). This gives the sequence
0 — Exth(H,_1(X): N) = H"(X; N) 5 Homp(H,(X), N) = 0.

Now what is Ext? Recall that Hompg(M,—) is a left exact covariant functor while
Hompg(—, N) is a left exact contravariant functor. We shall define Exty,(—, N) as the left de-
rived functors of Homg(—, N) (and note that this requires one to use a projective resolution
instead).

Definition 19.3. Ext}(M,N) = H"(Homg(F,, N)) where 0 <— M < F, is a projective
resolution of M. It is well-defined by the Fundamental Theorem of Homological Algebra.
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Remark 22. If M is free or projective over R, then Extj (M, N) =0 for alln > 1. If R is
a PID, then Extj(M,N) =0 for all n > 2. If R is a field, Ext}(M,N) = 0 for all n > 1.
Also, Ext% (M, N) = Homp(M, N).

Example 19.4. One easily computes from the two entry projective resolutions of Z/k that
Ext)(Z/k, N) =ker(N 25 N) &  Extl(Z/k,N) = coker(N 2§ N) = N/kN.
One finds that Ext}(Z/m,Z/n) = 7/ gcd(m,n)Z and Exty(Z/m,Z/n) = 7/ gcd(m, n)Z.

Example 19.5. Let us compute H*(RP?,Z/2). We know the homology of RP? in Z very
well. It is Z,7Z/2,0,Z. Using the Universal Coefficient Theorem, we deduce that

Z]2 n=3
H"(RP°,Z)2) := 72 n=1 = H,(RP°,Z/2).
Z]2 n=0

But observe that
0 — Exty o (H,—1(RP%Z/2),Z/2) — H"(RP? Z/2) — Homg s (H,(RP*; Z/2), Z/2) — 0

has LHS equal to zero so we get an isomorphism for the second map. This is the cohomo-
logical analogue of the Kiinneth isomorphism.

ProOF OoF UCT roRrR H*. The proof itself is not identical to the homological version. Some

work is needed. An n-cocycle is a map C,, — N s.t. C,iq A C i> N is zero ie. d(f) =
f(do) =0 i.e. it is zero on B,. So,

Z"(Homp(Cy, N) = Homp(Cy/ B, N).
Then, H,(C,) is a submodule of C,,/B,, which gives a SES
0— H,(C,) = C,/B, = B,_1 — 0.

Sine B, is free, the sequence splits to give C,,/B,, = H,(C,) ® B,_1. Apply Homg(—.N) to
get (the top) SES (and we have a full diagram from our work above)

0 —— Homg(B,—1, N) —— Homg(C,,/B,, N) —— Hompg(H,(Cs),N) —— 0

1 ] i

0 —— B"(Homp(C,,N)) —— Z"Homp((C,, N)) —— H™(Homp(C,, N)) — 0

For the nth coboundary, note that C),, — N factors through C), A C,-1 — N. So the SES

0— Z,1— Ch_1— By_o — 0gives (as B,_5 is free) a factorization through C,, A Dyl —
N. Extend Z,-1 — N to C,,—1 — N to deduce that B"(Hompg(Cy, N)) = Homg(Z,—1, N).
Apply the Snake Lemma to get

ker 8 = coker(B" (Hompg(C\, N)) — Hompg(B,-1,N))
= coker(Homg(Z,,_1, N) — Homg(B,_1,N))
— Extl(H, 1(C.), N)

which proves the theorem. O
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Remark 23. The reason why Ext is named so is due to its relationships to extensions of M
by N. An extension by M by N isan Lst. 0 - N — L — M — 0 is a SES. The general
theory can be found in Weibel’s “Introduction to Homological Algebra”.

Remark 24. The Universal Coefficient Theorem an be used to transfer properties of ho-
mology to cohomology. IT satisfies the appropriate Eilenberg-Steenrod analogies.

It is homotopy invariant. It satisfies excision i.e. if U € A C X s.t. U C Int(A), then
H*(X,A;N) = H(X —U,A—U;N). It satisfies the Milnor axiom i.e. H*([[, Xo; N) =
[I, H*(X4; N). Consequently, it has a Mayer-Vietoris sequence i.e. if A, B C X cover X,
then there is a LES

... H"Y(ANB;N) — H*(X;N) — H"(A; N)®H"(B; N) — H"(ANB; N) — H""(X; N) — ...

20. Lecture 20: February 18th, 2022

ABSTRACT. We would like to import an analogue of the Kiinneth Theorem for the singu-
lar homology groups to cohomology. We construct the cohomology cross product via the
Alexander-Whitney map and by using the affine extension maps. We also get more because
we can give cohomology a ring structure via the cup product. It is a natural extension of
the fact that the cohomology cross product exists and that the diagonal map goes in the
“right” direction.

Recall from last time that we defined the Ext-functors Ext;(—, V) as the derived func-
tors of Homg(—, N). The definition was natural and well-defined. With the definition,
we also saw some properties of Ext;(—, N). Recall the Universal Coefficient Theorem for
Cohomology.

Theorem 20.1. Let R be a PID and C, be a chain complex. Let N be an R-module. Then
the SES

0 — Exty(H,_1(C,), N) = H"(Homg(C,, N)) — Homg(H,(C.),N) = 0
splits nonnaturally. Let C, := S.(X; R). Then
0 — Extp(H, 1(X;R),N) = H"(X; N) — Homg(H,(X;R),N) — 0.

Today we do products for cohomology. Then H, has a coalgebra structure but no we can
consider H*’s algebra structure. Recall the coalgebra structure of H, came from the cross
product. Then

X 1 Sy(X) ® Sy(Y) = Spig(X X Y) = x: Hy(X)® Hy(Y) = Hypo( X x Y).

The Kiinneth Theorem tells us that this is an isomorphism in nice cases i.e. if R is a PID
and H,(X) is R-free. Another is R being a field. The diagonal map A : X — X x X induces

a map. In nice cases, H,(X) = H,(X x X) <. So H,(X) has a coproduct. In genera, the
map is not natural and we would like to H,(X xY) = H,(X) ® H.(Y).

When the isomorphism exists, it is natural.

Recall the Eilenberg-Zilber Theorem: S,(X) ® S,(Y) = S,(X x Y) gives a homotopy
equivalence. The map in other direction is called Alexander-Whitney map. Call it « :
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Spiq(X xY) = 5,(X)® S,(Y). Now there is a diagram

that is commutative. It now suffices to make a map A? — APT%. Though naive, the following
front face and back face maps work: «, : [p] = [p + ¢ defined by i — ¢ for 0 < i < p
and w, : [¢] = [p+ ¢] defined by j — j+p for 0 < j < ¢. These affine extensions of
ap : AP — APT and w, : A7 — AP g

a: Spg(X X Y) = Sp(X) @ 5,(Y)
defined by 0 — (01 0 ) ® (02 0 ;).
Theorem 20.2. This is a chain map and works over any R.

We shall not prove this theorem. There is an algebraic analogue. If C,, D, are two chain
complexes, then Homp(C,, R) and Hompg(D,, R) are dual chain complexes. Now

Hompg(Cy, R) ®g Hompg(D,, R) — Homg(C, ® D,, R)
is defined by

@y — (=P f(z)g(y) if [z| =[f[=pand [y| = |g] = ¢
fog— { 0 if not )

Theorem 20.3. This is a chain map. Now
SP(X) @ SUY) = Homp(S,(X), R) ® Hompg(S,(Y), R) = Homp(S,(X) ®r S,(Y), R)
W Homp(S,g(X x V), R) = §71(X x Y)

is a cochain map. So, we have defined a cochain level cross product. So it induces a map on
cohomology

X H*(X)® H(Y) 5 H*(S*(X)® S*(Y)) = H* (X xY).
We call this the cohomology cross product.

Definition 20.4. Set X =Y. Let A : X — X x X be the diagonal map. The preceding
theorem gives the cup product

—: HP(X) @ HY(X) 5 HPM(X x X) 25 HPY(X).

Remark 25. The identity for the cup product is the element H°(X) that takes value 1 on
every path component 7o(X) — R.

Theorem 20.5. The cup product is associative on the chain level.

Proor. The diagonal map is associative. If we prove that the Alexander-Whitney cross
product is also associative, we are done. This is the next theorem. 0

Theorem 20.6. Let f € SP(X),g € SUY),h € S"(Z), 0 : APt — X XY x Z. Then
((f xg) x h)(o) = (f x (g x h))(0).
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PROOF. Let 015 := (X XY x Z — X X Y) oo and use similar notatin for o;;. Then

((f x g) x h)(0) = (=1)P*"(f x g)(015 0 Qpyg) (05 0 wy)
= (—1)(p+q)r<—1)qu(01 © ap)g(UQ © Mq)h(U:s o wy)

where p, is the middle face map. Similarly,

(f x (g x h)(0) = (=PI (=1)" f(01 0 ay)g(o2 0 wy) (o3 0 wy).
The powers of (—1) are the same. O

The cross product on S* gives an associative cross product on H*. This gives a cup
product that is associative on H*. So,

(=) —v=a— (8~
for all o, 5,7 € H*(X; R).

21. Lecture 21: February 23rd, 2022

ABSTRACT. We describe the algebraic structure the cohomology ring has. Furthermore, we
show that that the cohomology cross product preserves said structure. We then use the
cup product to compute the effects a continuous map induce on cohomology in the case of
spheres.

Recall from last time that we had the Alexander-Whitney map and the cohomology cross
product. We had also discussed the cup product and its associativity. Let us briefly review
how this was done. The Eilenberg-Zilber map gave a chain homotopy map 5, (X)® S.(Y) —
S«(X xY). Meanwhile, the Alexander-Whitney map gave a chain homotopy in the other
direction which induces a chain homotopy equivalence of complexes.

By definition, the Alexander-Whitney map a : S,(X X Y) — S,(X) ® S.(Y') was defined
by sending

o: AP 5 X xY — (010 0ap) ® (02 0wy)

for oy : APT4 — X x Y — X and respectively o9 : AP™? — X x Y — Y. The map o, was
the front face map while w, was the back face map.
To define the cohomological cross product on S*, we had

SP(X) ® SUY) = Homg(S,(X), R) ® Homg(S,(Y), R)
— Homp(S,(X) ® S,(Y), R)
% Homp (S, o (X x V), R) = SP(X x V).

This composite gives a cochain map. The composite is called the cross product on cohomol-
ogy
H (X))o H (YY) > H(S"(X)@ 5" (Y)) - H(X xY).

Moreover, the cup product is defined as the composite
—: HP(X) @ HY(X) 2 HPM9(X x X) 2 HPH(X).

We had proved last lecture that — is associative on the cochain level (first show that the
cross product is associative on H* and then the cup product is associative on H*(X; R)).
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Definition 21.1. Fix a commutative ring R. A graded R-algebra is a graded R-module
{A, }nez equipped with a map A, ®p A, = A,+, and a map n : R — Ay s.t. the following
diagrams commute

1®n N1

A, ®p R —— A, ®r A Ay®r A, «—— R®gr A,
\: l l :/
\)Ap Ap‘/

Ap KRR Aq XRr A,« e Ap KRR Aq—f—r

J |

Ap+q ® Ar E— Ap+q+r

A graded R-algebra A is commutative if for 7(z ® y) = (—=1)"(y ® x), the following
diagram commutes

A, @A, — A, ® A,

\Al

Theorem 21.2. H*(X; R) is a commutative graded R-algebra with product given by the
cup product —.

PROOF. It is clearly a graded R-algebra. Also, H°(X; R) = Map(m(X); R) as R-algebras
(the maps are defined by ending r to the constant r-valued function).
The commutativity is nontriviall We have the following lemma.

Lemma 21.3. The diagram
S(X XY) —2 5 S, (Y x X)

Se(X) @ S, (V) —— S.(Y) ® S.(X)
commutes and here, T': X X Y — Y x X is the map the obvious homeomorphism.

Combining this fact with dualization, we get a commutative graded R-algebra.
We conclude that if & € H?(X) and € HY(X), we get a — = (—1)"3 — a. O

Remark 26. In some ways, this makes cohomology better than homology. We get to put
them all together and have structure!

A natural question one may ask is whether there exists a cochain complex modeling
H*(X) that has a commutative product. The answer is yes when R = Q and this is due to
Sullivan. When R is a field of characteristic # 0, then it isn’t always possible. There are
obstructions called Steenrod operations.

Let A, B be graded R-algebras. Let A ®g B be given a natural algebra structure with
multiplication

(a@b)(a @) = (—D)"aq’ @ bi.
Next, observe that if A, B are commutative, then A ® p B is commutative.
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Proposition 21.4. The cohomology cross product x : H*(X)®@ H*(Y) - H*(X xY) is an
R-algebra homomorphism.

PrOOF. This follows by definition. Give the diagram

XxY — 2% (X xY)x (X xY)
lexAY/
1IxT'x1
(X xX)x (Y xY)

Let ay, 0 € H*(X) and By, By € H*(Y). Then ay, B1, as X B € H*(X X Y') is what we want
to show. We have

(a1 x Br1) = (a2 X B2) = Ay (a1 X B X az X [Ba)
= (AX X Ay)*(l x T % 1)*(Oé1 X 51 X Qg X Bg)

= (—1)IPe2l(Ay x Ay)*(n x g x By x f2)
= (1)"61”&2'(041 — ag) X (B1— fBa).

The last equality follows from naturality of — i.e. the following diagram commutes
H*(X)® H*(Y) . s H*(X xY)
A}@A;T T(AxxAy)*

H (X x X)@H (Y xY) = H (X x X xY xY)

O

Example 21.5. We compute some example.

H*(S™) = Exterior(z,) is the exterior algebra generated by x, and |z,| = n and with
Ty — 1z, =0€ H™(S") = 0.

By the Kiinneth theorem, H*(S™ x S™) = H*(S™) ® H*(S™) = Exterior(x,, x,,) is the
exterior algebra generated by |z, | = n, |z,,| = m.

So we see that

n+m | Z{x, — rn}

m Z{xm}
n Z{x,}
0 Z{1}

where x,, — z, = (=1)™"x, — Ty, Tp — T, = 0,2, — 2, = 0.

Corollary 21.5.1. Any continuous map f : S™™ — S™ x S™ induces the zero map on
H™",

PROOF. f*: H*(S™ x S™) — H*(S™*") is a graded algebra map. So that means
0#x, — T — [ (x,) — f () =0—0=0.
because for degree reasons, f*(z,) = f*(z,) = 0. O

Corollary 21.5.2. S" x S™ % S™ Vv §™ Vv S™" (the reason one might suspect they were
homotopic is because they have one cell in each of dimensions 0,n,m,n + m).

PrOOF. They have the same values for H,, H*, but they do not have the same H* algebra
structure. O
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22. Lecture 22: February 25th, 2022

ABSTRACT. We state Poincaré duality which asserts that the structure of a manifold forces
a symmetry on the cohomology groups. Everything is done in the case of Fs-coefficients but
there exists a more general version of the duality theorem for other coefficients. The duality
theorem also provides enough structure to compute the cohomology of ring of groups like
K and RP™. We can also construct the intersection form from combining duality with the
cup product.

With the duality theorem and the intersection form, we provide an algebraic classifica-
tion of closed surfaces.

Last time, we had talked about the Eilenberg-Zilber Theorem. From it, there is the
Eilenberg-Zilber map
Se(X) @ S:(Y) = Su(X xY)
which is a chain homotopy equivalence. A candidate for a map in the other direction was
the Alexander-Whitney map. Let x : S*(X) x S*(Y) — S*(X x Y) be the dual of the
Alexander-Whitney map. This induces a cross product map which we also denote by x

X H*(X)® H*(Y) —» H*(S*(X) ® S*(Y)) > H*(X xY)

If X =Y, there is a diagonal map A : X — X x X and this induces a map on cohomology.
Defined the cup product to be the composite

—: HP(X) ® HY(Y) 5 HPM(X x X) 2 HPM(X).

Proposition 22.1. The cohomology ring H'X; R) for R a commutative rig with unit is
actually a commutative graded R-algebra under —.

We saw some examples last time. In particular,

Example 22.2. H*(S") = E(xz,) was the exterior algebra on z,, i.e. 22 =
H*(S™ x S™) = E(x,,x,,) was the exterior algebra with x, — z,, =
and 22 = 22, = 0. If we had worked over Fy, the sign would be irrelevant.

0.
(—1)"zxy, — x,

For today, we fiz R := Fy as the base ring. So by abuse of notation, we shall omit the
ring in our notations and assume the reader knows to work over Iy instead of Z.

Fix M a compact connected n-manifold. We shall show over the course of the next few
lectures that H,(M;Fs) = Fy and M is orientable over Fy (made precise later). The fact
that H,,(M;Fs) = Fy can be assumed for now, however.

Theorem 22.3 (Poincaré Duality). There exists a unique class [M]| € H,(M;Fy) = F,
(the nonzero class) called the fundamental class of M. It has the property that for all
p =0,
HY(M) @ H (M) = H (M) T R,
the composite is a perfect pairing (and the isomorphism for the second map makes sense
because H"(M) = [y by the universal coefficient theorem). To be a perfect pairing means
the adjoint map
HP(M) — Hom(H" P(M),Fs)

is an isomorphism. In particular,
HP(M) = Hom(H" P(M),Fy) & H,_,(M).
The isomorphism H?(M) = H,,_,(M) is called the Poincaré dual.
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In particular,
dim H?(M) = dim H,,_,(M) = dim H" P(M) = dim H,(M).
Definition 22.4. Using the theorem, we define h: H,(M) ® Hy (M) — H,iq—n(M) as the
composite
HP(M) ® Hq(M) # H +q—n(M)

H"™ (M) ® H" 1(M) ———— H?2n—p—q
making the diagram commute. When p + ¢ = n, it is a pairing since Hy, (M) = Fs.
Remark 27. The viewpoint here is that each o € H,(M) corresponds to a submanifold of

dimension p. So when « intersects € H (M) in a transverse manner, o h 3 if of dimension
p+q—n.

Definition 22.5. Let a.f = (a — b,[M]) in the duality with a, 3 € Hi(M) and a,b €
H%(M) are their Poincaré dual. This is a nondegenerate symmetric bilinear form on H*(M)
called the intersection form.

Example 22.6. In terms of the basis o, 3, the intersection form of 72 has matrix
0 1
H - (1 0)

Recall from basic linear algebra that if there is a nondegenerate bilinear form on a finite
dimensional vector space V', and W C V is a subspace, then the restriction of the form to
W is nondegenerate iff W N W+ = 0. Also in this case, there is a splitting V = W ¢ W+
respecting the forms.

called a hyperbolic form.

Proposition 22.7. A finite dimensional symmetric bilinear form o er [y splits as a direct

sum of matrices of forms
01
=) & He (1 O).

Also, there is a correspondence,

isomorphism classes
of nondegenerate symmetric
bilinear forms over
[Fy

Recall that M is similar to N iff N = AM AT for some A (this is the definition we take over
Fy).

similarity classes
of nonsingular
symmetric matrices

Bil .=

1 1
Lemma 22.8. |1 ~ 1
1 1

11
Proor. Take A:= (1

—
]

1
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So the monoid Bil is generated by I and H with relation I & H = 3I. Returning to
topology, we see that
T°+H & RPP&I

Recall the connected sum of two surfaces 1 #3,.
PI‘OpOSitiOH 22.9. Hl(El#Zg) = Hl(zl) D Hl(Eg)
PRrROOF. Apply the Mayer-Vietoris sequence. O

It follows that the intersection form corresponds to the direct sum of matrices.

Define
homeomorphism

classes of
compact connected
surfaces

Surf :=

which is a monoid with # as its operation. At last, we get the following theorem.

intersection form
Surf -

Theorem 22.10 (Classification of Surfaces).
commutative monoids.

For the orientable surfaces #7772 corresponds to nH and for nonorientable surfaces,
#mRP? corresponds to ml.

Remark 28. Note that 2/ « H so that means RP?#RP? 2 T?. Indeed, RP?#RP? is a
Klein bottle.

Bil is an isomorphism of

23. Lecture 23: February 28th, 2022

ABSTRACT. We can use the structure of a manifold to define orientability using local homol-
ogy. We explain how the structure of the coefficient ring can affect orientability w.r.t. the
ring. All of this is done via the orientable double cover and whether or not it has sections.

Last time that we discuss intersection forms over F,. We had a form of Poincaré
duality.
Theorem 23.1. Fix M a connected compact manifold of dimension n. There exists a class
[M] € H,(M;Fy) =Fy that was unique s.t. the bilinear map

HY(M; Fy) @ H" (M3 F3) 5 H'(M;Fy) "5 Fy
is a perfect pairing.

Corollary 23.1.1. For M above, dim H?(M;Fy) = dim H,(M;Fy) = dim H" P(M;F,) =
dim H?(M;F,).

Definition 23.2. If we dualize the cup product, we get the intersection form
M: Hy(M;Fy) @ Hy(M;Fs) = Hptgn(M;Fs).

Example 23.3. The intersection form for RP? is given by I = (1) and for T2, it is <8 }) =
H.

Theorem 23.4. There is a correspondence that preserves @ between Bil, the isomorphism
classes of finite dimensional nondegenerate symmetric bilinear forms over Fy, and Sym, the
similarity classes of nonsingular symmetric matrices over FFs.
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Let Surf be the category of homeomorphism classes of connected closed surfaces. It is a
monoid under # connected sums.

Theorem 23.5. Surf — Bil is an isomorphism of commutative monoids where the map is
given by taking the intersection form over F.

Corollary 23.5.1. #77? = nH and #7'RP? = mlI.

For today, we shall discussion orientations on manifolds. Fix M an n-dimensional mani-
fold (not necessarily compact).

Definition 23.6. The local homology of M at a point x is defined as
H.(M,M — z;7).

7Z k=mn

Lemma 23.7. H,(M,M — x;Z) = {0 f not

PRrROOF. Choose an open neighborhood U of x s.t. U = Int D". By excision,
Hy(M,M — x;Z) = H,(U,U — x;7Z).
Now the LES on homology and U — z ~ S"~! gives
Hy(UU —2:Z) > Hy (U — 2, Z)

and the RHS is what we wanted. The result also holds with a commutative ring with unity
R in place of Z. O

Definition 23.8. An R-orientation of M at x is an R-module generator of H,(M, M —z; R).

Example 23.9. In the case of a surface, Hy(M, M — x;7Z) = 7 and so there are two
possible generators +1, —1. This corresponds respectively to counter clockwise orientation
and clockwise orientation.

The idea of an R-orientation on M should be a collection of R-orientations at each
point that are locally compatible.

Definition 23.10. Let Oy := ],y Ho(M, M —x;Z). Then Oy @z R = [[,cpy Ho(M, M —
z; R).
There exists a natural map
OM(XJZR—)M Hn(M,M—JZ;Z)HZE

and this is an example of a fibre bundle (defined later on).

The topology on Oy, is defined as follows.

For any open set U C M and = € U, consider jy, : H,(X, X —U; R) — H,(X,X — )
which is induced by inclusions. For any o € H,(X,X — U; R) and Vi, 1= {7 2(a) }zev C
O, we declare Vi, to be open.

Lemma 23.11. {Vy, : U open,a € H,(M,M — U)} forms a basis of a topology on Oy,
which makes o0y, a covering space of U.

ProoOF. Literally by definitions, the condition is saying that we have made the preimage
of open sets over U open and it is clear that the preimage of a disjoint union of spaces
homeomorphic to U. ]
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PROOF. Let Vy, o, be in the claimed base. Let W be the union over all ¢ € I. Then we get

W= UVUiaai - U{]Uzﬂ?(a%) HEES UZ}

i€l iel
OJ
PrOOF. We just prove the second statement. For U C M and U C Int D",
pU) = H.( M, M —2)= | JH,(U,U-2)=|JZ=UxZ.
xzelU zelU zeU
This bijection is a homeomorphism under the topology defined. O

Definition 23.12. Let (Oy ® R)* := [J{generators of H,(M,M —x;R)} C Oy ® R.
Consider the R*-fold covering space (Oy ® R)* — M.
In the case of R = Z, (Op)* — M is a 2-fold covering space. This is called the
orientable double cover.

Definition 23.13. A section of the covering space p : (Oy ®z R)* — M is a continuous
map s: M — (O ® R)* s.t. pos =idys aka for all x € M, we can choose a generator s(z)
of its local homology (i.e. an R-orientation of x) in a continuous way.

Definition 23.14. Let I'(M, (Oy ® R)*) = {sections of p: (Oy ® R)* — M}.

Definition 23.15. An R-orientation on M is an element of I'(M, (O ® R)). If the set
is nonempty, we say M is R-orientable. We shall say M is orientable if it is Z-orientable.

Proposition 23.16. (1) All manifolds M are Fy-orientable.

(2) If char R = 2, then all manifolds are R-orientable.

(3) If char R # 2, then M is R-orientable iff it is Z-orientable.

(4) H'(M;F,) = 0 implies M is orientable.

(5) m (M) = 0 implies M is orientable.
PRrROOF. For (3), see Miller’s notes or Hatcher’s textbook. The proof of (1) and (2) are trivial
and (5) follows from (4).

To prove (4), assume that M is connected. If M is not orientable, O;; is a nontrivial
2-fold cover. By covering space theory, it corresponds to an index 2 subgroup H C m(M).
So there is a nontrivial map m (M) — m(M)/H = Z/2. So, Hom(m M,Z/2) # 0. Hence,
Hom(H,(M),Z/2) = 0 which means H*(M;Z/2) # 0. Contradiction. O

24. Lecture 24: March 2nd, 2022

ABSTRACT. In this lecture, we work toward stating the Orientation Theorem. It essentially
says that for finite dimensional compact manifolds, the orientatability of the manifold is
determined by the top homology group.

Recall from last time that we introduced local orientations. Given a n-manifold M,
H,(M,M —x;Z) = 7Z
for any z € M due to excision. Then set

Oy = | Ha(M, M — 2;7) 5 M

zeM
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to get a Z-fold covering space (provided we give it an appropriate topology). This has a
subcovering space
Oy = U {generators of H,(M,M —x;72)} = U 7* = U {1} & M.
xeM zeM zeM
This is called the orientable double cover. It is always a 2-fold cover.

Example 24.1. The orientable double cover of RP? is S2.
The orientable double cover of K is T72.

We can consider the situation with R-coefficients
Ou®R=|J H,(M,M—-a;R)= | J R.
xeM xeM
Then (M ® R)* = J,cp{ R-module generators of H, (M, M — x; R)}.

Definition 24.2. An R-orientation on M is a section of the covering map
p: (O ®@®R)* = M

le itisan s: M — (Oy ® R)* s.t. pos=idy.
The essential idea is one should be choosing generators continuously! Such sections may
or may not exist.

Remark 29. In general, we say that M is R-orientable if M has an R-orientation. We omit
R when referring to Z-orientations. When M is R-orientable, there are always 2 orientations.

Example 24.3. Obviously, R? and S! are orientable. However, the Mobius band is not.

Remark 30. We shall take as a fact some results. All Fy-manifolds are orientable. The
same is true for char R = 2. Also, M is orientable iff Oy, = Z x M iff Oy, = 7Z/2 x M.

Recall from covering space theory that if b € X and X is path connected, then (X, b)
acts on p~1(b) as follows.

Given [y] € m(X,b) and a € p~*(b). By the unique path lifting property, lift 5 to a path
that starts at @ and ends at possibly some other point «’ in the fibre p~'(b). Set @’ = [7] - a.

Theorem 24.4 (Fact). Recall that

{actions of m(X,b) on S}/conjugation <+ {covering spaces over X with fibres S}/isomorphisms.

Now a Z-fold covering space corresponds to Hom(m(X), Aut(Z)) bijectively. It also
preserves the group structure so we get an isomorphism between Z-fold covering spaces and
Hom(m (X),Z/2).

So we get an action of 7 (M) (assuming here M is connected) on H,, (M, M — x;7Z) = Z.
For each [y] € m (M), it acts either as [y](n) = n or [y](n) = —n for all n € Z.

The former is called orientation preserving and the latter is orientation reversing.
Now M is orientable iff all loops are orientation preserving.

Theorem 24.5. If char R # 2, then M is R-orientable iff M is Z-orientable.
ProOF. Study the action of m; M on R*. O

Theorem 24.6. There is an element wy; € H'(M;Fy) s.t. M is orientable iff w; = 0. We
call wy the 1st Stiefel-Whitney class.
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Now
Oy € {Z — fold covering spaces of M}.

The set of Z-fold covering spaces of M corresponds to the m (M )-actions on Z. Then this
corresponds to Hom(m (M), Aut(Z) = Z/2) which is equal to Hom(H;(M),Z/2). By UCT,
this is equal to H'(M;Z/2). The nonzero element of H'(M;Z/2) is called the Stiefel-
Whitney class and its vanishing implies M is orientable. Then H'(M;Z/2) = 0 implies M
is orientable. So (M) = 0 implies M is orientable.

We set up the statement of the Orientation Theorem. First, let I'(M, Oy ® R) be the
sections of the covering map p : Oy @R — M. Thereisamap j : H,(M;R) — I'(M,Oy®R)
defined by sending « to the map x +— j,(«) where

Jo : Ho(M; R) — H,(M, M — z; R)
is the map induced from the inclusion (M, 0) — (M, M — x).
Theorem 24.7 (Orientation Theorem). If M is compact, then there is an isomorphism

(for n = dim M)
Jj:Hy,(M;R) —T'(M,0p) ® R).

Corollary 24.7.1. There is an isomorphism

R M 1is orientable

H,(M,R)=T(M,On ®R) = i i '
( ) ( u ® R) {ker( R R) M is not orientable

Example 24.8.

H,(M,Z) = {Z M is orientable Z/4 M is orientable

0 M is not orientable 7Z/2 M is not orientable -

& Hy(M,Z/4) = {

SKETCH OF PROOF. See Miller’s notes for a full proof.
If A C M, then it defines a map
ja: Hy(M, M — A;R) - T'(A,On ® R)
where elements on the RHS are sections s : A — Oy ® R. The map is induced my the
inclusion (M, M — A) — (M, M — z).

A refinement for the orientation is as follows. For general M and compact A (where M
is not necessarily compact), the map j4 is an isomorphism and H — q(M, M — A; R) = 0 for
g >n=dim M. Call these statements (*).

A few lemmas are needed to build up the proof.

Lemma 24.9. If (*) holds for A, B, AN B with compact A, B C M, then (*) holds for AUB.

PRrooOF. Look at the diagram

(M, M — A)
/ \
(M,M — (AU B)) (M,M — AN B)
\ /
(M, M — B)

Use the Mayer-Vietoris sequence and the 5-lemma to get (*) for AU B. O
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Lemma 24.10. If A; D A O ... and (*) holds for all A;, then (*) holds for () 4;.

PROOF. There is an isomorphism
liﬂHn(M, M —A;)=H,(M,M —nNA;) = H,(M,U(M — A))).

The goal is to prove (*) for A C M compact.
The proof follows from five steps.

(i) M =R", A convex, then
R~ H,(M,M — A;R) > T(A4,0,, ® R) = R

is clearly true.

(ii)) M = R™ and A a finite union of convex sets. Apply the first lemma here.

(ili) M =R", A a general compact set. Define A; := {J,.p B(+) a union of closed balls.
If A is compact, this is a finite union.

(iv) M a general manifold and A C R". Use excision

H,(M,M — A;R) = H,(R*,R" — A; R).

(v) M a general manifold and A a general compact subset. Then A is a union of finitely
many subsets A; C R".

O

25. Lecture 25: March 4th, 2022

ABSTRACT. Today, we move away from orientations and discuss products in more detail. in
particular, we describe the various functorial properties that products like the cup product,
cross products, and Kronecker product satisfy. We also construct the cap product and
extend it to the relative case. With it, we show that the homology groups H,(X) form a
module over the cohomology ring H*(X).

Last time, we sketched a proof of the Orientation Theorem. There are modifications for
the definition of orientability in the case of M being a smooth manifold. Indeed, the theorem
goes wrong when M is not compact (for instance, it would say that R™ is not orientable for
n > 1 due to R™ being contractible).

For today, we shall discuss products in general. Recall the Eilenberg-Zilber Theorem
gave a map X : S,(X) ® S.(Y) — S.(X xY) with the Alexander-Whitney map AW :
Se(X XY) = S.(X) ®S.(Y) s.t. they induced a chain homotopy equivalence.

From the cross product map, we defined the homological cross product

x  Hy(X) @ Ho(Y) = Ho(S.(X) @ S.(Y)) S HA (X x V)
and the cohomological cross product

x  H(X) @ H*(Y) — H*(S*(X) @ S*(Y)) “B" 1. (x x V).

Then we defined the cup product
— HY(X)® H*(X) 5 HY(X x X) 2 H*(X).

The cup product made H* into a commutative ring (in the graded sense). This is considerably
more useful than just having cohomology groups.
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Next, we want the Kronecker pairing. Define S”, (X) := S™(X). Then the evaluation
map SY(X) ® S.(X) — R induces the Kronecker pairing (—, —) : H"(X) ® H,(X) — R.

Clearly, (—,—) cannot be natural in the usual sense since it is contravariant in one
coordinate and covariant in another.

Theorem 25.1. If f: X - Y be H"Y ),z € H,(X), then (f*b,z) = (b, f.z).

PRrROOF. This is true on the chain level. So it is true on the homology/cohomology levels.
Say b is represented by 8 € S™(Y) and = by ¢ € S, (X). Consider the diagram

Hom (S, (Y), R) ® Sn(X) —22% Hom(S,(Y), R) ® Su(Y)

f*®1l (=)

Hom(S,(X), R) @ Sn(X) =) R

~

and check that it commutes. O

What about naturality of the homological and cohomological cross product? We get it
w.r.t. the Kronecker pairing.

Lemma 25.2. Let a € H?(X),be HY(Y ),z € Hy,(X),y € Hy(Y). Then
(axb,axy) = (=1 a,z)(b,y).

We omit the proof of the lemma since it is easy to do.
Recall that the Kiinneth Theorem gave a splitting of a SES. Indeed, if R is a PID, then
there is a noncanonical splitting of the SES
0= P H(X)@H,(Y) S H (X xY) > P  Torf(Hy(X),Hy(Y)) = 0.
ptg=n p'+q'=n—1
In part, if H,(X) isf.g. and free over R, the Kiinneth isomorphism occursi.e. x : H (X)®
H,(Y) > H,(X xY) is an isomorphism. There is a similar statement for cohomoology.

Theorem 25.3. Let R be a PID. Let H,(X) be f.g. and free over R. Then
x : HY(X)® H*(Y) = H*(X x Y).

What about (X, A) and relative homology? Of courses, there is a chain homotopy equiv-

alence
Se(X,A) @ Su(Y) «» Su(X xY,AXY)
and this induces the relative cross products
X H (X, A)QH,.(Y) —» H, (X XY, AXY) & X H' (X, A)@H"(Y) - H* (X XY, AxY).
There is a relative diagonal map A(X, A) — (X x X, X x A) defined by (z,a) — ((z, ), (x,a)).
This induces the relative cup product
— HY(X)® HY (X, A) S H (X x X, X x A) 2 H*(X, A)

and this implies that H*(X, A) is a module over H*(X).

Let’s discuss cup products. The Alexander-Whitney map AW : S, (X XY) — S,(X)®
S,(Y) was defined by o +— 01 0 o, ® 09 0 w, where a, : AP — APT? and w, : A? — APT? are
the front face and back face maps.
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We can define the cap product as the composite

N2 SP(X) ® 8,(X) B 57 (X) @ 8,(X) @ Sy (X) THT S,
The map on elements is
R0 —=LRooa, 00w, = B(ooay,)(oow,).

This is an evaluation map of some sense on the co-chain with parts of the chain. This is
actually a chain map so it induces a map in H,

N HP(X) @ Hy(X) — Hop(X).

Theorem 25.4. The cap product satisfies the following properties:
(1) (a—b)Nnx=an(bNx);
(2) 1Nz =ux;
(3) H (X )1samodule over H*(X);
4)if f: X =Y be H)(Y), x € H,(X), then

f(ffb)ynz) =bN fi(z).

Proor. We will not prove each part of the theorem. The first two parts are easy to see.
Let 8 be a cocycle representative of b and o : A" — X. Then

L 0) Nz) = f(F5(0)(0 0 ap) (0 0 wy))
= [(Bofoooa, gouw,)
= B(foooay)fuloow,) =pBN filo).
OTOH, if AC X and i : A — X, we get a diagram

SP(X) ® Sn(X) n > Sp_p(X)
SP(X) @ Sp(X,A) O > Snp(X, A)
0 0

and the existence of the dotted line comes from the exactness of the columns and the com-
mutativity of the diagram. Exactness of the LHS diagram follows from freeness of S?(X)
or the splitting S,(X) = S,(A) ® S,(X, A) depending on if X satisfies certain finiteness
conditions.

In any case, we get a relative cap product

N: H(X)® H,(X,A) —» H,_,(X, A)
which induces an H*(X)-module structure on H,(X, A). O
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26. Lecture 26: March 7th, 2022

ABSTRACT. We state and sketch a proof of the Poincaré duality theorem. This requires con-
struction the Cech cohomology groups. We also provide an example where Cech cohomology
does not agree with singular cohomology.

Recall that we discussed the cap product last time. Let AW : S, (X xY) = S,(X) ®
Sq(Y') be defined by the map
o — (0100a,) ® (02 0wy)

where 07 : A" — X XY — X and 09 : AP*? — X XY — Y. The maps «, and w, were
the affine face maps.

We define a cap product N : SP(X) ® S, (X) = SP(X) @ Sp(X) @ Sp—p(X) = Sp_p(X)
by the composition
fRo— R0, ®0y0w,—p — B(000ay)0 (02 0w)

which is (in a sense) “evaluation of the cochain on a part of the chain”. Checking that this
is a chain map, we get an induced map on homology

N HY(X)® Ho(X) = Hop(X).

Under this cap product, H,(X) is a module over H*(X).

Recall that H*(X) is an algebra under the cup product. Some facts are that H*(X, A)
is a module over H*(X) via the relative cup product.

Today, we state and sketch a proof of Poincaré duality.

Let K CU C X for K a closed subset of X and U an open subset of X. By excision,

H,(U,U-K)> H,(X,X — K)

and these two objects are modules over different rings. The LHS is a module over H*(U) while
the RHS is a module over H*(X). So naturally, we may consider all open sets containing
K. That is, H.(X, X — K) admits an action of H*(U) and they are compatible.

Lemma 26.1. Let K CV C U C X with the additional assumption that V is open in X.
Then there ia commutative diagram

HP(U) ® Hy(X, X — K) —— Hy (X, X — K)

o

HP(V)® H, (X, X — K)
We omit the proof of the lemma..

Definition 26.2. The Cech cohomology of K is defined as
HP(K) = lim HP(U)
Uelk

where Uy is the set of open subsets containing K.
As tensor products commute with direct limits, we get a cap product

N: H(K)® Hy(X, X — K) = H, ,(X,K)

and so H.(X, X — K) is a module over H*(K). As K C U, we get a map H*(U) — H*(K).
This induces a morphism ¢ : H*(K) — H*(K).
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When is this map ¢ an isomorphism?

Lemma 26.3. If for all U O K open neighborbood, there is an open set V s.t. K CV CU
s.t. K — U is a homotopy equivalence, then H*(K) — H*(K) is an isomorphism.

PRrRoOOF. This is clear from definition. [l

Example 26.4. Consider L := sin(1/z) U ({0} x I) C R? which has two path components.
Attach a curve from (1,sin(1)) to (0,0) that does not touch K. By the MV-sequence

H*(X)= H*(point) &  H*(X)= H*(SY)
which shows that the isomorphism is not true in general.

The goal is to now define Poinecaré duality. Let M be an n-manifold and K C M
a compact subspace. Let [M]x € H,(M,M — K;R) a fundamental class which we call
the fundamental class along K (it comes from an orientation along K). Then there is an
isomorphism
—N[M]g : H*(K; R) = H,(M, M — K; R).
In particular, take K = M when M is compact to get the statement of Poincaré duality.

Theorem 26.5. If M is a compact orientable n-manifold, there is an isomorphism
—N[M]: H*(M;R) > H,_,(M;R).

The rest of this lecture will discuss the general situation where K C M is compact.
Recall that if z € M and x € U is an open subset in M s.t. U = R", then Hp(M, M —
2) 2 Hy(U,U —2) 3 Hy (U — 2) = Hy 1 (S"Y). Set Op = U,epy Ho(M, M — z) and
p:oy — M a Z-fold covering. Let R be a commutative ring.

A local R-orientation of z is a choice [M], of an R-module generator H,(M, M,; R) = R.
An R-orientation of M is an [M| € H,(M; R) which is a generator and it restricts to [M]|—z
for all x € M. That is,m

Ho(M;R) = Hy(M,M —2;R)  [M] — [M],.

An R-orientation [M]f along K, where K is a compact subspace, is an R-module generator
of H,(M, M — K; R) that restricts to [M], for all z € K i.e.

Ho,(M,M — K;R) = H,(M,M —2;R)  [M]x — [M],.

The relative cap product gives a map N : H?(K; R)® H,(M, M — K; R) — H,_,(M,M—
K; R). When there exists an R-orientation along K, there exists an [M]x which gives a map

—N[M]g : H*(K;R) — H,_,(M,M — K; R).
Theorem 26.6. The map — N [M]k is an isomorphism.

PROOF SKETCH. See Miller’s textbook for a full proof.
For now, let M = R" and K be a compact convex set. Then K being convex means that
there exists a neighborhood U that is also contractible. So HP(K) = HP?(K). Now consider
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the diagram
— H, ,(R"R" - K)

H*(U) —= H,_,(R",R" —U)
) B 1, (R R — (5))

and the isomorphism on the bottom horizontal gives the isomorphism on top.

Now consider the case M = R™ and K is a finite union of convex subsets in R™. The
proof then follows by induction, the MV-sequence, and an application of the 5-lemma.

For the other cases, we obtain the proof via a limit process and excision. [l

Next lecture, we shall give some applications of Poincaré duality.

27. Lecture 27: March 9th, 2022

ABsTRACT. Today, we apply the Poincaré duality theorem to prove the Jordan Curve The-
orem, the Borsku-Ulam Theorem, and compute the cohomology rings of RP™ and CP". We
also state the Alexander Duality Theorem.

Recall that we proved the following version of Poinecaré duality.

Theorem 27.1. Let M be an n-dimensional manifold and K C M a compact subspace. If
there is a fundamental class [M]x € H,(M,M — K; R) along K (i.e. we assume that an
R-orientation along K exists), then there is an isomorphism

—N[M]g : H?(K; R) — H,_,(M,M — k; R).
Corollary 27.1.1. If M is compact R-orientable n-manifold, then
N[M]: H (M;R) — H,_,(M; R)
is an isomorphism.

We discuss the applications of these two results. First, there is a form of duality one can
deduce.

Corollary 27.1.2 (Alexander Duality). Set M = R°'K C M a compact subset. Then the
composite

ek R) " g, (R"R" — K:R) - H,_, (R" — K; R)
is an isomorphism (the boundary map 0 is an isomorphism from the MV-sequence).

One application is to the Jordan-Curve Theorem.

Theorem 27.2 (Jordan-Curve Theorem). Let K be a Jordan curve i.e. a closed plane curve
with no self-intersections. Then R? — K has two path components.

PROOF. Z = H'(S') = %(Rz — K) which means Hy(R?* — K) = Z? so there are two path
components. [
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Example 27.3. Let n = 3 and K = S'. Then K is a knot in R3. Then

— — 7 x—=1.9
K\ ~ 3 _ 1\ ~ ]

H.(R*)= H,(R S){O “ not

So homology cannot distinguish knots. The study of objects like K is called knot theory.

Example 27.4. Let p :=n — 1 and so H"'(K) = Ho(R" — K) is an isomorphism if K
embeds in R". Take n = 3 and K = RP? Then H?*(RP?) = Z/2 implies RP? cannot be
embedded in R? with a regular neighborhood.

Remark 31. Any nonorientable manifold in dimension n cannot be embedded in R"*! with
a regular neighborhood.
RP? can be immersed in R? (this is called the Boy surface).

Theorem 27.5. Let R be a PID and M a compact R-orientable n-manifold. Then
HP(M;R) H"P(M;R)
- ® -
torsion torsion
defined by a ® b — (a U b, [M]) = (a,bN [M]) is a perfect pairing.

— R

PrOOF. Use the Universal Coefficient Theorem and Poincaré duality. ([l

Example 27.6. We know CP? has one cell in dimensions 0, 2,4. So the 2-skeleton of CP?
is S% and hence, mCP? = 1,5? = 0. Therefore CP? is orientable. Now

* 2\ Z * = O, 27 4
H((CP)_{O if not -
We have a perfect pairing
2
H*(CP?) ® HY(CP?) — Hi(CcP?) &z

and if a is a generator of H?, we deduce that a? is a generator of H*(CP?). Hence, H*(CP?) &
Zla]/a® and |a| = 2.

Example 27.7. For CP3, the inclusion
CP? — CP?
induces a map
H*(CP?) — H*(CP?)
which is an isomorphism in * = 4. So H*(CP3) is generated by a®. The perfect pairing says
that H is generated by a® as well. So

H*(CP?) = Z[a]/a* la| = 2.

In general, H*(CP") = Za|/a™*! for |a| = 2 and H*(CP*>) = Z[a| with |a| = 2.
One can also show that

H*(RP™Z/2) = Z)2[w]/w"™  |w| = 1.

Theorem 27.8 (Borsuk-Ulam Theorem). Let f : S™ — R™ be continuous. Then there exists
a pair x € 8" and —z € S" s.t. f(z) = f(—x).
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PROOF. Suppose not and define g : S™ — S"~! by g(x) = % which is well-defined

and continuous. Then observe that g(—z) = —g(z). Therefore, g : RP™ — RP"! via

qn 9 Sn—l

Pk

RP™ — RP!

the diagram (here, the p’s are the double cover map). We claim that § induces a map
g,: H(RP",Z/2) — H(RP" ", 7Z/2)

that is nontrivial.
Let b € S™ and let ¢ : [0,1] — S™ be the map ¢(0) = b and o(1) = —b. Then po is a
generator of H;(RP"). Then pgo : [0,1] — S"! — RP"! is a generator.

Therefore, g, is nontrivial in dimension 1.
Then §* on H'(—;Z/2) is a nontrivial map H*(RP""';Z/2) — H*(RP™;Z/2). But that
means it sends w to w. However, w™ = 0 while w™™! # 0 in the target. This is absurd. [

28. Lecture 28: March 11th, 2022

ABSTRACT. This is the last lecture of this course. We provide a rough outline of the
materials covered and list out examples that were computed in homework and in class.

Today is a review session and the last lecture with Professor Zhouli Xu teaching the
sequence.

e We considered the axioms of singular homology, simplicial homology, and cellular
homology;
— they are functors h,, : Top — Ab for n € Z,
— there are natural transformations 9 : h, (X, A) = h,—1(A,0),
— they are homotopy invariant invariant,
— excision (which is equivalent to the MV sequence which is equivalent to (X —
U A—U) < (X,A) for U C A inducing isomorphisms on h,,)
— long exact sequence exists

o g1 (X) D hg(A) = hy(X) = ho(X,A) S .

— dimension axiom i.e. h,(x) =0 iff n = 0.
e Consider CP™. Then CP™ has one 2m-cell for 2m € [0,2n]. Then

0 Z+0+Z+0- -« 7Z+0
where the Z are in dimensions 0,2,4,...,2n. It follows that
Hy(CP") ={Z kiseven k € [0,n]0 if not.
Now RP™ has sk (RP")RP* for k < n. We have a chain complex

0+ ZE&ZELE 7«0
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Then we
Y/ k=0
N R/ if k=mn, nodd
HyRP") =972 it hodd 1<k<n—1"
0 if not
Meanwhile,

72 0<k<n
0 if not

e We also discussed free resolutions F, — M — 0 and proved the Fundamental
Theorem of Homological Algebra. Using this, we defined the Tor and Ext functors.
A useful computational fact is

Tor®(Z/nZ,Z./mZ) = 7./ (m,n)Z &  Exty(Z/nZ,7/mZ) = 7/(m,n)Z.

e We had the Universal Coefficient Theorems: let R be a PID and M an R-module
and then there are nonfunctorial split SESs

0— H,(X;R)® M — H,(X, M) — Torf(H,_1(X;R), M) =0
0 — Exth(H,_1(X;R), M) — H"(X; M) — Homy(H,(X; R), M) — 0.
e The Kiinneth Theorem gives a split SES
0= P H(X)@H,(Y) = HJ(X xY)—» @ Torf(Hy(X),Hy(Y)) = 0.

p+g=n p'+q'=n—1

Hy(RP";7,/2) = {

e We can construct cross products using the EZ map and AW maps. Indeed, EZ:
S X) ® Si(Y) — Su(X xY) while AW goes the other way. This gives cross
product

X Ho(X)® H(Y) - H(X x Y.
Then .
%t H*(X)® H*(X) = H*(X x X) 2 H*(X).
Applying the Kiinneth Theorem, we see that H*(X; R) is an R-algebra. This can
be used to distinguish S™ x S™ and S v S™ Vv S"t™. Also CP? % S§%v S,

e The cap product makes H,(X) into a module over H*(X). The relative cup prod-
uct makes H,(X, A) into a module over H*(X). The relative cup product makes
H*(X,A) into a module over H*(X).

e The Poincaré Duality Theorem states: if M is a compact R-orientable n-manifold,
then — N [M]: H?(M;R) > H,_,(M;R). This can be used to show

H'(RP™Z/2) 2 2/2[w]/ (") |w|=1

and

H*(CP™“Z) = Z[c]/(c"™) || =2.



CHAPTER 3

Math 290C - UCSD

ABSTRACT. This course continues from Math 290B and was taught at UCSD by Justin
Roberts. The lectures appear to be based on Hayne’s Miller’s notes “Lectures on Algebraic
Topology”.

1. Lecture 1: March 2nd, 2022

The goal of this course is to cover basic homotopy theory (equivalent of Chapter 4 in
Hatcher’s textbook). Some major concepts and theorems we shall see are the homotopy
groups, Whitehead’s Theorem, and Hurewicz’s Theorem. The course shall also have problem
sets and the final shall be the qualifying exam.

Definition 1.1. m;S" is the “group” (we show later that this is a group) of maps (S*, pt) —
(S™, pt).

Now what do we know about such groups? Some things we know are there is a surjective
S — Z, mS™ = Z, mS™ = 0 for n > 1, there are maps of arbitrary degree d € Z of
S" — S™ that m3S52% has a nontrivial map S® — S? called the Hopf fibrationgiven by
(X,Y) = [X:Y]if S C C? and §? = CP', and m;S™ = 1 for i < n (proven later using the
Cellular Approximation Theorem).

Theorem 1.2 (Cellular Approximation Theorem). Any map X — Y of CW-complexes
are homotopic to a cellular map i.e. amap f: X — Y s.t. f(X™) C Y™ (note that X
denotes the n-skeleton).

Proposition 1.3. 735% # 1.

PROOF. Let CP? = ¢” Ue? U et be the CW-decomposition. The attaching map for e? is
given by 05* = S? — S? called the Hopf fibration.

Suppose the map were homotopic to the trivial map. Then CP? ~ S? v S*. This is
absurd by the following argument.

The cohomology ring of CP? is isomorphic to Z @& ZS & Zv where |3| = 2 and |y| = 4
and 3% = v. Meanwhile, S? V S* has Z & Za & Zn where |a| = 2 and |n| = 4 with o? = 0.
These ring structures cannot be isomorphic. Hence, the map could not be homotopic to the
trivial map. 0

In general, the homotopy groups of spheres are mysterious. There exists the following
result.

Theorem 1.4. 7;(5?) # 0 for i > 2.

It is know that there is a stabilization i.e. m;44(S™"*) becomes constant as k — oo and
the dependence is only on n — . We denote the limit by 77, which is called the stable
homotopy group of spheres.

126



2. LECTURE 2: MARCH 30TH, 2022 127

For instance, the stable homotopy groups for 1 <7 —n < 11 are respectively
ZQa Z27 Z247 Oa 07 ZQa Z140a Zga Z;}v ZG) Z’504-

The study of these stable homotopy groups have deep connections to number theory (talk
to Zhouli if you are curious).

We discuss some categorical aspects of homotopy theory. Given topological spaces X, Y,
we may for the product X x Y and coproduct X []Y. In general, if Map(X,Y") denotes the
space of continuous maps,

Map(Z, X x Y) = Map(Z, X) x Map(Z,Y)

via a bijection. We would like to topologize the space of continuous maps. One way to
do it is via the compact-open topology i.e. we take as a subbase the collection of sets
B(X,Y)={f: K —U: K compact & U open}. Problems arise because we would like to
have the bijection

Map(X,Map(Y, Z)) — Map(X x Y, Z)

to be a homeomorphism. For instance, for homotopy theory, we would want Map(I, Map(Y, Z)) =
Map(I x Y, Z). But this fails! Fortunately, a fix exists...

2. Lecture 2: March 30th, 2022

Map(X,Y) is the set of continuous X — Y which we’d like topologize this and get
homeomorphism

Map(X x Y, Z) = Map(X, Map(Y, Z)).

But this doesn’t work in with the compact-open topology. However, this works if X Haus-
dorff, Y locally compact and Hausdorff, and Z arbitrary.

The solution is to redefine the category of topological spaces and work with “compactly
generated spaces”.

Definition 2.1. (a) F C X is compactly closed if the preimage f~1(F) is closed for
all f: K — X with K a compact Hausdorff space.
(b) X is compactly generated if being closed is equivalent compact closed in X.

Given any space X, there exists a construction of compactly generated space kX given
by redefining the topology on X i.e. take the closed sets as precisely the compactly closed.

Example 2.2. LCH is compactly generated i.e. kX = X.

Fact: kTop can defined a modified mapping space kMap(X,Y) s.t.
kMap(X x Y, Z) = kMap(X, kMap(Y, Z)).

The ideas pertaining to these notions were not developed until quite recently. In the 30s-50s
there were many theories circulating and each cohomology and homology theory varied in
different ways. Eventually the idea became that we should form a sufficiently large category
that contains aspects of the cohomology and homology theories we want.

One example of this is with the fundamental groupoid 7.X which is a category whose
objects are points in the topological space X and the collection of maps Map(xg,yo) is the
collection of homotopy classes of maps.

Some remarks are warranted.
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Remark 32. We can always include Top into Top* via the functor X — X, where X, :=
X JJ{*} which assigns the base point .

Remark 33. Adjunction is altered in the case of based topological spaces. In this case,
Map(X AY, Z) = Map(X,Map(Y, 2)).

where X AY = (X xY)/({zo} x Y UX X {yo}).

Remark 34. X AY not Cartesian product (X x Y, {*} x {sx}).

Example 2.3. S' A X is the reduced suspension denoted X,.4(X, {*}) and
> B X x I
mred X % {0}, X x {1}

while
ZunredX

{x} x I
Remark 35. There are some conditions in which the reduced suspension is the same as
the usual suspension.

Example 2.4. (S° +1) = X, where +1 € {+1,—1} = S° Then
Yired Xo = (Sla (Oa 1))

The n-fold reduced suspension is S™ i.e. X" Xy = S™ or ST A--- A ST = S™ with n-copies of
St

EredX =

Let us begin talking about homotopy groups. The upshot is that we can think about
them in various manners. By definition, [X, Y] is the set of based homotopy classes of maps
X — Y. Also, we have

moMap(X,Y) = [SY;, Map(X,Y)]
where S9, denotes the based topological space (S, +1). In particular,
Tn(X(esy) =[Sy Xpwey = [E"SLy, Xiay)-

Definition 2.5. QX = Map(S%*}, X) which is nice because for all X,Y
EXY]=[X, QY] ={f: X xI =Y : f(X x{0})=f(X x{1}) = f({x} x I) = {*x}} / homotopy .

The moral is that 7" (X(,y) = [SY, Q"X (] (using the above results n times). Ultimately,
one this of the homotopy group as

7" X1y = mo Map(I", 01"), (X, {+}).

3. Lecture 3: April 1st, 2022

When thinking about m,(X, zg), there were two mental pictures that people use. The
first is viewing its elements as homotopy classes of maps

f: (S %) = (X, x0)
while the other is as homotopy classes of maps
fI™0I") = (X, ).
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Additionally, one looked at [YX"X,Y] = [X,Q"Y]. The first method of thinking is nice in
some respects since f of the first type is nullhomotopic iff it extends to a map F : B"™! — X
where B"™! is the (n + 1)-ball.

Product Structures on m,(X, x¢)

This is easiest with the picture of (I",0I™). For the case n = 1, we had the usual
concatenation of loops. For n = 0, there is really no product structure. The proof for n > 2
is quite pleasant and in the case of n > 2, it is clearly abelian. See p. 340 of Hatcher’s
Algebraic Topology.

In some sense, any other similar attempt to define a product gives the same answer. More
conecptually, let Y = (QX, %) be a loop space of any space X. It is called an “H-space” or
a “group object in the homotopy category” or a “group up to homotopy” if Y = QX has a
product (some sort of composition of loops) p: Y XY — Y s.t. there is an identity and it
is associative up to homotopy. In this way,

Qi((; = Map((I7 {07 1})7 (X7 SL’(])
has 7 (X, zg) = mo(Qx,X) defined.

Fact. If Y is an H-group and Z is any space, then [Z, Y] is a group since
(Z,Y]x[2,Y] = [Z2,Y xY] & [Z,Y]
which maps [f] x [g] = [f x g] = [no (f x g)].
Now 7o(X) is mere a set, but 7 (X, x¢) = mo(ws, X) = [(S°, +1),Q,,X] has a group
structure with Z = (S° +1) and Q,,X.
A dual fact also exists. We call Y = ¥ X a “co-H-group” if it hasamap Y - Y VY
where the map is a sort of pinching operation

pinch

Y = XX VvYIX.

Essentially, it collapses a copy of X at X x {*} where * is not on the boundary of / in X x .
Then for any space Z|, [Y, Z] gets a group structure defined by precomposing with this
pinching operation. That is,

Y, 2] x [V, Z) 8" [y AY, Z) = [V, 2]
Relative homotopy groups
If X O A D {x0}, we can define the relative homotopy groups m,(X, A, {zo}) for n > 1
in the following manner. It is the set
(X, A {zo}) = (I "1 T) = (X, A, {ao})]

where J is some portion of the boundary e.g. I"™! x {zg}. An alternative picture is a the
set
[(B™, 5™ 1 %), (X, A, x0)].

Remark 36. If f € m,(X, A, z)) is homotopy to a map valued in A, then it is null-homotopic.

In general, there are two reasons for an element of m(X, A) to be nontrivial — there
is something going on with m(A) or me(X). Justin Roberts drew some topological spaces
to demonstrate this, but I will omit them here. The reader can come up with examples
themselves.

This motivates the following theorem.
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Theorem 3.1. There is a LES of homotopy groups
oo m3(X,A) = ma(A) = me(X)
— m(X,A) = m(A) = m(X)
= m(X,A) = m(A) = m(X)
— (X, A) — 0.

Some comments are warranted. First, all of the higher groups m;(A), m;(X), (X, A) are
abelian for ¢ > 3. Additionally, my(A), m2(A) are abelian groups. However, mo(X, A) is only a
group since it may be nonabelian. Similarly, m1(A), w1 (X) are only groups. At the tail-end,
mo(A), mo(X), mo(X, A) are only just sets. However, the notation of exactness makes since

mo(X)

because we would like my(X, A)“ =" R

We shall explain the construction next time.

4. Lecture 4: April 4rd, 2022

Recall that the relative homotopy groups m,(X, A, xo) was the group of homotopy classes
of maps
(1™, 01", J) — (X, A, xg)
where J = I"™' x {xy}. We could also view it as homotopy classes of maps B"™ — X
satisfying certain conditions. The LES was

coo o M A = mX = m(X,A) 5 m(A) > L= X — m(X, A) — 0.
The proof has six things to check, but we shall omit the verification in these notes. See
Hatcher’s Algebraic Topology for the full proof.

Change of Basepoints

Ifn > 2, then m (X, z¢) acts on 7, (X, xo) which makes it into a Z(m (X, z¢))-module. The
idea is to use similar change of base-point isomorphisms 74 to those in for the fundamental
group.

Let v be a path from zg to x;. Then

(X, 20) 35 700 (X, 21)

is given by [f] — 7vz[f] where v#|f] just extends the square f : I" — X around its edge via
. This is an isomorphism.
If v is a loop in m (X, z1), we may write

] = e lf] = [P
to indicate that this is a right action. That is,
(LA = (71,

This computation with the abelian group structure of m, gives us a module.

Example 4.1. Let X = S' Vv 5% We claim m(X) = @, Z.

(i) m2(X) = m(X). This a homework exercise.

(ii) Now X is a copy of R with spheres attached at each integer point with Z acting by

translation. By the Hurewics Theorem, mo(X) = H(X). The theorem states that
the first nonvanishing homotopy and homology groups agree.
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(iii) 71 (X) = {t) so that Zm (X) = Z[t*!] which acts on m5(X) and hence, on Ha(X) =
P, Z (this homology computation is an easy application of the Mayer-Vietoris

sequence). now t acts on Hy(X) by sending e; to e;11 where e; € Hy(X) is zero in
each index except .
So Hy(X) is a free module over 7 (X)% generated by ey = ¢ i.e. the generator
given by a single sphere. It is free of rank 1.
In the relative case, Zm (A, xo) acts on 7,(X, A, o) for n > 3 making it a module. It
does act on my (X, A, xg), but m(X, a, z9) needs not be an abelian group in general.

Example 4.2. Tt is a fact that 73(5? V .S?) = Z3. This indiates that there is no analogue
for the Mayer-Vietoris sequence for homotopy groups. This is one of the main reasons why
homotopy groups are so difficult to compute.

Our goal is to work towards Whitehead’s Theorem: it says that a map f : K — L between
CW-complexes is a homotopy equivalence iff it induces an isomorphism in all homotopy
groups. The method of proof is to examine f, : 7, K — m,L. Of course, = is easy while <
is harder.

5. Lecture 5: April 6th, 2022

Theorem 5.1 (Whitehead). A map f : K — L of CW-complexes is a homotopy equivalence
if it induces an isomorphism on all homotopy groups.

Remark 37. Homotopy groups are powerful enough to determine the homotopy classes of
CW-complexes according to the theorem. To do this, we need techniques to build homotopies
between CW-complexes.

Definition 5.2. A pair of spaces (X, A) has the homotopy extension property (or
principle) if whenever f : X — Y is a map and there is a homotopy of f|4 defined on A x I,
we can extend this to a homotopy X x I — Y.

Example 5.3. (B"™, S") satisfies the HEP since one can do radial projection.
Corollary 5.3.1. Any CW-pair (L, W) with L C W a subcomplex has HEP.

PrROOF. We omit the proof here but this was done in lecture. The idea is to extend the maps
inductively. The subtlety that one should be wary of is in the case of an infinite dimensional
skeleton. 0

Example 5.4. If L is a contractible subcomplex, then K/L ~ K. The method of proof is
similar to the one above.

Example 5.5. We prefer to add things than to subtract. For instance, if (K, L) is a CW-
pair, then K UC/(L) (here C(L) is the cone on L) is a good substitute for K/L. That is, one
attaches the cone on L to “remove” L since we can collapse the cone.

Theorem 5.6 (Cellular Approximation Theorem). Any map f : K — L between CW-
complexes are cellular i.e. f(K™) C L™,

PROOF. See Hatcher’s Algebraic Topology. 0

Theorem 5.7. If K has one 0-cell and no i-cells for 1 < i < n, then m;(K) =0 for all i < n.
We call K n-connected if m;(K) = 0 for all i < n.
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Proor. Consider cellular complexes and the cellular approximation theorem. [l

Theorem 5.8. There is a partial converse. If K is an n-connected CW-complex, then K is
homotopy equivalent to a Cw-complex with one 0O-cell and no -cells for 1 <i < n.

6. Lecture 6: April 8th, 2022
Last, the lecture ended with stating the following theorem.

Theorem 6.1. If K has one 0-cell and no i-cell for 1 << n, then m; K is trivial for all ¢ < n.
We call K “n-connected” in this if K has this latter property.

PROOF. Follows from the cellular approximation theorem. 0]
Example 6.2. 1-connected means that K is path-connected and simply-connected.

Corollary 6.2.1. If K is a CW-complex and has m; K trivial for all ¢ < n, then K is
homotopy equivalent to a complex with one 0-cell and no i-cells for 1 < i < n.

For instance, if K is 1-connected, then one can collapse the 1-skeleton and focus on the
larger dimension cells.

PROOF. We can certainly do the n = 0 case directly by collapsing a maximal tree L of K1)

by viewing it as a contractible subcomplex. But then K/L = K and K/L has a single 0-cell.
Having done this, we have a 1-skeleton that is a bouquet of circles and we glue to this the

higher dimensional cells to get the rest of the space. Now we want to get rid of the 1-cells.

The trick is to attach a pair of canceling cells to K.

Glue a 2-cell so that its boundary is a 1-cell we want to kill. Now repeat this for all
other 1-cells. Then attach a 3-cell whose boundary is all of the other 2-cells we have added.
Now the new complex has a contractible subcomplex which we can collapse. Indeed, we then
collapse the 2-skeleton so that the new CW-complex has only dimension 2 or higher cells.

Now that we have destroyed all the 1-cells by “trading” them for 3-cells, in a sense.

Now there is sensible way to do this indefinitely in taking a limit of sorts.

The first attempt of Whitehead’s Theorem is to say that

Lemma 6.3. If K is a CW-complex with all m; K trivial, then K is homotopic to a point.

PRrROOF. The idea is to construct a homotopy K x I — K between the identity and a constant
map.

The method of proof is to use the HEP (homotopy extension property/principle). Fix a
vertex v € K. For each vertex w € K other than v, use moK is trivial to find a path from w
to v and treat this as a homotopy defined on {w} x I. Extend this using the HEP to get a
homotopy K x I — K that is a homotopy between the identity and the map fy : K(© — v
(which is extended to K).

Now do the same for the higher dimensions with edges instead of vertices. For each 1-cell
e € K, observe that fy(e) is a loop in (K,v) and since m K is trivial, it is null-homotopy
rel{0,1}. Then use this to define a homotopy K™ x I — K between f; and a map f; that
sends KM to v. Then repeat inductively.

Assemble all of these homotopies H;’s and use the fact that the topology is defined as
the weak topology. Define the value a new homotopy at time 0 to be the constant map and
t =1 to be the union of all of these homotopies. It is continuous because H,, does not move
anything in K® for [ < n. U
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Lemma 6.4 (Relative Version). Suppose that L C K is a CW complex and m;(K, L) is
trivial for ¢. Then K deformation retracts to L.

PROOF. Next time! O
OJ

Warning. There are pathological examples which exist which show that these results for
topological spaces that are not CW-complexes.

7. Lecture 7: April 11th, 2022

Recall that we were proving the following result.
Theorem 7.1. If K is a CW-complex with 7, K = 0 for all ¢, then K is contractible.

The method of proof was via induction. There was a relative version that we will now
prove.

Theorem 7.2 (Relative Version). If L C K is a subcomplex and m;(K, L) = 0 for all 7, then
K deformation retracts to L.

PROOF. The method of proof is analogous via HEP. Start with v a 0-cell of K \ L. Since
mo(K, L) is trivial, we know v sits in a path-component of L i.e. v can be joined to a point in
L via a path ~,. Do this for all 0-cells and so we get an extension of the identity homotopy
o (Lx I)U(K® x I) to get a homotopy Hy between idg and some fy : K — K which
sends KO UL — L.

To do the 1-cells, the idea is the same. A 1-cell represents an element in (K, L)
which deformation retracts to a 1-cell in L by m(K,L) = 0. So the HEP gives a H; :
(LxI)U(K°xI)U(K!xI)— L x I which is a homotopy between idy and an f: K — K
st. KODUL — L.

Then use the == scaling trick to patch all of these homotopies H; together to a homotopy

H : KX]—)KsothatldK (f: K— L). O

This was the lemma from the previous lecture. Now we prove the full version which is
done via maps between CW-complexes.

Theorem 7.3 (Whitehead’s Theorem). If f: L — K is a map of CW-complex inducing
isomorphisms on all 7y, then f is a homotopy.

PRroOF. The first step in the proof is to use the mapping cylinder to replace f : L — K
with an inclusion of complexes.

Definition 7.4. Let f : X — Y be a map. The mapping cylinder is My := (X xI)U;Y =
(X x UY/(f: X x {1} = Y).

Example 7.5. If f : S' — R? maps to a figure-8, then M; is the cylinder with one end
glued to R? via the figure-8 drawing.

Observe that there exists a deformation retract from My to Y. There is a diagram

x Joy

\H
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which commutes up to homotopy. In fact, f =r ok while i o f ~ j.

Now we apply this construction to f : L — K after using the cellular approximation
theorem to assume f is cellular. In this case, when we form M; : X x I U; Y, we actually
obtain a CW-complex. Therefore we get

and we compute the relative homotopy groups

(L) —— m(K) ——— m(K, L) —— 11 (L) ——> ...
| |
v :

s (L) —— (M) —— m(Mp, L) =0 — my(L) — ...

< IR—
< IR—=

Now apply the 5-lemma to get that m;(K, L) = 0.
Apply the relative version of the theorem to see that j : L < M/ is a homotopy equiva-
lence. 0J

Example 7.6. The two spaces 5% x RP? and RP? x S? have the same universal cover and
hence, the same homotopy groups m, for n > 2. It is not hard to see that their fundamental
groups are equal. However, they have different cohomology rings because

H*(5? x RP?) = Faloqa), Bs)l/ (e, )

and
H*(S* x RP?) = Falag), By /(afy), B)-

One way to compute these cohomology rings is do things via intersections.

The moral of the example is that one needs to have a map for Whitehead’s Theorem to
work.

8. Lecture 8: April 13th, 2022

Example 8.1. From last time, we saw that S? x RP3 and S x RP? are two spaces with
the same homotopy and homology but were not homotopy equivalences. Another example
is L(5,1) and L(5,2) (the lens spaces). For L(p,q) where (p,q) = 1, it is obtained by
quotienting by the Z/pZ action on S° given by (z,w) s (2™/Pz, e2™/Py).

One should observe that the lens spaces are related to the Hopf fibration and can be used
to draw pictures. Vaguely, one can build them from gluing two tori or by using Cw-complexes
and gluing one cell of dimension 0, 1, 2, 3.

How does one distinguish these spaces? One must use the Bockstein homomorphism
or cohomology. Recall the SES 0 — Z 5 Z — Z/pZ — 0 induces a SES of chain complees
0— CuX,Z) —» Cu(X,Z) = C(X,Z/pZ) — 0. Then we get a LES of homology and the
Bockstein homomorphism is

p:Hi(X,Z,) - Hi_1(X,Z).
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A few facts. First, if x and y generate Ho(L,Z,) and H,(L,Z,) respectively, then
B(x) mod p = y. Geometrically, f(x).z = g mod p where the - indicates the intersec-
tion form. If one changes basis + — Ax where A € (Z/pZ)*, then A\?f(z).x = qmod p
is the change in the intersection form. So if g1, g2 do not differ by a square modulo p, then

L(p,q1) # L(p, g2)-

Now we discuss some Whitehead-like Theorems.

Lemma 8.2 (Compression Lemma). If (K, L) is a CW-pair and f : (K,L) — (X, A) is a
map of topological spaces where 7, (X, A) = 0, then f is homotopic to a map into A.

PROOF. If v € K\ Lis a 0-cell, then f(v) is joined to a point of A because my(X, A) = 0. Do
this for all vertices. Use the same idea for the 1-cells in K \ L. Glue all of these homotopies
together using the %—trick. O

Lemma 8.3. If (K, L) is a Cw-pair and Y a space with 7,(Y) = 0, then any map L — Y
extends to a map K — Y. That is, we get

L.y
[ £
K

PROOF. Define fat random on 0-cells of K\ L. For each 1-cell of K\ L, its boundary must
go to the same path component of Y because myY = 0.

For each 2-cell of K \ L, use the fact that mY = 0 to get a map on the boundaries of
2-cells. Induct and use the %—trick. 0

Definition 8.4. A map f: X — Y is a weak homotopy equivalence if it is an isomor-

phism on 7 and m,(X, z1) 55 or, (X, f(xg)) is an isomorphism for all choices of base-points
Zg.

Remark 38. Using this language, Whitehead’s Theorem (which assumed the spaces were
path-connected CW-complexes) says

A weak homotopy equivalence of CW-complexes is a homotopy equivalence.

Theorem 8.5. If X — Y is a weak homotopy equivalence, Z a CW-complex, then f induces
isomorphisms f, : [Z, X] — [Z,Y].

Remark 39. The theorem says that [S™, —| determines all the knowledge of [Z, —] for Z a
CW-complex.

PRrROOF. Replace Y by the mapping cylinder My of f so that we may assume X C Y.
Replace Y by M; and we get i : X — Y which induces a map [Z, X] = [Z,Y].

The map i, is surjective because 7. (Y, X) = 0 from the isomorphism 7,.(X) — 7. (Y) in
the LES and then the compression lemma says i, is surjective.

The map 4, is injective because given a pair of maps f,g : Z — X which compose with
X < Y to get the same map, there is a homotopy f ~ g H : (Z x I,Z x 0I) — (Y, X)
which compress to X. O
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9. Lecture 9: April 15th, 2022
Our goal is to move toward the Hurewicz Theorem.
Theorem 9.1 (Hurewicz Theorem). Given any space (X, zg), there is a map
by : (X, 20) = Hp(X52)

given by [f] — f.[S"] which is induced by a map H, (S™) Eil H,(X) where H,(S",Z) = Z is
generated by the fundamental class [S™].

First, we have some easy facts.
e The Hurewicz map is a natural transformation m,(—, —) — H,(X) i.e.

(X, 20) —s Hy(X)
l * .. lg*
T (Y, 90) —— Hyp(Y)

is a commutative diagram.
e It is a homomorphism i.e.

hn([f] 4 19]) = Pa((]) + hn(l9])

where [f] + [g] is addition in 7, and the RHS is addition in H,. Or alternatively,
one can view m,(X,zo) = [(I",0I"), (X, zo)] and then view the map a map sending

[I",0I"] € H,(I",0I") 2 7Z — f.[I",0I"] € H,(X,{x0}) = H.(X)
for n > 1. So the idea is f + g the gluing of two squares and map to (X, zy).

Theorem 9.2. (X, xg) Iy H,(X) is the abelianization homomorphism.

Theorem 9.3. Let n > 2 and suppose X has mg, 71, ..., T, trivial. Then
by (X, 20) = Hyp(X)

is an isomorphism and so Hy, Ho, ..., H,,_; are all zero.

Corollary 9.3.1. If 7o X and m X are trivial with Hy, Hs, ..., H,_1 = 0, then
hy : (X, 20) = H,(X)

is an isomorphism.

Example 9.4. The universal cover of S? VRP? is $?V 83V S2. One knows via the universal
cover computation that

(S V RP?) = my(Universal Cover, S* V S* Vv §?).
By the Hurewicz Theorem, Hy(S? Vv SV §%) = 7Z2.

Remark 40. By the same method, my(S? vV RP?) 2 Z3 while mo(S? VRP!) is a free module
of rank 1 over Z[t*!].

The idea of the proof of then Hurewicz Theorem is as follows. First, prove it for X = S™.
Then, prove it for CW-complexes. Then generalize it to all spaces using a CW-approximation
trick. For the first step, one shows that deg : 7,S™ — Z is an isomorphism. So we want a
theorem to calculate degree geometrically.
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Theorem 9.5. Let f : S} — S} be a map between n-spheres equipped with choices of
orientation gv € H,(S}) and h € H,(S}).

Suppose y S% is a regular value of f ie. f~'(y) = {x1,...,7;} is a finite set and
there is a neighborhood V' of y € S and U; neighborhoods of z; in S} s.t. f carries U,
homeomorphically to V. Then we can define a local degree

degxz;(f) € {£1}

via the diagram

g € H,(SP) I » Ho(S2) > h
LESl lLES

Excisionl lExcision

g: € Ho(Us, Uy — {a V22251, (Vv — {y}) 5 b

and so

deg f =) deg,,(f).

For the proof, see Hatcher’s textbook. The idea is to use the MV sequence for pairs to

claim that .

H,(S", 8" = {x1,..., o }) = @ Ha(S", 8" = {x:}).
i=1
Then there is a commuting diagram

g H,S" ik . H,S"
| LES LES,~
H, (5™ S™ —A{xy,...,21}) H,(S™ 5" —A{y})
MV
@le Hn(Sn, S"— {,I’l}) FExcision
FExcision
gi DL, 9 € B, Ha(Ui, Ui — {x,}) H,(V,V = {y}) > h,

which gives the proof.
10. Lecture 10: April 18th, 2022

Recall that we could compute the degree of a map via local degrees.

Theorem 10.1. If f: S™ — S™ is a map, then deg f = Zle deg, (f) provided there exists
(V,y) € S% (the subscript R or L means RHS sphere or LHS sphere) s.t. f~'((V,y)) =
Ule(Ui, x;) s.t. f: U — V is mapped homeomorphically.

Recall that we proved this last lecture via excision and by using the LESs we knew. Now
we give an application.
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Theorem 10.2. deg : 7,5" — Z.

Proor. We already know that this is always surjective so we check injectivity. That is,we
show deg f = 0 iff it is null-homotopic. The < direction is clear.

Assume deg f = 0. The base case of n = 1 is clear so we start with the base case of
n = 2. The idea is to pair up local degrees via the “inner-most” method. That is, one pairs
up the local degrees +1 with —1. and then define a homotopy H via an arc argument which
flipts the arcs and map them to the corresponding point.

Define H via this method. Before all of this, one should use simplicial approximation (or
similar results) to straighten by homotopy so that the preiamge condition for local degrees
can be applied.

Using the pairing argument, one constructs a bunch of embeddings into B™ x I and the
arcs are thickened up arcs pairing the z;’s.

We know the opposite local degrees at ends of each arc lead to maps from Uy, Uy — V
via a homotopy on dB? x I so the base case says that this extends radially to a map from
B xI—V.

Using an analogous method, we get a map S™ x {0} U Ule B™ x I — S™ which extends
to S™ x I — S™ by observing that 7, (S™ — V) = 0 (apply the extension lemma to fill it
out). Finally, we get a null-homotopy where time = 1 is a map S™ — S™ — V = R™ which is
nullhomotopic. 0

Remark 41. We remark on some of the simplicial approximation theorem-like results.
The simplicial approximation theorem says that if f : |K| — |L| is a continuous
map between simplicial complexes in R"™, then there is an r s.t. f is homotopic to a simplicial
map from |K| — |L| where |K("| is just | K| barycentrically divided r-times.
Note that simplicial maps are allowed to map vertices and simplices in a noninjective
manner.

Remark 42. The proof of this theorem was presented in class with a very geometric argu-
ment and a beautiful picture which is omitted from these notes due to technological reasons.

Now we return to the Hurewics Theorem and it’s completed proof. This will spill over
to the next lecture, but we start with a lemma.

Lemma 10.3. If n > 2, then the join or wedge sum \/,_; S of spheres satisfies m,(\/,c; S") =
Dici Z-

PROOF. Consider Il = [],.; 5" 2 V,.;S" = V. Observe that \/ is the (n 4+ 1)-skeleton of
I1. Indeed all cells in IT have dimension divisible by n so the next ones after dimension 2 are
2n > n + 1 because n > 2.

By cellular approximation, we know that 7, (K) = m, (K ®*1) by cellular approximation.

Hence,
@Z = 1, (IT) = 7, (I V) = Wn(\/)

which is what we wanted. 0

11. Lecture 11: April 20th, 2022

On our march towards the full Hurewics Theorem, we have shown that 7, 5" = Z and
m(\V; S") = @, Z via the cellular approximation theorem.
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Theorem 11.1 (Hurewicz Theorem). Assume K is an (n — 1)-connected CW-complex
and 7w, = m,_1 = -+ = m9 = 0. Then there is an isomorphism

h:m, K — H,K.

The idea of approach is as follows. By (n — 1)-connectedness, we may replace K by a
CW-complex which has one 0-cell and no i-cells for 1 <i <n — 1.

Also, we can ignore the cells of dimension > n + 2 because these have no effect on m, K
by the cellular approximation theorem. That is, we used 7, K = 7, KD, So WLOG, we
are assuming

K = e U (n-cells) U ((n + 1)-cells)

and the same can be said and done with H,(—).
Now for the proof after these reductions.

PROOF. Let V be the n-skeleton K ie. V = K®™. Then V = \/
commutative diagram

S™. Consider the

el

Tni1 (K, V) —— (V) —— m(K) —— 1 (K, V) ——

0
N
0

H, (K, V) —— H,(V) — H,(K) —— H,(K,V) —

Now 7,(K, V) = 0 because (B",S") — (K, V) can be homotoped to land inside V by the
cellular approximation theorem. OTOH, H,(K,V) = H,(K/V,0) = 0 because K/V has no
n-cells nor n + 1-cells.

Before much can be said about the diagram, the important part here is the relative map
hyei. Observe there are elements @ : (B"*! S™) — (K, V) corresponding to the characteristic
maps P, of the (n+1)-cells. Some thought should lead one to deduce that the diagram really
is

Pz — 7, (V) —— m,(K) 5

0 > 0
lhml lh,‘{ lhff hrpel l
0 > 0

PZ — H,(V) —— H,(K) >

where the maps on direct sums of Z is surjective. By the surjection
T,V H,V

T K = =

im 7, (K, V) imHy (K, V)

which means we have the desired presentation. That is, 7,K is given by the RHS above
which is exactly H, (K).
We are now finished with the proof via a sort of presentation O

We now present some applications. We shall show next lecture that the analogous state-
ment with homology vanishing holds which is called Whitehead’s Theorem.

Example 11.2. We now compute the homotopy groups of genus g compact surfaces m,>,.
By Van Kampen’s Theorem,
g
Tozg =0 & ﬂlZg:(al,...,ag,bl,...,bg:H[ai,bi]:1>.

=1
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We can compute moXi, = ng; where i; is the universal cover. Only fact we need is that
it’s a 2-manifold which is noncompact due to the fact that 7r1/2\; is infinite. By the Hurewicz
Theorem above, we know

T2y = Hy¥y = 0
where the RHS is by Poincaré duality theory:

Z orientable + compact

“If M™ is connected n-manifold, then H,(M;Z) = {0 f not

But then one can reapply the Hurewicz Theorem to deduce that Hni; = Wni\; forn > 3 as
well. That means 7,2, = 0 for n > 3 and to summarize:

g
Toxy =0 & WlEg:(al,...,ag,bl,...,bg:H[ai,bi]:1>. & T2y = 0for n > 2.
i=1
A generalization of these spaces is the following. We write K(m,n) for the Eilenburg-
Maclane space which is definable for any abelian group « for n > 2 and any group 7 for
n=1.

Fact: All Eilenburg-Maclane spaces are unique up to homtopy equivalence and are “atoms
for making up spaces with complicated homotopy groups”.

Example 11.3. If M? is a 3-manifold with infinite 7, trivial m, then M is K(m,1).

The idea of proof is the same as before. Consider the universal cover M3. Then 71 M3 =0
and the Hurewicz Theorem says

7T2]\fz3 = m M3 = 0.
Applying the Hurewicz Theorem,
M = 7r3/]\7[E = ng]\)E =0
by the same idea as in the previous example. Continuing inductive
T M3 = (M) for n > 4.

Next, we show Hurewicz Theorem is true for all spaces. The idea of proof is through
CW-approximation.

Theorem 11.4 (CW-Approximation). Given X, we can find a CW-complex K s.t.
f : K — X which is a weak homotopy equivalence and also inducing an isomorphism
on homology.

Theorem 11.5 (Hurewicz Theorem). A weak homotopy equivalences between spaces
always induces an isomorphism.

Proor. Take a CW-approximation f : K — X, then look at the diagram

o

1st Theqrem
oK ——mX
1st Hurewicz & hX

22nd Theore

which implies A~ is an isomorphism. Here, the 1st Theorem is the statement that f : K — X
is a weak homotopy equivalence and the 2nd Theorem refers to the the fact that f: K — X
a homotopy equivalence. O
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12. Lecture 12: April 22nd, 2022

For today, we shall discuss CW approximation and show that the Hurewicz Theorem is
true for all spaces.

Theorem 12.1 (Theorem A). If X is any space, then we can build a CW complex K and a
map f : K — X which is a weak homotopy equivalence (i.e. it induces an isomorphism on

).

Theorem 12.2 (Theorem B). Any weak homotopy equivalence f : X — Y of spaces induces
an isomorphism on all homology groups too.

The proof of Hurewicz Theorem is done by

A
T, K —— m, X

.|

H K 25 g x

PRrROOF OF A. Assume X is path-connected for convenience.

Define a map f from a point of K° which induces an isomorphism on 7.

Choose generators for 7 (X, z9). One may as well pick all of the elements of (X, xo).
Then K! is a bouquet of circles and f! induces a map on m; which is also an isomorphism
on 7g.

Choose generators for the kernel of (f1), : 7K' — m X. For each one, attach a 2-disk
to K' with a to a null homotopy of f! (i.e. its boundary) in X. Call this K'*. Then (f!T),
is = on my and m;. Now choose generators mo X. Add 2-cells to vertex of K and extend map
to get (f?). surjection on my which is an isomorphism on 7; and 7,. Choose generators for

kernel of (f?), namely
K2 L x
BT /ul’l-homotopic
82

i.e. f20 3 is a boundary of map v : B® — X. Attach a 3-cell to K? for each such element,
with obvious way, to X getting

K5 X
By cellular approximation theorem, adding 3-cells deosn’t change my and 7 K. However,

9 ()«
Mo l(* —— mX
)*

1l 4*

7T2K2+

where the map i, is a surjection by the cellular approximation theorem while (f?*), is a
surjection by the cellular approximation theorem (K2 C K**).

So my K** is some “intermediate” quotient, however we have explicitly killed all elements
of kernel of (f?),, so (f*"). is an 2. Then repeat. O
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Theorem 12.3 (Uniqueness). Any two CW approximation

K D x

A

Ko
are homotopy equivalent in canonical manner.

ProoFr. We had a lemma that said when f; : K7 — X is a weak homotopy equivalence,

(Ko, 1] T [, X

is an isomorphism. Then there exists a [] € [Ky, Ki] s.t. fi o0 ~ f,. Clearly () is a weak
homotopy equivalence, so by Whitehead, () is homotopy equivalence (since K; and K, are
both CW-complexes). O

Proor orF THEOREM B. Use a standard trick of converting f : X — Y into an inclusion
X — Y ~ M; by replacing Y by M. If X — Y, then 7,(X) ~ 7,(Y) means 7. (Y, X) =0
by a LES.

What we must show is that this implies H,(Y,X) = 0. Then also by the LES we
f« : H.X — H,Y being an isomorphism. Suppose [Z, —] is a cycle in C3™9(Y, X) and write

Z := Z—linear combination of singular simplexes with 0z € C,,_1(X) = Z {o: A" = X}.
i€l

There is a geometric representation of n-cycles of n-cycles in Y by “n-dimensional pseudo-
manifolds”.

Definition 12.4. An n-dimension pseudomanifold is a space made by gluing a finite set of
copies of A" by identifying faces in pairs. Given a cycle in C, X, we can choose a pairing up
of the +1 and —1 codimension 1 faces (which must exist because 0z = 0).

If n =1 or n = 2, then a pseudomanifold is a manifold (this is not true for n > 3 can
triangulate a torus and then take a cone). Since a pseudomanifold has a fundamental class
[Z = simplexes| € H,(Z;Z) and we see

H.(2) 3 [.[Z] = [Z] € Ha(X).
O

Consider relative case Z € C,(Y, X) with 0z € C,,_1X can be represented by a pseudo-
manifold with boundary.

Definition 12.5. If X is a space and = € H,(X;Z) is a homology, then x is represented by
amap M™ — X (M"™ = closed oriented manifold) if

f«lM] = X where f,: H,M — H,X
where [M] €,, M is the fundamental class.

There will be more next time!
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13. Lecture 13: April 25th, 2022

Today we discuss the relative Hurewicz Theorem. If (X, A) is a pair of spaces, we
can define a Hurewicz map

hy o (X, A < x0) = Ho(X, A)

which sends [f] to f.([B",S""!]) € H,(X,A). Indeed, H,(B" S"') = Z with generator
[B™, S™ 1.

As usual, the Hurewicz map is a homomorphism whenever it makes sense. In this case
m (X, A) is always a set, m(X, A) is a non-abelian group, and m.(X, A) is always abelian
when * > 3.

Recall that (X, A) acts on all higher homotopy groups . (X, A) for x > 2.

Theorem 13.1 (Version A). If w1 (A, x¢) is zero, then if 7;(X, A) = 0foralli =0,1,...,n—1,
then the Hurewiz map
hy : (X, A, 20) = Hy (X, A)

is an isomorphism.

Theorem 13.2 (Version B). If 7 (A4, z) is nonzero but m;(X, A) =0foralli =0,...,m—1,
then
by : (X, A, 20) — Hy (X, A)
is the coinvariant mapping i.e. the kernel is generated by [f] — [f]*! where [f] € m,(X, A)
and [a] € m(A).
Recall that the coinvariant module for G acting on M is the quotient M/{m? —g:m €
M, g € G}.

We now present some applications. These can be viewed as homological versions of
Whitehead’s Theorem.

Example 13.3. If f : K — L is a map between 1-connected CW-complexes which induce
an isomorphism on homology, then f is a homotopy equivalence.

Proor. By taking the mapping cylinder, we may assume K C L. Then because H, K —
H,.L are isomorphic under f,, the relative homology groups are trivial i.e. H,(L, K) = 0.
Then the relative Hurewixz theorem Version A implies

(L, K, z9) = 0.
So by the LES of homotopy groups, f, : m.K — m,L are all isomorphisms. By Whitehead’s
Theorem, f : K — L is a homotopy equivalence. O]

Example 13.4. If f: A — L is a map of CW complexes which are 0-connected s.t.
(a) f. gives an isomorphism m K = L
(b) which gives an isomorphism on the homology of universal covers,

then f is a homotopy equivalence.

PROOF. We need to explain what (b) says. Let K — K and L — L be the universal covers.

Then we get a composed map K- K LI Since K is simply connected, the lifting
criterion for covering spaces says there is a lifting f K — L.

If ( f)* is an isomorphism on homology, then we can conclude that 7T*(L K ) = 0 by
the previous example. By the LES, mnK — m.L is an isomorphism for x > 2. It is also
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an isomorphism for * = 1 since the fundamental groups are zero. But recall that p, is an
isomorphism for x > 2 where p are the covering maps. Hence,

T K = . K & W*Z = T, L.

Hence, f* being an isomorphism when x > 2 implies f, is an isomorphism for * > 2 and
then Whitehead’s Theorem lets us win. O

Remark 43. The homology of the universal cover of a space is more or less the same as
“taking homology with localcoefficients”.
Here is a fact. Givena module M over the group ring Z[m; X], we can define H,(X; M) =

hi(Cu(X) ®zx,x) M) (in this case, Z[m] acting trivially on abelian groups M recovers
H.(X;M)). Observe that C,(X) is a complex of right Z[m X]-modules.

Example 13.5. We given an application. If M? is a 1-connected 3-manifold, then M ~ S3.

Proor. If ;M = 0 and mgM = 0, we deduce that H;M = 0 since it is the abelianization
of my M. Further, H' = Hom(m M,Z) = 0.

Using Poincaré duality Hy = H! =~ (0 and Hy = H° = Z.

Hence, M is a homology 3-sphere i.e. it has the same homology as S®.

To prove the result, we construct a map M — S or S — M that induces an isomorphism
on homology and apply Whitehead’s Theorem.

To do this, choose a 3-ball B? inside some closed char of M. Then look at the quotient
(draw a picture if need be)

M — M/(M — Int B%) = S5,

The claim is that this induces an isomorphism on Hy and Hs. The fact it does so for Hy is
easy. So the hard part is H3. We use local degrees for this.

Indeed, since this is the quotient map and we do not touch any point inside Int B3, we
know that the local degree is always £1. Since the preimage of any point of S® will contain
only one point, the local degree is always 1. Furthermore, the degree of the map is just £1.
That means the induces map on Hjs is multiplication by +1 which is an isomorphism. [

14. Lecture 14: April 27th, 2022

The whole point of this lecture was to discuss intersection theory. First, we quick review
of simplicial homology. Given a simplicial complex K, we can form C:™?(K;Z). We define
an orientation on a finite set S to be a choice of ordering of elements of S considered up to
even permutation. Hence, there exists 2 orientations on any set (but for the 1-point set, we
require modification). We write C,(K) for the simplcial chain complex and define

Co(K) == & Z ) {7 =—0}

oriented n-simplicies
where @ is the reversed orientation for o. Define
0:Ch(K)— C,1(K)
by the formula

(ag, ..., an)) = Z(—ni(ao, G an)
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and one easily sees that 00 = 0. This gives a chain complex and the homology of this
complex is denoted by H ™ (K).

Fact, H"P(K) = H¢!(K) because any simplicial complex can be thought of as a cell-
complex with simplex-shaped cells.

Fact. Any smooth manifold can be triangulated. That is, there is a homeomorphism to
a simplicial complex. However, for topological manifolds of dimensions n > 4, there are
counterexamples.

For rest of this lecture, we discussed how to view n-cocycles and m-coboundaries as
functions on n-cycles and n-boundaries. We then discussed Poincaré duality as an instance
of counting intersections. Details of this point of view can be found in Hatcher’s Algebraic
Topology Chapter 3.
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15. Lecture 15: April 29th, 2022
See the next four figures 1, 2, 3, 4.

FIGURE 1. Page 1.
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FIGURE 2. Page 2.
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FIGURE 3. Page 3.
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FIGURE 4. Page 4.
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16. Lecture 16: May 2nd, 2022

If D: H(M) — H,_;(M) is the duality map for M" a closed oriented manifold and
PP ()7 are transversely intersecting submanifiolds of M, then

D7P] = D7Q] = D[P NQ)]

where PN (Q is then a p+ ¢ — n manifold which is canonically oriented. The idea is that one
should think with N and prove with —.

The best case occurs when p + ¢ = n. In this case, a transverse intersection counts
precisely #P N (). We seen then that for a submanifold PP, it has a dual in H(M) which
can be interpreted as a function on H,(M) in Hom(H,(M),Z). That is,

D7 [P] = [Q] = #PNQ

where the second map is “count intersections with P”.

Afterwards, we discussed examples in class such as CP™ and T3. Some facts were also
stated.
Fact 1. A complex manifold always has a canonical orientation.
Fact 2. Bezout’s Theorem states that if C;, Cy are degree d;, dy curves in CP?, then if they
intersect transversely, then they intersect d; - do many times.

Definition 16.1. If (M, u) is an oriented closed n-manifold with p a generator of H,,(M;Z),
then f is amphirical if it induces an orientation-reversing self-homotopy equivalence i.e.
f:M— Mist. fo(u) =—p.

Remark 44. If no such f exists, we say M is chiral and so (M, pu) and (M, —p) are
nonisomorphic oriented manifolds.

Theorem 16.2. CP?" is chiral.

PROOF. If f were an amphichiral map, we know f*(a?") = —a?" for a a generator in degree
2. However, f*(a) = £« implies

f*(&2n> — (:|:1)2n0é2n _ Oé2n 7& —042".

It follows that f can only induce the identity in top homology since H**(CP?*") — H'"(CP*")
is the identity. 0

17. Lecture 17: May 4th, 2022
Today we discussed the Fall 2021 Topology Qualifying Exam at UCSD.

18. Lecture 18: May 6th, 2022

Today we discussed some old qualifying exam problems that were given at UCSD.

19. Lecture 19: May 9th, 2022

Today we discussed some old qualifying exam problems that were given at UCSD.

20. Lecture 20: May 11th, 2022

We discussed some old qualifying exam problems that were given at UCSD.
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21. Lecture 21: May 13th, 2022

There is no lecture.

22. Lecture 22: May 16th, 2022

There is no lecture.

23. Lecture 23: May 18th, 2022

There is no lecture.

24. Lecture 24: May 20th, 2022

We discuss fibre bundles. The idea is that we have a family of copies of F' indexed by
some base B.

Definition 24.1. We say F' — E 2 B is a locally-trivial fibre bundle if B is covered by
open sets {U;} s.t.

z-—>U><F

lprOJectlon
Pl-1w;)

is a commutative diagram. We write ¢; for the 1somorphlsrns and we say ¢; is a fibre-
preserving homeomorphism. We say the fibre bundle is globally trivial if £ = B x F.
We say two fibre bundles are equivalent it there is a commutative diagram

B, —— B,
& lpz
B

Remark 45. A bundle comes with transition functions g;; : U; N U; — Aut(F). We call
Aut(F) the structure group.

It is often useful to consider bundles with a restricted structure group to create more
refined structures.

Example 24.2. We could look at an R"-bundle R" — E' — B where g¢;;(x) € GL(n;,R) <
Homeo(R™) which means that the fibres can be equipped with the structure of a real vector
space in a canonical way.

Example 24.3. Covering spaces are fibre bundles where the fibre is a discrete space F'.
The Mobius strip is an R'-vector bundle I x R/(0,z) ~ (1,—z) = /0 ~ 1= 5"
The Hopf fibration is defined by S — S — S2. One can write this down via charts and
get generalizations like
Cc* — C" - {0} —» CP™.
In a similar vein, {1} — S" — RP"™ and S — S — HP! are fibre bundles.
In the case of n = 1, we recover S% — S7 — S*.

Example 24.4. If G is a Lie group and H is a closed subgroup, then H — G — G/H is a
fibre bundle.
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Example 24.5. There are fibrations SO(n) — SO(n+1) — S™ and SU(n) — SU(n+1) —
S+l Also,

Sp(n) — Sp(n + 1) — S**3,

Example 24.6. Steifel manifolds V;(R"( are the space of orthonormal k-frames in R™ acted
on by O(n)( transitively with stabilizer O(n — k).
So there is a fibration

O(n —k) = O(n) — Vi(R").

Example 24.7. Grassmanians G(R"™) are the space of k-dimensional subspaces of R™.
There are fibrations

O(k) = Vix(R™) — Gi(R™) & O(k) x O(n — k) — O(n) — G(R").
Example 24.8. Letting n — oo in the Hopf fibration example,
{1} —» 5 — RP™
is a fibration. Other examples are
St — §%° — CP™ & S3 — 8% — HP™.
In some sense, fibration are a homotopy version of fibre bundles.

Definition 24.9. Let p : £ — B be called a fibration if it satisfies the homotopy lifting
property (HLP) for all spaces Z. That is, given H : Z xI — B and alift Hy : Zx {0} — E,
then there exists a lift H : Z x [ — E extending Hy.

Example 24.10. There are examples of fibrations which are not a fibre bundle. For instance,
take a right triangle in the plane’s first quadrant and project to the corresponding interval
on the real line.

Theorem 24.11. Any fibre bundle has the HLP for CW-complexes. This is technically
called a Serre fibration.

PrROOF SKETCH. The trivial fibre bundle certainly has the HLP — even in a relative situation
where we're given a lift on A x I for some A C Z (uses HEP). Then use a cell-by-cell lifting
argument. 0

Example 24.12. The path fribation can be defined as follows. Let (X, xy) be a based

space. Let P, X = {paths I & X starting at z}. The projection p maths that path to its
initial point.

This has fibres at xy given by {2,,X. This is a fiirbation because of an explicit lifting
formula.

Theorem 24.13. Let FF — E — B be a fibration. Then there is a LES of homotopy groups

7] 7]
...—>7Ti+1B—>7TiF—>7TiE—>7TiB—>7TZ‘,1F%....

The proof of the theorem can be found in Hatcher.
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25. Lecture 25: May 23rd, 2022
Theorem 25.1. If FF — (E,eg) — (B, by) is a fibration, then there is a LES

1s]
...%WZ'F—>7T1'E—>7TZ'B—>7T¢_1F—>...%WQF.

PRrOOF. See Hatcher’s textbook. The proof itself is focused on showing that 7,, B isomorphic
to the relative homotopy group. 0

We state some consequences.

(1) mFE = mB for i > 2 when F — B is a covering map.

(2) S' — S3 — S? induces an isomorphism 7;5% = ;5 for all i+ > 3.

(3) St — S§?t1 — CP"™ induces an isomorphism m;S?"*1 = 7,CP". In particular,
S22 m CP™ = Z. Letting n — oo, we get the fibre bundle

Sl §° 5 CP>

and since S* has trivial homotopy from the LES, we deduce that it is contractible
by Whitehead’s Theorem. Furthermore, we know that m;CP> = Z iff : = 2 and is
zero elsewhere. Therefore, CP* is an Eilenburg-Maclane space i.e. K(Z,?2).

(4) m;O(n) stabilizes for large n because O(n) — O(n+1) — S™ which means m;0(n) =
mO(n + 1) for large n.

A natural question is to ask what occurs at n = oo and if there is a space with
such homotopy groups. Additionally, what would happen if we replaced O(n) by
U(n). The answer to these questions are encoded in Bott periodicity which one
can read about in Hatcher’s Algebraic Topology.

(5) A fibration with contractible fibres is a weak homotopy equivalence. If E and B
CW-complexes, then one gets an actual homotopy equivalence.

Lemma 25.2. The fibre’s of a fibration are all homotopy equivalent.
ProOOF. See Hatcher. The proof itself was also sketched in class. O

The lemma allows us to define an action m (B, by) on Fy, as a group of self-homotopy
equivalences. So we get an induced map (B, by) acting on H,(Fy,). In some sense, “fibra-
tions are a sort of local system”. Some may write H,(B; H.(Fy,)) for the homology with this
module structure. In particular, it is defined by H,(C,(B ®zr 8] He(F)).

Let us discuss functoriality. Fibre bundles on a family of objects parameterized by a
base space B are naturally contravariant. Let f : X — B be a morphism. We can form a

pull-back
f*B—— FE

b

via f*B = {(x,e) : f(x) =p(F)} € X x E. We mention some properties about pull-backs,
but do not prove anything.
(1) The pull-back of fibre bundle is also a fibre bundle f*F — X and similarly the

pull-back of fibrations is also a fibration.
(2) The restriction is also a pull-back i.e. if i : A — B, then i*E = F| 4.
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(3) Pull-backs tend to make bundles less “twisted” in a sense. Think of the M&bius
strip as a fibre bundle over S! and the map f : S' — S! given by 2z 2.

(4) Pull-backs are homotopy invariant. That is, for fy ~ f1, then ffE ~ ffE is a
fibre-wise homotopy equivalence.

(5) As a consequence of (4), any fibration over a contractible space is trivial i.e. ~ BXxF.

For the next lecture, we shall discuss homotopy fibres.

26. Lecture 26: May 25th, 2022

Today we discuss the homoitopy fibre. Recal that the process of taking quotients is not
a homotopy invariant concept.

The solution was to use the mapping cylinder. Given f : X — Y, we can replace Y by
the mapping cylinder My so that X — My and Y ~ M;. Since X — My as X, we can
take the quotient M/ X, which call the mapping cone. This is a homotopy invariant object.
Indeed, if f ~ f’, then My/Xy ~ M /Xo. This is somehow the correct notion of a cokernel.
The dual concept is called the homotopy fibre.

Definition 26.1. The homotopy fibre replaces the concept of a kernel. In general, fibre’s
may vary a lot. To define it, take

Y = free space {paths v: I — Y}

which is a fibration over Y in two ways. We can have 7 — ~g or v+ v for pY — Y.
Let Pf be defined as the pullback where f: X — Y

Pf—>pY

[

x L sy

Observe that Py — X is a homotopy equivalence. One can define it via the shortening
of paths. The map Py — Y given by (z,7) — 7 is a fibration. So there is a homotopy
commuting triangle

x Jy
] A
Py

and here, evy is the evaluation at 1 map. The evaluation at 1 map is a replacement for
f: X =Y similar to how My replaces f : X — Y which is firbation. The homotopy fibre
is then then preimage of the basepoint of Y i.e.

Fr={(z,v: f(z) = )}

Example 26.2. If X is a point and f : X < Y maps X to yo, then Fy =, Y is the loop
space based at yq.

It is not hard to check the following facts.
(1) If ¥ “ED (B, bg is a fibration, then the homotopy fibre F}, is homotopic to F.
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(2) The homotopy fibre F; in (1) is homotopic to €2, B. Hence, for a fibration, we get
a sequence of spaces

.= QF QB —~F, —>F —F— B

where F; >~ (B and I’ ~ F,. On the other hand, each space on the LES is the
homotopy fibre of the map on the RHS and this always defines a firbation.
This sequence above is called the Puppe sequence.

We can generalize the Puppe sequence as follows. Given any mapping f: X — Y,

LSO QX S QY 5 Py X LY
This is a sort of exact sequence which is made precise in the next theorem.
Theorem 26.3. If Z is a space, then applying [Z, —] to the sequence gives an exact sequence
= 2, = [Z,F| = [2,Y] = [Z,X] = [Z2,Y]
where each set is a pointed set so exactness is defined in the usual sense for sets.

PROOF. Omitted. See Hatcher’s Algebraic Topology. This was covered in class, but is not
included in these notes. U

Remark 46. In the special case of Z = S°, we get the usual LES of fibrations.

Let us discuss the dual notion. First, we define a cofibration and proceed to construct
the dual notion of the homotopy fibre.

Definition 26.4. A mapping A — X is a cofibration if the HEP is true i.e.
AxTUr X x {0} 25 X x1TI

Z

Any map can be converted into a cofibration via the mapping cylinder. So any map f : X —
Y has a cofibration X — Y — (' given by the mapping cone.

Suppose we iterated this construction. Then we get

XLy 5o, 58X 50y 550 — .

and this also gives an exact sequence when we apply [—, Z].

Now we discuss a bit of obstruction theory. Our goal for now is to explain why one is
interested in obstruction theory. Recall that H*(X;7) is an abelian group. It is the natural
to study the behavior of these cohomology groups since

H*(X,7) = [X, k(m,n)].

The basic problem is study the extension problem for for CW-pairs (X, A). We are interested
in the extension
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When does f exists? An obvious idea is to try and extend the map A along the cells of
X — A one at a time. Obviously, one can get an extension on the 0-skeleton. But once one
gets to the 1-skeleton and beyond, there are technical issues.

Let’s do this inductively. Suppose we extended f to X" U A — Y. Then to extend over
(n+ 1)-cells of X — A, we want to associated some object to control when this is permitted.
For ease, let’s assume m(Y) acts on 7Y as the trivial action so we can ignore basepoints.
We will define an obstruction cochain

c(fn) € Cfefll(X, A;m,Y)

which we will prove it controls the existence of the extension. We shall see this next time!

27. Lecture 27: May 27th, 2022

Recall that the basic problem we wanted to solve was on how to extend maps for CW-
pairs. Let (X, A) be a CW-pair and f : A — Y be a map. When can we extend to
f: X — Y? Assuming f has extended to f,, : X" UA — Y, one can define the obstruction
cochain

o(fn) € CHHNX, A;m,Y)
which measures our ability to extend over the (n + 1)-cells of X — A.

(1) e(f,) is always a cocycle,

(2) if f, and g, are different extensions X™ U A — Y which agree on X" ' U A —
Y, then they define a difference cochina d(f,,g,) € C"(X, A;m,Y) which satisfies
0(d(fns gn)) = c(fn) — c(gn),

(3) the class [c(f,)] € H"™ (X, A; 7,Y) vanishes iff f,, can be changed on X™U A relative
to X" U A s.t. it extends to X" U A,

(4) for the homotopy problem, if fy, f; are the two functions X — Y homotopy on
A C X, then we can define a sequence of classes in H"(X, A; 7,Y) whose avanishing
controls the extension of homotopies on X" ' U A to X™ U A relative to X" 2 U A.

Using this, one can show that if M" is a closed orientable n-manifold, then the
homotopy classes are isomorphic to Z via the degree map i.e. [M", S"| = Z.

To prove this, consider the obstruction to making M"™ — S™ nullhomotopic. The
primary obstruction lives in H"(M;m,S™) = H"(M;Z) = Z. This vanishes iff one
can chance the homotopy at the previous stage so that it extends.

We now discuss Eilenburg-Maclane spaces. Let K(m,n) be an EM-space which is also
a CW-complex. One can construct K (m,n) as follows. Take a single 0-cell. Attach n-cells
and (n + 1)-cells so that there is an isomorphism between the nth homology and 7. By the

Hurewicz Theorem, m,(X) = 7 and then we kill all higher homotopy groups by attaching
cells of dimension > n + 2.

Lemma 27.1. K(7m,n) is unique up to homotopy equivalence.

Proor. If X := K(m,n) maps over X to Y := K(m,n) on the (n + 1)-skeleton so that we
get an isomorphism on H,, and hence, an isomorphism on 7,,. Extend the map to the (n+2)-
skeleton because the obstruction lives in H" (X ; m,41(Y)) = H""(X;0) = 0. Similarly, all
higher dimensions vanish and we get a map. This map induces an isomorphism on m,. By
Whitehead’s Theorem, we are done. O
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Similarly, we can show [X, K(m,n)] = H"(X, 7). So H"(—; ) is a representable func-
tor represented by Hompy,, (—, K (m,n)). One does the proof by consider the obstruction to
making f : X — K(m,n) null-homotopic. The first obstruction lives in H™(X, m, (K (7, n)) =
H™(X, 7). Also, there are no higher obstructions because they sit in H""( X, mj~, (K (7, n))) =
0.

Remark 47. In fact, obstruction classes are natural. Given (Z, B) % (X, A) ER Y, then
HY (7, B, m,Y) 5 o(f 0 g) = g"clf) € g"H" (X, A, m,Y).

Also, there exists what is called a fundamental class ¢ € H"(K (7, n); 7) which is the obstruc-
tion to being ~ to the identity of K (m,n). We can view ¢(f) for X — K(m,n) as ¢(f) = f*c
for X — K(m,n) because X EN K(m,n) < K(m,n).
Remark 48. [K(m,n), K(n',n)] = Hom(m,n’) illustrates the functoriality of EM-spaces.
More generally, the Yoneda lemma says

[K(m,n), K(7',n)] = H*""Y(K (7, n);7") = Nat(H"(—, 7), H"(—, 7).

Such things are called cohomology operations. Another example of a cohomology op-
eration is the map a — o? for a € H"(X) — H?*"(X). It corresponds to an element of
H?*(K(Z,n);Z).

From these observations, one sees that H*(K (m,n)) are quite important for understanding
topological operations and complicated.

28. Lecture 28: June 1st, 2022

Omitted. This lecture and the next lecture are omitted from these notes because they
covered spectral sequences and their applications. The lectures are not exactly easy to type
notes for. A useful reference is A User’s Guide to Spectral Sequences.

29. Lecture 29: June 3rd, 2022
Omitted.
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CHAPTER 4

Exercises: Algebraic Topology by Allen Hatcher

ABSTRACT. All exercises in this section are taken from Hatcher’s Algebraic Topology version
as of January 24th, 2022.

1. Chapter 0

Hatcher Chapter 0, Problem 2. Construct an explicit deformation retraction of R™—{0}
onto S"1

PRrOOF. Define H(z,t) := (1 —t)z + ty7; which is a map (R" —{0}) x I — R" — {0}. This
map is clearly continuous. Now, we check that this is a deformation retraction (with Zhouli’s
definition, this is called a strong deformation retraction):

(1) H(z,0) = (1 —0)x + 0% =z for all z € R™ — {0};

[l

2 H(x,l):(l—l)x+1”%‘:”i—”€51 for all x € R" — {0};
(a,l):”%H:aforallaeSl;

(a,t) = (1 —t)a+t:% = (1 —t)a+ta = a for all a € S*.

llall

Hatcher Chapter 0, Problem 3(c).

(a) Show that the composition of homotopy equivalences X — Y and ¥ — Z is a
homotopy equivalence X — Z. Deduce that homotopy equivalence is an equivalence
relation.

(b) Show that the relation of homotopy among maps X — Y is an equivalence relation.

(¢) Show that a map homotopic to a homotopy equivalence is a homotopy equivalence.

PROOF. (c) Let f : X — Y and g : Y — X be a homotopy equivalence for X and Y.
Let h ~ f be a map homotopic to the homotopy equivalence. We shall show that h, g is a
homotopy equivalence for X and Y as well.

First, show goh ~ idx. Let H(z,t) be the homotopy between f and h with H(z,0) = h(x)
and H(z,1) = f(x). The homotopy go h ~ go f is given by

go f(x) t=1
(4) G(z,t) =< g(H(xz,t)) 0<t<l1.
goh(x) t=20

This map is continuous since g(H(x,t)) is a composition of two continuous functions with
g(H(x,0)) = g(h(z)) and g(H(z,1)) = g(f(z)). But homotopy is an equivalence relation for
maps so

(5) goh~gof~idy = goh~idy.

158
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Next, h o g >~ f o g since we have a homotopy

fogly) t=1
(6) F(y,t):==q H(gly),t) 0<t<1
hogly)  t=0

Again, the map H(g(y),t) is continuous in y since it is a composition of continuous functions,
H(g(y),0) = hog(y), and H(g(y),1) = fog(y). Finally,

(7) hog~ fog~idy. = hog=>~idy.
0

Hatcher Chapter 0, Problem 9. Show that a retract of a contractible space is con-
tractible.

PROOF. Let r : X — A be a retract of a contractible space X. A space X is contractible iff
idx ~ C,, where C,, is a constant map. From Hatcher Exercise 0.12, we can deduce that
a contractible space is path-connected. So we may take o € A. Let G : X x I — X be
a homotopy from idy to C,,. We claim that H(a,t) := G(r(a),t)) : Ax I — A is gives a
homotopy id4 ~ C,, and so A is contractible. Indeed,

(1) for all a € A, H(a,0) = G(r(a),0) = idx(r(a)) = id;

(2) forall a € A, H(a,1) = G(r(z),1) = Cyy(r(a)) = xg = Cyy;

(3) H(a,t) is continuous because r(a) and G(a,t) are.

Remark. This exercise can be used to show that there is no retract of D? to S* its boundary.
Indeed, D? is a contractible space while S is not a contractible space. This gives another
proof of the second part of Theorem 1.9 in Hatcher’s textbook.

Hatcher Chapter 0, Problem 10. Show that a space X is contractible iff every map
f X =Y, for arbitrary Y, is nullhomotopic. Similarly, show X is contractible iff every
map f :Y — X is nullhomotopic.

Proor. We start with a result stated in class that was not proven.
Lemma: A space X is contractible iff idy is null-homotopic.

PROOF. (= ): If X ~ {x}, there exist a homotopy equivalence f : X — {x}, g : {x} — X.
So go f ~ idy. Observe that g o f maps X — {x} — = € X where g(x) = z and so
im(g o f) = {x}. Thus, go f is the constant map C, : X — X and go f ~ idy implies
idX ~ Cx

( < ): Ifidx is null-homotopic, idx ~ C, for some z and C, : X — X a constant map. Let
f: X — {2} be the constant map onto {z} and g : {z} — X be the inclusion map. These
are continuous. Clearly, f o g = idy, so f o g ~idgy. On the other hand, go f: X — X is
the constant map because for all y € X,

gofly) =g(x) =z = Caly).
But then go f = C, ~idx. So f, ¢ is a homotopy equivalence and X is contractible. O
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We now proceed to the proof of the exercise.

First Statement: ( = ): Let X be contractible. We know idx ~ C, for an x € X and
suppose it is given by a homotopy F'(s,t) where F'(s,0) = idx(s) and F(s,1) = C,(s). Let
f: X — Y be amap with Y arbitrary and so,

(8) fxfoidx >~ foC,
where the last homotopy H(s,t) : X x I — Y is given by
(9) H(s,t) = f(F(s,1)).
Indeed,

H(s,0) = f(F(s,0)) = f(idx(s))
H(s, 1) = f(F(s,1)) = [(Ce(s)).
But we observe that foC, : X — Y is a constant map since
(10) X —={z}>Y is given by s+ x — f(x) where s € X is arbitrary.

That is, f o Uy = Cf(z). So, f is nullhomotopic from 8

(<= ): Let Y := X and f be the identity map idx : X — X. Then idx is nullhomotopic
and we know that this is equivalent to X being contractible by the lemma.

Second Statement: ( = ): If X is contractible, idx ~ C, for an x € X and assume
the homotopy is given by F(s,t) s.t. F(s,0) = idx and F(s,1) = C,. Let f : Y — X be
arbitrary. Then,

(11) feidgof~Chof
where the last homotopy G(s,t) : Y x I — Y is given by
(12) G(s,1) = F(f(s),1).

Indeed,

G(s,0) = F(f(s),0) = idx(f(s))
G(s,1) = F(f(s),1) = Ca(f(s))-

Now, observe that for L, : Y — X being the constant map to =,

Colf(s)) = 7 = La(s)

for all s € Y which means C, o f = L,. So, f is nullhomotopic.
(<= ): Take Y := X and f : Y — X to be the identity map. Then idx is nullhomotopic.
Our lemma implies X is contractible. [l

Hatcher Chapter 0, Problem 12. Show that a homotopy equivalence f : X — Y
induces a bijection between the set of path-components of X and the set of path-components
of Y, and that f restricts to a homotopy equivalence from each path-component of X to
the corresponding path-component of Y. Prove also the corresponding statements with
components instead of path-components. Deduce that if the components of a space X

coincide with its path-components, then the same holds for any space Y homotopy equivalent
to X.
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PrROOF. Lemma 1. Every path connected subset of X is contained in a unique path
component.

Proof of Lemma 1. Let P be a path connected subset. Suppose there were two path
components (), R containing P. Then @) U R is path connected and it contains ). By
maximality, @ U R C @ and this implies R C ). Interchanging ) and R gives Q C R
and so Q) = R. For existence of a path component, we define C' to be the union over all
path-connected subsets of X which contain P. Then C' has the desired properties.
Definition. Let B(X) denote the set of path components of X. Let P € B(X). Then,
there exists a path component @ s.t. f(P) C @ € B(Y). We define f, : P(X) — P(Y) by
P — @ and this is well defined because if P is path-connected, then so is f(P) and every
path-connected set is contained in a unique path component.

Lemma 2. We show (g o f). = g« o f.

Proof of Lemma 2. If P € P(X), Q = f.(P), and R = ¢.(Q), then g, o f.(P) = R.
Now, f(P) is contained in the path component ) and g(f(P)) C g(Q) C R by definition of
9+(Q) = R. Since every set is contained in a unique path component, (go f).(P) = R. This
shows (g o f). = g« o fu.

Lemma 3. We show that homotopic maps induce the same maps on path components.
Proof of Lemma 3. Let f: X — Y and h : X — Y be homotopic maps with homotopy
H(s,t) st. H(s,0) = f(s). Let P C X be a path-component. Then, P x [ is path-
connected and H (s, t) being continuous means H(P x I) is a path-connected subset of Y.

So, it is contained in a path component ) € PB(Y). Lemma 1 and the definition implies
f«(P) = g.(P) because

f(P) = H(P x{0}),g(P) = H(P x{1}) C H(P x I) € Q.

Proof that homotopy equivalence induces bijection on path components. If g :
Y — X is s.t. f, g is a homotopy equivalence, we have a map g. : P(Y) — P(X). To prove
that f induces a bijection between path-components, we need to show that f,og, and g, o f.
are the identity. We get

Lemma Lemma . Lemma Lemma .
g*of* - 2(gof)* - 3(1dX)>k & f*og* - 2<fog>* - 3(1dY)*

The fact that identity maps idx induce the identity map (idx ). : PB(X) — P(X) on the set
of path components finishes the proof.

Let P be a path component of X and @ := f.(P). Consider the restricted maps f|p :
P — @ and g|g : Q@ — P which are well-defined and continuous (well-definedness follows
from our work above). Then,

flpoglo~ide &  glgo flp ~idp.

Proof that homotopy equivalence induces bijection on components. The idea of
proof is essentially the same as for the case with path components. We generalize our
lemmas. First, it is a standard result of point-set topology that every connected subset of
X is contained in a unique connected component. Let (X)) denote the set of components
of X. Then define f*: Q(X) — Q(Y) in the same manner as f. except we replace “path-
connected” with “connected” and “path component” with “connected component”. The
same method of proof shows (g o f)* = g* o f*. The same proof of Lemma 3 holds as well
because the product of any family of connected spaces is also connected. Then, (¢* o f*) =
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(idx)* and (f* o g*) = (idy)* implies that there is a bijection Q(X) — Q(Y) since idx
induces the identity map (idx)* on Q(X).

Last Statement. Suppose path-components of X coincide with components and consider
diagram.

Q(X) —% P(X)
Al ol
Q(Y) BY)

The maps f,oidog* : Q(Y) = P(Y) and f*oidog, : P(Y) — Q(Y) are bijective. We chase
around this map to confirm that a component C' is mapped to a path component which is
C. Following f* oid o g,,

C' a component of Y — ¢(C') C D a component of X — ¢(C) C D a path component of X
— f(D) C E a path component of Y.

Essentially, the map sends C' to the unique path component of Y that contains C' since
(f og)* = (idy)*. That path component £ must be C' because if not, C' C E and F is
connected which contradicts C' being a component. Thus, C' being component implies it is
also a path component. Since f,oidog* is a bijection and f,oidog*(C') = C for all C' € Q(Y'),
we conclude Q(Y) = B(Y). So path components and components of Y coincide. O

Hatcher Chapter 0, Problem 14.

PRrROOF. Construct the cell structure inductively. Since we know v — e 4+ f = 2, it is clear
that v + f = e + 2 so induct on e. Alternatively, draw any connected graph on the sphere
and include the unbounded region once as a face.

[Incomplete] O

Hatcher Chapter 0, Problem 16.
PROOF. O

Hatcher Chapter 0, Problem 20. Show that the subspace X C R? formed by a Klein
bottle intersecting itself in a circle, as shown in the figure, is homotopy equivalent to SV
Stv s2,

PROOF. See figure 1. We give a rough justification as to why each of the steps is a homotopy
equivalence. First, we note that the Klein bottle is immersed inside R? so the first homotopy
is valid. Indeed, we would just shrink the region around the circle of intersection to a point. It
is also valid for us to shrink the tube into a line in the second step because of this immersion.
The second to last step follows by just moving the end points of the line segment inside the
Klein bottle. 0J
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[

FIGURE 1. A series of homotopy equivalences that give the desired homotopy
equivalence X ~ S'v S1v S§2. It is happy.

Hatcher Chapter 0, Problem 21. If X is a connected Hausdorff space that is a union of
a finite number of 2-spheres, any two of which intersect in at most one point, show that X
is homotopy equivalent to a wedge sum of S'’s and S%’s.

PROOF. We shall show X has a natural CW complex structure (see the very end of this
proof). We shall also use the result regarding collapsing subcomplexes on p.11 of Hatcher
without comment

First, let Xy be the disjoint union of 0O-cells and there is one designated for each sphere.
Then, for every pair of spheres that touch at one point, attach a 1-cell connecting their
respective O-cells. Then, attach 2-cells to each point to get the spheres. This gives a space
which we call Y. Now, by contracting the 1-cells of Y, we obtain the space X. See figure 2
for an example with three 2-spheres each touching each other at least once.

Now, to obtain the desired homotopy equivalence (also pictured in figure 2), look at the
underlying skeleton consisting of only the 1-cells and O-cells. This is a graph and it is a
connected graph because our space X is connected. For every cycle with k£ points in the
graph, we have a homotopy equivalence of the corresponding spheres with 1-cells connecting

them to the wedge sum S* Vv (\/f:1 SZ>.

After, we may remove the cycle, add a point in place of it, and any edges not in the cycle
but was touching a point removed is attached to this new single point. Then repeat this
again with another cycle if there still exists a cycle in the graph.

As there are a finite number of spheres, this process removes all cycles in the graph. This
new space is homotopy equivalent to X, but it is also just connecting a finite collection of
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wedge sums of S! and S? via 1-cells. Contract all of the 1-cells and we get a new space that
is just a wedge sum of S'’s and S?’s. See figure 3 for a visual of what we have done.

F1GURE 2. The horizontal arrows demonstrate the process by which we con-
struct X when X is the union of three 2-spheres touching a single point. If we
follow the proof, then the cycle in the graph second to the left is replaced by
a single point.

FIGURE 3. A demonstration of the final step of the proof. After removing
all of the cycles, we have remaining a bunch of wedge sums of S'’s and S%’s
which are connected by a 1-cell. Our graph visual is that we just the graph
with three nodes and two edges. Contract the 1-cells represented by the edges
to get the desired homotopy equivalence.

Now we actually show that X has a CW complex structure. This requires Proposition A.2
of Hatcher (on p. 522) and this is where we use X Hausdorff. The maps are: @, : D2 — X
which map onto the intersection points, ®g : Dé — X which map onto bands that connect
the intersection points where two spheres meet, ®., : D> — X map onto the 0-cells. In this
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case, each of these maps restrict to a homeomorphism of the interior of the disk onto the
image. Furthermore, each of the cells are disjoint and their union is certainly X. For each
cell e}, ®,(0D}) is contained in a union of a finite number of cells (in particular, at most
two). Finally, a subset X is closed iff it meets the closure of each cell of X in a closed set
because the topology on X is the one induced by the topology on the 2-spheres. 0

2. Section 1.1

Hatcher Section 1.1, Problem 1. Show that composition of paths satisfies the following
cancellation property: If fo-go ~ f1 - g1 and gg >~ ¢ then fy ~ f;
PROOF. From hypothesis, fo =~ fo-go- 90~ f1- 9190 = f1- 9o 9o = f1. O

Hatcher Section 1.1, Problem 2. Show that the change-of-basepoint homomorphism ),
depends only on the homotopy class of h.

PRrooOF. This is immediate from definition. If h ~ A’, then we find that
Bulfl = Bwlf] <= [h-f-hH = -f-NW] < [h-f-h-[I'-F W] =[C]

But as h ~ k', we know that h and A’ cancel. So we have iff [h- f - f - k| = C,. This is
clearly true. 0

Hatcher Section 1.1, Problem 3. For a path-connected space X, show that 7 (X) is

abelian iff all basepoint-change homomorphisms [, depend only on the endpoints of the path
h.

PROOF. ( = ): Assume m(X) is abelian. We wish to show that 5, = [, whenever

xo = h(0) = A'(0) and 7 := h(1) = W'(1). Let [f] € m (X, zo) be arbitrary. Then

Bullf) = Bu(lf) <= [h-f-D=W-f-WemXm) < [ RN f W] =[L]
s [ f b T T = (L]

where Ly, : I — X is the constant loop at xz;. We will prove this last equality. Since,

[f - h-R] and [f] are loops based at xq, and m (X, o) is abelian,

[f b0 fl=[f-f-h-N).
Therefore,
o-f-h-W-f-Rl=[h-f-f-h-W-W=[h-h-W-N =[] H=L]

( < ): Assume [}, depends only on the endpoints. Let [f],[g] € m1 (X, x¢) = m(X). We
need [f-g] = [g- f]. Since f is a loop based at xy, and the base-point change homomorphism
B+ m(X,x0) — m(X,20) only depends on the endpoints, 3y = fBr, where Ly, is the
constant loop at xy. Then,

9] = Br.,(l9]) = Bs(la) = [ -9~ f].
Then, multiplying on the left by [f] gives
[f -9l =1lg- 1]

Thus, m1(X,x0) is abelian and path-connectedness says m1(X, o) = m(X). So, m(X) is
abelian. ]
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Hatcher Section 1.1, Problem 4 A subspace X C R”" is said to be star-shaped if there
is a point xy € X such that, for each x € X, the line segment from zy to x lies in X. Show
that if a subspace X C R" is locally star-shaped, in the sense that every point of X has
a star-shaped neighborhood in X, then every path in X is homotopic in X to a piecewise
linear path, that is, a path consisting of a finite number of straight line segments traversed
at constant speed. Show this applies in particular when X is open or when X is a union of
finitely many closed convex sets.

PROOF. FEvery path is homotopic to a piecewise linear path. Let v : I — X be a path in
X. At v(0), choose a star-shaped open set Uj. Then choose the supremum ¢, € I such that
v(to) € Up. Then use a straight line homotopy to deform the part of v in Uy to a straight
line from v(0) to v(tp). Now do the same process at ty. Since the unit interval is compact,
~(I) is compact which means this process terminates i.e. are only finitely many straight line
segments.

This holds for X open or X a union of finitely many closed convex sets. The result clearly
holds for when X is open since every point has an e-ball around it which is necessarily star-
shaped. Meanwhile, if X is union of finitely many closed convex sets, every x € X lays in
one of the convex sets C; which is then star shaped. Then z € int(C;) clearly gives the result
so we deal with the case where x is a boundary point. In this case, take B.(z) N C; to be
the desired neighborhood. 0

Hatcher Section 1.1, Problem 5 Show that for a space X, the following three conditions
are equivalent:

(a) Every map S* — X is homotopic to a constant map, with image a point.
(b) Every map S — X extends to a map D* — X
(c) m (X, z0) =0 for all 5 € X.

Deduce that a space X is simply-connected iff all maps S' — X are homotopic. [In this
problem, ‘homotopic’ means ‘homotopic without regard to basepoints’.]

PROOF. Throughout this proof, we shall write 2™ to mean the map ¢ — (cos(27t), sin(27t)).
This is for convenience and there is a homeomorphism between the circle in C and the circle
in R? so formally, we have not committed any fallacies.

(a) = (b): Let f:S' — X be homotopic to a constant path C, : S* — X with homotopy
H(s,t) given by H(s,1) = f(s) and H(s,0) = C,. Elements of D? can be viewed in terms
of polar coordinates (r,6) with |r| < 1 and 0 < 6§ < 27. We define a map F : D* — X given
by

Cp(re®) r=0 C(0) r=0
(13) F(r,0):= H(re®r) 0<r<1={H(re?r) 0<r<1
f(re?) r=1 f(e) r=1

We check that this map is well-defined and is the desired map. In particular, C,(re) is
always fixed, F'(r,0) = F(r,2n) for all r, and F(r,0)|s: = f. The first condition is clear
since Cy(re?) is a constant map. The second condition follows from how re?™ = re% and
so, F(r,0) = F(r,2m). The third condition is clear by F(r,0)|s1 = F(1,0) = f(e%).

(b) = (c): Given g € X. Let £: I — X be aloop in X s.t. £(0) = z5. We show ¢ ~ C,,.

Let £ : S' — X be given by £(¢*™) = ((s). Then, (b) extends ¢ to an L : D> — X which we
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denote by L(r,0). Define
(14) L(t,s) =: H(*™,t): S* x [ - X.

Then, H(e*™**,0) = L(0, s) which is a constant map S — X. Let x; be the image of L(0, s)
s.t. H(e*™*.0) = C,. Also,

H(e™ 1) = L(1,5) = [&).

Now, H : S* x I — X is a continuous map which gives a homotopy (~ C,. Furthermore,
the map L(r,0) : I — X gives a path from z; to zy so that means (X, x¢) = m (X, 1):

LO0,0) =21 &  L(1,0) = £(e*™) = {(0) = .

Define L, : I — X by L,,(s) = xy forall s € I. Then ¢ ~ L,, by defining G(s,t) : IxI — X
by G(s,t) = H(e*™* t) which gives a homotopy. Indeed, H and s — €™ continuous means
G(s,t) is continuous, and G(s,0) = L,, and G(s, 1) = £(e2™*) = {(s).

Therefore, ¢ ~ L,, ~ L,, which means [¢(] = 0 inside 7 (X, z¢). Since ¢ was arbitrary,
T (X, l‘o) =0.
(c) = (a): Let f:S' — X be amap. Let f: I — X where f(t) = f(¢2™) and this is
continuous since it is a composmon of two continuous maps. Let zp := f((1,0)) and since
(X, z0) = 0, we deduce that f ~ L,, where on I — X is the constant loop at z.

Define L : S — X by on( ) = L(e*™) and since L,, is a constant map, L is constant and
continuous. We claim

ft)~L,, = [~ Ly,.

Indeed, if H(t,u) is a homotopy between f(t) and Ly, s.t. H(t,0) = f(t) = f(e*"*) and
H(t,1) = Ly, = Ly, (e*™), the map G(e*™ u) := H(t,u) is a homotopy between f and L.
Thus, f is homotopy to a constant map.

We observe that X is simply-connected iff X is path connected and m(X) = 0 iff X
is path connected and all maps S' — X is homotopic to a constant map with image a
point. We show this last statement is equivalent to the statement that all maps S — X are
homotopic.
(= ): Let f:S'"— X and g : S* — X be a pair of maps. Then f ~ C, and g ~ C,
for points x, 2’ € X. Since X is path connected, there is a homotopy between C, and C,.
Indeed, let ¢ : I — X be a path from z to 2’ and Cyy : S' — X given by mapping of all S*
to ¢(t). Then, H(s,t) = Cy) is a homotopy between C, and Cy.
( <= ): Assume all maps S* — X are homotopic. Let x,2’ € X and C, ~ C, is given by
a homotopy H(s,t) = fi(s). Then f;((1,0)) : I — X is a path in X with fy((1,0)) = 2 and
f1((1,0)) = 2’. Thus, X is path-connected.

Let f: S — X be an arbitrary map. Let C, : S* — {#} C X be a constant map. Then
f ~ C,. Thus, m(X) = 0. O

Hatcher Section 1.1, Problem 7. Define f : S'x I — S' x I by f(0,s) = (0 +27s,s), so
f restricts to the identity on the two boundary circles of S x I. Show that f is homotopic
to the identity by a homotopy f; that is stationary on one of the boundary circles, but not
by any homotopy f; that is stationary on both boundary circles. [Consider what f does to

the path s — (g, s) for fixed 6y € S1.]
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PROOF. Take the homotopy fi(0,s) = (6 + 2mst,s). This fixes the circle S* x {0}. Now
there is no homotopy that fixes both circles. Let v : I — S* x I be the given by s — (6, s).
Suppose f; is a homotopy from fy = idgi«; and f; = f. Then,

() T — SYx I, s+ (0 + 27s, s) & fo(y): T = S*x I, s+ (6, 5).

So the homotopy must give a path connecting (6 + 27s, s) to (g, s) for all s. For some
0 < s’ < 1, we would need to connect the points (6y + 275, s") to (g, s') via f;. O

Hatcher Section 1.1, Problem 8. Does the Borsuk-Ulam theorem hold for the torus? In
other words, for every map f : S* x ST — R? must there exist (z,y) € S x S! such that

f(l',y) = f(—.’li, _y)?

PRrROOF. No. Consider the map f : S' x S* — R? that maps onto the annulus in the xy-
plane. Visually, one can imagine this as flattening the torus. It is clear that there is not
anitpodal point that maps to the same point. Indeed, (z,y) and (—z,y—) would lay in a
different quadrant of the annulus (here quadrant refers to the usual four quadrants in the
xy-plane). O

Hatcher Section 1.1, Problem 9. Let A;, A, A3 be compact sets in R?. Use the Borsuk-
Ulam theorem to show that there is one plane P C R? that simultaneously divides each A;
into two pieces of equal measure.

PROOF. See this post for a rough sketch of the proof. O

Hatcher Section 1.1, Problem 10. From the isomorphism m; (X X Y, (xo,%0)) = m1 (X, zo) X
71 (Y, yo) it follows that loops in X x {yo} and {zo} X Y represent commuting elements of
m (X XY, (x9,y0)). Construct an explicit homotopy demonstrating this.

PRrROOF. The construction is relatively straightforward. 0

Hatcher Section 1.1, Problem 11. If X is the path-component of a space X containing
the basepoint xy, show that the inclusion Xy < X induces an isomorphism m (X, zg) —
™ (X, 9).

PROOF. The isomorphism can be constructed explicitly. Let [y] € m(Xo,x¢) be a loop.
Then the inclusion i : Xy < X induces i.[y] € m (X, z¢) which is again a loop based at x.
In fact, [y] = i.[7] since v must land entirely inside the path component X,. Conversely,
any loop [n] € m (X, z) must lay entirely in Xj if it is based at xy. This gives a bijection
and as 1, is clearly a homomorphism, we are done. 0

Hatcher Section 1.1, Problem 12. Show that every homomorphism m; (S') — 7 (S1)
can be realized as the induced homomorphism ¢, of a map ¢ : S' — S

PROOF. A homomorphism ®m;(S') — m(S') of cyclic groups is determined by where it
maps the generator [y] € m1(S?). So ®([4]) = [y]* for some k € Z. But then take f; : S* —
S to be the exponential map €™ s 2% Then the induced map (f;). = ® is the desired
map since it sends (cos 27s, sin 27s) to (cos 2mns, sin 27ns). O

Hatcher Section 1.1, Problem 13. Given a space X and a path-connected subspace
A containing the basepoint xg, show that the map m (A, x9) — 7 (X, zo) induced by the
inclusion A < X is surjective iff every path in X with endpoints in A is homotopic to a
path in A.


https://math.stackexchange.com/questions/1166179/hatcher-exercise-9-chapter-1-using-borsuk-ulams-theorem
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PROOF. Relatively straightforward from the definition, but we sketch out the proof.

(=): Assume the inclusion is surjective. Let v : I — X be a path in X with endpoints in A.
Draw a path from one endpoint to the other and call it . Then 7 - v is a path in m (X, )
based at xg =: 7(0). Then, n - v lifts to a loop 8 € m(A, zp). But this map was induced by
an inclusion which means [ - 7] = [3]. Then v ~ 7§ which is a path in A.

(<): Let [y] € m (X, z0) be a loop. The end point is zy € A so it is homotopic to a loop [n]
in A. But then [n] is the element s.t. i.[n] = [7]. O

Hatcher Section 1.1., Problem 14. Show that the isomorphism 7 (X x Y) ~ 7 (X) x
m(Y) in Proposition 1.12 is given by [f] — (p1.([f]),p2:([f])) where p; and p, are the
projections of X x Y onto its two factors.

PrOOF. Relatively straightforward from definitions. OJ

Hatcher Section 1.1., Problem 15. Given amap f: X — Y and a path h: [ — X from
xo to x1, show that f,8, = By f« in the diagram at the right.

(X, 2) —2— (X, z0)

A Js

w1 (Y, f@1) 2w (Y, F(xo)

PROOF. Relatively straightforward diagram chase. 0

Hatcher Section 1.1, Problem 14. Show that the isomorphism (X x Y) =~ m(X) x
m(Y) in Proposition 1.12 is given by [f] — (p1.([f]),p2«([f])) where p; and p, are the
projections of X x Y onto its two factors.

Proor. This follows from the correspondence given in the proposition. The homotopy class
[f] of loops was equivalent to the homotopy class of loops [g] X [h] where f(t) = (g(t), h(t))
and therefore, the proof had defined the map ¢ : (X X Y) — m(X) x m(Y) by &([f]) =

(9], [P]) = (p1<([f]), p2: ([]).

Another way to prove the isomorphism is to use the universal property of the direct
product of groups and how m(—) is a functor. O

Hatcher Section 1.1, Problem 16. Show that there are no retractions r : X — A in the
following cases:

(a) X = R? with A any subspace homeomorphic to S.
(b) X = S x D? with A its boundary torus S x S!
(c) X = S' x D? and A the circle shown in the figure.

E>

(d) X = D* Vv D?* with A its boundary S Vv S!
(e) X a disk with two points on its boundary identified and A its boundary S* v S?.
(f) X the Mobius band and A its boundary circle.
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Proor. We fix i : A < X to be the inclusion map and i, : m(A) — m(X) the induced
map. We will use the result of Proposition 1.17 on p. 36 of Hatcher without comment.

(a) If a retract exists, i, is injective. However, m(X) = 0 and 7 (A) = Z which means
iy : Z — 0 is injective. Contradiction.

(b) By Proposition 1.12 of Hatcher on p. 34,

7T1(Sl X D2> = 7T1(Sl) X 7T1(D2) 27 x0=27Z

(St x SN 2 m(Sh) x T (ST X Z x Z.
So if a retraction existed, we have an injective map i, : Z X Z — Z. Of course, not such map
exists. Indeed, Z is cyclic by Z x Z is not (the direct product of two cyclic groups is cyclic
if the orders are coprime).
(c) From above, m(X) = Z and the induced inclusion map i, : m(A) — Z should be
injective if a retract exists. Let [¢] be a loop that goes around A once. Then i,([¢]) = [i({)]

is a loop in X. But this loop is homotopic to the constant map. See figure 4. So the map 1,
is actually the zero map. Contradiction since i, is injective.

>

-~

Sy

(0
oo

FIGURE 4. A homotopy that shows £ inside S* x D? is trivial.

(f) Let r: X - Aandi: A< X. In the work of figure 5, we observe that the Mobius strip
is homotopy equivalent to the circle and therefore has m(X) = Z. Furthermore, m;(S!) = Z
so our approach from previous problems will not work here. If a retraction exists, then
the inclusion map induces an injective homomorphism i, : m (A, ay) — m(X,ag). Take
generators mi (A, ap) = ([¢]) and m (X, ap) = ([y]). For =, it is the circle in figure 6. From
our work in figure 5, we deduce that i, ([¢]) = [y]? since the boundary circle goes around the

circle generated by v twice. Then,

(r o @)« ([€])) = (i ([0])) = r((7]") = rl (YD (r((V])-

However, roi = id 4 which means the induced homomorphism should be the identity. There-
fore, (r 0 1).([¢]) = [¢]. However, [¢] cannot be a square in m1(A, ag) as it is the generator of
a cyclic group isomorphic to Z.

O

ProoOF. Note: There are different versions of the Van Kampen theorem that are made, but
they are virtually the same (for instance, Zhouli’s statement of the theorem required X to
be path-connected but the covering sets need not be). We will follow Hatcher’s statement
of Van Kampen’s theorem when utilizing it.

(d) Tt follows by Van Kampen’s theorem that 71 (D?V D?) 2 0. Indeed, we can take the open
sets X1, Xy as indicated by figure 7, apply Van Kampen’s theorem to deduce that we have
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FiGUrRE 5. Computing the fundamental group of the Mdébius strip.

FIGURE 6. The generator for the fundamental group of the Mobius stip. The
Mobius strip is path connected so the base point doesn’t matter for our proof.
It only matters to ensure (A, ag) makes sense in the context of m1 (X, ag).
Here, the red circle should really have a point on the boundary circle labeled
agp.

a surjection onto m(D? vV D?). However, m(X;) = 0 for both ¢ = 1,2 so m(D?* VvV D?) = 0.
Alternatively, one can see that if we wedge D? V D? the two disks at their boundary, then
we can deformation retract one D? to that point, and so m(D? V D?) & 7y (D?) = 0.

Now if a retraction of X := D? VvV D? onto A := S* Vv S? exists, we would need to have

an injection i, : m(A) < m(X). However, m(A) = Z % Z by Van Kampen’s theorem which
means Z * Z — (0. Contradiction.
(e) See figure 8. From that computation we get m1(X) = Z. If there was a retraction of X to
S1v St then the inclusion 7 : S' vV S! < X would induce an injective map on fundamental
groups. But then i, : Z*Z — 7 is injective which is absurd (by a commutativity argument).
Therefore, no retraction exists.

O
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FiGURE 7. The wedge may be based at a point not on the boundary, but
we can homotopically deform it so that D? vV D? has identified points on the
boundaries. An open set X; is colored. The set X5 is taken as the same open
set except done on the other disk. The intersection X; N X, is then path
connected. We can take the basepoint to be the identified point in the center.

) O
—_— o
—_—

F1GURE 8. The deformation of X to a circle. Since we identified the boundary
points, we get a sort of taco with a touching tip on top. This then deformation
retracts onto a circle by retracting along the interior of the disk.

Hatcher Section 1.1, Problem 17. Construct infinitely many nonhomotopic retractions
Stv st — st

PROOF. As before, we will write ¢>™ to mean the point (cos 27t, sin 27t) on S'. By defini-
tion,
{(e?™.0), (e*™ 1) : t € [0,1]}

(€270, 0) ~ (€270, 1)}

where the fraction indicates we have modded out by an identification. We will write (S*,0)
and (S, 1) to indicate the first circle or the second circle. We will want to retract onto the
first circle so S! in defining our maps is really (S',0). Define a map r, : S' v S — S! by
specifying how it acts on both circles. Set

StV St = ST S~

(62#2'757 0) if p= (627rit’ O)
Tn(p) = (627rz‘0’ 0) ifp — (62“i0, O) _ (6271'2'0’ 1)
(e2n7rit’ O) if p= (€27rit, 1)

This is a continuous map since the preimage of any open subset of S* is going to be a union
of open subsets of S* Vv S'. Tt is a retract since r,,(S* vV S') = S' and 7,,|(51,0)(p) = p-

Furthermore, 71 (S Vv S') 2 Z x Z by the results on p. 40 of Hatcher. Let a, b be the two
generators for Z x Z. Now,

(1)« s T (ST V ST — (ST

is given by a — a and b — b" and (i,). : m(S') = m(S' v S!) is given by a — a. So,
(1 0p) s = (id4)s.
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Now the maps r, do not induce the same map of fundamental groups. Therefore, they
are nonhomotopic i.e. 7, % 1, if n # m. So, {r,}%, is an infinite family of nonhomotopic
maps. O

Hatcher Section 1.1., Problem 18 Using Lemma 1.15, show that if a space X is obtained
from a path-connected subspace A by attaching a cell e” with n > 2, then the inclusion
A — X induces a surjection on m;. Apply this to show:

(a) The wedge sum S* v S? has fundamental group Z.

(b) For a path-connected CW complex X the inclusion map X! < X of its 1 -skeleton
induces a surjection m (X') — m;(X). [For the case that X has infinitely many cells, see
Proposition A.1 in the Appendix.]

ProOOF. Let 7 : A <= X be the inclusion. Cover X by the subspace A and the subspace e
and the intersection is that path-connected subspace that we glued along. So any loop in X
is homotopic to a product of loops in A and in e,. Since n > 2, that portion of the loop is
homotopic to a constant map. Therefore, every loop in 71 (X) lifts to a loop in m;(A).

(a) The wedge sum is obtained via attaching a 2-cell €? onto S'. So S!V S? is contained
from the path-connected subspace S! and the first part says that S* — S' Vv S? induces a
surjection m(S') — m(S' Vv S?). But the kernel is trivial no loop becomes trivial after the
addition of €. So we get the desired isomorphism.

(b) The space X is obtained by attaching cells e™ for n > 1 to its one skeleton. So the first
result gives the surjection 7 (X?') — m(X). O

Hatcher Section 1.1, Problem 20. Suppose f; : X — X is a homotopy such that f, and
f1 are each the identity map. Use Lemma 1.19 to show that for any xy € X, the loop f; (x0)
represents an element of the center of m (X, xg). [One can interpret the result as saying that
a loop represents an element of the center of 7y (X) if it extends to a loop of maps X — X ]

PRrROOF. Apply the lemma and we know that fo. = By,(z,)f1x- Then applying to a loop
[v] € m(X, 20) gives

[/7] = fO*([’Y]) = /Bft(xo)fl*([’y]) = Bft(xo)([/ﬂ) = [ft(xo) s ft($0)]

But then
[y - felwo)] = [fe(zo) - 7]
which shows that fi(zo) € m1 (X, z¢) is a loop. O

3. Section 1.2

Hatcher Section 1.2, Problem 1. Show that the free product G * H of nontrivial groups
G and H has trivial center, and that the only elements of G x H of finite order are the
conjugates of finite-order elements of G and H.

PRrOOF. If an element g € G * H commutes with every element of G and every element of
H, then xg = gxr and yg = gy for all x € G and y € H. So formally, g must lay entirely
in G or in H. But the copy of g in G and g in H are not identified unless g = e. So,
Z(Gx H)=/{e}. O

Hatcher Section 1.2, Problem 2. Let X C R™ be the union of convex open sets
X1, , X, such that X; N X; N X}, # @ for all 4, j, k. Show that X is simply-connected.

ProoOF. Lemma 1: If U is a convex open set, then U is simply connected.
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PROOF OF LEMMA 1. Since U is convex, we know it is path connected. Let v be a loop in
U based at xg € U. Then, for every point a on 7, there is a line (1 — t)a + txo from a to xg
that lies in U. Take the homotopy H(z,t) = (1 —t)x +txo which is amap H : y(I) x I — U.
So, v~ C,, and m(U) = 0. O

Lemma 2: If U,V are convex open sets s.t. UNV # (), then 7 (U U V) = 0. Furthermore,
U UV is path-connected.

PROOF OF LEMMA 2. We verify the hypothesis of Van Kampen’s theorem part (1). Choose
a basepoint o e UNV =: X.

Given a,b € UNV, convexity in U and V shows that the line (1 —¢)a + tb lies in U and
V. So this gives a path from a to b lying entirely in U N V.

Since U NV is path-connected, Van Kampen’s theorem says there is a surjection 1 (U) %
m (V) — m(X). But Lemma 1 showed 71 (U) = m1(V') = 0 which means 7 (X) = 0.

For path-connectedness of U UV, note that the nontrivial case is when a € U and b € V.
In this case, choose xo € U N V. Draw a line from a to xy and from xy to b. The desired
path from a to b is the composition of these two paths. O

Lemma 3: If U V,W are convex open sets s.t. X :=UNV NW # (), then X is simply
connected.

Proor or LEMMA 3. We apply Van Kampen’s theorem with two sets UUV and W. These
sets are open. Lemmas 1 and 2 show that they are path-connected.

The intersection (U UV)NW = (UnN W)U (VNW) is path-connected by the next
argument. Let a, b be two given points and 2o € UNV NW # (). We can draw a path from
a to xg since a is in the union and a path from xq to b for the same reason. The composition
is the desired path.

We apply Van Kampen’s theorem to get a surjection m (U U V) « my(W) — m(X).
Lemmas 1 and 2 imply we have a surjection 0 — 7 (X) and so, m (X) = 0. O

Now we prove the main result. It suffices to assume that n > 3. If n is even, let
Uy = X7UX,,...,U, = X, 1UX,. If nisodd, let U; :== X;UXoUX35,U; := X, U
Xs,...,U, = X,,.1 UX,. Let us deal with the case where n is even and note how the
argument needs no alteration when n is odd.

First, each of the U; are open as unions of open sets and path-connected due to Lemmas
2 and 3. Next, the intersection

UZOU] — (XQZ‘,lUXQZ')m(XQj,lUXQj) - (Xgi,lﬂng,l)U(Xgi,lﬂng)U(Xgiﬂng,l)U(Xgiﬂij)

is path-connected by the our next argument. It follows by our work in the lemmas that
the only nontrivial situation is when a € Xs;_; N Xy;_1 and b € Xy N X5;. Choose a point
c € Xoio1 N Xyj—1 N Xy and d € Xy N Xy; N Xy;—1. Draw a path from a to ¢ lying in
Xoi—1 N Xy;_1. Draw a path from c to d lying in Xy, N X3;_1. Then draw a path from d to b
lying in Xy; N Xy;. The composition of these paths gives a path from a to b that lay entirely
in UZ N Uj.

This argument is unaffected in the case when n is odd because U; = X; N Xy N X3
intersect some Uj, say Us, just gives

U1 ﬂUQ = (Xl OXQ)U (Xl ng,)U (XQﬂX4)U (Xngg))U (X3QX4)U (Xngg,)

and the same method of considering triple intersections works to show U; N U, is path
connected.
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By Van Kampen’s theorem, we get a surjection ™ (U;) — m1(X). But m(U;) = 0 for
all 7 from Lemmas 2 and 3. So 0 — m;(X) is surjective and so, m1(X) = 0.

Path-connectedness of X is easy to see. Let a,b € X be arbitrary points. Assume a € X;
and b € X;. Choose a ¢ € X; N X;. Draw a path from a to c lying in X; and a path from c
to b lying in X;. Then the composition is a path lying inside X connecting a to b.

We conclude that 71(X) = 0 and X is path-connected. So, X is simply connected. [

Hatcher Section 1.2, Problem 3. Show that the complement of a finite set of points in
R"™ is simply-connected if n > 3.

PRrOOF. First, we show that R" stays path connected after removing finitely many points.
Let p', ..., p™ be the points removed, set X :=R"—{p', ... p™}, and write p’ = (p},...,p!)
for their coordinates.

For path-connected, a geometric argument is best. Let a,b € X be two distinct points.
Draw a straight line from a to b in R™. If this line L does not cross any p’, then we are
done. Suppose L crossed some p'. At worst, it crosses a finite number of points. We alter L
by removing a line segment U C L containing p’ and replace it by a small straight line that
makes one of the coordinates distinct from that of p’ and then another straight line that
reattaches to the other end of L. By making our line segment U arbitrary small in length,
we can ensure that we do not intersect any other point when adding the two line segments.
This gives a new curve Ly lying in R™ — {p’}. If this lies entirely in X, we are done. If
not, we can repeat this process again to avoid another point p’. As we removed only finitely
many points to get X, this process terminates at the nth new line L,. See figure 9.

a

FIGURE 9. A dummy visual of what we are doing geometrically.

The condition n > 3 ensures n — 1 > 2 and so, m;(S" ') = 0. The space X is homotopy
equivalent to the wedge sum \/;*, S"~!. As these spaces are nice, we know deduce that
m(X) = m(\/ ) = m(Sm) =o.
i=1
We conclude that X is simply connected for n > 3. See figure 10 for a visual of the homotopy
ungfﬁark: The result is false for R? — {0} because it deformation retracts to S O

Hatcher Section 1.2, Problem 4. Let X C R? be the union of n lines through the origin.
Compute m; (R® — X).
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FiGURE 10. The arrows indicate a deformation retract onto the sphere. For
each point removed, there is a corresponding sphere around it. The idea is to
use the homotopy equivalence R"™! — {0} ~ S™ for each point.

PROOF. The space R?® — X deformation retracts to a sphere with 2n points removed. Then
this space is homeomorphic to R? removing 2n — 1 points via the stereographic projection.
But R? removing 2n — 1 points deformation retracts to the wedge sum of 2n — 1 copies of
St Thus, m (R — X) = 721, O

Hatcher Section 1.2, Problem 6. Use Proposition 1.26 to show that the complement of
a closed discrete subspace of R” is simply-connected if n > 3.

ProOOF. If the discrete set is empty, then there is nothing to prove. So assume it is nonempty.

Enclose each point of the discrete subspace X by a sufficiently small ball of radius € > 0
fixed. This defines the cell-structure on R™\ X. Indeed, we enclose each removed point with
a sphere S"~! of radius € > 0. Then add the rest of the cell structure by connecting each of
the spheres together via n-cells. Since n — 1 > 2, it is clear that everything we did yields a
space with trivial fundamental group.

Fix a point of the discrete closed subspace xy € X. Now use stereographic projection to
S\ {N} where N is the north pole corresponding to the point . O

Hatcher Section 1.2, Problem 7. Let X be the quotient space of S? obtained by iden-
tifying the north and south poles to a single point. Put a cell complex structure on X and
use this to compute m(X).

PROOF. See figure 11 for two equivalent ways to view X. See figure 12 to see the two
“different” ways in which we may build the cell structure (they are actually equivalent).

,
C

FIGURE 11. Two ways to view the sphere with two boundary points identified.

It follows from Hatcher Proposition 1.26 (or the material in Zhouli’s lecture) that
m1(X) = mi(ske X) = (a,b | ab, ab) = Z.
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FiGURE 12. The two equivalent cell structures.

The last isomorphism is clear by the following argument. Define a map ¢ : F'(a,b) — Z from
the free group on a,b given by a — 1 and b — —1 and extend to a group homomorphism.
This map is clearly surjective and ¢(ab) = 0 so the kernel contains ab. It is also clear that
the kernel precisely contains words w in which the number of powers of a that appear is the
same as the number of powers of b. It also follows that ba is in the kernel as well. So the
kernel is generated by elements of form (ab)™ for some m. Thereby F(a,b)/ ker(¢) = Z. But
the LHS has presentation precisely equal to that of m;(ske X) and the last isomorphism is
valid.
More quickly, we just observe

{a,b| ab,ab) = (a,b | ab) = (a,a™ ') = (a) = Z.

We remark that Example 0.8 of Hatcher demonstrates that this fundamental group is
the coorrect one. 0

Hatcher Section 1.2, Problem 8. Compute the fundamental group of the space obtained
from two tori ST x S! by identifying a circle S* x {x(} in one torus with the corresponding
circle S' x {xo} in the other torus.

PRrOOF. Let T1 and T5 be the tori pictured in figure 13 with generators of their fundamental
group labeled. We will identify them along S' x {z¢} to get a new space called X. To
compute its fundamental group, we use Van Kampen’s theorem.

1 T
4
S Slegan

Ficure 13. Our two given tori.

Let Uy := T, UV as pictured in figure 14. In particular, the small open set about
St x {zo} in Ty is crucial as it makes our sets “nice”. Choose another open set Uy dually.
We can retract V onto S* x {x¢} so we deduce that m(U;) = 71(T}) = Z and the same for
7T1(U2).



3. SECTION 1.2 178

T 1

$tx 3,0 Slﬁzo'ﬁ

FIGURE 14. An open set U; in the open cover {Uy, Us}.

The intersection U; N U, is path-connected and deformation retracts onto the circle S x
{zo} as pictured in figure 15 (we could have take U; = T} and Uy = T from the start and
avoided this).

FIGURE 15. The deformation retract of U; N Uy which demonstrates what the
kernel should be.

It is clear from the second part of Van Kampen’s theorem that the normal subgroup we
quotient by is going to be the one generated by (a,e)(b™!, e) where e is some element of Z.
By Van Kampen’s theorem, we deduce that

~ () xm(Us) ZXZXLXL

~ —17-1 -1 3-1 -1
T (X) & N N = (a,b,c,d | aba™ b, edc™d™ " ac™)

O

Hatcher Section 1.2, Problem 9. In the surface M, of genus g, let C' be a circle that
separates M, into two compact subsurfaces Mj and M, obtained from the closed surfaces
M), and My by deleting an open disk from each. Show that M; does not retract onto its
boundary circle C, and hence M, does not retract onto C. [Hint: abelianize m;.] But show
that M, does retract onto the nonseparating circle C” in the figure.

PrROOF. We have a sequence of lemmas which we use to build up the proof. Lemma 5 and
7 were the problems asked of us.

Lemma 1: The torus M; removing a disk deformation retracts to a torus removing a disk
and then to SV S'. So m (M) =Z * Z.

PROOF. A picture proof suffices so see figure 16.
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FIGURE 16. A deformation retract onto S* Vv S'.

Lemma 2: The torus removing two points/disks deformation retracts to S* v S* v S*. So
it has fundamental group Z * Z * Z.

PROOF. A picture proof suffices so see figure 17.

FIGURE 17. A deformation retract onto the wedge sum of three circles.

gI"Slvsl

U
Lemma 3: The surface M, has fundamental group M, ~ Z**" (our notation for x2",7Z).

PROOF. Induct on h. Assume 71 (M]) = Z*?h. Let T3 be the torus with two disks removed.
Now apply Van Kampen’s theorem with Lemma 2 to get

m (My) «m (T3) . 2"« L+ 7L+ 7
N - Z

The open set is given by covering the first h holes and then covering the last “torus” which
has a disk removed. This last covering is homotopy equivalent to T3 because we have the
boundary from the covering and the disk already removed. 0

~ 72h+2

Wl(Mile) =

Lemma 4: There exists no retract of M to C.

PROOF. Assume [c] is the generator of m1(C'). We find i.(m(C)). Draw the 2h-gon with
edges oriented counter-clockwise with [a1,b1]. .. [ap, by] and w1 (M),) with presentation given
as on p. 51 of Hatcher. Remove a small disk at the center of the 2h-gon and so, the loop
[c] goes around this disk once. It thereby corresponds to the loop given by [ai,b1]. .. [an, bp].
So i.([c]) is the element [a; by 'arby ... a; b aghy]. If a retract existed, we would have a
commutative diagram

Z*Qh T ; 7
idry (o)
7

Applying the abelianization functor which we denote by F. Then
F(idx (cy) = F(rs 0iy) = F(ry) o F(iy).
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Then F(idx, (cy) is just the identity map. Meanwhile, F(r,) o F'(i,)([c]) is trivial because
F(i,) sends i.([c]) to [a; "0y arby ... a; ' b, aghy] which is trivial due to the abelianization.
So,
[c] = F(idn,0))([d]) # 0 = F(r.)(0) = F(r.) o F(1.)([c]).
Contradiction.
Alternatively, from the universal property for the abelianization of a group, the map r,
factors through

2h
722 4 [z KA
=1

so 7. = 1 o ¢. However, ¢(i.([c])) = 0 which means r,i.([c]) is trivial. But that means

(rod)u([c]) = 0 # [] = idry () ([c])-

Therefore, no such retraction can exist.

Lemma 5: There is no retract of M, onto C.

Proor. If r : M, — C is a retract, then we claim 7"|M;1 : M; — C'is a retract of M), onto
C. Indeed, r|yy oilyy : € — My — C is the identity since it would be the restriction of
the identity r o ¢ = id¢ where ¢ is the inclusion C' < M,. This contradicts the previous
lemma. U

Lemma 6: There is a retract of the M; onto C’.

PROOF. Define r : M; — C" =: S* x {xo} by the map S! x S' — St x {z¢} sending the
second component to xy. Then r o7 = idgr is clear. 0

Lemma 7: There is a retract of M, onto C".

ProOF. We induct on the genus and the base case is the previous lemma. Assume the result
for M, and let s : M, — C’ be the retract. Given M ;. There is a subspace at the end of
Mgy that is similar to a torus. We can retract onto a circle C” via the the map indicated
in figure 17. It clear that r : My, — M, is a retract onto C”. Now, we claim that the
composition s or is a retract of M4, onto C. Indeed,

(sorod)(C')=s(C")=C"=idex(C")

because r fixes C".

FIGURE 18. A retract of a subset of M, onto a circle.

Remark: The proof of the existence of a retract onto C’ can be made even more rigorous.
If we draw out the gluing pattern of M, using a 2g-gon, we could view this as tearing the
2g-gon at a vertex, choose the pattern given by b=!'a~'ba. Then retract the other edges until
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we get to the pattern given by a~'a. For ease, one could imagine doing this retract for the
gluing pattern of the torus. It is a square (with ab~'a~'b going counter clockwise) and we
can tear at the vertex in the upper left corner. Then “fold” the edges along the identification
i.e. b1 folds into the edge given by a and b folds into a=!. What remains is the circle C”.
The generalization to M, for g > 1 is readily clear. U

O

Hatcher Section 1.2, Problem 14. Consider the quotient space of a cube I® obtained by
identifying each square face with the opposite square face via the right-handed screw motion
consisting of a translation by one unit in the direction perpendicular to the face combined
with a one-quarter twist of the face about its center point. Show this quotient space X is a
cell complex with two 0-cells, four 1-cells, three 2-cells, and one 3-cell. Using this structure,
show that m;(X) is the quaternion group {+1, +i, +j, -k}, of order eight.

PRrROOF. There is some ambiguity in what Hatcher means by a one-quarter twist i.e. in which
direction. However, it is safe to assume, and this is the only way to get the conclusion, to
assume that each face of the cube should have four distinct edges appear. See figure 19.

b

d 4 a
?

FI1GURE 19. The cube with identifications on the LHS is what we will work
with. The cube on the RHS would have three distinct points which is not what
Hatcher asked of.

Skg X
Jel: S[—a Okba(
Yoo 35— add’h
395: 34'—7 Mlbll&

F1GURE 20. Our choice of cell structure is portrayed. We attached along the
faces of the cube.

Now we construct the cell structure as in figure 20. Observe that a maximal tree of
sk X is the subgroup consisting of the two points and the edge a. Therefore, 7 (sky X) =
{ab,ac™!,ad) is a free group on three generators. It is clear that the loops ab,ac™!, ad are
the generators because adding b, ¢!, or d respectively gives a loop. The gluing of the 2-cells
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follow the three non-opposite faces. By the result in Hatcher (or Zhouli’s lecture), we know
that

m1(X) 22 m(ske X) = (ab,ac™ ', ad | abed, ac™'d'b, adb™'c).
Observe that the three relations can be rewritten in terms of the generators
abed = abe(a™a)d = (ab)(ca™")(ad) = (ab)(ac™) " (ab)
ac'd™*b = ac'd ' (a " a)b = (ac™')(dra ) (ab) = (ac™')(ad) " (ab)
adb™'c = adb™'(a"ta)c = (ad) (b~ 'a ") (ac) = (ad)(ab) ' (ac).
Therefore, the presentation of 71(X) can be rewritten as
m(X) = (i, 4,k | 57k, gk, kit ).
The three relations imply
ki=j & ij=k & jk=i.
Thus,
m(X) = (4,5, k | ij =k, jk =i, ki = j).
Now, we have more relations to write out. Take ij = k and multiply on the right by £ to
get k% = ijk. Take jk = i and multiply on the left by i to get i2 = ijk. Next, take ki = j

and multiply on the right to get j2 = kij. Then, as ij = k, we get j2 = kij = k* = ijk.
Therefore, our presentation can be rewritten as

T (X) 2 (i, 4, k | i* = > = k* = ijk).

The RHS is known to be a presentation for ()s. Indeed, to get the usual presentation, we
observe that

itk = %%k = i*k*k = i’kk? = i’ki® = i%(ki)i = i°5i = i(ij)i = i(ki) = ij = k.
Canceling k implies i* = e. Thus, we have the usual presentation for the quaternions:
m(X) = (i, 4,k | i* = e,i® = j° = k* = ijk) = Qs.
Or if demanded for it to be clear, our work showed that
m(X) = (i, 4,k | ' =j' = k' =e,i® = j° = k* = ijk,ij = k, jk =i, ki = j)

which lists all of the usual relations used to define the quaternion group (and thereby this
must be the quaternion group). O

Hatcher Section 1.2, Problem 16 Show that the fundamental group of the surface of
infinite genus shown below is free on an infinite number of generators. (Image not included).

PROOF. Deformation retract into a graph with lines connected circles (think --- — 0 — o0 —
0 — ...). This is free on infinitely many generators. An fascinating discussion of a more
general fact can be found here. O

QUESTIONABLE PROOF. For each hole that appears, choose an open set U; that the hole and
in particular, a torus around that hole and then require that the open set U; extends infinitely
to the left and right via some rectangular region and does not cross any other holds. This U;
deformation retracts to a torus with two disks removed. The triple intersections U; NU; N Uy,
will just consist of this rectangular region on the side of the surface. Furthermore, the
fundamental group of 7(U; N U;) are always either trivial or Z. Quotienting out the normal


https://mathoverflow.net/questions/18454/fundamental-groups-of-noncompact-surfaces/92723#92723
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subgroup by Van Kampen’s theorem, we essentially identify two generators so our quotient

is still free. U
Hatcher Section 1.2, Problem 19 Show that the subspace of R? that is the union of the
spheres of radius 1/n and center (1/n,0,0) for n =1,2,--- is simply-connected.

PrOOF. The space X is clearly path-connected. If a,b lay in different spheres, we can draw
a path from a to (0,0,0) and then to b. On the other hand, the space is simply-connected
because any loop will lay in finitely many spheres by compactness. But then, we can contract
each part of the loop to the point (0,0,0) by using the fact that 7 (S5?) = 0. O

Hatcher Section 1.2, Problem 20 Let X be the subspace of R? that is the union of the
circles C,, of radius n and center (n,0) for n = 1,2,.... Show that m;(X) is the free group
%, (Cp), the same as for the infinite wedge sum Vo, S'. Show that X and V.,,S* are in fact
homotopy equivalent, but not homeomorphic.

PROOF. To observe homotopy equivalence, order the St in V., S! by S!. Then, map each of
C, to S}. Mapping each S} to C,,. This is a homotopy equivalence because the composition
is precisely the identity on each space. So, the fundamental groups are the same and so
m(X) & %02, Z.

To prove the first statement, we can simply apply Van Kampen’s theorem. For X, we
take an annular region around each circle for our open cover. The pairwise intersections
are all simply connected and so are the triple intersections. The open sets also deformation
retract onto their respective circle so they are m(C,,). Thereby 71 (X) = %% 7, (C,,).

To show that the two spaces are not homeomorphic, we need to use the differences in the
underlying topology. At the set level, they are the same. Topologically, the open subsets of
VoS near the base-point (say) (0,0) are generated by small open arcs that are a part of
some circle. Meanwhile, the open subsets of X near the origin (0,0) are generated by the
intersection of some ball B,.(0) with X. We observe that X has a countable neighborhood
basis at (0,0) while VoS does not. Therefore, they cannot be homeomorphic. O

4. Section 1.3

Hatcher Section 1.3, Problem 1 For a covering space p : X — X and a subspace A C X,
let A= p~!(A). Show that the restriction p: A — A is a covering space.

PRrROOF. Relatively straightforward. OJ

Hatcher Section 1.3, Problem 2 Show that if~p1 : Xl — X7 and ps : )~(2 — Xq are
covering spaces, so is their product p; X ps : X7 X X5 — X; x Xos.

PROOF. Let {U,}aea be a cover of X s.t. p;*(Uy) is a disjoint union of open sets mapping
homeomorphically to U,. Let {Vs}gep be a cover of Xy in an analogous sense. Then the
collection {U, X V}(a,pcaxn covers X; x Xo and p; X ps maps an open set of p~H(U, x Vj)
homeomorphically onto U, x V3. This is because the product of two homeomorphisms is a
homeomorphism and p~!(U,, x Vj) is a disjoint union of products of pairs of sets in p~!(U,)
and p~*(Vj3) respectively. O

Hatcher Section 1.3, Problem 3 Let p : X — X be a covering space with p~!(z) finite
and nonempty for all z € X. Show that X is compact Hausdorff iff X is compact Hausdorff.

PROOF. Relatively straight forward. For (<), one needs p~!(x) finite for compactness. [
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Hatcher Section 1.3, Problem 5 Let X be the subspace of R? consisting of the four sides
of the square [0, 1]x [0, 1] together with the segments of the vertical lines x = 1/2,1/3,1/4,- -
inside the square. Show that for every covering space X — X there is some neighborhood of
the left edge of X that lifts homeomorphically to X. Deduce that X has no simply-connected
covering space.

PRrROOF. For each x in the left edge of X, we obtain an evenly covered neighborhood U,.
By compactness of the left edge, there is a finite subcover of evenly covered neighborhoods
which we call Uy, ..., U,. Furthermore, we may assume that p='(U;),...,p~ ' (Uy) cover X
by increasing the size of U;. This is done as follows.

Suppose not and they did not cover. Choose y € X not in the sets. Push y down to a
point p(y) € X. Choose an evenly covered neighborhood of V' 3 p(y). Then p~1(V) will
be an open set that contains y. Add this set to the open cover we obtained. The points
p(y) will lie in only finitely many of the vertical segments. So compactness of each vertical
segment ensures we only need to add finitely many open sets to {p~'(U;)}*_,. There are
homeomorphisms from each of these open set to an open subset of X. They behave well
w.r.t. intersection so we may glue these homeomorphisms to a homeomorphism from X to
X. The union of the open subsets of X we used forms an open neighborhood of X.

We show that X has no simply-connected covering space. Indeed, if X is a universal
cover, then it is a homeomorphic to some neighborhood of the left edge of X. But any
such neighborhood will contain a nontrivial loop (due to there being infinitely many of the
vertical line segments in any neighborhood of the left edge, but specifically, the fact that
{1/n : n € N} is has accumulation point 0). O

Hatcher Section 1.3, Problem 8 Let X and Y be simply-connected covering spaces of the
path-connected, locally path-connected spaces X and Y. Show that if X ~ Y then X ~ Y.
[Exercise 11 in Chapter 0 may be helpful.]

PROOF. Assume X ~ Y and choose f: X — Y and g,h: Y — X using Exercise 11. Then,
consider the following diagram with lift f (which exists)

Y
/lm
X 7 > Y

\
X T

Let g : Y — X be the analogous lifting. Now, f’g 'Y > X > Y and E}v XY - X.
Now let F~! denote the inverse of in fg the group of deck transformations and G~! the

inverse of :cj]? Then, g o F~! and G~'§ are the desired maps satisfying the condition in
Exercise 11 of Chapter 1. O

Hatcher Section 1.3, Problem 9. Show that if a path-connected, locally path-connected
space X has (X)) finite, then every map X — S! is nullhomotopic. [Use the covering space
R — S

PROOF. Given the covering space p: R — S' and f: X — S1,
fu(m(X)) S m(S") = Z.
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is a subgroup and |m(X)| < oo means that f,(m(X)) is a torsion subgroup. However,
Z is torsion free so f.(m (X)) = 0. Furthermore, p.(m(R)) = p.(0) = 0 which means
Je(m (X)) C pu(m1(R)). By Hatcher Proposition 1.33 (we use the hypotheses on X)), there

is a lift f
R

;‘[
f lp

L}Sl

and

f:pofzpocxch(x)
since R is contractible. Indeed, any map into a contractible space is null-homotopic and
homotopy behaves well with composition. So, f is null-homotopic. U

Hatcher Section 1.3, Problem 10. Find all the connected 2-sheeted and 3-sheeted
covering spaces of S*V St up to isomorphism of covering spaces without basepoints.

PROOF. See figures 21 and 22 with their captions for the details.

b

a

a v
a
a b 3
Y

FiGURE 21. We classify all of the 2-fold connected coverings. This is a com-
plete list due to the following reason. First, there must be two 0-cells. Fix one
of them for now. There are three possibilities for the edges labeled a. If the
edge is a loop, we must have the RHS covering space. If there are are two edges
a, then they must connect to the second point with opposite orientation. Then
there are two situations for the edge b. These are the first and second covering
spaces pictured. This exhausts the possibilities for a. Furthermore, none of
these are isomorphic. They correspond to nonconjugate groups: (a?,b%, ab),
(b,a? aba™'), (a,b* bab') respectively.

Conjugating the first group, there is no way to obtain b or a which are inside
the other two groups respectively.

Conjugating the second group, there is no way to obtain b which is contained
in the first group, nor is there any way to obtain a which is in the third group.
By a similar argument, no conjugate of the third group will contain either a?
or b so it is not conjugate to the first nor second group respectively.

Remark 49 (Notes). See figure 22. Fix a point p (which is the red point pictured). There
are two edges of b and a passing through p (and they have one going in and out respectively).
Determine ways to get a 3-fold cover.
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F1GURE 22. The approach is essentially the same. We draw three points and
determine all of the possible nonisomorphic covering spaces. We explain why
our list is exhaustive. There are cases. See the comments in Remark 49.

e Suppose the edges for b is a loop.

— Suppose the edge for a is a loop. Then there is no way for us to obtain a
connected graph that corresponds to a 3-fold cover. Absurd.

— Suppose a were not a loop, but both edges were coming and going to the same
point. Then we are forced into situation of the first graph in the figure.

— Suppose the edges for a came from and went to different edges. Then we are
forced into the situation in the bottom right graph. It does not matter which
edge towards the point p since the covering spaces are homeomorphic (from
now on, we do not repeat this and say, “Choice of direction did not matter.”).

e Suppose the edges for b were not a loop, but went and came from the same point.

— Suppose a were a loop. Then we are forced into the situation in the first graph
(but our point p would be the point on the right).

— Suppose a were not a loop, but attached to the same point q.

x If all four edges for a,b came from and to the same point, we would not
get a connected graph that were a 3-fold cover.

x Suppose they were loops for different points. Then we get the first graph
again, but this time, it is the center point.
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— Suppose the two edges for a went to different points. Then we get the fourth
graph (we count from left to right and top to bottom for our graphs). Choice
of direction did not matter.

e Suppose the edges for b went to different points.

— Suppose our edges for a was just a loop. Then we get the sixth graph after
filling in the rest of the graph. Choice of direction did not matter.

— Suppose our edges for a were not a loop, but connected to the same point.
Then we get the fifth graph once we fill in. Choice of direction did not matter.

— Suppose our edges for a went to different points. Then we get the second and
third graph since we would need to consider what pairs of directions we had for
a,b in comparison to each other. Here, the choice matters because our point
p will either have both edges a, b going to toward another point, or one going
towards the other point and the other going to itself.

O

Hatcher Section 1.3, Problem 11. Construct finite graphs X; and X3 having a common
finite-sheeted covering space X; = Xy, but such that there is no space having both X; and
X5 as covering spaces.

PROOF. See figure 23. O

FiGUuRE 23. X and Y share the same cover, but do not have any common
space they cover.

Hatcher Section 1.3, Problem 12. Let a and b be the generators of 7 (S'V S') cor-
responding to the two S' summands. Draw a picture of the covering space of S' Vv S!
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corresponding to the normal subgroup generated by a?,b% and (ab)?, and prove that this
covering space is indeed the correct one.

PROOF. See figure 24. We show this is correct. Fix a basepoint of X := S'V S! where they
are wedged and call the loops given by the circles a and b. The covering space has covering
map given in the obvious sense (i.e. p sends edged labeled b and a to the loops a, b labeled
for S v S and p maps all of the points to our base-point).

The fundamental group of X, the covering space, is computed as follows. Do not identify
the points pictured. Then we have the free group generated by loops (just add back edges
starting with the star and go clockwise).

((ab)*, (ab)®a®(ab)~2, (ab)?ab*a™"(ab) ™2, (ab)*a?(ab) ™2, abab*a™*(ab)~*, aba®(ab) ™", ab’a™, a?)

Now, taking p identifies the points inside X. Identifying points corresponds to using change-
of-basepoints upstairs and this corresponds to conjugating by a loop. For instance, conju-
gating by a pushes the basepoint at “star” to the point to the right of it. But we could
also conjugate by b to identify “star” with the point to the left of it. Since we are can
conjugate by a or b without affecting our group, we deduce that the image p. (71 (X, x¢)) is
going to correspond to a normal subgroup. Indeed, any element g we want to conjugate by
is a product of a’s and b’s which then preserve the group.

If we loop at our generators above, we already have (ab)? and a?. Taking the loop ab®a™!
and conjugating by a, we get b%. It is also clear that the remaining generators can be obtained
from a?, b%, (ab)* by conjugating by powers of ab or a. So,

p(m1(X, x0)) = ((ab)*, @, b?).
O
Hatcher Section 1.3, Problem 14. Find all the connected covering spaces of RP? VRP?.

PROOF. First, we draw RP? vV RP? as in figure 26.
Now, we list the possible subgroups of w1 (RP2VRP?) = 7 (RP?)xm (RP?) X Z /277 /27

(since RP? is “nice”). The possible subgroups are listed below:

(1) {e},

(2) ((ab)™) for m € Z,

(3) {(ab)™a) for m € Z (note that (ab)™! = b~'a™! = ba inside Z/2Z x 7./27 and so,

this class also includes the groups of form ((ba)™b) for m € Z),
(4) {(ab)™a, (ab)!) for 1 <1 < m and m € N.

We claim this list is exhaustive. Choose a word in a subgroup H of minimal length besides
the identity. If there is no other option, H is trivial so suppose not. If this word has length
1, then it is either a or b. If this element does not generate all of H, choose an element
(WLOG assuming we had chosen a), w € H \ (a) of minimal length. Then w starts and
ends with b (for if not, multiply by a). Then (a,w) generates all of H. For if not, there is
another word v € G \ (@, w) of minimal length. Since v € G\ (a) and is of minimal length,
assume v starts and ends with b. But then vw is an element of smaller length than that of
v and not in (a,w). Contradiction.

We deduce that every subgroup of Zs x Zs is generated by at most two elements. Listed
in 1., 2., 3., are the possible cyclic subgroups (since they contain all possible words), and in
4., we have all possible subgroups generated by two words (since they contain all possible
pairs of words).
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FIGURE 24. Pictured at top is the covering space. On the bottom are the
highlighted paths corresponding to (ab)?, a?, b* respectively. Indicated by the
star is our selected base-point in the wedge sum S* Vv S1.

FIGURE 25. A slightly better drawing of the covering space.
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FIGURE 26. Picture of RP VvV RPZ2.

To complete the proof, we simply construct coverings that correspond to each of the
families. See figures 27, 28, 29, 30. Using the obvious identifications (for spheres, use an
antipodal map), each of the pictured spaces is a covering space. The basepoint is colored in
red.

FIGURE 27. The universal covering is a wedge sum of spheres. They map
onto X via identifying antipodals. Observe that at each of the points (where
the spheres are tangent), there is exactly on edge labeled a going in and one
going out. The same for b.

(

O

Hatcher Section 1.3, Problem 13
Hatcher Section 1.3, Problem 20. Construct nonnormal covering spaces of the Klein
bottle by a Klein bottle and by a torus.

PRrROOF. Draw out the gluing diagram for the torus and Klein bottle and put them to-
gether six times so that the rectangle we obtain is a new gluing diagram. Indeed, m (K) =
{a,b | baba™') has a finite index nonnormal subgroup (zy~!,4°). O

Hatcher Section 1.3, Problem 21. Let X be the space obtained from a torus S x S*
by attaching a Mobius band via a homeomorphism from the boundary circle of the M6bius
band to the circle S* x {zo} in the torus. Compute 7;(X), describe the universal cover of
X, and describe the action of 7 (X) on the universal cover. Do the same for the space Y
obtained by attaching a Mobius band to RP? via a homeomorphism from its boundary circle
to the circle in RP? formed by the 1-skeleton of the usual CW structure on RP2.

PROOF. For computing the fundamental group m;(X), see figure 31. We take the open sets
to be U and V as indicated. That is, U is the torus with the open set of the Mdobius strip
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FIGURE 28. Here, we have colored in pink and yellow the paths to take. They
go from left to right and circle around. The line we drew just indicates they are
touching tangentially i.e. the spheres are placed so that they are going around
in a circle in R®. The second case pictured corresponds to when {(ab)™) has
m < 0. In which case set —l = m, and (ab)™ = (ab)! = (b~'a1)! = (ba)".

along the boundar as that was where it was glued. For V', we take the Mobius strip and
a small cylinder open set around the loop a at which we glued. The intersection U NV
is highlighted in the figure. We observe that the hypotheses of Van Kampen’s Theorem is
fulfilled. Furthermore, m1(U) = Z x Z and 7 (V') = Z. The loop a in the intersection U NV
maps to the loop a inside 71 (U). On the other hand, if (d) = m(V') is the generating loop
for the fundamental group of the Mdbius band, then a mapsto d?. Thus,

7T1(U> * T (V)
(a,a=1d?)
For the universal covering space X , see figure 32 and 33 and the captions respectively.

Using our description of universal covering space, we describe the action of 71(X) on X. An
action by a simply translates the covering space up vertically along the R! axis not pictured

T (X) = =~ (a,b,d | b 'a " ba,a 'd?) = (a,b,d | ab = ba,a = d*).
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F1GURE 29. We highlighted in yellow the path to take to get the generators.
They go from left to right. Observe that at the ends, the two points we see
are actually identified because we have a copy of RP?.

when viewing from above (in figure 33). The shift is done by moving along f and e. An
action by b is a shift of X along the other axis. Clearly, these two actions commute. An
action by d is a shift upward along f or e.

Please proceed a few pages over the the second part of the problem.

Our goal now is to do what we did for X with Y. See figure 34 and the caption for the
fundamental group computation.
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FIGURE 30. Following the path colored in pink (again, note that the ends are
copies of RP?), we have (ab)™a. Meanwhile, the yellow path gives b(ab)'bb =
b(ab)'™'b. So we have image being the subgroup {((ab)™a,b(ab)'b). But the
inverse of this element is a(ba)!~1b which equals (ab)!. Thus, {(ab)™a, b(ab)'b) =
{(ab)™a, (ab)!) is the image (as taking inverse of a generator changes nothing
about the group).

Now, we describe our construction of the universal covering of Y and the action of m(Y")
on it. We use the fact that S! x I is a covering space of M (intuitively, this is easy to see -
use the meridian circle of M and extend outward for I and add a twist).

For the universal covering space of Y, see figure 35 for the details.

O

5. Section 1.A
6. Section 2.1

Hatcher Section 2.1, Problem 11 Show that if A is a retract of X then the map H,,(4) —
H,(X) induced by the inclusion A C X is injective.
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FiGure 31. Highlighted are the open sets we consider.

PROOF. Warning: it is not true that a functor needs to preserve monomorphisms (though
counterexamples are hard to find in nature).
Let A be a retract of X with i : A — X the inclusion. Being retract means there is a

map 7 : X — As.t. roi=idy. These maps induce a map on homology id, 4 : H,(A) RN

H,(X) 2y H,(A) which means the map i, is an injective map. O

Hatcher Section 2.1, Problem 12 (a) Show that Hy(X, A) = 0 iff A meets each path-
component of X.

(b) Show that Hy(X,A) = 0 iff H;(A) — H,(X) is surjective and each path-component of
X contains at most one path-component of A.

PROOF. (a) Take the chain complex
L CHX)/CL(A) = Cop(X)/Co(A) = 0—=0— ...

The homology being zero means that C(X)/C1(X) surjects onto Cy(X)/Co(A). But by
chasing elements via this map, we can check that there exists some element of a € A
that meets a chosen path-component of X. Indeed, [5] € C1(X)/Ci(A) lifts to a [t] i.e.
[0t] = [s] + Co(A). But this essentially says, by definition of the differential, that we can
connect a point of X to a point of A via a path. Therefore, A meets each path-component.


https://math.stackexchange.com/questions/3181125/counterexample-functor-does-not-preserve-monomorphisms
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Conversely, if A meets each path-component of X, every element of Cy(X)/Cy(A) can be
lifted to a 1-chain in C}(X)/C1(A). Indeed, consider an element [s]4+Cy(A) € Co(X)/Co(A).
Now pick a 1-chain [t] € C1(X) which connects s to a point in A. Then the differential sends
this 1-chain to [s] + Cy(A) precisely because the 0-chain corresponding to the point in A is
modded out.

(b) Since Hy (X, A) = 0, we know ker(C}(X)/C1(A) = Co(X)/Cp(A)) = 1m(Co(X)/Ca(A) —
C1(X)/C1(A)). Now I show that Hi(A) — H;(X) is surjective. Let [s] € Hi(X) be a ho-
mology class. Then s is represented by a cycle i.e. s € ker(Cy(X) — Cp(X)). But that
means [5] € C1(X)/C1(A) is a cycle. It then lifts to a [{] € Cy(X)/Co(A) with [dt] = [3].
But that means [s] differs from the differential of a 2-chain by an element of C(A) that is
a 1-boundary. So, [s] can be lifted to a 1-cycle Cy(A). This can be proved quite quickly by
chasing elements. The proof here is not completely written yet. 0

Hatcher Section 2.1, Problem 12 Show that chain homotopy of chain maps is an equiv-
alence relation.

PRrROOF. Relatively straightforward. OJ

Hatcher Section 2.1, Problem 13 Verify that f ~ g implies f, = g, for induced homo-
morphisms of reduced homology groups.

PrROOF. The reduced homology agrees with the usual homology for n > 1 so nothing needs
to be done here. For the case of degree zero, we simply lose a factor of ®Z for both so the

induced morphisms stay the same. The proof of this also follows from the five-lemma and
the LES. 0

Hatcher Section 2.1, Problem 15 For an exact sequence A -+ B — C — D — FE show
that C' = 0 iff the map A — B is surjective and D — FE is injective. Hence for a pair
of spaces (X, A), the inclusion A < X induces isomorphisms on all homology groups iff
H,(X,A) =0 for all n.

Proor. Clearly, C' = 0 implies A — B surjective and D — FE injective. Now assume
the latter. Call the maps ¢; for ¢ = 1,2,3,4. Now ¢1(A) = B and ker(¢4) = 0. Then
ker ¢ = B and ¢3(C) = 0 But now C/im ¢o = C/ ker ¢3 = ¢3(C') = 0. So im ¢ = C' and so
B/ ker ¢ = im ¢y = C. Then ker ¢y = B gives C' = 0.

From the LES,

.= Hy(A) = Hy(A) —» Hy(X,A) > Hy 1 (A) » Hy (X)) — .

and since the LHS map and RHS map are isomorphisms, the previous part says H, (X, A) =
0. This proves one direction and the other direction is trivial. 0

Hatcher Section 2.1, Problem 16. (a) Show that Hy(X, A) = 0 iff A meets each path-
component of X.

(b) Show that Hy(X,A) =0 iff H;(A) — H,(X) is surjective and each path-component
of X contains at most one path-component of A.

PRrROOF. (a) We know Hy(X,A) =0 iff - H;(X,A) — Ho(X) — Ho(X) — 0 from the LES
iff Hy(A) — Ho(X) is surjective iff A meets each path component of X.

iff Hi(A) — Hy(X) is surjective and Hy(A) <= Ho(X) iff H(A) — H;(X) is surjective and
each path-component of X contains at most one path-component of A. O
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Hatcher Section 2.1, Problem 17. (a) Compute the homology groups H, (X, A) when
X is S%? or S' x S' and A is a finite set of points in X.

(b) Compute the groups H, (X, A) and H,(X, B) for X a closed orientable surface of genus
two with A and B the circles shown (see figure 38). [What are X/A and X/B 7|

PROOF OF PART (A). Case 1. Fix X = 5% Enumerate A := {py,...,pn} a set of points
in X. Observe that Hy(A) = Z™ and H,(A) = 0 for n > 1. Using the LES, we have

0 — Hy(X)— Ho(X,A) » Hi(A) - Hi(X) = Hi(X,A) = Hy(A) = Ho(X) — Ho(X,A) — 0.

where the LHS zero comes from Hs(A) = 0. Of course, we know the singular homology of
S2. Using this, the sequence becomes

0—>Z— Hy(X,A) - 0—-0— H(X,A) - Z" - 7Z — Hyo(X,A) — 0.
It follows that Hy(X, A) = Z. Meanwhile, using the reduced LES, the sequence is
0— Hi(X,A) = Z™ " —0— Hy(X,A) — 0.

It follows Ho(X, A) = 0 and H;(X, A) = Z™ . Because H,,(X) =0forn > 3and H,(A) =0
for n > 3, continuing the LES from the left implies that H, (X, A) = 0 for all n > 3 (this
requires the use of Hy(A) = 0). We conclude that

Hy(X,A) =0, Hi(X,A)=7m Hy(X,A) 27, H,(X,A) =0 for n > 3.

Case 2. Fix X := S' x S'. Apply the LES of reduced singular homology to get
0= Hy(A) = Hy(X) — Ho(X,A) = Hi(A) = Hi(X) = H\(X,A) - Z™ " = 0— Hy(X,A) — 0.

Filling in the information we know about the singular homology of the torus X and the
space A, we get

0—=Z— Hy(X,A) > 0—=>ZxZ— H(X,A) - Z" " —=0— Hy(X,A) = 0.
It follows that Hy(X, A) =0 and Ha(X, A) = 0. To compute H;(X, A), we extra a SES
0— 7> — Hi(X,A) = Z"" —0.

Because Z™™! is a projective abelian group, H,(X, A) = Z™ ! @ 7?> = 7. We conclude,
using the same methods as before and the fact H,(X) = 0 for n > 3 that H,(X, A) =0 for
n > 0. Hence,

Ho(X,A) =0, Hy(X,A) 27"  HyX,A) =7,  Hy(X,A) forn>3.

PROOF OF PART (B). Case of A. Applying excision, we know that

—~

H,(X,A) =~ H,(X/A, {x}) = Hy(T?* Vv T? {x}) = H,(T* v T?).

The fact that excision can be applied here is we can take a cylindrical open set around A
sitting inside X and this deformation retracts to A.
Now we use the fact that V behaves w.r.t. singule homology to deduce that for n > 1,

Ho(T*V T?) = H,(T?) @ H,(T?) 2= H,(T?) & H,(T?).
Clearly, T2 vV T? has a single path component and hence, Ho(T?V T?) = 0. It follows that
Ho(X,A) =0, H(X,A) =17% Hy(X,A) =72, H,(X,A) =0 forn > 3.
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Case of B. Let Y := X/A. Consider the homotopy equivalence in figure 39

We see that Y is homotopy equivalent to the torus with two points identified. We
computed the relative homology of this in Hatcher Section 2.1 Exercise 17(a). In particular,
we may use the excision property of singular homology

Hy (X, A) = Ho(X/A {x}) = Hu(Y).
Now using Case 2 in the previous part,

Hy(Y) =7, H\(Y) =7 Hy(Y)

12

Z, H,(Y)=0forn>3.
U

Hatcher Section 2.1 Problem 29 Show that S' x S! and S! Vv S'V S? have isomorphic
homology groups in all dimensions, but their universal covering spaces do not.

PRrROOF. Recall that H, (X VY) = H,(X) & H,(Y) for n > 1. We already know what the
singular homology of the torus is, so we compute H,(S'V SV S?) and call this space Y.
Clearly Ho(Y) = Z and H(Y) =2 Z ® Z and Ho(Y) = Z by the singular homology of S™.
Furthermore, H,(Y) = 0 for all n > 3. We conclude that S' x S' =: X and Y have the
isomorphic homology groups in all dimensions.

The universal cover of X is R? which is a contractible space. Therefore Hy(R?) = Z and
H,(R?) =0 for n > 1. To compute the universal cover Y of Y, we take the universal cover
of S* v S* and attach a sphere at each intersection. See figure 40.

Clearly, there is only one path component so Hy(Y) = Z. Since it is the universal cover,
H;(Y) = 0. So the only possibility is that Hs(Y") # 0 for the homology groups to differ from
that of X = R? (we have not show H; is the abelianization of 7y, but this observation can

be taken as heuristic since we do not rely on H,(X) = H,(Y') = 0).

We use the fact that there is a CW-complex structure for Y. In this case, we can compute
Hy(Y') using cellular homology. The cellular chain complex is

0 a2, Z+ e Z& e 7&0

It follows that HS (Y) = ker(ds)/im(d3) = ker(dy). Now we fact dy = j; o ; and using the
fact that j; is injective, ker(dy) = ker(0;). But 0; is the map 0, : HQ(SN/Q,ENG) — H1(§~/1) =0.
So ker(8)) = Hy(Ya, Y1) = Co(Y) = ®:°,Z. Hence, Hy(Y) = D;2, Z. The claim follows
from Hy(Y) = @, Z # 0 = Hy(X). To summarize what we have shown,

Hy(Y)=2, H({Y)=0, HY)=PZzZ  H(Y)=0forn>3
=1

meanwhile Hy(X) =12, Hy(X)=0foralln>1.

7. Section 2.2

Hatcher Section 2.2, Problem 9. Compute the homology groups of the following 2-
complexes:

(a) The quotient of S? obtained by identifying north and south poles to a point.

(b) S* x (S'v Sh).
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(c) The space obtained from D? by first deleting the interiors of two disjoint subdisks
in the interior of D? and then identifying all three resulting boundary circles together via
homeomorphisms preserving clockwise orientations of these circles.

(d) The quotient space of S' x S* obtained by identifying points in the circle S* x {zo}
that differ by 27 /m rotation and identifying points in the circle {zo} x S! that differ by
27 /n rotation.

PROOF 1 OF (A). Let X be the space we obtain from quotienting S? by the north and south
poles. Then the excision principle says that

Ho(S?, {,#%}) = Ho(X, {p}) = H,(X).
We know the LHS from Hatcher Section 2.1 Exercise 17(a). It follows that
Hy(X)=7Z, H\(X)=Z, Hy(X)=7Z, H,(X) =0 for all n > 3.
O

PROOF 2 OF (A). Let X := S?/{n, s} be the space with north and south pole identified. It
is also possible to construct X from the quotient of a copy of S? with a 1-cell connecting the
north and south pole and quotienting by the 1-cell. See figure 41. Call Y the sphere with
the 1-cell and call A the 1-cell connecting north and south pole.

We may apply excision to obtain

H, (Y, A) = H,(Y/A, AJA) = H,(Y/A, {x}) = H,(Y/A) = H,(X).
Now if we study the LES of homology, we extract

Of course, using knowledge of cellular homology to compute H.(A) and taking reduced
homology, we get

0— Hy(Y) = Hy(Y,A) - 0—Z — H(Y,A) - 0—-0—0—0.
It follows that H,(Y, A) = Z. OTOH, we can extract a SES:
0— Hy(Y) — Hy(Y,A) — 0.
We use cellular homology to do this. The cellular chain complex C.(Y) is
(Ry/ARAR ALY/ RN

using the cell decomposition in figure 42.

Now, ker dy = Z? and since Hy(Y') = Z (as there is only one path component), im d; = Z.
But imd; = Z implies ker(d;) = Z?. We also know that H,(Y) = Z because H,(Y) is the
abelianization of 71 (Y"). It follows im dy = Z. We know im dy = Z implies ker dy = Z and as
im d3, we conclude

Finally, Ho(Y, A) = Hy(Y) = Z. We conclude that
Hy(X)=2Z, H(X)2H(Y,A)=Z  Hy(X)=H(Y,A)=Z,  H,(X)=0forn>3.
U
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PROOF OF (B) VIA THE MAYER-VIETORIS SEQUENCE. Pictorially, the space X := S! x
(S v S1) looks like that of figure 43.

From our choice of U and V', we know that U ~ T2, V ~ T? and UNV ~ S!. Using
the Mayer-Vietoris sequence,

Hy(SY) — Hy(T?) @ Hy(T?) — Hy(X) — Hy(SY) — H\(T?) @ H\(T?) — Hy(X)
— Ho(S) — Ho(T?) @ Ho(T?) — Ho(X) — 0.

Filling in the details with knowledge of the singular homology of 7% and S!,
¢ ¢ 3 2 2 ¢ ¢ ¢ ¢ ¢
02ZPZ S Hy(X)BZ 372207 F H(X)3Z3ZOZ 37 30.

Fomr the RHS, we know ker ¢7; = 0 which means im ¢ = Z. Hence, the tail end gives a SES
0 —>Z—7Z®Z —7Z — 0. So we reduce to studying a sequence

05 ZaZ B HyX)B 2B 72207> 2 1 (X) B0

Now we analyze ¢3 : H{(UNV) — H{(U) @ H (V). It is clear that the generator of
H —1(UNV) gives rise to one of the generators of Hy(U) and of H;(V'). from the may in
the Mayer-Vietoris sequence, H;(UNV') has image Z. So im ¢35 = Z which means ker ¢3 = 0.
Thus, there are two sequences

05Z8Z B H(X)Bimgy=0 & 0523722 m(X)B0.

The first sequence gives Ho(X) = Z? and the second sequence, knowing that the image of ¢3
is the copy of Z{(1,0) & (—1,0)) which generates a copy of Z inside Z*, gives H,(X) = Z3.
Warning: The fact that the image generated by (1,0) & (—1,0) isomorphic to Z does not
imply that we necessarily get a quotient that is free. For instance, the image of x2:7Z — Z
is 7Z but gives rise to Z/2Z as the quotient. However, in our case, we can take a change of
basis of Z* so that (1,0) & (1,0) generates a copy of Z exactly.

As im ¢3 = Z, we know ker ¢3 = 0. The second sequence gives H;(X) = Z3. We conclude
that

Hy(X)27Z, H\(X) =173, Hy(X) =77, H,(X)=0forn>3.

The last statement follows from X not having any 3-cells in any CW-complex decompositions.
O

PROOF OF (B) viA CELLULAR HOMOLOGY. Recall that cellular homology coincides with
singular homology when the space is a CW-complex. The space has a CW-complex decom-
position as drawn in figure 44.

Now the cellular complex is given by

0 < Z{v) & Z(a,b,c) & Zi{ab~'a 'b,ac™ta ) < 0.

The map d; is zero because each edge has just v as its boundary. Set X := S! x (St v S1).
It follows that Ho(X) = Z{v)/im(d;) = Z.

Now compute H;(X). Since ker(d;) = Z{a, b, c) = Z?, it suffices to show that the image
of dy is zero. Recall how the boundary map of the LES of relative homology is computed.
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It requires looking at the diagram

0 —— SQ(Xl) E— SQ(XQ) E— SQ(XQ)/SQ(X1> — 0

dzl ld2 l@
0 —— Sl(Xl) E— Sl(X2> E— Sl(XQ)/Sl(Xl) — 0
and chasing an element in Sy(X3)/S2(X7) to S1(X1). One pulls back to Sa(X3), pushes down
to S1(X2) and then pulls back to S;(X7) via the inclusion. Of course, this just means the

2-chains are being computed via the usual differential maps. Of course, the LHS square (call
it A, and B the RHS square) gives rise to

JA)=a—-b—a—-0b=0 & IB)=a—c—a—c=0.
Hence, im(dy) = 0 and
Hi(X) =ker(dy)/im(dy) = Z*/0 =Z> &  Hy(X) = ker(dy)/im(ds) = ker(dy) = Z°.
It follows that
Hy(X)27Z, H\(X) =7 Hy(X) =77, H,(X)=0forn>3.
O

Hatcher Section 2.2, Problem 17. Construct a surjective map S™ — S™ of degree zero,
for each n > 1.

Proor. We know from p.134 that f being nonsurjective implies deg f = 0. This exercise
shows this is not an iff.
Let S™ be a single sphere. We can take a map

St — StV St
by quotienting a ball around the north and south pole. Then we consider another map
St =StV St — StV S"
that rotates one of the spheres so that the local degrees +1 and —1 for each sphere. Then
compose with a map that collapses both spheres to a single sphere
S"—= StV ST StV St — S
Observe that this map is clearly surjective. 0

Hatcher Section 2.2, Exercise 19 Compute H; (RP"/RP™) for m < n by cellular homol-
ogy, using the standard CW structure on RP" with RP™ as its m-skeleton.

ProoF. Recall that RP™ is constructed by attaching a single cell in each dimension. To
attach the kth cell, we used the attaching map S¥~! — RP*~! of the 2-sheeted cover.

The space RP™/RP™ has a single cell in dimension 0 and dimensions k& > m + 1, but no
cells in any other dimension. So the cellular chain complex looks like

0 2Z4+0+0<¢ 0 2Z<+Z< - +—L<+7Z<+0

where the first Z appears in dimension zero while the next Z appears at dimension m + 1
and copies of Z appear until dimension n. Then computing the homology is easy if we recall
that the differential maps are given by 1 + (—1)° when in dimension i. Note that in this
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case, the differential d : Z — 0 in dimension m is the zero map. See figure 45 for the table

exhibiting the results of the computation.
OJ

Hatcher Section 2.2, Exercise 21 If a finite CW complex X is the union of subcomplexes
A and B, show that x(X) = x(A4) + x(B) — x(AN B).

ProOOF. Since X = AU B, we may apply the Mayer-Vietoris sequence with open covers
{U,V'} where U is an open set containing A and V' is an open set containing B s.t. U,V
deformation retracts to A, B respectively. Then U NV deformation retracts to AN B. So
the Mayer Vietoris sequence looks like

0— H,(ANnB)— H,(A)® H,(B) — H,(X) = H,_1(AN B)
— ... = Hyo(A) & Hyo(B) — Ho(X) — 0.
Now we use the following lemma.

Lemma 7.1. Let
0—-C,—-Cho1—...>Ci—>Cy—0
be an exact sequence of f.g. abelian groups. Then

Z(—l)i rank C; = 0.
i=0
ProOOF. Applying — ®7 Q and using the classification of f.g. modules over a PID, we get
0 — Qrank Ch N @rank Ch_1 RO Qrank Co -0

because Q being the localization of Z means that it is a flat Z-module. Then the sequence
above is just an exact sequence of vector spaces. Then the formula

> (1) rank C; = Y " (—1)' dim(Q™" ) =0

i=0 =0
follows from the rank-nullity theorem of linear algebra. U

Applying the lemma to the M.V. sequence we have above,
0= i(—m"rank Cyp= i(—l)irank(Hi(X))—(—l)irank(Hi(A)eBHi(B))—i—(—l)i rank (H;(ANDB)).
£=0 i=0
Because rank(H;(A) @ H;(B)) = rank H;(A) + rank H;(B), we can rewrite
X(X) = Zn:(—l)irank H(X) = zn:(—l)i[rank H;(A) + rank H;(B)] — zn:(—l)i rank(H;(AN B))
i=0 i=0 =0

= Xx(A) +x(B) = x(AN B).

It is important that we note that we sum up to n because H;(X), H;(A), H;(B), H;(ANB) will
always have their last nonzero homology at index < n. This is because every CW-complex
here is finite. O

Hatcher Section 2.2, Exercise 22 For X a finite CW complex and p : X — X an

n-sheeted covering space, show that y(X) = nx(X).
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PROOF. Assuming we know that the n-sheeted covering space of a finite CW-complex will
be a CW-complex with n times many cells in each dimension, the result is obvious. Indeed,

Y(X) = Z(—l)i#{i — cells of X} = Z(—l)in#{i — cells of X} =nx(X).

>0 >0

It may be wise for us to explain why the first statement is true. Any cell D* of X
has a map D* — X in which its boundary is glued to the (k — 1)-skeleton skj_; X. The
fundamental group of D* is zero so there is a lift of D* to X. Since the cover is n-sheeted,
there are n corresponding k-cells D* that map into X and these n lifts are the corresponding
characteristic maps. O

Hatcher Section 2.2, Exercise 24 Suppose we build S? from a finite collection of polygons
by identifying edges in pairs. Show that in the resulting CW structure on S? the 1-skeleton
cannot be either of the two graphs shown, with five and six vertices. [This is one step in a
proof that neither of these graphs embeds in R2]

PROOF. The idea of proof is to use knowledge of H,(S?) and the Euler characteristic of the
graphs to determine that such a cellular chain complex cannot possibly exist.

Suppose P, ..., P,, are polygons with the obvious CW-complex decompositions. Assume
B0 UPn) o 62 ig obtained by identifying pairs of edges. Then ¢($%) = 0 implies

~

2 = x(5?) = m — #{1-cells} + #{0-cells} = m + x (skl (<P1 oY Pm)) =m+ k.
It follows that kK = 2 — m so the Euler characteristic of the one skeleton must equal 2 — m.

Let Gy denote the 1-skeletong given by the first graph (resp. Go for the second). Clearly,
X(G1) = =5 and x(G2) = 3.

For G, we have m = 7. The graph itself has 10 edges and 5 vertices. Each edge must
arise from identifying a pair of edges from the polygons we are given. Indeed, each edge has
two faces that it sits next to. So the number of edges e; + e3 + --- 4+ e7 = 20 from each
polygon sum to 20. But each polygon necessarily has > 3 edges which means the LHS is at
least 21. This is absurd.

For G5, we have m = 5. There are 9 edges. A quick examination of the graph shows
that there are no faces that are bounded by 3 edges. So all faces are bounded by > 4 edges.
OTOH, we know there must be 5 polygons which means there are at least > 5 x 4 = 20
edges. But observe that each edge in the graph can only be the boundary of at most two
faces. Some of them are pictured in figure 48. It follows that there are best 9 pairs of edges
identified. But that gives at least 11 edges. Our graph has 9. This is absurd.

O

Hatcher Section 2.2, Exercise 24 Suppose we build S? from a finite collection of polygons
by identifying edges in pairs. Show that in the resulting CW structure on S? the 1-skeleton
cannot be either of the two graphs shown, with five and six vertices. [This is one step in a
proof that neither of these graphs embeds in R2] See image 7.

PROOF. The idea of proof is to use knowledge of H,(S?) and the Euler characteristic of the
graphs to determine that such a cellular chain complex cannot possibly exist.
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Suppose P, ..., P, are polygons with the obvious CW-complex decompositions. Assume
B0-UPm) o~ 62 g obtained by identifying pairs of edges. Then ¢(S?) = 0 implies

~

2 = x(S%) = m — #{l-cells} + #{0-cells} = m + <Sk1 ((Pl oY Pm)) = m+ k.

~

It follows that k = 2 — m so the Euler characteristic of the one skeleton must equal 2 — m.
Let G; denote the 1-skeletong given by the first graph (resp. Gy for the second). Clearly,
X(G1) = =5 and x(G2) = 3.
For GGy, we have m = 7. The graph itself has 10 edges and 5 vertices. Each edge must
arise from identifying a pair of edges from the polygons we are given. Indeed, each edge has
two faces that it sits next to. So the number of edges e; + e5 + --- 4+ e7 = 20 from each

polygon sum to 20. But each polygon necessarily has > 3 edges which means the LHS is at
least 21. This is absurd.

For G5, we have m = 5. There are 9 edges. A quick examination of the graph shows
that there are no faces that are bounded by 3 edges. So all faces are bounded by > 4 edges.
OTOH, we know there must be 5 polygons which means there are at least > 5 x 4 = 20
edges. But observe that each edge in the graph can only be the boundary of at most two
faces. Some of them are pictured in figure 48. It follows that there are best 9 pairs of edges
identified. But that gives at least 11 edges. Our graph has 9. This is absurd.

O
8. Section 2.3
9. Section 2.A
10. Section 2.B
11. Section 2.C
12. Section 3.1
13. Section 3.2
14. Section 3.3
Hatcher 3.3, Problem 5 Show that M x N is orientable iff M and N are both orientable.

PROOF. The result is clear if we assume that M and N are compact since we can just apply
the Kiinneth Theorem. O

15. Section 3.A
16. Section 4.1
17. Section 4.2
18. Section 4.3
19. Section 4.1A
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FI1GURE 32. The universal covering space of the torus is just what is pictured
on the upper left (replace the e, f identification by an edge a). The covering
space for the Mobius band is pictured on the right (note that is actually where
we ignore the e, f identifications). These universal covering spaces play a role
in the universal covering space of X. Here, the edges e, f indicate the gluing
of the boundary circle onto the circle of T? described to construct X. To
construct the covering space, glue R! x I (on the right) to copies of R? as
indicated. Use the star and triangle drawn to see where to glue the edges.
We must repeat this process inductively to get the desired covering space. See
figure 33 for the detailed construction.

To see why would be a covering space, see the caption in figure 33.
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FIGURE 33. On the LHS we start with a line that is simply a copy of R?
viewed “from above”. Choose the line {n} x R which is a point from our
view. Attach a copy of R x I (pictured in figure 32). Attach one such copy
for each {n} x R with n € Z. After that, for each R x I we had attached, we
can attach another copy of R? to each (by the gluing pattern in 32). Repeat
this inductively to get the second situation in the figure above (the image is
finite, but the construction is inductively continued to the right). If we were
to look at this graphically, we get the graph pictured on the RHS (wrap the
image in center by folding the line into a “c” and flip). We would continue it
symmetrically. Our covering space is then X = G x R where G is the graph
obtained. _

This is the universal covering because it is clearly path-connected and m(X)
is easy to compute here. Indeed, we can deformation retract the graph to
a single point which then gives us just a single copy of R which has trivial
fundamental group. So, 7(X) = 0.

The action of m (X) is given as follows. It may be easier to look at the second
pictured image. If we act by b that just means shifting along one of the vertical
lines (going upwards). If we act by a, we act by shifting along (not pictured)
a copy of R. For the action by d, we do exactly half of a in the shift upward
the copy of R. For instance, d would send the edge e to the edge f and f to e
while a@ would send the edge fe to fe by a vertical shift. In this way, d* = a.
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F1GURE 34. Our computation for the fundamental group. Choose the open
set to be U and V as indicated in pink and gray. Their intersection is indicated
in green. Since these spaces are “nice”, we can easily deduce what 7 (U) and
m1(V) are (as we know the fundamental groups of M and RP?. In the inter-
section, the generator is a circle given by the edge b. Inside projective space,
it is just the circle b while inside M, it is d* where d is the circle generating

T 7T ~ s %)~
m (M) = (d). By Van Kampen’s theorem, m(Y) = 1(U)N (V) o <I;\;l(b|d§)> =

(b,d | b* = e,b = d~?). This group can be simplified as it is isomorphic to
(d](d7?)* =¢) = L.

o [~} -3
(72 7 v
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FIGURE 35. See 36 for how we got our space Y. This is the universal cover. We
took a square I x I with the identifications to get the Md&bius strip and then the
identifications to glue it to RP? as stated in the problem. We put together four
copies of I x I with the identifications and form an annulus. The universal covering
space of RP? is the sphere with its meridian circle as indicated in the larger outer
circle. Now, we can fit an annulus inside the larger sphere and then smaller sphere.
What we obtain is the surface pictured Y. The surface is clearly path-connected.
It has m1(Y) = 0 by the following algebraic argument (and we also give a geometric
argument).

Take U to be the open subset consisting of the outer sphere and a part of the outer
boundary circle of the annulus so that U is open. Let V' be the inner sphere with the
annulus except we do not go all the way to the outer boundary circle. So essentially,
UNV consists of a thin circle lying in the annulus. Both 71 (U) and 71 (V') are trivial
because we can deformation retract the part of the annulus to the spheres, and then
use the fact that m(S?) = 0. Therefore, the surjection 0 = 71 (U) * w1 (V) — 71 (Y)
implies Y is simply connected.

Given a loop in Y. If the loop lies entirely in either sphere, then contracts to point.
If a loop lies in the annulus and goes around the inner sphere, we can pull the onto
the inner sphere and contract it to the point using 71(S?) = 0. If the loop has any
part of its path circling the inner sphere when in the annulus, we can then contract
that part to a point by pulling it into the inner sphere. So, any loop we have lies
entirely in the outer sphere by retracting the line that remains on the annulus and
on the inner sphere. But then we can contract the loop on the outer sphere to a
point.

The action of 7(Y) = Z4 is by rotating the annulus. This is because Hatcher
Proposition 1.39 tells us that 71 (Y) = G(Y) so we just need to understand the
group of deck transformations. If we rotate the annulus and then shrink the outer
circle so it becomes the inner circle, we get a deck transformation which has the
desired property. See figure 37.
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FIGURE 36. How we obtained our surface Y.

F1GURE 37. The generator for the cyclic group GG (}N/) Colored in green is an
edge for reference to see what happens to an edge due to the transformation.
Observe that doing this four times will send the colored edge to its original

spot.

e@

FIGURE 38.
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(>Co-@=

F1GURE 39. The homotopy equivalences between the genus two surface quo-
tiented by b and the torus with two points identified.

FIGURE 40. The universal cover of Y = St v St v §2.
Y X
FIGURE 41. An alternative construction of X.

SN
A 2 A

F1GURE 42. The CW-complex decomposition of Y that we take.
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F1GURE 43. The space is X. Pictured as well is the Mayer-Vietoris covering.
We take blue to be U and red to be that for V.

L74 fh bl l° I
\ T

a M aA [« ¥ N
3 <

v p 9 c o

FIGURE 44. The construction of S x (S* Vv S') via the cell decomposition.
The idea is to wrap the two left and right hand side ends up so get a sort of
emboldened 8. Then use the identifications on top and bottom to glue to get

the surface in figure 43.
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FI1GURE 45. The table exhibiting our results.

FIGURE 46. Possible faces.
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FIGURE 47. Two graphs.

FIGURE 48. Possible faces.



APPENDIX A

Questions

Question 1. Does there exist a space with trivial fundamental group for which there does
not exist a covering space (or even there does not exist a universal covering space)?

ANSWER. This is a trivial question. Every space is its own covering space so the first question
is a negative. Meanwhile, the second question depends on the hypothesis on the base space
X. If X is path-connected, then it is its own universal covering space. If X is just connected,
then the question isn’t too worthwhile to consider since we can just look at path-components.
If X is allowed to be disconnected, then a disjoint union of spheres will never have a simply
connected covering space and all of its fundamental groups are trivial. 0

Question 2. For CW-complexes, is homotopy equivalence the same as being homeomorphic?

ANSWER. Trivially not so. The line segment is homotopy equivalent to a point, but these
are not homeomorphic. O

Question 3. Why can the disk not be the universal covering space for RP??

ANSWER. This is false. The disk can be the UCS since all it would entail is identifying
antipoldal boundary points of the disk. O

Question 4. What is the group presentation of 71 (RP?*#T) and 7 (RP?V T')?

ANSWER. For the first, note that RP?#T = #3_ RP? by the classification theorem and the
formula for the Euler characteristic of connected sums. Also, it is nonorientable since the

space contains a Mobius band. So, the fundamental group is (ay,as | afa3 = e).
For the second, we have m (RP?V T) 2 (a1, as, b1, by | a2a2 = bibyb; 10y = e). O

Question 5. Compute the singular homology of X := S? vV S? for all degrees.

ANSWER. The result actually follows from the more general fact that H. (VI , X;) = &I | H. (X))
when we have good pairs (X;, x;). This holds for arbitrary direct sums too. See Corollary
2.2.25 of Hatcher.

Since we do not have computational tool after the first quarter, let me prove this from
more direct methods.

Set A := S? be one copy. Fix n > 3. Then H,(X) = H,(X, A) by the LES and the fact
that H,(A) = 0 for n > 3. By the Excision Principle, I know H, (X, A) = H,(X/A, {x}) =
H,(S?,{*}). To compute this RHS,

— Ho({x}) = Ha(S%) = Ho(S*, {#}) = Hooa({#}) =

which is = 0 — 0 — H,(S* {*}) = 0 — so H,(S% {x}) = 0 for n > 3. This means
H,(X,A) =0 for n > 2. Therefore,

H,(X) > H,(X,A) = H,(S* {x}) =0
for n > 2.
213
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We focus on n = 2 now. We have a LES
— H3(X,A) — Hy(A) = Ho(X) — Ho(X,A) — Hi(A) —
and Hy(A) = Z, Hi(A) =0, and H3(X, A) = 0 from before. So we have a SES
0—Z — Hy(X) — Hy(X,A) — 0.

We compute Ho(X, A). We know Hy(X, A) = Ho(X/A, {x}) = Hy(S? {*}) by the excision
principle. But that means

— Hy({x}) = Ha(S%) = Hy(S* {+}) = Hi({*}) =

gives a SES
0 — Z — Hy(S? {x}) — 0.

So, Hy(S?,{*}) = Z and so there was a SES
0—Z— Hy(X)—=Z—0 <= 0 — Hy(A) = Hy(X) — Hy(X,A) — 0.

I claim that the map Ho(X) — Hy(X, A) is a split epimorphism. This is relatively easy to
see since the relative homology corresponds to those homology elements that lay entirely in
the other sphere. Therefore, Hy(X) = Z @ Z as it should. O

Question 6. Is singular homology well-behaved with respect to products?

ANSWER. No. The Mayer-Vietoris theorem is what relates the concepts. Let X x Y be a
given product space. Assume one knows there exists X x Uy and Vo xY s.t. X xUyNVyxY
is contractible. Then for n > 1, there is an isomorphism H,(X xY) = H,(X) x H,(Y). O

Question 7. Neither RP? and T2 can cover the other?

ANSWER. Yes. The fundamental groups are Z/2 and Z @ 7Z which can never be a subgroup
of the other by Theorem 1.38 of Hatcher. U

Question 8. The torus is a 2-sheeted cover of the Klein bottle? Can it be 3-sheeted?

ANSWER. For the 2-sheeted cover, draw out two tori and glue along a common edge. For
the 3-sheeted cover, the answer is no. O

Question 9. What is RP" removing a point homotopy equivalent to?
ANSWER. S"71L. O

Question 10. If X is a path-connected space, does every connected covering space of
X mneed be path-connected as well? Note: the answer seems to be a likely no given the
statement of the Galois correspondence of covering spaces. However, any such example
would be extremely pathological.

Question 11. Let X be a simply connected space. Clearly, Hy(X) = Z and H,(X) = 0.
Do all higher singular homology need to vanish as well?

ANSWER. Clearly no. The space S? is simply connected with Hy(S?) = Z. O

Question 12. Does there exist a space with trivial singular homology at all dimensions
except zero which is not contractible?

ANSWER. Yes, one example can be found here. O

Question 13. Demonstrate how to use local degree to compute the degree of the reflection
map.


https://math.stackexchange.com/questions/3933670/trivial-homology-groups-and-fundamental-group
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ProoOF. The reflection r, : S™ — S™ sends (xg,...,2,) — (—Zo,...,x,). Orienting the
spheres, we know r,, sends the north pole to the south pole.

Let y € S™ be the south pole and observe that f~!(y) consists of the north pole only.
Note f(U —z) C V —y where U,V are open sets (homeomorphic to a ball) around the north
pole z and south pole y. Then,

f* : Hl(U, U — %) — Hl(V,V — y)

We compute the degree of this. It is clear that this map is of degree 1 (draw a picture and
convince yourself). Indeed, one can pick the standard generator of the homology group it
changes direction under the map. U

Question 14. Describe the generator of S™’s nth-homology group explicitly.

ANSWER. The generator of S™’s nth homology group is the image of the isomorphism

o)

H, (D", S™ 1) = H,(S").
O

Question 15. Does there exist a Mayer-Vietoris sequence for singular cohomology? If so,
why is not as prevalent as the Mayer-Vietoris sequence for singular homology?

ANSWER. See Hatcher p. 203 for the cohomological version. It is as prevalent and used, it
is just because one has not had to use it too often in Math 290B thus far. 0

Question 16. Did these notes help you do well on the topology qualifying exams?

ANSWER. Probably :), but that is for the reader to decide. The writer of these notes scored
a 95/100 on the qualifying exam at UCSD for the Spring 2022 qualifying exam. 0
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affine extensions, 106

affine simplex, 70
Alexander-Whitney map, 110
Algebraic Kiinneth Theorem, 96

back face, 106
barycenter, 70

boundary, 43

boundary operator, 43

Boy surface, 123

Brouwer Fixed Point Theorem, 15

cap product, 119 covering space action, 37, 38

category, 45 covering transformation, 35
complete, 90 cross product, 52, 55

category of based spaces, 13 cup product, 110

category of functors, 47 cyclic, 43

category of groups, 13

category of simplicial sets, 47 deck transformation, 35
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deformation retract, 15
deformation retraction, 15
derived functors of @ g N, 86
diagonal map, 100
diameter, 70

dimension axiom, 67
directed set, 88

directed system, 88

double complexes, 87

Eilenberg-Zilber chain, 55
Eilenberg-Zilber construction, 55
Eilenberg-Zilber map, 110
FEilenberg-Zilber Theorem, 95, 100
Euler characteristic, 40

evenly covered, 11

exact, 59

excision, 63, 67

excisive, 63

face maps, 43

finite CW-complex, 23

finite type, 76

finite-dimensional CW-complex, 23
finitely presented, 18

free product, 18

free resolutions, 85

front face, 106

functor category, 47

functors, 46

fundamental class, 110
fundamental group, 9

fundamental groupoid, 46
Fundamental Theorem of Algebra, 16

genus, 40

geometric realization, 71, 72
graded R-algebra, 108
graded abelian group, 43
graded coalgebra, 100
groupoid, 46

homology, 67

homotopic, 7

homotopy, 7

homotopy category, 49
homotopy equivalence, 8, 49
homotopy equivalent, 8
homotopy invariance, 67
Homotopy Invariance of Homology, 49
Hopf fibration, 75

Hopf’s Theorem, 73
hyperbolic form, 111

induced homomorphism, 13
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intersection form, 111
Inverse Function Theorem, 37
isomorphic covering spaces, 33

Kiinneth Isomorphism, 100
Kinneth isomorphism, 96, 118
Kiinneth Theorem, 95, 100
Kronecker pairing, 102, 103, 118

Leibniz rule, 52

lens space, 38

LES, 59

lexicographic order, 55

lift, 11

limits, 90

local homology, 113

locally contractible, 29
locally path-connected, 29
long exact sequence, 59, 67
Long Exact Sequence of Homology, 61

manifold, 39

manifold with boundary, 39
map of simplicial complexes, 72
mapping degree, 73
Mayer-Vietoris sequence, 69
Mayer-Vietoris Theorem, 59
middle face map, 107
Milnor axiom, 67

models, 97

monoid, 46

MV-sequence, 69

natural transformation, 46
nice, 20

non-orientable, 39
nonorientable, 39

normal closure, 36

normal covering map, 36
normalized, 52
null-homotopic, 8

of finite type CW-complex, 23
open (n + 1)-cells, 74

orbit space, 37, 38

orientable, 39

orientable double cover, 42, 114
orientation preserving, 115
orientation preserving loop, 39
orientation reversing, 115
Orientation Theorem, 116

path, 8

Poincaé duality, 112
Poincaré dual, 110
Poincaré Duality, 110
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presentation, 18

product, 16

product covering space, 11
pushout, 21

rank of A, 80

rank of presentation, 18

real projective plane, 25
reduced homology, 48
reduced homology group, 48
reduced homology groups, 48
regular point, 38

regular value, 38

relative nth chain group with coefficient in IV, 102
relative homology, 59-61
reparameterization, 9
representable functor, 47
retract, 15

right exact functor, 85

section, 114

semi-simplex category, 46

semi-simplicial object, 47

semi-simplicial set, 44

semilocally simply connected, 31

sequence of abelian groups, 59

short exact sequence, 59

simplex category, 46

Simplicial approximation, 72

simplicial complex, 71, 72

simplicial homology, 72

simplicial map, 72

simplicial object, 47

singular n-chain, 43, 101

singular n-simplex, 43

singular cohomology group, 101

singular cohomology group of X with coefficients
in N, 101

singular homology, 58

small category, 45

space with G-action, 37

split epimorphism, 48

split monomorphism, 48

staircase, 55

star-shaped, 50

strong deformation retraction, 15

subcomplex, 59, 74

surface, 39

tensor product of chain complexes, 95
The Locality Principle, 68
topological group, 37
torus, 8, 22
tree, 23

maximal tree, 23
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triangulable, 71
triangulation, 71, 72

UHLP, 11

Unique Homotopy Lifting Property, 11
Universal Coefficient Theorem, 83, 93
universal cover, 26

universal covering space, 12

wedge, 20
winding number, 13
word, 17
reduced, 17
word problem, 18

Yoneda Lemma, 90
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