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CHAPTER 1

Real Analysis: Modern Techniques and Their Applications

Abstract. This document consists of my study notes for Math 240ABC taken during the
2020-2021 academic school year at UCSD. Sprinkled across these notes include my own bits
of exposition for myself and also an “appendix course notes” which detailed some problem
solving strategies for myself. I do not expect these notes to be useful for anyone other than
myself. These notes are likely riddled with mistakes (including some that I am aware of)
and they are all my own fault.

1. Measures

1.1. Introduction.

Theorem 1.1. There does not exist a set function µ : Rn → [0,∞] that is countablly additive
over disjoint sets, preserved by translations, rotations, and reflections, and µ(Q) = 1 for Q
being the unit cube.

Proof. Assume n = 1 and the construction easily generalizes. Define x ∼ y on [0, 1)
when x − y ∈ Q and this is an equivalence relation. Let N be the subset consisting of one
representative form each equivalence class. Define

Nr := {x+ r : x ∈ N ∩ [0, 1− r)} ∪ {x+ r − 1 : x ∈ N ∩ [1− r, 1)}

and these sets are disjoint i.e. Nr ∩ Ns = ∅ when r 6= s. Also, µ(N) = µ(N ∩ [0, 1 − r)) +
µ(N ∩ [1− r, r)) = µ(Nr). Then, 1 = µ([0, 1)) =

∑
r∈R µ(Nr) can never be satisfied. �

1.2. σ-algebras.

Definition 1.2. Fix X nonempty. An algebra of sets on X is a nonempty collection A
of subsets of X closed under finite unions and complements. A σ-algebra is an algebra
that is also closed under countable unions. If E ⊆ P (X), then M(E) is the σ-algebra
generated by E which is the intersection of all σ-algebras containing E (since intersections
of σ-algebras are still σ-algebras). Clearly, E ⊆ F =⇒ M(E) ⊆ M(F). If X is a
topological space, the Borel σ-algebra BX is the σ-algebra generated by the open sets. The
Gδ sets are countable intersections of open sets while Fσ are countable unions of closed
sets. In the case of X := R, BR can generated by the collection of open intervals, of closed
intervals, of half-open intervals, of open rays, and of closed rays. On a product space,
the product σ-algebra is the σ-algebra generated by {π−1

α (Eα) : Eα ∈ Mα, α ∈ A} for
πα :

∏
α∈AXα → Xα projections. An elementary family is a collection E ⊆ P (X) that

contains the empty set, is closed under finite intersections, and complements of elements are
disjoint unions of members in the family. A technical lemma is that the collection of finite
disjoint unions of members of E form an algebra.
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1. MEASURES 6

1.3. Measures.

Definition 1.3. A measure on a measurable space (X,M) is a set function µ : M →
[0,∞] s.t. µ(∅) = 0 and it is countably additive. The triple (X,M, µ) is a measure
space. A few properties that are useful of measures are “σ-finite”, “semifinite”, and “finite”
which are omitted here. A result that holds true except on a set of measure zero is said to
hold almost everywhere (a.e.). A set of µ-measure zero is called µ-null. A measure is
complete if µ(E) = 0 implies µ(F ) = 0 when F ⊆ E.

Theorem 1.4. A measure is monotonic, subadditive, continuous from below, and continuous
from above.

Theorem 1.5 (Completion of measures). LetN denote the set of measurable sets of measure
zero. Define M := {E ∪ F : E ∈ M, ∃N ∈ M s.t. F ⊆ N}. Then M is a σ-algebra and
there is a unique extension µ of µ onto M.

1.4. Outer Measures.

Definition 1.6. An outer measure on a nonempty set X is a set function µ∗ : P (X) →
[0,∞] that is zero for the emptyset, monotonic, and subadditive.

Theorem 1.7. Let E ⊂ P(X) and ρ : E → [0,∞] be such that ∅ ∈ E , X ∈ E , and ρ(∅) = 0.
For any A ⊂ X, define

µ∗(A) = inf

{
∞∑
1

µ (Ej) : Ej ∈ E and A ⊂
∞⋃
1

Ej

}
Then µ∗ is an outer measure.

Definition 1.8. If µ∗ is an outer measure, a µ∗-measurable set E is a set s.t. for all A,

µ∗(A) = µ∗(A ∩ E) + µ∗(A ∩ Ec).

Theorem 1.9 (Carathéodory’s Theorem). If µ∗ is an outer measure, the collection M µ∗-
measurable sets forms a σ-algebra and µ∗ restricted to M is a complete measure.

Definition 1.10. A premeasure satisfies the same conditions as a measure except the
domain is only required to be an algebra.

Theorem 1.11. If µ0 is a premeasure on A and µ∗ is defined by

µ∗(E) = inf

{
∞∑
1

µ0 (Aj) : Aj ∈ A, E ⊂
∞⋃
1

Aj

}
,

then a. µ∗ | A = µ0 ; b. every set in A is µ∗ measurable.

Theorem 1.12. Let A ⊂ P(X) be an algebra, µ0 a premeasure on A, and M the σ -
algebra generated by A. There exists a measure µ on M whose restriction to A is µ0.
Namely, µ = µ∗ | M where µ∗ is given above. If ν is another measure on M that extends
µ0, then ν(E) ≤ µ(E) for all E ∈M, with equality when µ(E) <∞. If µ0 is σ -finite, then
µ is the unique extension of µ0 to a measure on M.
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1.5. Borel Measures on R.

Theorem 1.13. If F : R → R is an increasing, right continuous function, then there is a
unique Borel measure µF : BR → [0,∞] s.t. µF ((a, b]) = F (b) − F (a) and µF is unique up
to a sum of a constant i.e. µF+c = µF for c ∈ R.

Conversely, any finite Borel measure µ that is finite on bounded Borel sets has µ = µF
where

F (x) =

{
µ((0, x]) if x > 0,

0 if x = 0,−µ((x, 0]) if x < 0,

and F is increasing and right continuous.

Remark 1. This is a sort of representation theorem for Borel measures on R. Given a right
continuous increasing F , we can consider µF and then take the completion µF and µF is
called the Lebesgue-Stieltjes measure associated to F .

The Lebesgue measure is defined to be the Lebesgue-Stieltjes measure associated to
F (x) = x.

Lemma 1.14. For any E ∈Mµ, µ(E) = inf {
∑∞

1 µ((aj, bj)) : E ⊆
⋃∞

1 (aj, bj)}.

Theorem 1.15. If E ∈ Mµ, then E is both inner regular and outer regular. Furthermore,
E ⊆ R satisfies E ∈ Mµ iff E = V \ N1 for some Gδ set V and µ(N1) = 0 iff E = H ∪ N2

where H is an Fσ-set and µ(N2) = 0.
Furthermore, if µ(E) <∞, then for any ε > 0, there is a set A which is a finite union of

open intervals s.t. µ(E∆A) < ε.

Theorem 1.16. The Lebesgue measure is translation invariant and preserves scaling for all
Lebesgue measurable sets.

Theorem 1.17. Let C be the Cantor middle-thirds set. Then C is compact, nowhere
dense, and totally disconnected and has no isolated points. Further, m(C) = 0 and C has
the cardinality of the continuum.

Example 1.18. The Cantor-Lebesgue function is defined on p. 39. It is a continuous
function that is not absolutely continuous. Furthermore, it is differentiable a.e. and its
derivative is equal to 0 a.e. while it increases from zero to one.

2. Integration

2.1. Measurable Functions.

Definition 2.1. A mapping between two measure spaces is measurable if the preimage of
every measurable set is measurable. This makes measure spaces into a category. It suffices
to check measurability on a generating set if there exists such a set.

A Lebesgue measurable function f : R→ C is (L,BC)-measurable.
A function is measurable on a set E if f |E isME-measurable. The σ-algebra generated

by {fα : X → Y }α∈A is the smallest σ-algebra s.t. all fα are measurable.

Proposition 2.2. A function mapping into a product measure space is measurable iff its
coordinates are measurable functions. Therefore, f : X → C is measurable iff Re f and Im f
are measurable. The sum and product of measurable functions f, g : X → C are measurable.
For fj : X → R measurable, the supremum, infimum, limit superior, limit inferior, and limit
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(if it exists) are all measurable. The max and min of two such functions are also measurable.
This result holds readily for C under appropriate generalizations.

Theorem 2.3. (1) For every f ∈ L+, the set of positive measurable functions, there
exists a sequence 0 ≤ φ1 ≤ φ2 ≤ · · · ≤ f of simple functions that converge pointwise
to f and uniformly on any set on which f is bounded.

(2) For f : X → C measurable, there is a sequence of simple functions s.t. 0 ≤ |φ1| ≤
· · · ≤ |f |, φn → f pointwise, and φn → f uniformly on any set on which f is
bounded.

Theorem 2.4. If X is a measure space, let X be the completion, and f on X is measurable
iff there exists g measurable on X s.t. f = g µ-a.e..

2.2. Integration of Nonnegative Functions.

Theorem 2.5 (Monotone Convergence Theorem). If {fj} ⊆ L+ is a monotonically increas-
ing a.e. sequence and f = limj fj = supj fnj, then

∫
f = limj

∫
fj. Consequently, finite and

countable sums of L+ functions commute with the integral.

Proposition 2.6. If f ∈ L+, then
∫
f = 0 iff f = 0 a.e. and so, fn increases to f a.e.

implies
∫
f = lim

∫
fn.

Lemma 2.7 (Fatou’s Lemma). If {fn} ⊆ L+, then∫
(lim inf fn) ≤ lim inf

∫
fn.

2.3. Integration of Complex Functions.

Theorem 2.8 (Dominated Convergence Theorem). Let {fn} be a sequence in L1 s.t. fn → f
a.e. and there exists g ∈ L1∩L+ s.t. |fn| ≤ g a.e. for all n. Then f ∈ L1 and

∫
f = limn

∫
fn.

Theorem 2.9. The set of integrable simple functions are dense in L1(µ). If µ is Lebesgue-
Stieltjes measure on R, the sets in the definition of the simple function can be taken to
be finite unions of open intervals. In the same situation, there is a continuous g vanishing
outside a bounded interval s..t

∫
|f − g|dµ < ε.

2.4. Modes of Convergence.

Proposition 2.10. (1) Convergence in L1 implies convergence in measure.
(2) A Cauchy in measure sequence {fn} converges to some measurable function f in

measure and there is a subsequence fnj → f a.e.. If fn → g in measure as well, then
g = f a.e..

(3) If fn → f in L1, then some subsequence converges a.e. to f .
(4) (Egorov’s Theorem). On a finite measure space, if f1, f2, . . . , f : X → C are mea-

surable and fn → f a.e., then for ε > 0, there exists E ⊆ X s.t. µ(E) < ε and
fn → f uniformly on Ec. That is, fn → f almost uniformly.

2.5. Product Measures.

Theorem 2.11 (Fubini-Tonelli Theorem). Suppose that (X,M, µ) and (Y,N , ν) are σ-finite
measure spaces.
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a. (Tonelli) If f ∈ L+(X × Y ), then the functions g(x) =
∫
fxdν and h(y) =

∫
f ydµ are

in L+(X) and L+(Y ), respectively, and∫
fd(µ× ν) =

∫ [∫
f(x, y)dν(y)

]
dµ(x) =

∫ [∫
f(x, y)dµ(x)

]
dν(y).

b. (Fubini) If f ∈ L1(µ × ν), then fx ∈ L1(ν) for a.e. x ∈ X, f y ∈ L1(µ) for a.e.
y ∈ Y , the a.e.-defined functions g(x) =

∫
fxdν and h(x) =

∫
f ydν are in L1(µ) and L1(ν),

respectively, and the equation above holds.

Theorem 2.12 (Fubini-Tonelli for Completed Measures). Let (X,M, µ) and (Y,N , ν) be
complete, σ-finite measure spaces, and let (X × Y,L, λ) be the completion of (X × Y,M⊗
N , µ×ν). If f is L -measurable and either (a)f ≥ 0 or (b)f ∈ L1(λ), then fx isN -measurable
for a.e. x and f y is M -measurable for a.e. y, and in case (b) fx and f y are also integrable
for a.e. x and y. Moreover, x 7→

∫
fxdν and y 7→

∫
f ydµ are measurable, and in case (b) also

integrable, and ∫
fdλ =

∫∫
f(x, y)dµ(x)dν(y) =

∫∫
f(x, y)dν(y)dµ(x).

2.6. The n-dimensional Lebesgue Integral. The outer regularity and inner regular-
ity of the one dimensional Lebesgue measure translates well to m := mn on Rn. One can
also approximate finite measure sets by collections of disjoint rectangles.

Theorem 2.13. The Lebesgue measure is translation invariant. If f ∈ L1(m) or f ≥ 0,
then

∫
f ◦ τadm =

∫
fdm where τa(x) = x+ a.

Theorem 2.14 (Invariance under Linear Maps). Suppose that Ω is an open set in Rn and
G : Ω → Rn is a C1 diffeomorphism. a. If f is a Lebesgue measurable function on G(Ω),
then f ◦G is Lebesgue measurable on Ω. If f ≥ 0 or f ∈ L1(G(Ω),m), then∫

G(Ω)

f(x)dx =

∫
Ω

f ◦G(x) |detDxG| dx

b. If E ⊂ Ω and E ∈ Ln, then G(E) ∈ Ln and m(G(E)) =
∫
E
|detDxG| dx.

c. As a consequence, the Lebesgue measure is invariant under rotation.

Theorem 2.15 (Invariance under Differetiable Maps). Suppose that Ω is an open set in Rn

and G : Ω→ Rn is a C1 diffeomorphism. a. If f is a Lebesgue measurable function on G(Ω),
then f ◦G is Lebesgue measurable on Ω. If f ≥ 0 or f ∈ L1(G(Ω),m), then∫

G(Ω)

f(x)dx =

∫
Ω

f ◦G(x) |detDxG| dx

b. If E ⊂ Ω and E ∈ Ln, then G(E) ∈ Ln and m(G(E)) =
∫
E
|detDxG| dx.

2.7. Integration in Polar Coordinates.

3. Signed Measures and Differentiation

3.1. Signed Measures.
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Definition 3.1. A signed measure on (X,M) is a function ν : M → R s.t. ν(∅) = 0, ν
assumes at most one of ±∞, and if {Ej} is a disjoint sequence, then

ν(
∞⋃
1

Ej) =
∞∑
1

ν(Ej)

and the sum converges absolutely if |ν(
⋃∞

1 Ej)| <∞. In particular, every measure is a signed
measure. If µ1, µ2 are measures on (X,M) where one of them is finite, then ν = µ1 − µ2

is a signed measure on X. If µ is a measure on M and f : X → R, and one of
∫
f+dµ or∫

f−dµ is finite (such f is called extended µ-integrable, then ν(E) =
∫
E
fdµ for E ∈ M

defines a signed measure on X.

Definition 3.2. Let ν be a signed measure. A set E ∈M is positive for ν if ν(F ) ≥ 0 for
all F ⊆ E and F ∈M. Similarly for negative and null are similar.

Example 3.3. If ν(E) =
∫
E
fdµ, then ν is positive, negative, and null for E if f ≥ 0, f ≤ 0,

f = 0 µ-a.e. on E respectively.

Theorem 3.4 (Hahn-Decomposition). If ν is a signed measure, there exists positive and
negative sets P,N respectively s.t. P ∪N = X, P ∩N = ∅ and it is unique up to symmetric
difference i.e. if P ′, N ′ is another pair, P∆P ′ and N∆N ′ are ν-null.

Definition 3.5. If µ, ν are signed measures, then they are mutually singular if there exists
E,F ∈M s.t. E∪F = X, E∩F = ∅, and µ(E) = ν(F ) = 0. Denote µ ⊥ ν for this relation.

Theorem 3.6 (Jordan Decomposition). If ν is a signed measure, there exist unique positive
measures ν+, ν− (called positive and negative variations of ν) s.t. ν = ν+ − ν− and
ν+ ⊥ ν−. We call |ν| = ν+ + ν− the total variation of ν.

Definition 3.7. A signed measure ν is finite or σ-finite if |ν| is finite or σ-finite.

3.2. Lebesgue Radon-Nikodym Theorem.

Definition 3.8. We say ν is absolutely continuous w.r.t µ where ν is signed and µ is
positive when µ(E) = 0 =⇒ ν(E) = 0. This relation is denoted ν � µ. If ν ⊥ µ and
ν � µ, then ν = 0.

Theorem 3.9. If ν is a finite signed measure and µ a positive measure, then ν � µ iff for
all ε > 0, there exists δ > 0 s.t. |ν(E)| < ε when µ(E) < δ.

Lemma 3.10. Let ν and µ be finite measures on (X,M). Either ν ⊥ µ or there exists ε > 0
and E ∈M s.t. µ(E) > 0 and ν ≥ εµ on E.

Theorem 3.11 (Lebesgue-Radon-Nikodym Theorem). All measures are on (X,M). Let
ν be a σ-finite signed measure, µ a σ-finite positive measure. Then there exists a unique
σ-finite signed λ, ρ s.t.

λ ⊥ µ, ρ� µ, & ν = λ+ ρ.

Also, there exists an extended µ-integrable function f : X → R s.t. dρ = fdµ and
any such f are equal µ-a.e..

Definition 3.12. In the preceding theorem, ν = λ + ρ where λ ⊥ µ and ρ � µ is the
Lebesgue decomposition of ν w.r.t µ.

If ν � µ, then dν = fdµ for some f . We call f the Radon-Nikodym derivative of ν
w.r.t µ and often written dν

dµ
= f since dν = dν

dµ
dµ.
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Proposition 3.13. Assume ν is a σ-finite signed measure and µ, λ are σ-finite measures on
(X,M) s.t. ν � µ and µ� λ.

a. If g ∈ L1(ν), then g(dν/dµ) ∈ L1(µ) and∫
gdν =

∫
g
dν

dµ
dµ.

b. We have ν � λ and
dν

dλ
=
dν

dµ

dµ

dλ
λ− a.e..

Sketch. For a., show we can assume ν ≥ 0. Then, show that the result holds for
characteristic functions and extend to general g ∈ L1(ν) by approximations. For b., use a.
with g = χE(dν/dµ).

�

Corollary 3.13.1. If µ� λ and λ� µ, then (dλ/dµ)(dµ/dλ) = 1 a.e. w.r.t. either λ or µ.

Example 3.14. Let µ be the Lebesgue measure and ν the point mass at 0 on (R,BR). Then
ν ⊥ µ. However, there is no Radon-Nikodym Derivative.

Proposition 3.15. If {µi}ni=1 are measures, then there is a measure µ s.t. µi � µ for all i,
namely

∑n
1 µi.

3.3. Complex Measures.

Definition 3.16. A complex measure on (X,M) is a ν :M→ C s.t.

• ν(∅) = 0
• if {Ej} is a sequence of disjoint sets in M, then ν(

⋃∞
1 Ej) =

∑∞
1 ν(Ej) and the

series converges absolutely.

Remark 2. Infinite values are not allowed for complex measures. Then, a positive measure
is a complex measure iff it is a finite positive measure.

If ν is a complex measure, the real and imaginary parts are νr and νi respectively and
these are signed measures taking on finite values only. If µ is a complex measure, then we
say ν ⊥ µ iff νa ⊥ µb for a, b = i, r.

If f ∈ L1(µ), then dν = fdµ defines a complex measure.

Theorem 3.17 (Lebesgue-Radon-Nikodym Theorem). If ν is a complex measure and µ is
a σ -finite positive measure on (X,M), there exist a complex measure λ and an f ∈ L1(µ)
such that λ ⊥ µ and dν = dλ + fdµ. If also λ′ ⊥ µ and dν = dλ′ + f ′dµ then λ = λ′ and
f = f ′µ -a.e..

Definition 3.18. The total variation of a complex measure ν is the defined by d|ν| = |f |dµ
where dν = fdµ and µ is a positive measure. This is independent of µ and f chosen.

Take µ = |νr|+ |νi| and then the Lebesgue-Radon-Nikodym Theorem asserts there is an
f ∈ L1(µ) s..t dν = fdµ and then set d|ν| = |f |dµ.

Remark 3. This agrees with the definition for signed measures ν when ν is finite. Just take
dν = (χP − χN)d|ν| where P,N are a Hahn-Decomposition and |χP − χN | = 1.

Proposition 3.19. Let ν be a complex measure.

(1) |ν(E)| ≤ |ν|(E) for E ∈M,
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(2) ν � |ν| and dν
d|ν| has absolute value 1 ν-a.e.,

(3) L1(ν) = L1(|ν|) and if f ∈ L1(ν), then |
∫
fdν| ≤

∫
|f |d|ν|.

Proposition 3.20. If ν1, ν2 are complex measures, then |ν1 + ν2| ≤ |ν1|+ |ν2|.

3.4. Differentiation on Euclidean Space. We work with (Rn,L,m) in this section.

Lemma 3.21 (Vitali Covering Lemma). Suppose U is a union of open balls in a set C of
open balls of Rn. If c < m(U), then there exists finitely many disjoint balls Bi in C s.t.∑k

1 m(Bj) >
c

3n
.

Proof. Since c < m(U), choose a compact K ⊆ U s.t m(K) > c and K ≤ U . Then
there is a finite subcover of K by A1, . . . , Am from C. Let B1 be the ball with largest radius
from among the Ai. Then choose B2 to be the ball with largest radius disjoint from B1

and B3 with largest radius disjoint from B1, B2. Repeat this until the list is exhausted. By
construction, if Ai is not one of the Bj’s, then there is a j in which Ai ∩Bj = ∅ and Ai has
radius at most that of Bj. Then Ai ⊆ B∗j were B∗j is the ball with center that of the center

of Bj except with radius three times larger than Bj. Then K ⊆
⋃k

1 B
∗
j . But then,

c < m(K) ≤
k∑
1

m(B∗j ) = 3n
j∑
1

m(Bj).

�

Definition 3.22. A measurable f : Rn → C is locally integrable if
∫
K
|f(x)|dx < ∞

for all bounded measurable sets K ⊆ Rn. Let L1
loc denote the space of locally integrable

functions and

Arf(x) :=
1

m(Br(x))

∫
Br(x)

f(y)dy f ∈ L1
loc.

The Hardy-Littlewood maximal function is

Hf(x) := sup
r>0

Ar|f |(x).

Theorem 3.23. There exists C > 0 s.t. for all f ∈ L1 and α > 0,

λHf (α) := m({x : Hf(x) > α}) ≤ C

α

∫
|f(x)|dx.

This is an example of a weak-type estimate.

Theorem 3.24. If f ∈ L1
loc, then limr→0Arf(x) = f(x) for a.e. x ∈ Rn.

Definition 3.25. A family {Er}r>0 of Borel subets of Rn shrinks nicely to x if Er ⊆ Br(x)
and there is an α > 0 s.t. m(Er) > αm(Br(x)) and this is independent of r.

Theorem 3.26 (Lebesgue Differentiation Theorem). Given f ∈ L1
loc. Then for all f ∈ Lf ,

all Er shrinks nicely to x, and so a.e. x,

lim
r→0

1

m(Er)

∫
Er

|f(y)− f(x)|dy = 0 & lim
r→0

1

m(Er)

∫
Er

f(y)dy = f(x).

Remark 4. A little slogan: “ L1
loc functions have full measure Lebesgue sets”.
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Definition 3.27. A Borel measure ν on Rn is regular if it is finite on compact sets and
outer regular on Borel sets. A signed or complex Borel measure ν is regular if |ν| is.

Example: f ∈ L+(Rn) yields fdm regular iff f ∈ L1
loc.

Theorem 3.28. If ν is a regular signed or complex Borel measure on Rn and dν = dλ+fdm
its Lebesgue-Radon-Nikodym decomposition, then for m-a.e. x ∈ Rn,

lim
r→0

ν(Er)

m(Er)
= f(x)

for every family Er shrinking nicely to x.

Remark 5. This is the most crucial differentiation result of the section. In particular, it
generalizes the usual differentiation rules of undergraduate analysis. Slogan: “differentiation
can be viewed as differentiation of measures fdm w.r.t to sets that shrink nicely”.

3.5. Functions of Bounded Variation.

Theorem 3.29. If F : R→ R is increasing, then its set of discontinuities is countable and
F ′(x) exists for a.e. x ∈ R and F ′(x) = G′(x) for a.e. x ∈ R where G(x) := F (x+) for all x.
Also, we have

F (b)− F (a) ≥
∫ b

a

F ′(x)dx ∀a < b.

Proof. (a) As F is increasing, the intervals (F (x−), F (x+)) are disjoint and for |x| < N ,
they lie in the interval (F (−N), F (N)). So,∑

|x|<N

[F (x+)− F (x−)] ≤ F (N+)− F (−N) <∞

which shows that the set points of discontinuity with x ∈ (−N,N) is countable. Since this
is true for all N , this holds for all R.
(b) ObserveG is increasing and right continuous and G = F except where F is discontinuous.
Also,

G(x+ h)−G(x) =

{
µG((x, x+ h]) h > 0
−µG((x+ h, x]) h < 0

and the families of intervals {(x − r, x]} and {(x, x + r]} shrink nicely as r = |h| → 0. We
know µG is regular and applying Theorem 3.22 of Folland, G′(x) exists for a.e. x.

Next, we show if H = G− F , then H ′ exists and equals zero a.e.. Enumerate the points
at which H 6= 0 as {xj}. Then H(xj) > 0 and there are countably many such points. Set
µ =

∑
j H(xj)δj where δj is the point mass at xj. Then µ is finite on compact sets and

regular.
Also, µ ⊥ m since m(E) = µ(Ec) = 0 where E = {xj}. Then,∣∣∣∣H(x+ h)−H(x)

h

∣∣∣∣ ≤ H(x+ h) +H(x)

|h|
≤ 4µ((x− 2|h|, x+ 2|h|))

4|h|
→ 0

as h→ 0 for a.e. x by Theorem 3.22. So H ′ = 0 a.e. and we are done.
(c) Then ∀a < b,∫ b

a

F ′(x)dx =

∫ b

a

G′(x)dx =

∫ b

a

dµG
dm

dm ≤ µG((a, b)) = G(b−)−G(a) ≤ F (b)− F (a).

�
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Remark 6. Positive measures on R are related to increasing functions and complex measures
are related to functions of bounded relations.

Definition 3.30. The total variation of F : R→ C is

TF (x) := sup

{
N∑
n=1

|F (xn)− F (xn−1)| | N ∈ N, x0 < x1 < · · · < xN = x

}
∀x.

If TF (∞) := limx→∞ TF (x) < ∞, then F has bounded variation, and the class of all such
F is BV (or BV (R)) If Fχ[a,b] ∈ BV , then F ∈ BV (a, b) and TFX[a,b]

(b) − TFX [a,b]
(a) is the

total variation of F on [a, b].

Example 3.31. (1) If F : R→ R is bounded and increasing, then F ∈ BV .
(2) If F,G ∈ BV , then aF + bG ∈ BV for a, b ∈ C.
(3) If F is differentiable and F ′ is bounded, then F ∈ BV ([a, b]) by the MVT.
(4) If F (x) = sin x, then F ∈ BV [a, b] from the above.
(5) If F (x) = x sin(x−1) and F (0) = 0, then F 6∈ BV ([a, b]) for if 0 ∈ [a, b].

Lemma 3.32. If F : R→ R is BV , then TF ± F are both increasing (nondecreasing).

Theorem 3.33. a. F ∈ BV iff ReF ∈ BV and ImF ∈ BV .
b. If F : R→ R, then F ∈ BV iff F is the difference of two bounded increasing functions;

for F ∈ BV these functions may be taken to be 1
2

(TF + F ) and 1
2

(TF − F ).
c. If F ∈ BV , then F (x+) = limy↘x F (y) and F (x−) = limy↗x F (y) exist for all x ∈ R,

as do F (±∞) = limy→±∞ F (y).
d. If F ∈ BV , the set of points at which F is discontinuous is countable.
e. If F ∈ BV and G(x) = F (x+), then F ′ and G′ exist and are equal a.e.

Proof. We prove c., d., and e., as the others are proven in Folland. From here on, take
the real and imaginary parts of F to assume F is real valued. Now, F (x+) = limy↘x F (y)
is clear since F is a sum of two increasing functions. Similarly for the statement regarding
F (x−). The statements for F (±∞) follows from the fact that the function is increasing and
bounded.
d. If F BV, assuming F is real-valued, then the fact that F can be written as a difference of
increasing functions means its points of discontinuity is the union of the set of discontinuities
of the summands which are countable. So, the set of discontinuities of F is also.
e. This is immediate from writing F as a sum of increasing functions and applying the first
theorem. �

Remark 7. Part a. and b. lead to a connection between BV and the space of complex
Borel measures on R which we soon discuss. Notice the similarity with the Hahn-Jordan
Decomposition of a complex measure.

Definition 3.34. If F : R → R, then 1
2

(TF ± F ) are the positive/negative variation

function of F and F = 1
2

(TF + F )− 1
2

(TF − F ) is the Jordan decomposition of F .

Remark 8. Since x± = 1
2
(|x| ± x), for any F ∈ BV and F : R→ R, we have ∀x ∈ R

1

2
(TF ± F ) (x) = sup

{
N∑
n=1

[F (xn)− F (xn−1)]± | x0 < x1 < · · · < xN = x

}
± 1

2
F (−∞)

(because the formula for TF (x) can require x0 = −∞.)
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Definition 3.35. The normalized bounded variation is given by

NBV := {F ∈ BV | F right-continuous and F (−∞) = 0}
Remark. If F ∈ BV, then G(x) := F (x+) − F (−∞) ∈ NBV and G′ = F ′ a.e. by
theorem 3.27(a, b, d) (because if F = F1 − F2 and F1, F2 are increasing and bounded, then
G(x) = F1(x+)− F (−∞)− F2(x+)) By theorem 3.27, G 6= F −F (−∞) at countably many
points.

Lemma 3.36. If F ∈ BV , then TF (−∞) = 0. If F is also right continuous, then so is TF

Theorem 3.37. If µ is a complex Borel measure on R and F (x) = µ((−∞, x]), then F ∈
NBV . Conversely, if F ∈ NBV , there is a unique complex Borel measure µF such that
F (x) = µF ((−∞, x]); moreover, |µF | = µTF

Remark 9. The theorem essentially gives a correspondence between NBV and complex
Borel measures on R and the total variation function gives the total variation of the complex
Borel measure.

Proof. ( =⇒ ) Decompose into positive and negative parts of the real and imaginary
part. Then F±j (x) = µ±j ((−∞, x]) satisfies F±j (−∞) = 0, and F±j (∞) = µ±j (R) < ∞
where j = 1, 2 in µ = µ+

1 − µ−1 + i(µ+
2 − µ−2 ). Applying Theorem 3.27(a,b) of Folland,

F = F+
1 − F−1 + i(F+

2 − F−2 ) is in NBV.
( ⇐= ): By Theorem 3.27 and Lemma 3.28 of Folland, any F ∈ NBV is in the de-

composition F±j . Theorem 1.16 of Folland tells us each F±j gives rise to measures µ±j and

F (x) = µF ((−∞, x]) where µF = µ+
1 − µ−1 + i(µ+

2 − µ−2 ). �

The next question we answer is “which NBV functions correspond to µ s.t. µ ⊥ m and
µ� m?” since we want to apply the Lebesgue-Radon-Nikodym Theorem.

Proposition 3.38. If F ∈ NBV , then F ′ ∈ L1(m). Moreover, µF ⊥ m iff F ′ = 0 a.e., and
µF � m iff F (x) =

∫ x
−∞ F

′(t)dt.

Definition 3.39. A function F : R → C is called absolutely continuous if for ε > 0,
there exists δ > 0 s.t. for any finite set of disjoint intervals (aj, bj), one has

N∑
1

(bj − aj) < δ =⇒
N∑
1

|F (bj)− F (aj)| < ε.

One says F is absolutely continuous on [a, b] if this holds when the intervals are contained
in [a, b].

The above condition obviously implies uniform continuity when N = 1. Conversely, if
F is everywhere differentiable and F ′ is bounded, then F is absolutely continuous since
|F (bj)− F (aj)| ≤ (max |F ′|)(bj − aj) by the MVT.

Proposition 3.40. If F ∈ NBV , then F is absolutely continuous iff µF � m.

Corollary 3.40.1. If f ∈ L1(m), then the function F (x) =
∫ x
−∞ f(t)dt is in NBV and is

absolutely continuous, and f = F ′ a.e. Conversely, if F ∈ NBV is absolutely continuous,
then F ′ ∈ L1(m) and F (x) =

∫ x
−∞ F

′(t)dt

Proof. Proposition 3.30 and 3.32 are from Folland. If f ∈ L1(m), then F (x) is in NBV
by Proposition 3.30 since µF � m by definition. Meanwhile, it is absolutely continuous by
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Proposition 3.32 and f = F ′ a.e. by Proposition 3.30. The second follows from the “iff”
aspect of the propositions. �

Lemma 3.41. If F is absolutely continuous on [a, b], then F ∈ BV ([a, b])

Theorem 3.42 (The Fundamental Theorem of Calculus for Lebesgue Integrals.). If −∞ <
a < b <∞ and F : [a, b]→ C, TTFAE:

a. F is absolutely continuous on [a, b].
b. F (x)− F (a) =

∫ x
a
f(t)dt for some f ∈ L1([a, b],m).

c. F is differentiable a.e. on [a, b], F ′ ∈ L1([a, b],m), and F (x)− F (a) =
∫ x
a
F ′(t)dt.

Proof. (a) =⇒ (c): Assuming WLOG that F (a) = 0 by subtracting by a constant, we
then set F (x) = 0 for x < a and F (x) = F (b) for x > b. This means F ∈ NBV by the
preceding lemma and (c) follows from Corollary 3.33 of Folland.

(c) =⇒ (b) is trivial.
(b) =⇒ (a) set f(t) = 0 on [a, b]c and then apply Corollary 3.33 of Folland to deduce

that F (x)− F (a) =
∫ x
−∞ f(t)dt−

∫ a
−∞ f(t)dt =

∫ x
a
f(t)dt. �

Remark 10. The Cantor-Lebesgue function F is an example of a continuous a.e. differ-
entiable function with F ′ = 0 a.e. that is not absolutely continuous on [a, b]. Hence, c.
fails for F since the integral is zero while F (1) − F (0) = 1. This shows that the condition
F (x)− F (a) =

∫ x
a
F ′(t)dt is essential for absolute continuity and vice-versa.

Definition 3.43. If F ∈ NBV , denote the integral of a function g with respect to the mea-
sure µF by

∫
gdF or

∫
g(x)dF (x). Such integrals are called Lebesgue-Stieltjes integrals.

Theorem 3.44. If F and G are in NBV and at least one of them is continuous, then for
−∞ < a < b <∞ ∫

(a,b]

FdG+

∫
(a,b]

GdF = F (b)G(b)− F (a)G(a).

Proof. Since F,G are linear combinations of increasing NBV functions, it suffices to
assume F and G are increasing. Suppose G is continuous and let Ω = {(x, y) : a < x ≤
y ≤ b}. Apply Fubini-Tonelli to compute µF × µG(Ω) in two ways and we get, the second
equality uses the fact that G(x) = G(x−),

µF × µG(Ω) =

∫
(a,b]

∫
a,y]

dF (x)dG(y) =

∫
(a,b]

FdG− F (a)[G(b)−G(a)]

µF × µG(Ω) =

∫
(a,b]

∫
[x,b]

dG(y)dF (x) = G(b)[F (b)− F (a)]−
∫

(a,b]

GdF.

Subtracting the two equations gives the desired result. �

4. Point-Set Topology

4.1. Topological Spaces and Continuous Maps.

Definition 4.1. Let X be a nonempty set. A topology on X is a family T of subsets of
X that contains ∅ and X that is closed under finite intersection and arbitrary unions. The
pair (X, T ) is called a topological space. The elements of T are called open sets. The
complements of open sets are closed sets. We summarize the key definitions.

(1) The interior of a set A ⊆ X is the union A◦ of all open sets contained in A.
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(2) The closure A is the intersection of all closed sets containing A.
(3) The boundary of a set A is ∂A = A \ A◦.
(4) A set A is dense if A = X.

(5) A set A is nowhere dense if A
◦

= ∅.
(6) A neighborhood of a point x is a set A s.t. x ∈ A◦.
(7) A point x is an accumulation point of A if A ∩ (U \ {x}) 6= ∅ for all neighborhoods

U of x.
(8) If T1 ⊆ T2, we say T1 is courser than T2 and T2 is finer than T1 (also resp. weaker

and stronger).
(9) The topology generated by a subset E ⊆ P(X) is the unique weakest topology

containing the set.
(10) A neighborhood base for T at x ∈ X is a family N ⊆ T s.t. x ∈ V for all V ∈ N

and if x ∈ U ∈ T , then there exists V ∈ N s.t. V ⊆ U .
(11) A base for T is a family B ⊆ T that contains a neighborhood base for T for each

x ∈ X.
(12) A topological space (TS) is first countable if there is a countable neighborhood

base for T at every point.
(13) A TS is second countable if it has a countable base.
(14) A TS is separable if X has a countable dense subset.
(15) A sequence {xj} in a TS converges to x if for all neighborhoods U 3 x, there exists

N s.t. for all j ≥ N , we have xj ∈ U .
(16) A function f between two topological spaces is continuous iff the preimage of an

open set is open. It is continuous at a point x iff every neighborhood of f(x) has
preimage that is the neighborhood of x.

(17) A function f between topological spaces is a homeomorphism if f is bijective, f is
continuous, and f−1 is continuous.

(18) Given a family fα : X → Yα, the weak topology is the weakest topology on X
that makes the functions in the family {fα} continuous.

(19) A function between topological spaces f is an embedding if f is injective and it is
a homeomorphism onto its image which is given the relative topology.

Proposition 4.2. We summarize some standard facts about topological spaces.

(1) If T is a topology on X and E ⊂ T , then E is a base for T iff every nonempty
U ∈ T is a union of members of E .

(2) If E ⊂ P(X), in order for E to be a base for a topology on X it is necessary and
sufficient that the following two conditions be satisfied:

a. each x ∈ X is contained in some V ∈ E ;
b. if U, V ∈ E and x ∈ U ∩ V , there exists W ∈ E with x ∈ W ⊂ (U ∩ V ).

(3) If E ⊂ P(X), the topology T (E) generated by E consists of ∅, X, and all unions of
finite intersections of members of E .

Theorem 4.3. Every subspace of a second countable space is also second countable.

Proof. Let X be second countable and Y ⊆ X a subspace. Let B be a countable basis
for X. Then define C := {B ∩ Y | B ∈ B} and since B is countable, C is also countable.
Every open set in X is the union of finite intersections of elements of B. Suppose V ⊆ Y
were open. Then by definition, V := U ∩ Y for some open set U ⊆ X. So, U :=

⋃
α

⋂
i∈Iα Bi
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with Bi ∈ B. Then, U ∩ Y :=
(⋃

α

⋂
i∈Iα Bi

)
∩ Y =

⋃
α

⋂
i∈Iα(Bi ∩ Y ) which shows that Y is

the union of finite intersections of elements of C. �

Theorem 4.4. A subspace of a separable metric space is separable.

Proof. A metric space is separable iff it is second countable. A subspace of a second
countable space is necessarily second countable. So, a subspace of a metric is necessarily
separable. �

Theorem 4.5. Every second countable space is separable.

Proof. There is a countable basis and choosing a point from each set in the basis, we
get a countable dense set. �

Theorem 4.6. If X is first countable and A ⊂ X, then x ∈ A iff there is a sequence in A
converging to x.

Proof. For the forward direction, use the definition of first countability to construct
the sequence. For the converse, if x 6∈ A, then we have a contradiction since the sequence is
in A and converges. �

Definition 4.7. Let X be a topological space and we say X is Ti for i = 1, 2, 3, 4 respectively
when

(1) i = 0 if for points x 6= y, there exists an open set containing x but not y or vice
versa.

(2) i = 1 if for x 6= y, there is an open set containing x but not y.
(3) i = 2 if we can separate distinct points by disjoint open sets.
(4) i = 3 if we can separate closed sets from points by open sets and X is T1.
(5) i = 4 if we can separate disjoint closed sets by open sets and X is T4.

Theorem 4.8. A space is T1 iff {x} is closed for any point x in the space.

Remark 11. The importance of this fact is that it shows T4 =⇒ T3 and T3 =⇒ T2.

Theorem 4.9. If Xα and T are topological spaces, X =
∏

αXα, then f : X → Y is
continuous iff πα ◦ f is continuous for all α.

Proposition 4.10. If X is a topological space, A is a nonempty set, and {fn} is a sequence
in XA, then fn → f in the product topology iff fn → f pointwise.

Proposition 4.11. If X is a topological space, BC(X) is a closed subspace of B(X) in the
uniform metric; in particular, BC(X) is complete.

Definition 4.12. We write BC(X,F ), C(X,F ) for the space of bounded continuous and
continuous functions from X to F where F ∈ {R,C}. The uniform norm on B(X) is defined
by ‖f‖u = sup{|f(x)| : x ∈ X}.

Lemma 4.13 (Urysohn’s Lemma). Let X be normal, and A and B disjoint closed subsets
of X. There exists f ∈ C(X, [0, 1]) s.t. f = 0 on A and f = 1 on B.

Lemma 4.14 (Tietze Extension Theorem). Let X be a normal space. If A is a closed subset
of A and f ∈ C(A, [a, b]), there exists F ∈ C(X, [a, b]) s.t. F |A = f .

Corollary 4.14.1. If X is normal and A ⊆ X is closed with f ∈ C(A), then there exists
F ∈ C(X) s.t. F |A = f .
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Corollary 4.14.2. A metric space is compact iff all continuous real-valued functions on it
are bounded.

Proof. The forward direct follows from how compact sets are preserved by continuous
functions and compacts subsets of R are bounded.

For the other direction, we prove the contrapositive. Suppose X is a noncompact metric
space. So, it is not sequentially compact and there is a sequence {xn}n∈N with no convergent
subsequence. Let S := {x1, x2, x3, . . . } and we claim S is closed in X. Indeed, any convergent
sequence in S must be eventually constant and hence, has limit inside S. Let f : X → R
be defined on S by f(xn) = n and since S is discrete, f is continuous on S. Since X is
normal, the Tietze Extension Theorem gives an F : X → R continuous s.t. F |S = f . But
that means F is unbounded on X as desired. �

Remark 12. It is useful to note that metric spaces are always normal. Therefore, it is always
possible to apply the conclusions of these theorems to spaces such as Lp for 1 ≤ p ≤ ∞.

4.2. Nets.

Definition 4.15. A directed set is a set A with a binary relation ≤ s.t.

(1) ∀a ∈ A, a ≤ a;
(2) ∀a, b, c ∈ A s.t. a ≤ b and b ≤ c, a ≤ c;
(3) ∀a, b ∈ A, ∃c ∈ A s.t. a ≤ c and b ≤ c.

Definition 4.16. A net in a set X is a mapping a 7→ xa from a directed set A into X.
Denote such mappings by 〈xα〉α∈A for ease.

Example 4.17. Here are some examples of nets.

(1) N with j ≤ k iff j ≤ k in the usual sense.
(2) R \ {a} with x ≤ y iff |x− a| ≥ |y − a| in the usual sense.
(3) The set of all partitions of [a, b] ordered by {xi} ≤ {yj} iff max(xj − xj−1) ≥

max(yk − yk−1).
(4) The set of N of neighborhoods of x ∈ X with U ≤ V iff U ⊇ V which is said to be

ordered by reverse inclusion.
(5) The product A × B has (a, b) ≤ (a′, b′) iff a ≤ a′ and b ≤ b′. This is the standard

way to form a directed set A×B from two directed sets.

Definition 4.18. If X is a topological space, E ⊆ X, then a net 〈xα〉 is eventually in E
if xa ∈ E for all a ≥ a0 for some a0. A point x ∈ X is the limit point of 〈xα〉 iff for every
neighborhood U 3 x, 〈xα〉 is eventually in U . A net is frequently in E if for all a, there
is a b ≥ a for which xb ∈ E. A cluster point x is a point s.t. for all neighborhood U 3 x,
〈xα〉 is frequently in U .

Proposition 4.19. If E ⊂ X is a topological space with x ∈ X, then x is an accumulation
point of E iff there is a net E \ {x} that converges to x and x ∈ E iff there is a net in E
that converges to x.

Definition 4.20. A subnet of a net 〈xα〉 is a net 〈yβ〉 with map β 7→ αβ from B to A s.t.

(1) ∀α0 ∈ A, ∃β0 s.t. αβ ≥ α0 whenever β ≥ β0;
(2) yβ = xαβ .
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4.3. Compact Spaces.

Definition 4.21. A precompact set is a subset of a TS whose closure is compact. A set
is compact if every open cover of the set has a finite subcover. The finite intersection
property of a family of subsets means the finite intersections sets in the family are always
nonempty.

Proposition 4.22. The following is a brief recollection of standard and useful results.

(1) Closed subsets of compact spaces are compact.
(2) Compact subsets of Hausdorff spaces are necessarily closed.
(3) Continuous image of compact sets are compact i.f. if X is compact, then f(X) is

compact when f : X → Y is continuous.
(4) BC(X) = C(X) whenever X is compact.

Theorem 4.23. A topological space is compact iff every family of closed sets satisfying the
finite intersection property has nonempty intersection.

Proof. Take the complement and use the definitions. �

Theorem 4.24. In a Hausdorff space, one can separate compact sets and points.

Theorem 4.25. Every compact Hausdorff space is normal.

Theorem 4.26. Every second countable space is a Lindelöf space.

Proof. Let {Ui}i∈I be an open cover. For each basis Bn, let Vn be any Ui containing
Bn if such a Bn exists. If not, choose nothing. This gives a countable subcollection {Vn} of
the cover. We claim this countable subcollection covers X.

Assume not and there is an x ∈ X \ Vn for all n. Since the Ui’s cover X, x ∈ Uj for
some j ∈ I. Then, there is an x ∈ Bn ⊂ Uj by definition of the basis. Since Bn ⊂ Ui, it was
already selected among the Vn and hence, x ∈ Vn for some n. Contradiction. �

Proposition 4.27. A second countable, regular space is normal.

Proof. Let A,B be disjoint closed sets. For each a ∈ A, choose a neighborhood U of x
that does not intersect V by regularity. With a ∈ A and A\U closed, choose a neighborhood
V of a s.t. V does not intersect A\U . Then, V ⊂ U and the closure of V is actually contained
in U . Then, choose an element of the basis W s.t. a ∈ W ⊂ V . Do this for every a ∈ A
to get a covering {Ua}a∈A. Since the space is second countable, it is Lindelöf so there is a
countable subcover say {Un}.

Do the same with B to get a countable cover {Vn}. Set U :=
⋃
n∈N Un and V :=

⋃
n∈N Vn.

These sets may not be disjoint, but clearly U ⊇ A and V ⊇ B. To make these sets disjoint,
define U ′n := Un \

⋃n
i=1 Vn and V ′n := Vn \

⋃n
i=1 Un. In this way, V ′n does not intersect any of

the U ′n and clearly, U ′n and V ′n are open since they are the set difference of an open set by a
closed set. These the U ′n form a covering for A because every x ∈ U ′n for some n and x is in
none of the Vn by construction. This completes the proof. �

Theorem 4.28. Any continuous bijection from a compact space to a Hausdorff space is a
homeomorphism.

Proof. Use the fact that the continuous image of a compact set is compact (this gives
that the inverse map is continuous). �
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Theorem 4.29. TFAE for any topological space:

(1) X is compact,
(2) every net in X has a convergent subnet,
(3) every net has a cluster point.

Definition 4.30. A TS is countably compact if every countable open cover has a finite
subcover. A TS is sequentially compact if every sequence has a convergent subsequence.

4.4. Locally Compact Hausdorff Spaces.

Definition 4.31. A locally compact space is one in which every point has a compact
neighborhood. Let LCH mean locally compact Hausdorff.

Proposition 4.32. If X is an LCH space, U ⊂ X open, and x ∈ U , there is a compact
neighborhood N of x s.t. N ⊂ U .

Proof. 1 First, assume U is compact since we can always choose a compact neighborhood
K 3 x and then replace U by (U ∩K)◦.

Second, since the space is Hausdorff, we can separate compact sets and points. In par-
ticular, there open sets V 3 x and W 3 ∂U that are disjoint. Therefore, V ⊆ U . Taking the
closure V , since V ⊆ U is now a closed subset of a compact set, V is compact. �

Proposition 4.33. If X is an LCH space, K ⊂ U ⊂ X with K compact and U open, then
there is a precompact open V s.t. K ⊂ V ⊂ V ⊂ U .

Proof. Cover K by taking a compact neighborhood Vx for every x ∈ X. Then V ◦x forms
a open cover of K so there is a finite subcover K ⊆

⋃n
1 V

◦
n . Then, the closure is a finite

union of compact sets in U so the closure is compact. This completes the proof. �

Theorem 4.34 (Urysohn’s Lemma for LCH Spaces). If X is an LCH space, K ⊂ U ⊂ X
where K is compact and U open, then ∃f ∈ C(X, [0, 1]) s.t. f = 1 on K and f = 0 outside
a compact subset of U .

Corollary 4.34.1. An LCH space is completely regular.

Proof. Clearly LCH implies T1. Let A ⊂ X be closed and x 6∈ A. The point x has
a compact neighborhood K disjoint from A. Apply Urysohn’s Lemma on that compact
neighborhood so we have an f(x) = 1 and f = 0 outside a compact subset of an open set of
K. �

Theorem 4.35 (Tietze Extension Theorm for LCH Spaces). If X is an LCH space, K ⊂ X
is compact and f ∈ C(K), there exists an F ∈ C(X) s.t. F |K = f and f may be taken to
vanish outside a compact subset of X.

Proof. There exists an open precompact V ⊇ K. Define f on ∂V by f |∂V = 0. Since
V is normal, the usual Tietze Extension shows there exists F ∈ C(V ) s.t. F |K = f and
F |∂V = 0. Define F |V c = 0 and this is the desired F ∈ Cc(X). �

1An incorrect proof: Let x ∈ U ⊆ X. Choose a compact neighborhood M 3 x and consider (M ∩U)◦. Then
there is an open set B ⊂ (M ∩ U)◦ that contains x. Taking the closure B =: N , which is a closed subset of
the compact set M , this means x ∈ N ⊆ U is our desired subset.
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Definition 4.36. The support of a function f ∈ C(X) is the closure over the set f−1({0}c) =:
supp(f). If supp(f) is compact, we say f is compactly supported. The space of f ∈ C(X)

that are compactly supported is denoted Cc(X). If ∀ε > 0, {x : |f(x)| ≥ ε} is compact, then
f vanishes at infinity. Let C0(X) be the space of f ∈ C(X) that vanishing at infinity.

Remark 13. If X is Hausdorff, Cc(X) ⊆ C0(X) ⊆ BC(X). Compactness gives the reverse.

Proposition 4.37. If X is an LCH space, then C0(X) is the closure of Cc(X) in the supre-
mum metric.

Proof. If fn → f uniformly on X and f ∈ Cc(X), then if ε > 0, let n be s.t. ‖fn−f‖u <
ε. Then, f−1(Bε(0)c) ⊆ f−1

n ({0}c) and compact. Therefore, fn ∈ C0(X).
If f ∈ C0(X) and n ∈ N, then Kn := f−1(B 1

n
(0)c) is compact. Choose gn ∈ Cc(X) s.t.

gn ≡ 1 on Kn and 0 ≤ gn ≤ 1 by Urysohn’s Lemma. So then, fgn ∈ Cc(X) and equals f on

Kn. Hence, ‖fgn − f‖u ≤ 1
n
. Hence, f ∈ Cc(X). �

Theorem 4.38. If X is LCH and E ⊆ X, then E is closed iff E ∩ K is closed for every
compact set K ⊆ X.

Proof. ( =⇒ ): Is immediate since E ∩K is an intersection of closed sets.
(⇐= ): If E is not closed, there is an x ∈ E \E. Then, there is a compact neighborhood

K 3 x. Then, x is an accumulation point for the intersection K ∩E (because x ∈ E and K
compact so x ∈ E ∩K), but x 6∈ K ∩ E since x 6∈ E. �

Definition 4.39. Let X be a noncompact LCH space. Let ∞ be a point that is not in X
and X∗ := X ∪ {∞} with T being the collection of subsets U of X∗ s.t. either U is an open
subset of X or ∞ ∈ U and U c is a compact subset of X.

The space X∗ is called the one-point compactification or Alexandroff compactifi-
cation of X.

Proposition 4.40. If X,X∗, and T are as above, then (X∗, T ) is a compact Hausdorff
space, and the inclusion map i : X → X∗ is an embedding. Moreover, if f ∈ C(X), then f
extends continuously to X∗ iff f = g+ c where g ∈ C0(X) and c is a constant, in which case
the continuous extension is given by f(∞) = c.

Definition 4.41. The topology of uniform convergence on CX is generated by sets{
g ∈ CX : sup

x∈X
|g(x)− f(x)| < n−1

} (
n ∈ N, f ∈ CX

)
.

The topology of uniform convergence on compact sets is generated by the sets{
g ∈ CX : sup

x∈K
|g(x)− f(x)| < n−1

} (
n ∈ N, f ∈ CX , K ⊂ X compact

)
.

Definition 4.42. A TS is σ-compact if it is a countable union of compact sets.

Proposition 4.43. If X is a σ -compact LCH space, there is a sequence {Un} of precompact
open sets such that Ūn ⊂ Un+1 for all n and X =

⋃∞
1 Un.

Proposition 4.44. If X is a σ -compact LCH space and {Un} is as in the preceding propo-
sition, then for each f ∈ CX the sets{

g ∈ CX : sup
x∈Ūn
|g(x)− f(x)| < m−1

}
(m,n ∈ N)
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form a neighborhood base for f in the topology of uniform convergence on compact sets.
Hence this topology is first countable, and fj → f uniformly on compact sets iff fj → f
uniformly on each Ūn.

Definition 4.45. If X is a TS and E ⊆ X, a partition of unity on E is a collection of
functions hα ∈ C(X, [0, 1]) s.t. each x ∈ X has a neighborhood on which only finitely many
hα are nonzero and

∑
α∈A hα(x) = 1.

A POU is subordinate to an open cover of E if for each α, there is an open set U in
the cover s.t. supp(hα) ⊆ U .

Theorem 4.46. If X is an LCH space, K compact subset of X, and {Uj}nj=1 an open cover
for K, then there is a POU on K subordinate to the open cover consisting of compactly
supported functions.

4.5. Two Compactness Theorems.

4.6. Stone-Weierstrass Theorem.

Definition 4.47. Let X be a topological space and A ⊂ BC(X,R) or BC(X). Then A is
an algebra if it is a real/complex vector subspace of BC(X,R)/BC(X) s.t. fg ∈ A when
f, g ∈ A. In particular, if A is an algebra, so is A.

It separates points if for all x, y distinct, there exists f ∈ A s.t. f(x) 6= f(y).

Theorem 4.48 (Stone-Weierstrass). Let X be a compact Hausdorff space and A ⊆ C(X,R)
a closed subalgebra. Then either A = C(X,R) or A = {f ∈ C(X,R) : f(x0) = 0} for some
x0 ∈ X.

Proof. We need a few lemmas.

Lemma 4.49. The only subalgebras of C({x, y},R) ∼= R2 are {(0, 0)}, and linear spans of
(a, 0), (0, b), (c, c) where a, b, c ∈ R.

Next, we need to approximate certain functions well.

Lemma 4.50. ∀ε > 0,∃Pε ∈ R[x] s.t. Pε(0) = 0 and ‖|x|−P (x)‖u ≤ ε where the supremum
norm is over [−1, 1].

Lemma 4.51. Assume X is a compact Hausdorff space. If A ⊆ C(X,R) is a closed subal-
gebra of C(X,R), then |f |, min{f, g}, and max{f, g} are in A for all f, g ∈ A.

Lemma 4.52. Assume X is a compact Hausdorff space. If A is a closed subalgebra f ∈
C(X,R) s.t. for all x, y ∈ X, there exists gxy ∈ A s.t. f = gxy at x and y, then f ∈ A.

The proof is immediate from these lemmas. Consider Axy = {(f(x), f(y)) : f ∈ A} and
notice Axy is a subalgebra of R2. There are five cases by the first lemma. If Axy = R2,
then A = C(X,R) by the last lemma above. Otherwise, there is an x0 ∈ X s.t. Ax0y :=
{(0, a) : a ∈ R} for some y ∈ R since A separates points (this rules out one case in the first
lemma and our current case is essential the same as another case in the lemma). Then every
function f ∈ A has f(x0) = 0 and x0 is unique. Then, A := {f ∈ C(X,R) : f(x0) = 0}. �

Theorem 4.53. Let X be a compact Hausdorff space and A ⊆ C(X) be a closed subalgebra
of C(X) that separates points and closed under complex conjugation. Then eitherA = C(X)
or there exists x0 s.t. A := {f ∈ C(X) : f(x0) = 0}.



5. ELEMENTS OF FUNCTIONAL ANALYSIS 24

Proof. Apply the real version using the fact that if AR is the set of real valued parts
of f ∈ A, then AR is also the set of imaginary valued parts and A = AR + iA. �

Example 4.54. All polynomials in eix form a subalgebra of C([−π, π]) where −π ∼ π.
However, its closure does not contain e−ix.

Example 4.55. One can apply the preceding theorem toA :=
{∑N

n=−N ane
inx : N ∈ N, an ∈ C

}
.

Then A is a closed subalgebra and is in C([−π, π]) where −π ∼ π are identified. Then, this
is dense in L2[−π, π] and then {einx : n ∈ Z} forms an orthonormal basis of L2[−π, π] with
inner product 〈f, g〉 = 1

2π

∫ π
−π fgdx.

There is one more “general” version of the SW Theorem where the space is noncompact
and locally compact Hausdorff. However, we omit this and refer to [1].

Example 4.56. The SW Theorem in the usual sense for X = R can be applied with poly-
nomials. That is, one can approximate continuous functions using polynomials (including
constant polynomials) and even better, approximate general Lp functions on R since contin-
uous functions in Lp are dense in Lp.

Theorem 4.57 (Standard Version of SW). Suppose B is a subalgebra of C(X,R) separating
points which contains the constant functions. Then B is dense in C(X,R).

5. Elements of Functional Analysis

5.1. Normed Vector Spaces. Throughout, fix K as either R or C and X a vector
space over K.

Definition 5.1. A seminorm ‖ · ‖ : X → [0,∞) on K satisfies the first two conditions and
a seminorm is a norm if it satisfies the third condition:

(1) ‖x+ y‖ ≤ ‖x‖+ ‖y‖
(2) ‖λx‖ = |λ|‖x‖
(3) if ‖x‖ = 0, then x = 0.

The space (X, ‖ · ‖) with a norm is a normed vector space (NVS). The function
ρ(x, y) = ‖x − y‖ naturally defines a metric and hence, a topology on X called the norm
topology. Two norms ‖ · ‖1 and ‖ · ‖2 are equivalent iff they generate the same norm
topology. That is, iff there exists C1, C2 > 0 s.t.

C1‖x‖1 ≤ ‖x‖2 ≤ C2‖x‖1

A complete normed vector space is called a Banach space (BS).

Theorem 5.2. A NVS X is complete iff every absolutely convergent series in X converges.

Proof. See Theorem 5.1 of [1]. �

Definition 5.3. Let L(X, Y ) denote the space of bounded linear maps T : X → Y . A
bounded linear map T : X → Y is a linear map s.t. ∃C ≥ 0 s.t. ∀x ∈ X, ‖Tx‖ ≤ C‖x‖.
The space L(X, Y ) has an operator norm defined by

‖T‖ = sup{‖Tx‖ : ‖x‖ = 1} = inf{C : ‖Tx‖ ≤ C‖x‖ for all x}.
If T ∈ L(X, Y ), T is invertible, or an isomorphism, if T is bijective and T−1 is bounded.
If ‖Tx‖ = ‖x‖ for all x ∈ X, then T is called an isometry.
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Theorem 5.4. If X and Y are NVS and T : X → Y are linear maps, TFAE:

(1) T is continuous;
(2) T is continuous at 0;
(3) T is bounded.

Example 5.5. Consider `2(N) and the operator T : `2(N) → `2(N) defined by Ten = 1
n
en.

This is a bounded operator because ‖T‖ = 1. However, its inverse T−1 which is defined by
en 7→ nen is not bounded because ‖Ten‖ = n‖en‖ and as n→∞, it becomes clear that this
linear operator is not bounded.

Theorem 5.6. If Y is complete, so is L(X, Y ).

Proof. Let {fn} be Cauchy in L(X, Y ). Then {fnx} is Cauchy in Y for every x since

‖fnx− fmx‖ ≤ ‖fn − fn‖‖x‖ < ε‖x‖.
Thereforem, {fnx} converges. Define f(x) = limn fn(x). Then,

f(ax+ by) = a lim
n
f(x) + b lim

n
f(y) = af(x) + bf(y)

for all a, b ∈ C and x, y ∈ X so f : X → Y is linear. For all x, we have

‖f(x)‖ = lim
n→∞

‖fn(x)‖ ≤ lim
n→∞

‖fn‖‖x‖

and limn→∞ ‖fn‖ <∞ because

|‖fn‖ − ‖fm‖| ≤ ‖fn − fm‖
shows ‖fn‖ is Cauchy in C and hence, converges. �

Theorem 5.7. The closed unit ball of a normed linear space X is compact iff X is finite
dimensional.

Proof. The closed unit ball in a finite dimensional linear space is compact by a HW
in 240B. We show that B := B1(0) fails to be compact in infinite dimensional space. If
dimX = ∞, we can find a sequence {xn}n∈N ⊆ B satisfying ‖xn − xm‖ ≥ 1

2
when n 6= m

and this sequence has no convergent subsequence. Therefore, B would fail to be compact.
Choose an x1 ∈ B. For an n ∈ N, suppose we chose {x1, . . . , xn} already. Then, we choose
an xn+1 by letting M := span(x1, . . . , xn) and choose xn+1 to be the unit vector s.t.

‖xn+1 +M | ≥ 1− 1

2
=

1

2

because M is a proper closed subspace of X. �

5.2. Linear Functionals. Fix X to be a vector space and K ∈ {C,R}.

Definition 5.8. A linear functional is a linear map f : X → K. If X is a NVS, then
L(X,K) is the space of bounded linear functionals which is called the dual space of X. It
is a Banach space with the operator norm.

Proposition 5.9. Let X be over C and f a complex linear functional on X and u := Re f .
Then u is a real linear functional and f(x) = u(x)− iu(ix) for x ∈ X.

Conversely, if u is a real linear functional on X and f : X → C is defined by f(x) =
u(x)− iu(ix), then f is complex linear. Furthermore, if X is normed, ‖u‖ = ‖f‖.
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Proof. If f is complex linear, then u is real linear and Im (f) = −Re [if(x)] = −u(ix).
Hence, f(x) = u(x)− iu(ix).

Conversely, if u is real linear and f(x) = u(x)− iu(ix), then f is linear over R. Also,

f(ix) = u(ix)− iu(−x) = u(ix) + iu(x) = if(x)

so f is linear over C.
Suppose X were normed. Then |u(x)| ≤ |Re f | ≤ |f(x)| which means ‖u‖ ≤ ‖f‖. For

the other inequality, if f(x) 6= 0, let α = sgn(f). Then,

|f(x)| = αf(x) = f(αx) = u(αx) since f(αx) is real.

Hence, |f(x)| ≤ ‖u‖‖αx‖ = ‖u‖‖x‖. Hence, ‖f‖ ≤ ‖u‖. �

Definition 5.10. If X is a vector space on R, a sublinear functional on X is a p : X → R
s.t.

p(x+ y) ≤ p(x) + p(y) & p(λx) = λp(x)

for x, y ∈ X and λ ≥ 0.

Theorem 5.11 (Hahn-Banach). If X is a vector space over R, p a sublinear functional on
X, M a subspace of X, and f a linear functional on M s.t. f(x) ≤ p(x) for x ∈ M , then
there exists a linear functional F on X s.t. F (x) ≤ p(x) for all x ∈ X and F |M = f .

Proof. First, we extend f to a linear functional g on M + Rx for x ∈ X \ M s.t.
g(y) ≤ p(y) on M + Rx. If y1, y2 ∈M ,

f(y1) + f(y2) = f(y1 + y2) ≤ p(y1 + y2) ≤ p(y1 − x) + p(x+ y2)

and so,

f(y1)− p(y1 − x) ≤ p(x+ y2)− f(y2).

Hence,

sup{f(y)− p(y − x) : y ∈M} ≤ α ≤ inf{p(x+ y)− f(y) : y ∈M}
and where we chose α to be any number satisfying the inequality. Define g : M + Rx → R
by g(y + λx) = f(y) + λα. Then g is linear and g|M = f . Also, g(y) ≤ p(y) for y ∈ M . If
λ > 0 and y ∈M , one has

g(y + λx) = λ[f(y/λ) + α] ≤ λ[f(y/λ) + p(x+ (y/λ))− f(y/λ)] = p(y + λx)

and if λ < 0, one has

g(y + λx) = µ[f(y/µ)− α] ≤ µ[f(y/µ)− f(y/µ) + p((y/µ)− x)] = p(y + λx).

Hence, g(z) ≤ p(z) for z ∈ M + Rx. Note that the inequality follows form the definition of
α.

The same reasoning can be applied to any linear extension F of f with F ≤ p on its
domain. The domain of a maximal linear extension F s.t. F ≤ p must be the whole space.
The family of linear extensions F of f satisfying F ≤ p can be partially ordered by inclusion.

The union of any increasing family of subspaces is again a subspace and the relation
F ≤ p is preserved. Invoke Zorn’s lemma to complete the proof. �

Remark 14. In the case of a finite dimensional or even countable dimensional vector space
over R, it is possible to not rely on the Axiom of Choice. However, in the general case where
the dimension is far too large to work with, the Axiom of Choice is necessary.
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Theorem 5.12 (Complex Hahn-Banach). Let X be a complex vector space, p a seminorm
on X, M a subspace of X, and f a complex linear functional on M s.t. |f(x)| ≤ p(x) for
x ∈ M . Then there exist a complex linear functional F on X s.t. |F (x)| ≤ p(x) for x ∈ X
and F |M = f .

Proof. Let u = Re f . Apply the preceding theorem to get a real linear extension U of
u to X s.t. |U(x)| ≤ p(x) for x ∈ X. Let F (x) = U(x)− iU(ix). Then F is a complex linear

extension of f and if α = sgnF (x), we have

|F (x)| = αF (x) = F (αx) = U(αx) ≤ p(αx) = p(x)

where we use the seminorm condition p for the last equality. �

Example 5.13. The normed vector space `2(R) does not have a countable basis. In fact,
it has an “uncountable dimension”. On the other hand, L2(R) has countable dimension
because it has a countable orthonormal basis. See here.

Theorem 5.14. Let X be a normed vector space.
a. If M is a closed subspace of X and x ∈ X\M, there exists f ∈ X∗ such that f(x) 6= 0
and f |M = 0. In fact, if δ = infy∈M ‖x−y‖, f can be taken to satisfy ‖f‖ = 1 and f(x) = δ
b. If x 6= 0 ∈ X, there exists f ∈ X∗ such that ‖f‖ = 1 and f(x) = ‖x‖.
c. The bounded linear functionals on X separate points.
d. If x ∈ X, define x̂ : X∗∗ → C by x̂(f) = f(x). Then the map x 7→ x̂ is a linear isometry
from X into X∗∗ (the dual of X∗ ).

Proof. a. Define f(y+λx) = λδ on M+Cx. Then f(x) = δ and f |M = 0 and |f(y+λx)| =
|λ|δ ≤ |λ|‖λ−1y + x‖ = ‖y + λx‖. Apply the Hahn-Banach theorem with p(x) = ‖x‖ and
M + Cx in place of M .
b. Apply a. with M = {0}
c. If x 6= y, there is an f ∈ X∗ s.t. f(x− y) 6= 0.
d. x̂ is immediately a linear functional by definition and x 7→ x̂ is linear. Also,

|x̂(f)| = |f(x)| ≤ ‖f‖‖x‖ =⇒ ‖x̂‖ ≤ ‖x‖

and applying (b)

‖x‖ = |f(x)| = |x̂(f)| ≤ ‖x̂‖‖f‖ = ‖x̂‖
which means ‖x‖ ≤ ‖x̂‖. �

Remark 15. (1) There are enough bounded linear functionals to separate points and
closed subspaces.

(2) One can require the linear functional to take a center at its norm and be bounded
above in the operator norm by 1.

(3) There are enough bounded linear functionals to separate points. So we can distin-
guish points using functionals.

(4) One can identify the space with its image in X∗∗ under the -̂map. So studying a
space can just entail that we study the dual space.

Proposition 5.15. Let X be a NVS and x ∈ X s.t. x̂(f) = 0 for all f ∈ X∗. Then x = 0.

Proof. If x 6= 0, then we can find a bounded linear functional s.t. f(x) 6= f(0). Then,
x̂f = f(x) 6= 0 which is a contradiction. �

https://math.stackexchange.com/questions/2787602/explicit-countable-orthonormal-basis-for-l2-mathbbr
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Proposition 5.16. Let X be a nonempty normed vector space. Suppose there does not
exist two distinct points s.t. there is a bounded linear functional that separates them. Then,
X is a single-point space.

Proof. If there existed two distinct points, then the preceding theorem yields a contra-
diction. �

Example 5.17. It is true (but not obvious, see Exercise 5.17 of [1]) that a linear functional
on a NVS f : X → C is continuous iff f−1({0}).

An example of such a linear functional is f : C([0, 1]) → C defined by f(g) = g(1
2
)

where C([0, 1]) has the L1-norm. The space f−1({0}) is not closed because it is possible to
construct a convergent sequence of functions gn s.t. f(gn) = 0 but gn does not have converge
in f−1({0}).

Furthermore, C([0, 1]) with the L1-norm is an example of a NVS that is not a Banach
Space.

Example 5.18. If X = `∞(C), then there is an L ∈ X∗ s.t. ‖L‖ = 1 and if x ∈ X s.t.
limn→∞ xn = x, then L(x) = a.

First, define Y ⊆ X by

Y := {x = (x1, x2, x3, . . . ) ∈ X : lim
n→∞

xn exists in X}.

Clearly, Y is a subspace. Now define a linear functional f : Y → C by

f(x) = lim
n→∞

xn.

It is clearly linear and continuous. Then f(x) is dominated by the sublinear functional

p(x) = lim supn→∞ xn. If x = (a, a, a, )̇ is a constant sequence, we have f(x) = a so that
means |f(x)| = a = supn xn. This implies ‖f‖ ≥ 1. Also, ‖f(x)‖ = | limn→∞ xn| ≤ supn xn
which means ‖f‖ ≤ 1. Altogether, ‖f‖ = 1.

Applying the Hahn-Banach Theorem, there is a linear functional L : X → C s.t. L = f
on Y and ‖L‖ = ‖f‖ = 1.

5.3. The Baire Category Theorem and its Consequences.

Definition 5.19. A set E ⊂ X is of the first category if E is a countable union of nowhere
dense sets. We say E is of the second category otherwise.

In modern terms, E is meager if it is of the first category. The complement of a meager
set is called residual.

Remark 16. There exist meagre sets whose complement has Lebesgue measure zero. Hint:
Construct the set of Lebesgue measure zero first and then show the complement is meagre.
Take E to be the intersection of sets

⋃∞
k=1(rk− 1

2kn
, rk + 1

2kn
) where one enumerates over the

rationals {rk}.

Theorem 5.20 (The Baire Category Theorem). Let X be a complete metric space.
a. If {Un}∞1 is a sequence of open dense subsets of X, then

⋂∞
1 Un is dense in X.

b. X is not a countable union of nowhere dense2 sets.

2A set A is nowhere dense if A
◦

= ∅.
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Proof. a. It suffices to show

∀ nonempty and open V ⊆ X, V ∩
∞⋂
n=1

Un 6= ∅.

Since V is open, there exists an x1 ∈ X and r1 ∈ (0, 1) s.t. Br1(x) ⊆ U1 ∩ V . Then,

∃x2 ∈ X, r2 ∈ (0, 1/2) s.t. Br2(x2) ⊆ Br1(x) ∩ U2 and inductively, we construct a sequence

{xn} that is Cauchy (since rn → 0). Then, there exists a limit x := limxn ∈
⋂∞
m=1 Brm(xm) ⊆

(
⋂∞
m=1 Un) ∩ V . This completes the first claim.

b. If En is a sequence of nowhere dense sets in X, then {En
c} is a sequence of open dense

sets. Then,
⋂∞
n=1E

c 6= ∅ which means
⋃∞
n=1En ⊂

⋂∞
n=1En 6= X. �

Remark 17. It is useful to know that X \ A = X \ A◦ and (X \ A)◦ = X \ A so,

X \ E◦ = X ⇐⇒ (X \ E) = X ⇐⇒ X \ E is dense in X.

Remark 18. The theorem is purely topological and hence, applies to any space that is
homeomorphic to a complete metric space.

Remark 19. The theorem can be used to prove existence results. First, one shows that
objects having a certain property exist by showing that the set of objects not having the
property is meager.

Definition 5.21. If X and Y are TS, then f : X → Y is open if ∀U open in X, f(U) open
in Y .

Remark 20. If X, Y are normed vector spaces, then a linear map f : X → Y is open iff
∃r > 0 s.t. f(B1(0)) ⊇ Br(0).
Check: Let U be open in X and we show f(U) is open in Y . It suffices to show every point
f(x) := y ∈ f(U) is contained in a ball inside f(U). By linearity, we can translate f(U) so
that the point f(x) = 0. Then, x = 0. Since U is open, there is a ball Bs(0) ⊆ U and by
scaling, we want to show f(B1(0)) contains a ball about the origin. Altogether, it suffices to
show there is an r > 0 s.t. Br(0) ⊆ f(B1(0)).

Theorem 5.22 (The Open Mapping Theorem). If X and Y are Banach spaces, and
T ∈ L(X, Y ) is surjective, then T is open.

Proof. It suffices to show T (B1(0) contains a ball about 0 in Y . Write X :=
⋃∞
n=1Bn(0)

and since T is surjective, Y =
⋃∞
n=1 T (Bn(0)). Since Y is complete and y 7→ ny is a

homeomorphism which sends T (B1(0)) to T (Bn(0)), Baire’s Theorem implies T (B1(0)) is
not nowhere dense3

So, there is a B4r(y0) ⊂ T (B1(0)). Then pick y1 = Tx1 ∈ T (B1(0)) s.t. ‖y1 − y0‖ < 2r.
Then,

B(2r, y1) ⊂ B(4r, y0) ⊂ T (B1(0)

so if ‖y‖ < 2r, we get

y = −Tx1 + (y + y1) ∈ T (−x1 +B1(0)) ⊂ T (B2(0)).

Dividing by two, we conclude that there is an r > 0 s.t. if ‖y‖ < r, then y ∈ T (B1(0)). The

issue is that T (B1(0)) is not the set we want to be contained in. The next part of the proof
deals with that.

3Joke: somewhere dense.
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Since T commutes with dilations, it follows that if ‖y‖ < r2−n, then y ∈ T (B2−n).
Suppose ‖y‖ < r/2. Then we can find x1 ∈ B1/2 s.t. ‖y − Tx1‖ < r/4. Repeat this process
to get ‖y−

∑n
1 Txj‖ < r2−n−1 and since X is complete, the series

∑∞
1 xn converges to some

x. But then ‖x‖ <
∑∞

1 2−n = 1 and y = Tx which means x ∈ B1(0) and y ∈ T (B1(0)).
Hence, T (B1(0)) contains all y s.t. ‖y‖ < r/2 i.e. Br/2(0) ⊂ T (B1(0)) and we are done. �

Corollary 5.22.1. If X and Y are Banach spaces and T ∈ L(X, Y ) is bijective, then T is
an isomorphism i.e. T−1 ∈ L(X, Y ).

Proof. If T is bijective, the continuity of T−1 is equivalent to T being an open map.
The Open Mapping Theorem gives us the result in this case. �

Corollary 5.22.2. Let X be a Banach space and let X1, X2 ⊂ X be two closed linear
subspaces such that X = X1 ⊕X2. Then there exists a constant c ≥ 0 such that

‖x1‖+ ‖x2‖ ≤ c ‖x1 + x2‖
for all x1 ∈ X1 and all x2 ∈ X2.

Proof. Define a map T : X1 ×X2 → X by (x1, x2) 7→ x1 + x2 and X1 ×X2 has norm
defined by ‖(x1, x2)‖ = ‖x1‖ + ‖x2‖. Then T is clearly linear and bounded. Proving the
inequality entails that we show T−1 is bounded. By our hypotheses, the map T is bijective.
Therefore, the preceding corollary implies T−1 ∈ L(X, Y ). �

Definition 5.23. If X and Y are normed spaces and T is a linear map from X to Y , then
the graph of T is the subspace

Γ(T ) := {(x, y) ∈ X × Y : Tx = y} ⊆ X × Y
We say T : X → Y is closed if Γ(T ) is a closed subspace of X × Y .

Remark 21. This definition is not the same as the definition of a closed map in topology.
A closed map in topology requires no structure on the map. In our current context, T is a
linear map.

Theorem 5.24 (Closed Graph Theorem). If X and Y are Banach spaces and T : X → Y
is a closed linear map, then T ∈ L(X, Y ) i.e. T is bounded.

Proof. Let πX , πY be the projection maps of Γ(T ) ontoX and Y . Then πX ∈ L(Γ(T ), X)
and πY ∈ L(Γ(T ), Y ).

Because X and Y are complete, so is X × Y . Therefore, Γ(T ) is complete because it
is closed in X × Y by hypothesis. The map πX is a bijection from Γ(T ) to X (this is an
obvious bijection by definition of Γ(T )) and by the preceding corollary π−1

X is bounded.
But then T = πY ◦ π−1

X is bounded. �

Remark 22. The continuity of a linear map of Banach spaces T : X → Y means if xn → x,
then Txn → Tx (sequential definition of continuity). On the other hand, closedness means
if xn → x, and Txn → y, then y = Tx. Therefore, the Closed Graph Theorem says

“to show continuity, assume Txn → y and show y = Tx where xn → x”.

Failure of the conclusion occurs if completeness of X and Y are dropped.

Theorem 5.25 (Uniform Boundedness Principle). Suppose X and Y are normed vector
spaces and A ⊆ L(X, Y ).

a. If supT∈A ‖Tx‖ <∞ for all x in some nonmeager subset of X, then supT∈A ‖T‖ <∞.
b. If X is a Banach space and supT∈A ‖Tx‖ <∞ for all x ∈ X, then supT∈A ‖T‖ <∞.
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Proof. We frequently use b. so we do not prove a.. Let

En := {x ∈ X : sup
T∈A
‖Tx‖ ≤ n} =

⋂
T∈A

{x ∈ X : ‖Tx‖ ≤ n}.

The RHS shows that En is the intersection of closed sets so En is closed. By the Baire
Category Theorem, there is some En that is not nowhere dense. Then, there is an x ∈ X
and r > 0 s.t. Br(x) ⊆ En. Then for x′ ∈ Br(0) and for all T ∈ A,

‖Tx′‖ ≤ ‖Tx′ + Tx‖+ ‖Tx‖ ≤ 2n

Dividing by r, we have ‖Tx′‖ ≤ 2n
r

for all ‖x′‖ = 1. Since T was arbitrary, supT∈A ‖T‖ ≤ 2n
r

as desired. �

Remark 23. The results can be summarized or categorized as results which show when a
linear map is bounded. The Open Mapping Theorem can be used to show that the inverse
map is bounded, the Closed Graph Theorem can be used to show when the map itself is
bounded, and the Uniform Boundedness Principle can be used to show that some collection
of linear maps is uniformly bounded. It is crucial that we notice that we actually uniformly
bound the operators in the Uniform Boundedness Principle. The value is in knowing that
we can bound all of the linear maps in A with a single constant.

5.4. Hilbert Spaces.

Definition 5.26. Let H be a complex vector space and an inner product 〈·, ·〉 on H is a

map H ×H → C s.t. it is linear in the first coordinate, complex symmetric 〈x, y〉 = 〈y, x〉,
and 〈x, x〉 ∈ (0,∞) for all nonzero x ∈ H. The conditions show that the inner product
is conjugate linear in the second coordinate. We call H with an inner product an inner
product space. There is a norm defined by ‖x‖ =

√
〈·, ·〉 for any inner product space.

Example 5.27. If one considers the space of sequences of scalars in C, then for α ∈ Z, we
have an inner product

〈{an}, {bn}〉 =
∞∑
n=1

nαanbn

Theorem 5.28 (Schwarz Inequality). |〈x, y〉| ≤ ‖x‖‖y‖ for all x, y and equality occurs iff x
and y are linearly dependent.

Theorem 5.29. The function x 7→ ‖x‖ is a norm on H.

Definition 5.30. An inner product space complete w.r.t its induced norm is a Hilbert
space.Fix H a Hilbert space.

Theorem 5.31. If xn → x, yn → y, then 〈xn, yn〉 → 〈x, y〉.

Proof. First, notice

〈xn, yn〉 = 〈xn − x+ x, yn〉 = 〈x, yn〉+ 〈xn − x, yn〉.
This means we can write

0 ≤ |〈xn, yn〉 − 〈x, y〉| = |〈x, yn〉+ 〈xn − x, yn〉 − 〈x, y〉| = |〈xn − x, yn〉+ 〈x, yn − y〉|
≤ ‖xn − x‖‖yn‖+ ‖yn − y‖‖x‖ → 0

as n→∞ because ‖yn‖ → ‖y‖ <∞. �
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Theorem 5.32. For x, y ∈ H,

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖).

Proof. Add ‖x± y‖2 = ‖x‖2 ± 2Re 〈x, y〉+ ‖y‖2. �

Theorem 5.33 (Pythagorean Theorem). If x1, . . . , xn ∈ H are pairwise orthogonal elements
for j 6= k, ∥∥∥∥∥

n∑
1

xj

∥∥∥∥∥
2

=
n∑
1

‖xj‖2.

Theorem 5.34. If M is a closed subspace of H, then H = M ⊕M⊥ and x ∈ H can always
be uniquely written as x = y + z where y and z have minimal distance to x. The element
z = Px is often defined as the projection of x onto M .

Remark 24. This result gives us the orthogonal projection onto M . See Exercise 5.58.
It is crucial to recognize that this uniqueness part allows one to quickly determine the
orthogonal projection of an element.

Theorem 5.35 (Riesz-Fréchet). If f ∈ H∗, there is a unique y ∈ H s.t. f(x) = 〈x, y〉 for
all x ∈ X. In particular, Hilbert spaces are reflexive and are naturally isomorphic to H∗.

Proof. Uniqueness of y is immediate.
Given f ∈ H∗ and assume f 6= 0. Then, M := {x ∈ H : f(x) = 0} is a closed subspace

of H. Apply the preceding theorem to find H = M ⊕M⊥. Then, let z ∈ M⊥ s.t. ‖z‖ = 1.
For any u = zf(x)− f(z)x ∈M , we have

0 = 〈u, z〉 = ‖z‖2f(x)− f(z)〈x, z〉 = f(x)− 〈x, f(z)z〉.

So, f(z)z is our desired y ∈ H. Notice that we can write x := zf(x)
f(z)
− u

f(z)
and this means

f(x) = 〈x, f(z)z〉. �

Definition 5.36. An orthonormal subset of H is a set of linearly independent vectors
with norm 1.

Any linearly independent set of vectors can be made into an orthonormal set by the
Gram-Schmidt process.

Theorem 5.37 (Gram-Schmidt Process). Refer to any standard linear algebra text for more.
Given a sequence {xn}. Set u1 = x1

‖x1‖ . Then, set v2 := x2 − 〈x1, u1〉u1 and let u2 = v2
‖v2‖ .

Inductively, let un be the normalization of xn −
∑n−1

1 〈xi, ui〉u1.

Example 5.38. Consider L2([−1, 1]). Apply the Gram-Schmidt procedure on 1, x, x2. Then

the orthonormal basis is 1√
2
,
√

3√
2
x,
√

5
2
(x2 − 1

3
).

Theorem 5.39 (Bessel’s Inequality). If {uα} is an orthonormal set in H, then for any
x ∈ H, ∑

α∈A

|〈x, uα〉|2 ≤ ‖x‖2.

In particular, {α : 〈x, uα〉 6= 0} is countable.

Theorem 5.40. If {uα}α∈A is an orthonormal set in H, TTFAE:

(1) If 〈x, uα〉 = 0 for all α, then x = 0.
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(2) (Parseval’s Identity) ‖x‖2 =
∑

α∈A |〈x, uα〉|2 for all x ∈ H.
(3) For each x ∈ H, x =

∑
α〈x, uα〉uα where the sum on the right has countably many

nonzero terms and converges in the norm independent of the ordering of the terms.

Proof. (2) implies (1) is obvious.
(1) implies (3) follows by letting αk be an enumeration for which 〈x, uα〉 6= 0. Then, Bessel’s
inequality shows

∑
αk
|〈x, uαk | ≤ ‖x‖2 converges and the Pythagorean theorem says

‖
m∑
n

〈x, uαkuαk‖ =
m∑
n

|〈x, uαk〉|2 → 0

as m,n → ∞. Or in particular, letting m → ∞ first and then letting n → ∞. We
deduce that the series is absolutely convergent and converges by completeness of H. If
y = x−

∑
k〈x, uαk〉uαk , then 〈y, uα〉 = 0 for all α. Hence, y = 0.

(3) implies (2) by Bessl’s inequality, we have the obvious inequality. So, we show the other
inequality. The other inequality is immediate by consider ‖x‖2 = 〈x, x〉 and (3) shows us
that x is just the sum. Use the Dirac δ-function to simplify the work. Alternatively,

‖x‖2 −
n∑
1

|〈x, uαj〉2 = ‖x−
n∑
1

〈x, uαjuαj‖2 → 0

as n→∞. �

Definition 5.41. An orthonormal set satisfying any of the preceding three equivalent con-
ditions is called an orthonormal basis. This is not the same notion as a basis of a vector
space.

Example 5.42. For example, let H = `2(A) for some set A. For every α ∈ A, let eα ∈ `2(A)
be defined by eα(β) = 0 when β 6= α and eα(α) = 1. Then {eα}α∈A is orthonormal and it is
certainly complete because 〈f, eα〉 = f(α).

Theorem 5.43. Every Hilbert space has an orthonormal basis.

Theorem 5.44. A Hilbert space H is separable iff it has a countable orthonormal basis. In
which case, every orthonormal basis for H is countable.

Example 5.45. If {fn} ⊆ L2[0, 1] s.t. for all g ∈ L2[0, 1], we have limn→∞
∫ 1

0
fn(x)g(x)dx =

0, then limn→∞ ‖fn‖2 = 0. Indeed, L2[0, 1] has an inner product defined by 〈f, g〉 =∫ 1

0
f(x)g(x)dt and so, the condition implies that limn→∞ fn = 0 for all n (just replace f

by fn and g by elements in the orthonormal basis and use continuity of the inner product).
Therefore, by continuity of the norm, limn→∞ ‖fn‖2 = 0.

Definition 5.46. A map U : H1 → H2 of two Hilbert spaces is a unitary map H1 → H2

if it is an invertible linear map that preserves inner product i.e. 〈Ux, Uy〉2 = 〈x, y〉1 for all
x, y ∈ H1.

Proposition 5.47. If {eα} is an orthonormal basis for X, then the correspondence x 7→ x̂
defined by x̂ = 〈x, uα〉 is a unitary map from H to `2(A).

Example 5.48. Define T : L2(R)→ L2(R) by Tf(x) = f(|x|). It is easy to see that this is
a well-defined linear operator:

‖Tf(x)‖2
2 =

∫
R
|Tf(x)|2dx =

∫
R
|f(|x|)|2dx =

∫ ∞
0

|f(x)|2dx <∞
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so Tf(x) ∈ L2(R). Next, it is continuous because

‖Tf(x)‖2 =

(∫ ∞
0

2|f(x)|2
)1/2

≤
√

2‖f‖2

which means ‖T‖ ≤
√

2. This is actually an equality because when f(x) is taken to be
zero for all x < 0, the inequality above is an equality. This means ‖Tf(x)‖2 =

√
2‖f‖2 for

f(x) = 0 when x < 0 which means ‖T‖ ≥
√

2. The kernel consists of functions that are
a.e. zero on R and are measurable square-integrable functions. The range is the space of
square-integrable even functions on R. One can also compute the adjoint for the operator:

〈Tf, g〉 =

∫
R
Tf(x)g(x)dx =

∫
R
f(|x|)g(x)dx =

∫ ∞
0

f(x)g(x)dx+

∫ 0

−∞
f(−x)g(x)dx

=

∫ ∞
0

f(x)
(
g(x) + g(−x)

)
dx = L(f, T ∗g).

That is,

T ∗g =

{
g(x) + g(−x) x ≥ 0

0 x < 0

5.5. Topological Vector Spaces.

Definition 5.49. A topological vector space (TVS) is a vector space over K which is
endowed with a topology s.t. the maps (x, y) 7→ x+ y and (λ, x) 7→ λx are continuous from
X ×X and K ×X to X respectively.

Definition 5.50. A TVS is locally convex if there is a base for the topology consisting of
convex sets.

Theorem 5.51. Let {pα}α∈A be a family of seminorms on a vector space X. If x ∈ X,
α ∈ A, and ε > 0, let

Uxαε := {y ∈ X : pα(y − x) < ε},
and let T be the topology generated by the sets Uxαε

a. For each x ∈ X, the finite intersections of the sets Uxαε(α ∈ A, ε > 0) form a
neighborhood base at x.

b. If 〈xi〉i∈I is a net in X, then xi → x iff pα (xi − x)→ 0 for all α ∈ A.
c. (X, T ) is a locally convex topological vector space.

Theorem 5.52. Suppose X and y are vector spaces with topologies defined, respectively,
by the families {pα}α∈A and {qβ}β∈B of seminorms, and T : x→ y is a linear map. Then T

is continuous iff for each β ∈ B there exist α1, . . . , αk ∈ A and C > 0 such that qβ(Tx) ≤
C
∑k

1 pαj(x).

Proposition 5.53. Let X be a vector space equipped with the topology defined by a family
{pα}α∈A of seminorms.

a. X is Hausdorff iff for each x 6= 0 there exists α ∈ A such that pα(x) 6= 0.
b. If X is Hausdorff and A is countable, then X is metrizable with a translation-invariant

metric (i.e., ρ(x, y) = ρ(x+ z, y + z) for all x, y, z ∈ X ).

Definition 5.54. A net 〈xi〉i∈I in a topological vector space X is Cauchy if 〈xi−xj〉(i,j)∈I×I
converges to zero.

In this situation, X is called complete if every Cauchy net converges.
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Definition 5.55. A complete Hausdorff topological vector space whose topology is defined
by a countable family of seminorms is called a Fréchet space.

Example 5.56. Let X be an LCH space. Then CX with the topology of uniform convergence
is defined by the family of seminorms pk(x) := supx∈K |f(x)| where K ranges over compact
sets.

If X is σ-compact, we can take this to be a countable family of seminorms by choosing
the compact sets Un.

Example 5.57. The space L1
loc(Rn) with the countable family of seminorms pk(f) =

∫
|x|≤k |f(x)|dx

Example 5.58. The seminorms pk(f) = supx∈[0,1] |f (k)| makes C∞([0, 1]) into a Fréchet
space.

Definition 5.59. Let X be a normed vector space. The weak topology generated by X∗

is called the weak topology on X. Convergence w.r.t to the weak topology is known as
weak convergence. That is, 〈xα〉 → x weakly in X iff f(xα)→ f(x) for all f ∈ X∗.

The basis of the weak topology on X is given by

UVi,fi :=
n⋂
i=1

f−1
i (Vi) Vi ⊆ C, fi ∈ X∗.

The weak topology on X∗ is generated by X̂ ⊆ X∗∗ which is called the weak∗ topology.

Example 5.60. In an infinite dimensional Hilbert space, any orthonormal sequence con-
verges weakly to zero. Indeed, a sequence in a Hilbert space {xn} converges weakly to x iff
for all z ∈ H,

〈xn, z〉 → 〈x, z〉.
Example 5.61. Consider the basis en of `2. Then it converges weakly, but it does not
converge strongly.

Remark 25. A few basic properties can be immediately derived.

(1) The weak limit of a sequence or net is necessarily unique.
(2) Subsequences of weakly convergent sequences also converge weakly to the same limit.
(3) For sequences, convergence in the norm topology implies weak convergence and to

the same limit. This is an immediate consequence of the fact that the weak topology
is weaker than the norm topology.

(4) In finite dimensions, weak convergence is the same as strong convergence (see next
remark).

(5) Weak convergence respects sums, scalar multiplication, bounded linear operators,
and weakly closed subspaces contain weak limits of its sequences.

Remark 26. Our usual notion of convergence in a normed space is referred to as strong
convergence.

Definition 5.62. If X, Y are Banach spaces, then the topology on L(X, Y ) generated by
evaluation maps T 7→ Tx is called the strong operator topology.

In this case, Tα → T strongly iff Tαx→ Tx in the norm topology of Y for each x ∈ X.
The basis of the strong operator topology is given by sets of the form, for T ∈

L(X, Y ),
Uε(T ) := {T ′ ∈ L(X, Y ) : ‖T ′x− Tx‖ < ε}.
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Definition 5.63. If X, Y are Banach spaces, then the topology on L(X, Y ) generated by
linear functionals T 7→ f(Tx) for x ∈ X, f ∈ Y ∗ is called the weak operator topology on
L(X, Y ).

In this case, Tα → T weakly iff Tαx→ Tx in the weak topology of Y for each x ∈ X.
The basis for the weak operator topology is given by sets of the form, for T ∈

L(X, Y ),

Uf1,...,fn,ε(T ) := {T ′ ∈ L(X, Y ) : ‖fiT ′x− fiTx‖ < ε, 1 ≤ i ≤ n}.

Remark 27. There is a hierarchy in terms of the topologies defined on L(X, Y ):

norm topology ⊇ strong topology ⊇ weak topology

Similarly, on X∗,

norm topology ⊇ strong topology ⊇ weak topology ⊇ weak∗ topology.

Example 5.64. We consider examples with `2(N) and with elements denoted by a :=
(a1, a2, . . . ).

The operators Tna := (an, an+1, . . . ) converge strongly to some operator T and we note
that T is not zero.

On the other hand, the operators Sna := (01, . . . , 0n, x1, x2, . . . ) do not converge strongly
to some S. However, they do converge weakly to some S. See Exercise 5.64 of [1] to see
these examples in more detail.

Proposition 5.65. Let {Tn}∞n=1 ⊂ L(X, Y ), supn ‖Tn‖ <∞, and T ∈ L(X, Y ). If

‖Tnx− Tx‖ → 0 ∀x ∈ D,D dense subset of X,

then Tn → T strongly.

Theorem 5.66 (Alaoglu’s Theorem). If X is a normed vector space, the closed unit ball
B∗ = {f ∈ X∗ : ‖f‖ ≤ 1} in X∗ is compact in the weak∗ topology.

Remark 28. “On a bounded subset of X∗, the weak∗-topology can be generated by count-
ably many seminorms if it is separable. Therefore, it is metrizable.” Zlátos’s proof / hint: De-
fine seminorms px(f) = |f(x)| on X∗. One can show that fn → f pointwise iff px(fn−f)→ 0
for each x. Now use this fact to show the result for separable case above.

Remark 29. The theorem does not show X∗ is locally compact in the weak∗ topology.

Corollary 5.66.1. If X is a NVS, then there exists a compact Hausdorff K s.t. X is linearly
isomorphic to a linear subspace normed by the maximum norm.

Proof. Let K be closed unit ball with weak∗-topology. Then K compact by Alaoglu’s
Theorem and Hausdorff by the Hahn-Banach Theorem. Now, define Φ : X → C(K) by K|K
where JLX → X∗∗ defined by x 7→ x̂. It is an isometry (clearly). �

Corollary 5.66.2. If X is a reflexive Banach space, then every sequence in X has a weakly
convergence subsequence.

6. Lp-spaces

6.1. Basic Theory of Lp-spaces.
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Definition 6.1. Let Lp(X,M, µ) denote the space of measurable f : X → C with ‖f‖p <∞.
We always take 0 < p ≤ ∞ and the case of p =∞ has norm defined by

‖f‖∞ := inf{C : µ(|f |−1((C,∞)) = 0}.
It follows that for every ε > 0 the set Eε := {x ∈ X : |‖f‖∞ − ε| < |f(x)|} has nonzero
measure.

Remark 30. The infinity norm coincides with the supremum norm under certain condi-
tions. The key difference is dependent on the underlying vector space. For example, if the
underlying vector space consists of continuous functions, then they are the same.

Theorem 6.2 (Young’s Inequality). If a, b ≥ 0 and 0 < λ < 1, then

aλb1−λ ≤ λa+ (1− λb)
with equality iff a = b.

Theorem 6.3 (Hölder’s Inequality). If 1 < p <∞ and 1
p
+ 1
q

= 1 (calling p and q conjugates),

and if f, g : X → C are measurable, then

‖fg‖1 = ‖f‖p‖g‖q.
If f ∈ Lp and g ∈ Lq, then fg ∈ L1 and equality occurs iff a|f |p = b|g|q for some constants
a, b not both equal to zero.

Theorem 6.4 (Minkowski’s Inequality). If 1 ≤ p ≤ ∞ and f, g ∈ Lp, then

‖f + g‖p ≤ ‖f‖p + ‖g‖q.
In particular, Lp is a Banach space.

Corollary 6.4.1. Let p−1 + q−1 = 1. Let {fn} ⊆ Lp and {gn} ⊆ Lq where fn → f and
gn → g w.r.t the respective norms. Then, fngn → fg ∈ L1.

Proof. By Hölder’s inequality, {fngn} ⊆ L1. To show fngn → fg in L1, let ε > 0.
Then,

‖fngn − fg‖1 ≤ ‖fngn − fng‖1 + ‖fng − fg‖1 ≤ ‖fn‖p‖gn − g‖q + ‖fn − f‖p‖g‖q
and as n→∞, notice ‖fn‖p → ‖f‖ <∞, ‖gn − g‖q → 0, and ‖fn − f‖p → 0. �

Theorem 6.5. The set of simple functions is dense in Lp(µ) for 1 ≤ p <∞. In particular,
we require the simple functions to have characteristic functions on sets with finite measures.

Theorem 6.6. “If 0 < p < q < r ≤ ∞, then Lp ∩ Lr ⊂ Lq and ‖f‖q ≤ ‖f‖λp‖f‖1−λ
r where

λ ∈ (0, 1) is defined as the convex conjugate: 1
q

= λ1
p

+ (1− λ)1
r
.” The inequality is actually

an equality when r =∞ if |f | = ‖f‖∞ a.e.. The inequality is actually an equality if Hölder’s
inequality holds for ‖f‖1 ≤ ‖f‖p/λq‖f‖r/(1−λ)q.

Theorem 6.7. If 0 < p < q < r ≤ R, then Lq ⊂ Lp + Lr.

Proof. If f ∈ Lq, then let f = fχE + fχF where E := |f |−1(1,∞) and F = Ec. �

Theorem 6.8. If 0 < p < q < r ≤ ∞, then Lq ∩ Lr ⊂ Lq where ‖f‖q ≤ ‖f‖λp‖f‖1−λ
r and

λ =
q−1 − r−1

p−1 − r−1
& q−1 = λp−1 + (1− λ)r−1.
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Theorem 6.9. If A is a set and 0 < p < q ≤ ∞, then lp(A) ⊂ lq(A) and ‖f‖q ≤ ‖f‖p.

Theorem 6.10. If µ(X) < ∞ and 0 < p < q ≤ ∞, then Lp(µ) ⊃ Lq(µ) and ‖f‖p ≤
‖f‖qµ(X)

1
p
− 1
q .

6.2. Examples of Lp-spaces.

Example 6.11. The space `2(N) has orthonormal basis ei := (0, . . . , 1, 0, . . . ) with 1 in the
ith coordinate.

Example 6.12. For p ≥ 1, we have − log x ∈ Lp((0, 1)) but − log x 6∈ L∞((0, 1)).

Example 6.13. Let f : [0,∞)→ R be given by f(x) = e−x. Then∫
(0,∞)

|e−px|dx
∫ ∞

0

1

epx
dx =

−e−px

p
|∞0 =

1

p
.

Therefore, it is in Lp for 1 ≤ p <∞.

Example 6.14. An obvious example of a Cauchy sequence in L∞ is just a sequence fn(x) = 1
n

with L∞(m).

Example 6.15. For what values of p is 1√
n logn

and `p sequence? Notice that we need

∞∑
n=2

1

(
√
n log n)p

<∞.

We can use the integral comparison test.

6.3. The Dual of Lp. We assume p, q are conjugate exponents in this entire section.

Definition 6.16. If g ∈ Lq(µ), let φg(f) =
∫
fgdµ and this is a bounded linear functional

due to Hölder’s inequality and ‖φg‖ ≤ ‖g‖q.
In the case of p = q = 2, then L2(µ) is a Hilbert space and every bounded linear function

is of the form 〈·, g〉 =
∫
·gdµ. So in this situation, identify g 7→ φg as the natural identification

of L2(µ) and (L2(µ))∗.

Proposition 6.17. If p, q are conjugate exponents and 1 ≤ q <∞ and if g ∈ Lq, then

‖g‖q = ‖φg‖ = sup

{∣∣∣∣∫ fg

∣∣∣∣ : ‖f‖p = 1

}
If µ is semifinite, this result holds also for q =∞.

Theorem 6.18. Let p, q be conjugate. Let g be a measurable function on X and fg ∈ L1

for all f ∈ Σ, the space of simple functions that vanish outside sets of finite measure. Then

Mq(g) = sup

{∣∣∣∣∫ fg

∣∣∣∣ : f ∈ Σ & ‖f‖p = 1

}
is finite.

Also, if either Sg = {x : g(x) 6= 0} is σ-finite or µ is semifinite, then g ∈ Lq and
Mq(g) = ‖g‖q.
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Proof. The case for q < ∞ is dealt with in [1]. If q = ∞, for all ε > 0, let Eε :=
g−1(C \BM∞(g)+ε(0)). If µ(Eε) > 0, by σ-finiteness or semifiniteness, we can choose a subset
A s.t. µ(A) ∈ (0,∞). Then

M∞(g) ≥
∫

sgn gχAgdµ‖sgn gχA‖−1
1 ≥ µ(A) · (M∞(g) + ε)µ(A)−1 = M∞(g) + ε

which is a contradiction. Therefore, ‖g‖∞ ≤M∞(g) and Hölder’s inequality gives the oppo-
site inequality. �

Remark 31. We’ll show in the next result that (Lp(µ))∗ = Lq(µ) if p ∈ (1,∞) or if p = 1
and the measure is σ-finite. See p. 191 of [1] for examples p = 1 and µ not being σ-finite
does not yield the equality. If p = ∞, then L1(µ) is clearly isometrically embedded into
(L∞(µ))∗. In particular, by Proposition 6.13. In Problem 3 on Midterm, one shows that
(L∞(Rn))∗ 6= L1(Rn) when µ is the Lebesgue measure. If one takes φλ(f) :=

∫
fdλ for all

f ∈ Cc(Rn) (where λ is a complex Borel measure on Rn), then the Hahn-Banach Theorem
extends this to a bounded linear functional on all of L∞(Rn). Taking λ = δ0 (the Dirac-δ
measure at zero) shows the above.

Theorem 6.19. Let p, q be conjugate exponents. If 1 < p < ∞ for all φ ∈ (Lp)∗, there
exists g ∈ Lq s.t. φ(f) =

∫
fg for all f ∈ Lp. Hence, Lq is isometrically isomorphic to (Lp)∗.

The same conclusion is true when p = 1 so long as µ is σ-finite.

Proof. We already know that Lq → (Lp)∗ defined by g 7→ φg is injective by one of the
preceding results. So, we need to show surjectivity i.e. give any bounded linear functional,
there is a g in which φg is precisely that given bounded linear functional.
Case 1: Suppose µ is finite so all simple functions are in Lp(µ). Given φ ∈ (Lp)∗ and E a
measurable set. Define ν(E) := φ(χE). For any disjoint sequence

⋃∞
1 Ej = E, we have∥∥∥∥∥χE −

n∑
1

χEj

∥∥∥∥∥
p

= µ

(
∞⋃
n+1

Ej

)1/p

→ 0 n→∞

where we use p < ∞. So, φ is linear and continuous and therefore ν(E) =
∑
φ(χEj) =∑

ν(Ej). Clearly ν(∅) = 0. Altogether, this shows ν is a complex measure.
If µ(E) = 0, then χE = 0 as an element of Lp(µ) so ν(E) = 0. Therefore, ν � µ.
Apply the Radon-Nikodym Theorem to deduce that

∃g ∈ L1(µ) s.t., φ(χE) = ν(E) =

∫
E

gdµ ∀E.

Therefore, φ(f) =
∫
fgdµ for all simple functions f . Also, |

∫
fg| ≤ ‖phi‖‖f‖p since it is

a bounded linear functional so g ∈ Lq by the preceding theorem. At last, we deduce from
density of simple functions that φ(f) = fg for all f ∈ Lp.
Case 2: Assume µ is σ-finite and En is an increasing sequence of finite nonzero measure sets
and X =

⋃∞
n=1En. The preceding argument shows

∀n,∃gn ∈ Lq(En), s.t., ∀f ∈ Lp(Ej), φ(f) =

∫
fg & ‖gn‖q ≤ ‖|φ|Lp(En)‖ ≤ ‖φ‖.

The function g is unique modulo null sets so gn = gm a.e. on En when n < m. Set g = gn
on En. By MCT, ‖g‖q ≤ lim ‖gn‖q ≤ ‖phi‖ so g ∈ Lq.
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Also, if f ∈ Lp, the DCT applied to fχEn → f in the Lp norm shows φ(f) = lim
∫
En
fg =∫

fg.
This shows the result when µ is σ-finite and p ∈ [1,∞).

Case 3: Let µ arbitrary and p > 1 and q <∞. For each σ-finite set E, there is an a.e.-unique
gE ∈ Lp(E) s.t. φ(f) =

∫
fgE for all f ∈ Lp(E) and ‖gE‖q ≤ ‖phi‖.

If F σ-finite and contains E, then gF = gE a.e. on E so that ‖gF‖q ≥ ‖gE‖p. Let M be
the supremum of ‖gE‖q ranging over all σ-finite sets E. Note M ≤ ‖φ‖ by this.

Choose En sequence s.t. ‖gEn‖q → M . Set F =
⋃∞

1 En. Then F is σ-finite and
‖gF‖q ≥ ‖gEn‖q. Whence, ‖gF‖q = M .

If A is σ-finite and contains F , we have∫
|gF |q +

∫
|gA\F |q =

∫
|gA|q ≤M q =

∫
|gF |q

so gA\F = 0 and gA = gF a.e. (using fact q <∞).
If f ∈ Lp, we know A = F ∪ {x : f(x) 6= 0} is σ-finite (it is a union of two σ-finite sets

and the latter set is σ-finite since
∫
|f |p < ∞) so φ(f) =

∫
fgA =

∫
fgF . This means we

just take g = gF .
Thus, φ = φg as desired. �

Corollary 6.19.1. If 1 < p <∞, then Lp is reflexive.

6.4. Some Useful Inequalities.

Theorem 6.20 (Chebyshev’s Inequality). If f ∈ Lp(0 < p <∞), then for any α > 0,

µ({x : |f(x)| > α}) ≤
[
‖f‖p
α

]p
.

Corollary 6.20.1. If f ∈ Lp, then the set {x : |f | 6= 0} is σ-finite.

Proof. This is an immediate consequence of a similar result in Chapter 2 of [1]. How-
ever, we can derive this from Chebyshev’s inequality. Define En := {x : |f(x)| > n} and
n ∈ N0. Then,

µ(En) ≤
‖f‖pp
np

<∞

for all n and therefore, {x : |f | 6= 0} :=
⋃
n∈N0

En. �

Theorem 6.21. Let (X,M, µ) and (Y,N , ν) be σ -finite measure spaces, and let K be
an (M⊗ N )-measurable function on X × Y. Suppose that there exists C > 0 such that∫
|K(x, y)|dµ(x) ≤ C for a.e. y ∈ Y and

∫
|K(x, y)|dν(y) ≤ C for a.e. x ∈ X, and that

1 ≤ p ≤ ∞. If f ∈ Lp(ν), the integral

Tf(x) =

∫
K(x, y)f(y)dν(y)

converges absolutely for a.e. x ∈ X, the function Tf thus defined is in Lp(µ), and ‖Tf‖p ≤
C‖f‖p

Proof. We prove the result for p ∈ (1,∞). Let q = p
p−1

. Apply Hölder’s inequality to

|K(x, y)f(y)| = |K(x, y)|1/q(|K(x, y)|1/p|f(y)|) =⇒
∫
|K(x, y)f(y)|dν(y) ≤ C1/q

[∫
|K(x, y)||f(y)|pdν(y)

]1/p
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for a.e. x ∈ X. Apply Tonelli’s Theorem when integrating w.r.t to x to obtain∫ [∫
|K(x, y)f(y)|dν(y)

]p
dµ(x) ≤ Cp/q

∫ ∫
|K(x, y)||f(y)|pdν(y)dµ(x) ≤ C(p/q)+1‖f‖pp.

The last integral is finite so K(x, ·)f ∈ L1(ν) for a.e. x so that Tf is well-defined a.e. and
taking pth roots, we get the desired inequality from above.

Assume p = 1. Checking well-definedness and absolutely convergent a.e. is easy. Then,∣∣∣∣∫ Tfdµ

∣∣∣∣ ≤ ∫ ∫ |K(x, y)||f(y)|dνdµ =

∫
|f(y)|

∫
|K(x, y)|dµdν ≤ C‖f‖1

by an application of Fubini’s Theorem. We used
∫
|K(x, y)|dµ(x) ≤ C a.e. y ∈ Y here.

Similarly for p = ∞, it is easy to check well-definedness and absolutely convergent a.e..
Then,

‖Tf‖∞ ≤ ‖f‖∞
∥∥∥∥∫ K(·, y)dν

∥∥∥∥
∞
≤ ‖f‖∞‖C‖∞ = C‖f‖∞.

We used the second inequality with ≤ C in the theorem statement here. �

Theorem 6.22 (Minkowski’s Inequality for Integrals). Suppose that (X,M, µ) and (Y,N , ν)
are σ -finite measure spaces, and let f be an (M⊗N )-measurable function on X × Y .

a. If f ≥ 0 and 1 ≤ p <∞, then[∫ (∫
f(x, y)dν(y)

)p
dµ(x)

]1/p

≤
∫ [∫

f(x, y)pdµ(x)

]1/p

dν(y)

b. If 1 ≤ p ≤ ∞, f(·, y) ∈ Lp(µ) for a.e. y, and the function y 7→ ‖f(·, y)‖p is in L1(ν), then
f(x, ·) ∈ L1(ν) for a.e. x, the function x 7→

∫
f(x, y)dν(y) is in Lp(µ), and∥∥∥∥∫ f(·, y)dν(y)

∥∥∥∥
p

≤
∫
‖f(·, y)‖pdν(y).

Proof. (a) If p = 1, then we get equality from Tonelli’s Theorem. For p ∈ (1,∞), let
q = p

p−1
and g ∈ Lq. By Tonelli’s and Hölder’s,∫ [∫
f(x, y)dν(y)

]
|g(x)|dµ(x) =

∫ ∫
f(x, y)|g(x)|dµdν ≤ ‖g‖q

∫ [∫
f(x, y)pdµ

]1/p

dν.

Apply Theorem 6.14 of [1] to finish off the proof.
(b) For p < ∞, the assertion follows from (a) and Fubini’s Theorem (replace f with |f |).
For p =∞, use monotonicity of the integral. �

Theorem 6.23. Let K : (0,∞)2 → C be a measurable function s.t. K(λx, λy) = λ−1K(x, y)
for all λ > 0 (this is called (−1)-homogeneity) and

∫∞
0
|K(x, 1)|x−1/pdx = C <∞ for some

p ∈ [1,∞], and let q be the conjugate exponent to p. For f ∈ Lp and g ∈ Lq, let

Tf(y) =

∫ ∞
0

K(x, y)f(x)dx, Sg(x) =

∫ ∞
0

K(x, y)g(y)dy.

Then Tf and Sg are defined a.e. and ‖Tf‖p ≤ C‖f‖p and ‖Sg‖q ≤ C‖g‖q.

Remark 32. This theorem is not as valuable as it may appear. The theorem shows that K
induces a linear operator Lp → Lp and Lq → Lq.
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Remark 33. Some easy examples of K(x, y) satisfying the hypothesis of (−1)-homogeneity
are 1

x
+ 1

y
, 1
x+y

, and 1
x

+ 1
y

+ x
y2

.

Corollary 6.23.1. Let

Tf(y) = y−1

∫ y

0

f(x)dx, Sg(x) =

∫ ∞
x

y−1g(y)dy

Then for 1 < p ≤ ∞ and 1 ≤ q <∞

‖Tf‖p ≤
p

p− 1
‖f‖p, ‖Sg‖q ≤ q‖g‖q.

This result is a special case of Hardy’s Inequality.

Proof. Define K(x, y) = 1
y
χE(x, y) where E := {(x, y) : x < y}. Then apply the

preceding result. �

6.5. Distribution Functions and Weak Lp.

Definition 6.24. If f is a measurable function on (X,M, µ), we define its distribution
function

λf : (0,∞)→ [0,∞] by λf (α) = µ({x : |f(x)| > α}).

Proposition 6.25. a. λf is decreasing and right continuous.
b. If |f | ≤ |g|, then λf ≤ λg.
c. If |fn| increases to |f |, then λfn increases to λf .
d. If f = g + h, then λf (α) ≤ λg

(
1
2
α
)

+ λh
(

1
2
α
)
.

Remark 34. Since λf is decreasing but right continuous, it defines a negative Borel measure
on (0,∞) by ν((a, b]) = λf (b)− λf (a).

The following theorem gives the relationship between integrals of |f | on X to Borel
measures defined by distribution functions.

Theorem 6.26. If λf (α) < ∞ for all α > 0 and φ is a nonnegative Borel measurable
function on (0,∞), then ∫

X

φ ◦ |f |dµ = −
∫ ∞

0

φ(α)dλf (α).

Remark 35. The important aspect of the preceding theorem is when applied to φ(α) = αp.
It gives, ∫

X

|f |pdµ = −
∫ ∞

0

αpdλf (α).

If we integrate by parts for the RHS then we obtain the following result. We need to
verify that αpλf (α) → 0 as α → 0 and α → ∞, however. The key point of the preceding
result is that it converts integrals over arbitrary measure spaces to one with signed Lebesgue
measures. The following result gives a way to show that a function is in Lp provided we have
a strong bound on the distribution function.

Proposition 6.27. If 0 < p <∞, then∫
|f |pdµ = p

∫ ∞
0

αp−1λf (α)dα.
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Proof. Professor Zlatos’s has a proof that does not use integration by parts. To inte-
grate by parts, we would still need to check some hypotheses. Nonetheless,∫ ∞

0

αpdλf (α) = (αpλf (α)|∞ − (0pλf (0))−
∫ ∞

0

λf (α)dα = −
∫ ∞

0

λf (α)dα.

Multiplying by −1 gives the result. All that is left is to show limα→∞ α
pλf (α) = 0 since

we cannot evaluate at infinity. This part of the argument follows by dealing with simple
functions by proving the result when λf (α) = ∞ for some α > 0 and then the case where
this does not occur. Apply the MCT with Proposition 6.22c. �

Definition 6.28. If f : X → C measurable and 0 < p <∞, define

[f ]p =

(
sup
α>0

αpλf (α)

)1/p

and define weak Lp to be the set of all f s.t. [f ]p < ∞. However, [·]p is not a norm.
However, it is a topological vector space.

Remark 36. The condition [f ]p < ∞ is equivalent to requiring there exists C > 0 s.t.
λf (t) ≤ (C/t)p for all t. In this case, the best possible constant that can be obtained is [f ]p.
The following inequality which is a consequence of Chebyshev’s is often very useful

λf (α) ≤
‖f‖pp
αp

.

Remark 37. We first have

Lp ⊂ weak Lp & [f ]p ≤ ‖f‖p.
On the other hand, if λf (α) is replaced by ([f ]p/α)p in the integral p

∫∞
0
αp−1λf (α)dα,

we obtain
∫∞

0
α−1dα.

Example 6.29. The function x−1/p is weak Lp but not in Lp (on (0,∞) with Lebesgue
measure). In some sense, weak Lp is almost Lp and the case of x−1/p is a border case.

Theorem 6.30. If f is a measurable function and A > 0, let E(A) = {x : |f(x)| > A}, and
set

hA = fχX\E(A) + A(sgn f)χE(A), gA = f − hA = (sgn f)(|f | − A)χE(A)

Then

λgA(α) = λf (α + A), λhA(α) =

{
λf (α) if α < A
0 if α ≥ A

6.6. Interpolation of Lp-spaces.

Lemma 6.31 (The Three Lines Lemma.). Let φ be a bounded continuous function on the
strip 0 ≤ Re z ≤ 1 that is holomorphic on the interior of the strip. If |φ(z)| ≤ M0 for
Re z = 0 and |φ(z)| ≤M1 for Re z = 1, then |φ(z)| ≤M1−t

0 M t
1 for Re z = t 0 < t < 1

Theorem 6.32 (The Riesz-Thorin Interpolation Theorem). Suppose that (X,M, µ) and
(Y,N , ν) are measure spaces and p0, p1, q0, q1 ∈ [1,∞]. If q0 = q1 = ∞, suppose also that ν
is semifinite. For 0 < t < 1, define pt and qt by

1

pt
=

1− t
p0

+
t

p1

,
1

qt
=

1− t
q0

+
t

q1
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If T is a linear map from Lp0(µ) + Lp1(µ) into Lq0(ν) + Lq1(ν) such that ‖Tf‖q0 ≤ M0‖f‖p0
for f ∈ Lp0(µ) and ‖Tf‖q1 ≤M1‖f‖p1 for f ∈ Lp1(µ), then

‖Tf‖qt ≤M1−t
0 M t

1‖f‖pt for f ∈ Lpt(µ), 0 < t < 1.

Example 6.33. If T : L1(−π, π)) → `∞(Z) is the Fourier series operator (Tf)(n) =
1

2π

∫ π
−π e

inxf(x)dx, then we know that ‖T‖L1→`∞ = 1 = ‖T‖L2→`2 . So, we obtain an infi-
nite family of bounds

‖T‖Lp→`q ≤ 1

when p ∈ [1, 2] and q = p/(p − 1) ∈ [2,∞]. This latter inequality is called the (Hausdorff-
Young inequality).

When applying the theorem, the easiest cases are to apply it with 1, 2,∞.

Remark 38. If M(t) := ‖T‖Lpt (µ)→Lqt (ν), then theorem says M(t) ≤ M(0)1−tM(1)t for all
t ∈ (0, 1).

The log statement of the M(t) is the key point of the theorem so we state this as a
separate result. See p. 202 of [1].

Definition 6.34. Let T be a map from some vector space D of measurable functions on
(X,M, µ) to the space of all measurable functions on (Y,N , ν)

- T is called sublinear if |T (f + g)| ≤ |Tf | + |Tg| and |T (cf)| = c|Tf | for all f, g ∈ D
and c > 0

- A sublinear map T is strong type (p, q)(1 ≤ p, q ≤ ∞) if Lp(µ) ⊂ D, T maps Lp(µ)
into Lq(ν), and there exists C > 0 such that ‖Tf‖q ≤ C‖f‖p for all f ∈ Lp(µ)

- A sublinear map T is weak type (p, q)(1 ≤ p ≤ ∞, 1 ≤ q < ∞) if Lp(µ) ⊂
D, T mapsLp(µ) into weak Lq(ν), and there exists C > 0 such that [Tf ]q ≤ C‖f‖p for
all f ∈ Lp(µ). Also, we shall say that T is weak type (p,∞) iff T is strong type (p,∞)

Theorem 6.35 (The Marcinkiewicz Interpolation Theorem). Suppose that (X,M, µ) and
(Y,N , ν) are measure spaces; p0, p1, q0, q1 are elements of [1,∞] such that p0 ≤ q0 p1 ≤ q1,
and q0 6= q1; and

1

p
=

1− t
p0

+
t

p1

and
1

q
=

1− t
q0

+
t

q1

, where 0 < t < 1.

If T is a sublinear map from Lp0(µ) + Lp1(µ) to the space of measurable functions on Y
that is weak types (p0, q0) and (p1, q1) , then T is strong type (p, q). More precisely, if
[Tf ]qj ≤ Cj‖f‖pj for j = 0, 1, then ‖Tf‖q ≤ Bp‖f‖p where Bp depends only on pj, qj, Cj in
addition to p; and for j = 0, 1, Bp |p− pj| (resp. Bp) remains bounded as p→ pj if pj <∞
(resp. pj =∞) .

Corollary 6.35.1. Suppose 1 ≤ p < r < q ≤ ∞. Let T be a sublinear operator defined on
Lp + Lq.

(1) If T is of weak-type (p, p) and T is a bounded operator on L∞, then T is a bounded
operator on Lr.

(2) If q <∞, T is of weak-type (p, p), and T is of weak-type q − q, then T is a bounded
operator on Lr.

Corollary 6.35.2. There is a constant C > 0 such that if 1 < p <∞ and f ∈ Lp (Rn) then

‖Hf‖p ≤ C
p

p− 1
‖f‖p.
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Remark 39. It is useful to note that Hf is not a bounded linear operator on L1 so this is
the reason we require 1 < p in the theorem.

Theorem 6.36. Suppose (X,M, µ) and (Y,N , ν) are σ -finite measure spaces, and 1 <
q < ∞. Let K be a measurable function on X × Y such that, for some C > 0 we have
[K(x, ·)]q ≤ C for a.e. x ∈ X and [K(·, y)]q ≤ C for a.e. y ∈ Y. If 1 ≤ p <∞ and f ∈ Lp(ν),
the integral

Tf(x) =

∫
K(x, y)f(y)dν(y)

converges absolutely for a.e. x ∈ X, and the operator T thus defined is weak type (1, q)
and strong type (p, r) for all p, r such that 1 < p < r < ∞ and p−1 + q−1 = r−1 + 1. More
precisely, there exist constants Bp independent of K such that

[Tf ]q ≤ B1C‖f‖1, ‖Tf‖r ≤ BpC‖f‖p
(
p > 1, r−1 = p−1 + q−1 − 1 > 0

)
.

Remark 40. We make some additional remarks about the relation of the two interpolation
theorems. First off, the Riesz-Thorin has better estimates, requires less hypotheses on the
estimates, but more from the operator T . On the other hand, the Marcinkiewics Theorem
requires less hypotheses on the operator, but the estimates are weak-type estimates which
are stronger and also, the estimates obtained are not as good as the one in the Riesz-Thorin
Theorem.

7. Radon Measures

7.1. Positive Linear Functionals on Cc(X). Throughout this whole section, we will
fix X an LCH space.

Definition 7.1. If I : Cc(X) → C is a linear functional. then I is positive if I(f) ≥ 0
whenever f ≥ 0.

Proposition 7.2. If I is a positive linear functional on Cc(X), for each K ⊆ X compact,
there is a constant CK s.t. |I(f)| ≤ CK‖f‖u for all f ∈ Cc(X) s.t. supp(f) ⊆ K.

Definition 7.3. Let µ be a Borel measure on X and E a Borel subset of X. Then µ is
outer regular on E if

µ(E) := inf{µ(U) : U ⊇ E,U is open}
and inner regular on E if

µ(E) := sup{µ(K) : K ⊆ E,K is compact}.
We say µ is regular when µ is outer and inner regular on all Borel sets.

Remark 41. The Lebesgue measure is regular on BR. The measure µ defined by µ(∅) = 0,
µ(R) = ∞, and µ({x}) = 0 is outer regular, but not inner regular. The measure ν defined
by µ(∅) = 0, µ({1}) = 0, µ({A}) =∞ for A ∈ P (R) \ {{1}} is inner regular, but not outer
regular.

Definition 7.4. A Radon measure on X is a Borel measure finite on all compact sets,
outer regular on all Borel sets, and inner regular on all open sets.

Remark 42. The Lebesgue and Dirac measures are Radon on R but the counting measure
is not.



7. RADON MEASURES 46

Definition 7.5. Write f ≺ U , where f ∈ Cc(X) and U ⊆ X is open, to mean 0 ≤ f ≤ 1
and supp(f) ⊆ U .

Theorem 7.6 (Riesz Representation Theorem). If I is a positive linear functional on Cc(X),
there is a unique Radon measure µ on X such that I(f) =

∫
fdµ for all f ∈ Cc(X). Moreover,

µ satisfies

µ(U) = sup {I(f) : f ∈ Cc(X), f ≺ U}
for all open U ⊂ X and

µ(K) = inf {I(f) : f ∈ Cc(X), f ≥ χK}
for all compact K ⊂ X.

Remark 43. This is known as the Riesz–Markov–Kakutani representation theorem. The
theorem also gives a way to construct new Radon measures. Let me demonstrate this with µ
being the Lebesgue measure on R. If we define I by f 7→

∫
fgdµ for some g ≥ 0, the theorem

asserts that there is a unique Radon measure ν s.t. I(f) =
∫
fdν for all f ∈ Cc(X) with ν

characterized by the two equations in the theorem. Note the representation I(f) =
∫
fdµ

only applies to f ∈ Cc(X).

Definition 7.7. Let B0
X denote the σ-algebra generated by Cc(X) i.e. the smallest σ-algebra

s.t. every f ∈ Cc(X) is measurable. Elements of B0
X are called Baire sets.

7.2. Regularity and Approximation Theorems.

Proposition 7.8. Radon measures are inner regular on σ-finite sets.

Proof. Prove for finite measure sets first, say µ(E) < ∞. Choose open set U ⊇ E s.t.
µ(U) < µ(E) + ε. Then choose compact set K s.t. µ(K) > µ(U) − ε and K ⊆ U . Then,
µ(K) > µ(E)− ε. Now, µ(U \E) < ε so choose an open set V ⊇ U \E s.t. µ(V ) < 2ε. Then
set K := F \ V . Then,

µ(K) = µ(F )− µ(F ∩ V ) > µ(E)− ε− µ(V ) > µ(E)− ε− 2ε = µ(E)− 3ε

and this gives inner regularity.
Suppose µ(E) = ∞. From σ-finiteness, choose a sequence of Ej s.t. µ(Ej) → ∞ (just

take the sequence of finite unions). Then for all N ∈ N, there exists a j s.t. µ(Ej) > N .
Then, there exists a compact set Kj ⊆ Ej s.t. µ(Ej)− ε < µ(Kj). Therefore, N− ε < µ(Kj).
For N large and ε > 0 small, we obtain a sequence of Kj ⊆ Ej ⊆ E s.t. µ(Kj) → ∞. So
µ(E) is inner regular. �

Corollary 7.8.1. Every σ-finite Radon measure is regular. If X is σ-compact, then every
Radon measure is regular.

Proposition 7.9. Let µ be a σ-finite Radon measure on X and E ∈ BX .

(1) For ε > 0, there exists an open U and closed F s.t. F ⊆ E ⊆ U and µ(U \ F ) < ε.
(2) There exists a Fσ-set A and Gδ-set B s.t. A ⊆ E ⊆ B and µ(B \ A) = 0.

Proof. (1) Let E =
⋃∞

1 En be a union of disjoint finite measure sets. Choose Uj ⊇ Ej
open s.t. µ(Uj) < µ(Ej) + ε

2j
. Set U as the union of the Uj and so, µ(U) ≤ µ(E) + ε. Choose

an open V ⊇ Ec s.t. µ(V ) ≤ µ(Ec) + ε. Then,

µ(U \ V c) = µ(U \ E) + µ(E \ V c) < ε+ µ(E \ V c) = ε+ µ(V \ Ec) < 2ε.
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(2) Choose open and closed Uj and Wj s.t. Wj ⊆ E ⊆ Uj and µ(Uj \ Ej) < 1
j
. Let

B :=
⋂∞

1 Uj and A :=
⋃∞

1 Wj. Then B is Gδ and A is Fσ while for all j ∈ N,

µ(B \ A) ≤ µ(Uj \ A) ≤ µ(Uj \Wj) <
1

j
.

So µ(B \ A) = 0. Furthermore, A ⊆ E ⊆ B. �

Remark 44. Every finite positive Borel measure ν is Radon iff for all E ∈ BX and ε > 0,
there is an open set U and compact K s.t. K ⊆ E ⊆ U and ν(U \K) < ε. This from the
two preceding propositions.

Theorem 7.10. If X is an LCH space where every open set is σ-compact, then every Borel
measure on X that is finite on compact sets is regular and hence, Radon.

Remark 45. The space Rn is second countable and LCH. The theorem says that the only
thing preventing a Borel measure from being a Radon measure is whether or not it is finite
on compact sets. By definition, Radon measures are Borel measures and finite on compact
sets. So the theorem says, under some assumptions on X, a measure is a Radon measure iff
it is Borel and finite on compact sets.

Proposition 7.11. If µ is a Radon measure, then Cc(X) is dense in Lp(µ) for 1 ≤ p <∞.

Proof. Suffices to show for any Borel set E of finite measure, χE can be approximated
by Cc(X) (since simple functions are dense in Lp). Let ε > 0. Since E is of finite measure,
there is are compact and open K,U s.t. K ⊆ E ⊆ U s.t. µ(U \ K) < ε. Then apply
Urysohn’s Lemma to find an f ∈ Cc(X) s.t. f |K = 1 and supp(f) ⊆ U . Then, ‖χE − f‖pp =∫
X
|χE − f |pdµ ≤ µ(U \K) < ε. �

Theorem 7.12 (Lusin’s Theorem). Let µ be a Radon measure on X and f : X → C a
measurable function with vanishing outside a set of finite measure. Then for any ε > 0,
there exists φ ∈ Cc(X) s.t. φ = f except on a set of measure < ε. If f is bounded, φ can be
assumed to satisfy ‖φ‖u ≤ ‖f‖u.
Definition 7.13. Let f : X → (−∞,∞] and f is lower semi-continuous if f−1((a,∞])
is open for all a ∈ R.

Let g : X → [−∞,∞) and g is upper semi-continuous if f−1([−∞, a)) is open for all
a ∈ R.

Proposition 7.14. Let X be a topological space.
a. If U is open in X, then χU is LSC.
b. If f is LSC and c ∈ [0,∞), then cf is LSC.
c. If G is a family of LSC functions and f(x) = sup{g(x) : g ∈ 9}, then f is LSC.
d. If f1 and f2 are LSC, so is f1 + f2

e. IfX is an LCH space and f is LSC and nonnegative, then f(x) = sup {g(x) : g ∈ Cc(X), 0 ≤ g ≤ f} .
Proposition 7.15. Let G be a family of nonnegative LSC functions on an LCH space X that
is directed by ≤ (that is, for every g1, g2 ∈ G there exists g ∈ G such that g1 ≤ g and g2 ≤ g) .
Let f = sup{g : g ∈ G}. If µ is any Radon measure on X, then

∫
fdµ = sup

{∫
gdµ : g ∈ G

}
Corollary 7.15.1. If µ is Radon and f is nonnegative and LSC, then

∫
fdµ = sup

{∫
gdµ : g ∈ Cc(X), 0 ≤ g ≤ f

}
.

Proposition 7.16. If µ is a Radon measure and f is a nonnegative Borel measurable func-
tion, then

∫
fdµ = inf

{∫
gdµ : g ≥ f and g is LSC

}
. If {x : f(x) > 0} is σ -finite, then∫

fdµ = sup
{∫

gdµ : 0 ≤ g ≤ f and g is USC
}
.
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7.3. The Dual of C0(X).

Remark 46. Recall for an LCH space X, C0(X) is the uniform closure of Cc(X). Any
function I(f) =

∫
fdµ with µ Radon defined on C − c(X) extends to C0(X) continuously iff

it is bounded w.r.t. the uniform norm. Because

µ(X) = sup

{∫
fdµ : f ∈ Cc(X), 0 ≤ f ≤ 1

}
,

and |
∫
fdµ| ≤

∫
|f |dµ, this happens when µ(X) < ∞ and this also gives |µ(X)| = ‖I‖.

Essentially, positive bounded linear functionals on C0(X) are given by integration against
finite Radon measures.

Lemma 7.17. If I ∈ C0(X,R)∗, there exist positive functionals I± ∈ C0(X,R)∗ such that
I = I+ − I−

Definition 7.18. Any I ∈ C0(X)∗ is uniquely determined by its restriction to C(X,R) and
the restriction J has J = J1 + iJ2 for real linear functionals Ji. Then, there are finite Radon
measures µi for i = 1, 2, 3, 4 s.t. I(f) =

∫
fdµ and µ = µ1−µ2+i(µ3−µ4). A signed Radon

measure is a signed Borel measure whose posiutive and negative variations are Radon. A
complex Radon measure is a complex Borel measure whose real and imaginary parts
are signed Radon measures. Let M(X) be the space of complex Radon measures and
‖µ‖ = |µ|(X) defines a norm on M(X) by the next result.

Proposition 7.19. If µ is a complex Borel measure, then µ is Radon iff |µ| is Radon.
Moreover, M(X) is a vector space and µ 7→ ‖µ‖ is a norm on it.

Proof. Let ε > 0 and E Borel. Suppose K ⊆ E ⊆ K and |µ|(U \ K) < ε. Then
νj(U \K) < ε for all j = 1, 2, 3, 4 in the decomposition µ = µ1−µ2 + i(µ3−µ4). Conversely,

if there are µj(Uj \Kj) < ε, then taking
⋂4
j=1 Uj and

⋃4
j=1 Kj, we get µ(U \K) < 4ε. The

same idea shows M(X) is closed under addition and scalar multiplication. Also, ‖ · ‖ being
a norm follows from Proposition 3.14 of Folland. �

Theorem 7.20 (The Riesz Representation Theorem.). Let X be an LCH space, and for µ ∈
M(X) and f ∈ C0(X) let Iµ(f) =

∫
fdµ. Then the map µ 7→ Iµ is an isometric isomorphism

from M(X) to C0(X)∗.

Proof. Suppose µ ∈ M(X). We know |
∫
fdµ| ≤

∫
|f |d|µ| ≤ ‖f‖u‖µ‖ so Iµ ∈ C0(X)∗

and ‖Iµ‖ ≤ ‖µ‖. By the Radon-Nikodym Theorem, h := dµ/d|µ| exists and |h| = 1. By

Lusin’s Theorem, there exists f ∈ Cc(X) s.t. ‖f‖u = 1 and f = h except on some set E
with |µ|(E) < ε. Then,

‖µ‖ =

∫
|h|2d|µ| =

∫
hdµ = |

∫
fdµ|+

∫
(f − h)dµ| ≤ |

∫
fdµ|+ 2|µ|(E) < |

∫
fdµ|+ ε ≤ ‖Iµ‖+ ε.

�

Corollary 7.20.1. If X is a compact Hausdorff space, then C(X)∗ is isometrically isomor-
phic to M(X)

Remark 47. One can embed L1(µ) into M(X) by f 7→ νf where dνf = fdµ. Then
‖νf‖ = ‖f‖1 and the range consists of those ν ∈ M(X) s.t. ν � µ. The most important
example of this is L1(m) ⊆M(Rn).
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Definition 7.21. The vague topology on M(X) is the weak∗ topology on M(X) =
C0(X)∗. This means µα → µ in weak∗ iff

∫
fdµα →

∫
fdµ for all f ∈ C0(X). So µα → µ

weakly iff
∫
fdµα →

∫
fdµ for all f ∈ C0(X).

Remark 48. Every f ∈ L1(µ) defines a Radon measure dνf = fdµ. This yields an isometric
embedding of L1(µ) into M(X) whose range are those ν ∈M(X) s.t. ν � µ.

Proposition 7.22. Suppose µ, µ1, µ2, . . . ∈M(R), and let Fn(x) = µn((−∞, x]) and F (x) =
µ((−∞, x]).

a. If supn ‖µn‖ < ∞ and Fn(x) → F (x) for every x at which F is continuous, then
µn → µ vaguely.

b. If µn → µ vaguely, then supn ‖µn‖ < ∞. If, in addition, the µn ’s are positive, then
Fn(x)→ F (x) at every x at which F is continuous.

7.4. Products of Radon Measure.

Theorem 7.23. a. BX ⊗ BY ⊂ BX×Y
b. If X and Y are second countable, then BX ⊗ BY = BX×Y
c. If X and Y are second countable and µ and ν are Radon measures on X and Y , then

µ× ν is a Radon measure on X × Y .

Proposition 7.24. Let P be the vector space spanned by the functions g ⊗ h with g ∈
Cc(X), h ∈ Cc(Y ). Then P is dense in Cc(X⊗Y ) in the uniform norm. More precisely, given
f ∈ Cc(X×Y ), ε > 0, and precompact open sets U ⊂ X and V ⊂ Y containing πX(supp(f))
and πY (supp(f)), there exists F ∈ P such that ‖F − f‖u < ε and supp(F ) ⊂ U × V .

Proposition 7.25. Every f ∈ Cc(X × Y ) is BX ⊗ BY -measurable. Moreover, if µ and ν
are Radon measures on X and Y , then Cc(X × Y ) ⊂ L1(µ× ν), and∫

fd(µ× ν) =

∫∫
fdµdν =

∫∫
fdνdµ (f ∈ Cc(X × Y ))

Lemma 7.26. a. If E ∈ BX×Y , then Ex ∈ BY for all x ∈ X and Ey ∈ BX for all y ∈ Y .
b. If f : X × Y → C is BX×Y -measurable, then fx is BY -measurable for all x ∈ X and

f y is BX -measurable for all y ∈ Y .

Proposition 7.27. Let µ and ν be Radon measures on X and Y. If U is open in X × Y ,
then the functions x 7→ ν (Ux) and y 7→ µ (Uy) are Borel measurable on X and Y , and

µ×̂ν(U) =

∫
ν (Ux) dµ(x) =

∫
µ (Uy) dν(y).

Lemma 7.28. If f ∈ Cc(X × Y ) and µ, ν are Radon measures on X, Y , then the functions
x 7→

∫
fxdν and y 7→

∫
f ydµ are continuous.

Proof. Prove the result for fx and the one for f y follows similarly. It suffices to show
for any x0 ∈ X and ε > 0, there exists a neighborhood U 3 x0 s.t. ‖fx− fx0‖u < ε for x ∈ U
since ∣∣∣∣∫ fx − fx0

∣∣∣∣ dν ≤ ‖fx − fx0‖ν(πY (supp(f))) < εν(πY (supp(f)))

For each y ∈ πY (supp(f)), there exist neighborhoods Uy, Vy of x0, y s.t. if (x, z) ∈ Uy × Vy,
we have |f(x0, y) − f(x, z)| < 1

2
ε. Since the Vy must cover πY (supp(f)), we may choose a

finite subcover Vyi for i = 1, . . . , n and then set U :=
⋂m
i=1 Uyi . Now we verify that U is the
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desired set. Clearly, x0 ∈ U since Uyi are neighborhoods of x0. Next, if x ∈ U , then with
z ∈ Vyi for some i and our estimate,

‖fx − fx0‖u = sup{|fx(y)− fx0(y)| : y ∈ πY (supp(f))} = sup{|f(x, y)− f(x0, y)| : y ∈
n⋃
i=1

Vyi}

≤ sup{|f(x, y)− f(x0, z)| : y ∈
n⋃
i=1

Vyi}+ sup{|f(x0, z)− f(x0, y)| : y ∈
n⋃
i=1

Vyi} < ε.

�

Theorem 7.29. Suppose that µ and ν are σ -finite Radon measures on X and Y. If E ∈
BX×Y , then the functions x 7→ ν (Ex) and y 7→ µ (Ey) (which make sense by Lemma 7.23)
are Borel measurable on X and Y, and

µ×̂ν(E) =

∫
ν (Ex) dµ(x) =

∫
µ (Ey) dν(y)

Moreover, the restriction of µ×̂ν to BX ⊗BY is µ× ν.

Theorem 7.30 (The Fubini-Tonelli Theorem for Radon Products.). Let µ and ν be σ -finite
Radon measures on X and Y , and let f be a Borel measurable function on X × Y . Then fx
and f y are Borel measurable for every x and y. If f ≥ 0, then x 7→

∫
fxdν and y 7→

∫
f ydµ

are Borel measurable on X and Y. If f ∈ L1(µx̂ν), then fx ∈ L1(ν) for a.e. x, f y ∈ L1(µ) for
a.e. y, and x 7→

∫
fxdν and y 7→

∫
f ydµ are in L1(µ) and L1(ν). In both cases, we have∫

fd(µ×̂ν) =

∫∫
fdµdν =

∫∫
fdνdµ.

Theorem 7.31. Suppose that, for each α ∈ A, µα is a Radon measure on the compact
Hausdorff space Xα such that µα (Xα) = 1. Then there is a unique Radon measure µ on
X =

∏
α∈AXα such that for any α1, . . . , αn ∈ A and any Borel set E in

∏n
1 Xαj

µ
(
π−1

(α1,...,αn)(E)
)

=
(
µα1×̂ · · · ×̂µαn

)
(E).

8. Elements of Fourier Analysis

We follow Chapter 8 of [1]. The lecture notes here are also helpful. This whole section
works over Rn and omissions of the ambient space should be assumed to be in R and n is
fixed as the dimension of the space.

8.1. Preliminaries. For this entire section, we work on Rn, any measures are assumed
to be the Lebesgue measure, the Lp spaces are w.r.t to the measurable subsets of Rn and
the Lebesgue measures and

x · y =
n∑
1

xjyj, |x| =
√
x · x

are the dot products and Euclidean norm on Rn.
The multi-index notation α = (α1, . . . , αn) is used for convenience. For example,

|α| =
∑n

1 αj and ∂α = ∂α1
1 . . . ∂αnn where ∂i = ∂

∂xi
. For x ∈ Rn, we write xα =

∏n
1 x

αj
j .

The space C∞c (U) is usually referred to the space of test functions over U and C∞c (U) is
the space of smooth functions whose support is compact and contained in U .

http://www.math.ucsd.edu/~pebenfel/Teaching/20-21/Math%20240/Lectures.html
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Lemma 8.1. There exists φ ∈ C∞c s.t. 0 ≤ φ ≤ 1 and supp(φ) = Bn, the closed unit ball in
Rn.

Proof. One defines ψ(x) = η(1 − |x|2) which is exp[(|x| − 1)−1)] whne |x| < 1 and 0
when |x| ≥ 1. More details are in Exercise 8.3. �

Definition 8.2. The Schawrtz space S is the vector space of f ∈ C∞ s.t. ‖f‖(N,α) < ∞
for all (N,α) ∈ Z≥0 × Zn≥0 endowed with a family of seminorms,

‖f‖(N,α) = sup
x∈Rn

(1 + |x|)N(|∂αf(x)|.

Example 8.3. For all α, fα(x) = xαe−|x|
2 ∈ S.

Example 8.4. If f ∈ S, then ∂αf ∈ Lp for all α and all p ∈ [1,∞].

Theorem 8.5. S is a complete space i.e. a Fréchet space wit its topology induced by its
seminorms.

Definition 8.6. We define τyf(x) = f(x−y) as the translation operator and f is uniformly
continuous if ‖τyf − f‖u → 0 as y → 0.

Lemma 8.7. If f ∈ Cc(Rn), then f is uniformly continuous.

Lemma 8.8. If 1 ≤ p <∞, then translation is continuous in the Lp norm.

Definition 8.9. We say f : Rn → C is periodic if f(x + k) = f(x) for x ∈ Rn and k ∈ Zn.
Every periodic function is determined by its value on Q = [−1

2
, 1

2
)n.

Periodic functions can be viewed as functions on the torus Tn = (R/Z)n = Rn/Zn. Note
that Tn is a compact Hausdorff space and is identifiable with the unit sphere in Cn.

We regard m(Tn) = 1 by identifying Tn with the unit cube.

8.2. Convolutions.

Definition 8.10. If f, g are measurable functions on Rn, then

f ∗ g(x) =

∫
R
f(x− y)g(y)dy

where the integral exists. It is not guaranteed that the integral exists for all x, but one can
guarantee that it does exist a.e. under certain conditions.

Theorem 8.11 (Young’s Convolution Inequality). Assume 1 ≤ p ≤ ∞. Let f ∈ L1, g ∈ Lp.
Then, f ∗ g ∈ Lp and

‖f ∗ g‖p ≤ ‖f‖1‖g‖p.
Proof. The proof is an easy consequence of Minkowski’s Inequality, but we provide a

proof using Hölder’s inequality here.
The case of p =∞ is clear. For the general case, first, let q s.t. 1

q
+ 1

p
= 1 and then,

|f ∗ g(x)| ≤
∫
|f(x− y)g(y)|dy =

∫
|f(x− y)1/q|f(x− y)|1/p|g(y)|dy

≤ ‖f
1
q ‖q
(∫
|f(x− y)||g(y)|pdy

)1/p

= ‖f‖1/q
1

(∫
|f(x− y)|g(y)|pdy

)1/p

<∞
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because f ∈ L1 and g ∈ Lp Next,

‖f ∗ g‖p ≤
(∫ (∫

|f(x− y)|g(y)|dy
)p

dx

)1/p

≤
(∫
‖f‖p/q1

∫
|f(x− y)||g(y)|pdydx

)1/p

= ‖f‖1/q
1

(∫ ∫
|f(x− y)||g(y)|pdydx

)1/p

= ‖f‖1/q
1

(∫
|g(y)|p

∫
|f(x− y)|dxdy

)1/p

= ‖f‖1/q
1

(∫
|g(y)|p‖f‖1dy

)1/p

= ‖f‖1/q
1 ‖f‖

1/p
1 ‖g‖p = ‖f‖1‖g‖p.

�

Theorem 8.12. Assume all integrals exists. Then,

(1) f ∗ g = g ∗ f ,
(2) (f ∗ g) ∗ h = f ∗ (g ∗ h),
(3) for z ∈ Rn, τz(f ∗ g) = (τzf) ∗ g = f ∗ (τzg),

(4) If A = {x+ y : x ∈ supp(f), y ∈ supp(g)}, then supp(f ∗ g) ⊂ A.

Proposition 8.13. If p, q are conjugate exponents, f ∈ Lp, and g ∈ Lq, then f ∗ g(x) exists
for every x, f ∗ g is bounded and uniformly continuous, and

‖f ∗ g‖u ≤ ‖f‖p‖g‖q.(1)

If 1 < p <∞, then f ∗ g ∈ C0(Rn).

Proposition 8.14. Suppose 1 ≤ p, q, r ≤ ∞ and 1
p

+ 1
q

= 1
r

+ 1.

(1) (Young’s Inequality, General Form) if f ∈ Lp, g ∈ Lq, then f ∗ g ∈ Lr and

‖f ∗ g‖r ≤ ‖f‖p‖g‖q.(2)

(2) Let p, q > 1 and r <∞. If f ∈ Lp and g ∈ weak Lq, then f ∗ g ∈ Lr and

‖f ∗ g‖r ≤ Cpq‖f‖p[g]q(3)

where Cpq is independent of f, g.
(3) Let p = 1 and r = q > 1. If f ∈ L1 and g ∈ weak Lq, then f ∗ g ∈ weak Lq and

[f ∗ g]q ≤ Cq‖f‖1 where Cq is independent of f and g.

Proposition 8.15. If f ∈ L1, g ∈ Ck, and ∂αg is bounded for |α| ≤ K, then f ∗ g ∈ Ck and
∂α(f ∗ g) = f ∗ (∂αg) for |α| ≤ k.

Proposition 8.16. If f, g ∈ S, then f ∗ g ∈ S.

Definition 8.17. If φ is any function Rn and t > 0, we set

φt(x) := t−nφ(t−1x).(4)

Observe that if φ ∈ L1, then∫
φt =

∫
φ(t−1x)t−ndx =

∫
φ(y)dy =

∫
φ.(5)

Furthermore, the mass of φt becomes concentrated at the origin as t→ 0.
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Theorem 8.18. Suppose φ ∈ L1 and
∫
φ(x)dx = a.

(1) if f ∈ Lp (1 ≤ p <∞), then f ∗ φt → af in Lp as t→ 0;
(2) if f is bounded and uniformly continuous, then f ∗ φt → af uniformly as t→ 0;
(3) if f ∈ L∞ and f is continuous on an open set U , then f ∗ φt → af uniformly on

compact subsets of U as t→ 0.

Theorem 8.19. Let |φ(x)| ≤ C(1 + |x|)−n−ε for some C, ε > 0 and
∫
φ(x)dx = a. If f ∈ Lp

(1 ≤ p ≤ ∞), then f ∗ φt(x) → af(x) as t → 0 for every x in the Lebesgue set of f . In
particular, for a.e. x, and for all x at which f is continuous.

Theorem 8.20. C∞c (and also S) is dense in Lp for 1 ≤ o <∞ and in C0.

Theorem 8.21 (C∞ Urysohn Lemma). If K ⊆ Rn is compact and U is an open set con-
taining K, then there exists f ∈ C∞c s.t. 0 ≤ f ≤ 1, f = 1 on K, and supp(f) ⊆ U .

8.3. The Fourier Transform.

Theorem 8.22. If φ : Rn → C (resp. Tn) is measurable s.t. φ(x + y) = φ(x)φ(y) and
|φ| = 1, there exists ξ ∈ Rn (resp. Tn) s.t. φ(x) = e2πiξ·x.

Theorem 8.23. Let Eκ(x) := e2πiκ·x. Then {Eκ : κ ∈ Zn} forms an orthonormal basis for
L2(Tn).

Definition 8.24. If f ∈ L2(Tn), its Fourier transform f̂ is a function on Zn defined by

f̂(κ) = 〈f, Eκ〉 =

∫
Tn
f(x)e−2πiκ·xdx(6)

and the series ∑
κ∈Zn

f̂(κ)Eκ(7)

is the Fourier series of f .

Theorem 8.25 (Hausdorff-Young inequality). If 1 ≤ p ≤ 2 and q is the conjugate exponent

to p and f ∈ Lp(Tn), then f̂ ∈ `q(Zn) and ‖f̂‖q ≤ ‖f‖p.

Theorem 8.26. Let f, g ∈ L1(Rn).

(1)
(2)
(3)
(4)
(5)
(6)

Corollary 8.26.1. F maps the Schwartz class S continuous into itself.

Proposition 8.27. If f(x) = e−πa|x|
2

for a > 0, then f̂(ξ) = a−n/2e−π|ξ|
2/a.

Definition 8.28. If f ∈ L1, define

f∨(x) = f̂(−x) =

∫
f(ξ)e2πiξ·xdξ.(8)

Lemma 8.29. If f, g ∈ L1, then
∫
f̂ g =

∫
fĝ.
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Theorem 8.30 (Fourier inversion). If f ∈ L1 and f̂ ∈ L1, thne f agrees a.e. with a

continuous function f0 and (f̂)∨ = (̂f∨) = f0.

Corollary 8.30.1. If f ∈ L1 and f̂ = 0, then f = 0 a.e.. Also, F is an isomorphism of S
onto itself.

Theorem 8.31 (Plancherel Theorem). If f ∈ L1 ∩ L62, then f̂ ∈ L2 and F|L1∩L2 extends
uniquely to a unitary isomorphism on L2.

Theorem 8.32 (Hausdorff-Young inequality). Let 1 ≤ p ≤ 2 and q be a conjugate exponent

to p. If f ∈ Lp(Rn), then f̂ ∈ Lq(Rn) and ‖f̂‖q ≤ ‖f‖p.

Theorem 8.33.

Theorem 8.34 (Poisson summation formula). If f ∈ C(Rn) satisfies |f(x)| ≤ C(1+ |x|)−n−ε
and |f̂(ξ)| ≤ C(1 + |ξ|)−n−ε for some C, ε > 0. Then,∑

k∈Zn
f(x+ k) =

∑
κ∈Zn

f̂(κ)e2πiκ·x(9)

where both series converge absolutely and uniformly on Tn. Taking x = 0,∑
k∈Zn

f(k) =
∑
κ∈Zn

f̂(κ).(10)

8.4. Summation of Fourier Integrals and Series.

8.5. Pointwise Convergence of Fourier Series.

8.6. Fourier Analysis of Measure.

8.7. Applications to Partial Differential Equations.

9. Elements of Distribution Theory

9.1. Distributions.

9.2. Compactly supported, Tempered, and Periodic Distributions.

9.3. Sobolev Spaces.

10. Topics in Probability Theory

10.1. Basic Concepts.

10.2. The Law of Large Numbers.

10.3. The Central Limit Theorem.

10.4. Construction of Sample Spaces.

10.5. The Wiener Process.

11. More Measures and Integrals
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12. Appendix Course Notes for UCSD Math 240

Approximate: It is easier to prove results for simpler classes of objects. Here is a list of
approximation results to consider.

(1) Theorem 2.26 of [1] - L1 functions can be approximated using simple functions and
if working on R, one can approximate L1 functions using Cc(R) functions.

(2) Theorem 2.40 of [1] - Lebesgue measure is inner regular and outer regular and can
approximated using rectangles.

(3) Proposition 6.7 of [1] - simple functions with finite support are dense in Lp for
1 ≤ p ≤ ∞.

(4) Theorem 3.14 of [2] - for LCH spaces, Cc(X) is dense in Lp for 1 ≤ p <∞.
(5) Theorem 5.27 and Proposition 5.28 of [1] - Hilbert spaces have an orthonormal basis

and every element of the space is a countable sum.
(6) Section 5.3 of [1] - the big four theorems of Functional Analysis are Baire’s Category

Theorem, Closed Graph, Open Mapping, and Uniform Boundedness.
(7) Use the epsilon of room technique - for example, to show that x ≤ y, it is sufficient

to show for all ε > 0, one has x ≤ y + ε and let ε→ 0. This is a dumb example, of
course.

(8) Exercise 5.12 of [1] - The Riesz Lemma allows one to find an unit vector x s.t.
‖x + M‖ ≥ 1 − ε for M a proper closed subspace. It is a fundamental result that
is needed to show that the unit ball is not compact in infinite dimensional normed
vector spaces.

(9) Chapter 4 of [1] - Whenever you need to define a continuous function on a space,
especially a metric space, one of the extension theorems will certainly be helpful.

(10) Section 5.2 of [1] - The Hahn-Banach Theorem is invaluable for defining linear
functionals fulfilling certain properties. For example, creating bounded linear func-
tionals.

(11) Proposition 5.17 of [1] - A useful result to show Tn → T strongly.
(12) Stone-Weierstrass is often useful to show that some general subclass of functions can

approximate another class of functions very well. Be careful int he complex case.
(13) If a function vanishes outside some finite measure set, then one can always approx-

imate it by a Cc(X) function. See Lusin’s Theorem 7.10.
(14) Theorem 1.14 is a useful reduction tool for results about measures. For example,

the Lebesgue measure.

Epsilon and Inequality Tricks: There are a number of “tricks” in analysis that are
standard techniques. Stuff like the ε/3 proof are rather easy to recognize, but others are not
so much.

(1) ε of room - The idea is to prove the result for all ε > 0. For example, |z− y| < ε for
all ε > 0 implies z = y for real numbers. If ‖f‖∞ <∞, then the set of x such that
‖f‖∞ − ε < f(x) is of positive measure. An ε of room often gives enough room to
approximate stuff.

(2) lim sup tactics - Limits may not exist in general and writing lim willy-nilly might
break the inequality. It often safer to write lim sup or lim inf because those are
guaranteed to exist.
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(3) General inequalities to always smash - whenever there is an assumption of a function
f being in Lp for p ∈ [1,∞] and you have an integral, just try smashing through it
with Hölder’s inequality.

Similarly, triangle inequality, Schwarz inequality, Minkowski’s inequality, Cheby-
shev’s inequality, and etc. It is easier to just apply them and see what you get. If
it gets you what you need, check the hypotheses and you are good to go.

(4) Advice for Minkowski’s Inequality - It is most useful in showing boundedness of
integral operators.

(5) Advice for Lp inequalities - the assumption on p are often very helpful. For example,
if p =∞, then it might be a good idea to bound |f | above by ‖f‖∞. If p ∈ [1,∞],
then Hölder’s inequality might be helpful for an upper bound.

(6) If one wants to adjust a function to get, say equality in the triangle inequality, it
never hurts to see if one multiply by sgn of the function to normalize.

(7) Suppose one has a function |f(x)|. One can decompose |f(x)| as
∫∞

0
χy<|f(x)|dy =

|f(x)|. The spirit of his is in Section 6.3.
(8) Two of the best estimates one has on Hilbert spaces are Bessel’s Inequality and the

Schwarz Inequality.

Constructions: There are many result which shows when one can “construct” a certain
object. Some results do not seem “obvious” to employ in this way so we describe a few
methods.

(1) A few obvious choices for constructing continuous functions are the Tietze and
Urysohn Theorems.

(2) For constructing bounded linear functionals, the Hahn-Banach is the most useful.
(3) For constructing functions in an Lp space, it is possible to define a bounded linear

functional and use (Lp)∗ ∼= Lq for q conjugate to p.
(4) To extend a bounded linear functional on a normed vector space, the Hahn-Banach

Theorem can be used and the extended bounded linear functional will have the same
norm.

(5) Suppose X is a topological vector space with topology defined by a family of semi-
norms. If X is Hausdorff and the collection of seminorms is countable, it is possible
to metrize the space. See Section 5.4 of [1].

(6) For constructing extensions of linear operators on Lp, it may be more possible to
construct an extension on the simple functions and then extend linearly and taking
limits.

(7) The Riesz-Fischer Theorem is a valuable tool for constructing vectors satisfying a
given criterion in a Hilbert Space.

(8) It is possible to construct bounded linear functionals on Cc or C0 using the Riesz-
Representation Theorems. The first in Chapter 7 finds Radon measures satisfying
a relation with a bounded linear functional while the second can be used to find
complex measures and/or the desired bounded linear functional on C0.

Specific:

(1) To check if a Borel measure on Rn is Radon (or any LCH second countable space),
just check finiteness on compact sets as in Theorem 7.8 of Folland.

(2) If you have to “generalize” or “modify” a specific result in the book for your needs
on the qualifying exam, it is likely not the way to go about doing it.
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(3) Try to write out the measure of sets as the integral over some characteristic function.
It opens up measure theory to integration theory.

(4) For showing well-definedness everywhere for integral operators, note that sets of
measure zero do not matter.

(5) When trying to evaluate integrals, it does not hurt to draw the region one is inte-
grating over. Sometimes, differences of integrals can cancel out.

(6) Given a signed measure, always decompose into positive and negative parts for ease.
(7) Integrating a given integral may open up the door to the Fubini-Tonelli Theorem.
(8) Use sequences as often as possible to avoid issues with measures and countability

conditions.
(9) lim supEn is set where x in infinitely many En while lim inf is where x is in all but

finitely many.
(10) Split up integrals whenever possible to deal with the different situations that can

occur for the integrand. Divide and conquer.
(11) To show the weak convergence of some sequence, proof by contradiction may work.
(12) Draw pictures!

Nontrivial Facts to be Aware of

(1) A convex bounded closed subset of a reflexive space is weakly compact. This follows
from Alaoglu’s Theorem, Hahn-Banach, and the fact that convex closed sets are
weakly closed.

(2) Any open subset of R is a countable union of open intervals.
(3) Over R, one can write m(E) = m(E ∩ Ac) +m(E ∩ A) when A,E measurable.
(4) A standard trick is as follows. Suppose we know m(E) > 0. Then one can choose

an r large enough s.t. m(E ∩ Br(0)) > 0 as well. Even better, one can always
decompose the range of a measurable function.

Examples and Counterexamples

(1) Any of the Cantor set or Cantor-(insert) example. For example, the Cantor-Lebesgue
function is has derivative a.e. equal to zero, but it increases from zero to one.

(2) en converges weakly to zero in `2(N), but it does not converge in the norm.
(3) When working on Lp[0, 1], then function f(x) = 1/xr is in Lp iff pr < 1. For

example, f = 1/
√
x is in Lp for all [1, 2) but not in Lp for p ∈ [2,∞).

(4) The function − log x belongs to Lp((0, 1)) for p ≥ 1, but is not in L∞.
(5) Exercise 5.6 of [1] gives examples of functions that are in Lp spaces for certain values

of p.
(6) Consider L3(R). Some basic examples of functions in this space are 1

xr/3
for r > 3,

any simple functions with finite support, 1
ex

, and continuous functions with compact
support.

(7) The subspace of polynomials of L2([−1, 1]) has an orthonormal basis given by

f0(x) = 1√
2
, f1(x) =

√
3
2
x, f2(x) =

√
8
45

(x2 − 1/3).

(8) There can exist functions in L1(m) which satisfy strange properties. For example,
limx→∞ f(x) 6= 0 or even the fact that λfχI (α) > 0 for all α and all intervals of I of
R.



CHAPTER 2

Exercises: Real Analysis - Modern Techniques and Their
Applications by Folland

1. Measures

Folland Exercise 1.1 A family of sets R ⊂ P(X) is called a ring if it is closed under finite
unions and differences (i.e., if E1, . . . , En ∈ R, then

⋃n
1 Ej ∈ R, and if E,F ∈ R, then

E\F ∈ R). A ring that is closed under countable unions is called a σ -ring.
a. Rings (resp. σ -rings) are closed under finite (resp. countable) intersections.
b. If R is a ring (resp. σ -ring), then R is an algebra (resp. σ -algebra) iff X ∈ R.
c. If R is a σ -ring, then {E ⊂ X : E ∈ R or Ec ∈ R} is a σ -algebra.
d. If R is a σ -ring, then {E ⊂ X : E ∩ F ∈ R for all F ∈ R} is a σ -algebra.

Proof. (a) This is immediate from the fact that A∩B = (A∪B) \ [(B \A)∪ (A \B)] for
any sets A,B ⊆ X.
(b) This follows immediately from the definitions of an algebra and part a..
(c) The latter collection is clearly a σ-algebra since we only need to see that it is closed
under complements.
(d) Follows from the definition. �

Folland Exercise 1.2 Complete the proof of Proposition 1.2 .

Proof. This is a trivial verification. �

Folland Exercise 1.3

Proof. (a) Since M is nonempty, choose a nonempty E1 ⊆ M. Then, consider
the σ-algebra ME1 = {E ∩ Ec

1 : E ∈ M and E1 6= E}. Checking that this is a
σ-algebra is easy.

We can assume that ME1 contains infinitely many sets. For if not, then we
can take Ec

1 in place of E1. Then, MEc1
contains infinitely many sets because only

finitely many intersect E1 and there are infinitely many elements in M.
Now repeat the process and choose an E2 ∈ ME1 . Then, consider ME2 =

{E ∩Ec
2 : E ⊆ME1 and E 6= E2}. IfME2 contains only finitely many sets, we can

take Ec
2 in place of 2. SoME2 has infinitely many elements. Repeating this process

inductively gives a sequence of nonempty sets {En}∞n=1. The sequence is disjoint
because at each stage, we made sure that En was disjoint to all Ei for i < n.

(b) By (a), choose an infinite sequence {En}∞n=1 of disjoint sets. Consider indexing sets
I ⊆ N. Because M is a σ-algebra, the sets

⋃
i∈I Ei are in M. Because the Ei’s are

disjoint,
⋃
i∈I Ei 6=

⋃
j∈J Ej if J 6= I for every indexing set J . Thus, M contains a

58
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collection of sets and such a collection has cardinality cardP(N). So, the cardinality
of M is at least that of cardP(N). Thus, cardM≥ c.

�

Folland Exercise 1.4 An algebra A is a σ -algebra iff A is closed under countable increasing
unions (i.e., if {Ej}∞1 ⊂ A and E1 ⊂ E2 ⊂ · · · , then

⋃∞
1 Ej ∈ A)

Proof. ( =⇒ ): Is immediate from definition.
(⇐= ): One only needs to show A is closed under countable unions and since A is closed

under finite unions, just take the countable increasing unions over N with the finite unions⋃N
1 Ej. �

Folland Exercise 1.5 If M is the σ-algebra generated by E , then M is the union of the σ
-algebras generated by F as F ranges over all countable subsets of E . (Hint: Show that the
latter object is a σ -algebra.)

Proof. The latter object is clearly a σ-algebra because it is clearly closed under com-
plements and countable unions (take E to be the collection of sets En and then

⋃∞
1 En is

clearly in the latter object).
Clearly, the latter object is contained in E . The other containment follows since every

element of M is contained in the latter object by definition of a “σ-algebra generated by a
collection”. �

Folland Exercise 1.6 Complete the proof of Theorem 1.9.

Proof. Relatively straightforward. �

Folland Exercise 1.7

Proof. First,
n∑
1

ajµj(∅) =
∞∑
1

0 = 0.

Second, let {Ek} be a sequence of disjoint sets. Then,
n∑
1

ajµj(∪∞k=1Ek) =
n∑
1

aj

∞∑
k=1

(µ(Ek)) =
∞∑
k=1

n∑
1

ajµ(Ek).

Note that we can interchange the sums for the last inequality because we have a finite sum
and an infinite sum as well as the fact that the indices don’t depend on each other. �

Folland Exercise 1.8 If (X,M, µ) is a measure space and {Ej}∞1 ⊂M, then µ (lim inf Ej) ≤
lim inf µ (Ej) . Also, µ (lim supEj) ≥ lim supµ (Ej) provided that µ (

⋃∞
1 Ej) < ∞.

Proof. First,

µ(lim inf Ej) ≤ sup
k
µ

(⋂
n≥k

En

)
= sup

k
inf
n≥k

µ(En).

Second,

µ(lim supEj) ≥ inf
k
µ

(⋃
n≥k

En

)
≥ inf

k
sup
n≥k

µ(En) = lim supµ(En)
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and the first inequality is permitted because of the hypothesis µ(
⋃∞

1 Ej) <∞. �

Folland Exercise 1.9 If (X,M, µ) is a measure space and E,F ∈ M, then µ(E) +
µ(F ) = µ(E ∪ F )+ µ(E ∩ F ).

Proof. First off,

µ(E) = µ(((E ∪ F ) \ F ) ∪ (E ∩ F )) = µ((E ∪ F ) \ F ) + µ(E ∩ F )

≥ µ(E ∪ F )− µ(F ) + µ(E ∩ F )

which implies

µ(E) + µ(F ) ≥ µ(E ∪ F ) + µ(E ∩ F ).

Secondly,

µ(E) + µ(F )− µ(E ∪ F ) ≤ µ((E ∩ F ) ∪ (E ∩ F c)) + µ(F )− µ(E ∪ F )

≤ µ(E ∩ F ) + µ(E ∩ F c) + µ(F )− µ(E ∪ F )

≤ µ(E ∩ F )

where the last inequality follows by

µ(E ∩ F c) + µ(F ) ≤ µ(E ∪ F ).

�

Folland Exercise 1.10

Proof. First, µE(∅) = µ(∅ ∩ E) = 0. Second, let {Ek} be a disjoint sequence of
measurable sets. Then the Ej ∩ E are disjoint and

µE(
∞⋃
j=1

Ej) = µ(
∞⋃
j=1

Ej ∩ E) =
∞∑
j=1

µ(Ej ∩ E) =
∞∑
j=1

µE(Ej).

�

Folland Exercise 1.11 A finitely additive measure µ is a measure iff it is continuous from
below as in Theorem 1.8c. If µ(X) <∞, µ is a measure iff it is continuous from above as in
Theorem 1.8 d.

Proof. For the first statement, it is necessary to show that a measure preserves count-
able unions of disjoint sets. If {En} is a disjoint sequence of measurable sets, then one applies

continuity from below with Fk :=
∑k

1 En.
The method of proof for the second is similar given that µ(X) <∞. �

Folland Exercise 1.13 Every σ -finite measure is semifinite.

Proof. �

Folland Exercise 1.12

Proof. (a) Assume E,F ∈M and µ(E∆F ) = 0. Then,

µ(E) = µ(((E∆F ) \ F ) ∪ (E ∩ F )) = µ((E∆F ) \ F ) + µ(E ∩ F ) = µ(E ∩ F ).

The second equality is true because the sets are disjoint and last equality is because
µ(E∆F ) = 0. By a dual argument, µ(F ) = µ(E ∩ F ). Hence, µ(E) = µ(F ).

(b) We verify the definition of an equivalence relation.
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i. First, E ∼ E is clear since µ(E∆E) = µ(∅) = 0.
ii. Suppose E ∼ F . Then F ∼ E since E∆F = F∆E.
iii. Suppose E ∼ F and F ∼ G. By properties of symmetric difference, E∆G =

(E∆F )∆(F∆G). So,

µ(E∆G) = µ((E∆F )∆(F∆G)) ≤ µ(E∆F ) + µ(F∆G) = 0

where the inequality follows by monotonicity.
(c) Certainly, ρ(E,E) = 0 because E∆E = ∅ and so, µ(E∆E) = 0. Similarly, since

E∆F = F∆E, we have ρ(E,F ) = ρ(F,E). We have

ρ(E,G) = µ(E∆G) ≤ µ(E∆F ) + µ(F∆G) = ρ(E,F ) + ρ(F,G)

as desired.
�

Folland Exercise 1.14 If µ is a semifinite measure and µ(E) = ∞, for any C > 0 there
exists F ⊂ E with C < µ(F ) <∞

Proof. �

Proof. Assume µ is semifinite and µ(E) =∞. Consider the set

K := {D | there exists F ⊆ E s.t. D < µ(F ) <∞}.
The set is nonempty since it contains 0 due to the semifinitness of µ. It suffices to show that
supK =∞ because if C > 0 is given, there is some B > C and B ∈ K. Hence, there exists
F ⊆ E s.t. B < µ(F ) <∞ and so, C < µ(F ) <∞.

Proceed by contradiction and let supK = c for some c < ∞. We can partially order K
by ≤ and because c <∞, there is an upper bound for each chain. Indeed, given a chain

D1 ≤ D2 ≤ . . . ,

we get a sequence of Fi s.t. Di < µ(Fi) <∞ and we can take c s.t. c < µ(C) <∞ for some
C to be the upper bound. By Zorn’s Lemma, there exists a maximal value b and an F s.t.
b < µ(F ) < ∞ and F ⊆ E. Then, µ(E ∩ F c) = ∞. So, we can choose a G ⊆ E ∩ F c s.t.
0 < µ(G) <∞. Choose an ε s.t. 0 < ε < µ(G). Because µ(F ∪G) = µ(F ) + µ(G), we have

b+ ε < µ(F ∪G) <∞.
Since F ∪G ⊆ E, this contradicts the maximality of b. Contradiction. �

Folland Exercise 1.15

Proof. (a) We show that µ0 is a measure. First, µ0(∅). Given a sequence of disjoint
sets {En}. Then,

µ0(∪∞n=1En) = sup{µ(F ) : F ⊂ ∪∞n=1En and µ(F ) <∞}

= sup{
∞∑
n=1

µ(F ∩ En) : F ⊂ ∪∞n=1En and µ(F ) <∞} =
∞∑
n=1

µ0(En).

Suppose not and that µ0 is not a semifinite measure. Let µ0(E) = ∞. Then
there won’t exist any subset F ⊂ E s.t. 0 < µ(F ) <∞. Thus, either µ(F ) = 0 for
all F ⊂ E or µ(F ) =∞ for all F ⊂ E. In the first case, we get µ0(F ) = 0 which is
a contradiction. In the second case, µ0(F ) = 0 since there are no nonempty subsets
of finite measure and so, we have a contradiction.
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(b) Assume µ is semifinite.
Let E be a set and assume µ(E) is finite. Then, µ0(E) = µ(E) by the definition

of µ0. The nontrivial case is when µ(E) = ∞. By Exercise 1.14, for any C > 0,
we can find a F ⊂ E s.t. C < µ(F ) < ∞. In this case, µ0(E) = ∞ since the least
upper bound cannot be finite. Thus, µ(E) = µ0(E).

(c) We construct a ν :M→ {0,∞} s.t. µ = µ0 + ν. We define ν as follows.
If E ∈ M is a σ-finite set w.r.t µ, then we take ν(E) = 0. If E ∈ M is not

σ-finite w.r.t µ, then ν(E) =∞. This is certainly well-defined.
We check that ν is a measure. Certainly, ν(∅) = 0 since ∅ is not σ-finite. Also,

given a disjoint sequence of sets Ej, we have two cases. The first case is where
∪∞j=1Ej is σ-finite. In which case, ν(∪∞j=1Ej) = 0 and since each Ej will be σ-finite,
ν(Ej) = 0. Thus, ν(∪∞j=1Ej) =

∑∞
j=1 ν(Ej). The second case is where ∪∞j=1Ej is

not σ-finite. Then ν(∪∞j=1Ej) = ∞ and there is some Ej which can’t be written as
a union of sets of finite measure. So, ν(Ej) = ∞. Thus, ν(∪∞j=1Ej) =

∑∞
j=1 ν(Ej)

since both sides are equal to infinity.
We now verify that µ = µ0 + ν. Given E ∈ M. We have two cases: the case

where E is σ-finite and the case where E is not. If E is σ-finite, then we can write
E = ∪∞j=1Ej where µ(Ej) < ∞. By out definition, we get ν(E) = 0. WLOG, we
can assume the union is disjoint. Thus,

µ(E) =
∞∑
j=1

µ(Ej) =
∞∑
j=1

µ0(Ej) = µ0(E) + ν(E).

For the case where E is not σ-finite, we get µ(E) =∞ and ν(E) =∞ and so,

µ(E) = µ0(E) + ν(E)

since we use the convention that ∞+∞ =∞.
�

Folland Exercise 1.16 Let (X,M, µ) be a measure space. A set E ⊂ X is called locally
measurable if E ∩A ∈M for all A ∈M such that µ(A) <∞. Let M̃ be the collection of
all locally measurable sets. Clearly M⊂ M̃; if M = M̃, then µ is called saturated.

a. If µ is σ -finite, then µ is saturated.
b. M is a σ -algebra.
c. Define µ̃ on M̃ by µ̃(E) = µ(E) if E ∈ M and µ̃(E) = ∞ otherwise. Then µ̃ is a

saturated measure on M̃, called the saturation of µ.
d. If µ is complete, so is µ̃.
e. Suppose that µ is semifinite. For E ∈ M̃, define µ(E) = sup{µ(A) : A ∈ M and

A ⊂ E}. Then µ is a saturated measure on M̃ that extends µ.
f. Let X1, X2 be disjoint uncountable sets, X = X1 ∪ X2, and M the σ -algebra of

countable or co-countable sets in X. Let µ0 be counting measure on P (X1), and define µ on
M by µ(E) = µ0 (E ∩X1) . Then µ is a measure on M M̃ = P(X), and in the notation of
parts (c) and (e), µ̃ 6= µ.

Proof. Omitted. The exercise itself is not too valuable to do and is relatively straight-
forward. �

Folland Exercise 1.17
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Proof. By subadditivity, we have µ∗(E ∩ (∪∞j=1Aj)) ≤
∑∞

j=1 µ
∗(E ∩ Aj). So it suffices

to prove the other inequality.
Let ε > 0. Choose a sequence of sets {Bj} in the algebra s.t. Aj ⊆

⋃∞
j=1Bj, and so

E ∩
(⋃∞

j=1 Aj

)
⊆
⋃∞
k=1 Bj. We can choose the sequence of sets {Bj} so that

µ∗

(
E ∩

(
∞⋃
j=1

Aj

))
+ ε ≥ µ∗

(
∞⋃
j=1

Bj

)
.

So, we have

µ∗

(
E ∩

(
∞⋃
j=1

Aj

))
+ ε ≥ µ∗

(
∞⋃
k=1

Bk

)
≥ µ∗

(
E ∩

(
∞⋃
j=1

Aj

))
≥

∞∑
j=1

µ∗(E ∩ Aj).

where the second inequality follows from monotonicity and the last follows from subadditiv-
ity. Since ε > 0 was arbitrary, we get the desired inequality. �

Folland Exercise 1.18

(a) This follows from the definition. We can choose sets Aj in the algebra s.t. E ⊆
∪∞j=1Aj and µ0(∪∞j=1Aj) ≤ µ∗(E) + ε. Then, µ∗(∪∞j=1Aj) ≤ µ∗(E) + ε. Thus,
A = ∪∞j=1Aj is our desired set.

(b) ( =⇒ ): We can find covering Bn ∈ Aσ where Bn = ∪∞k=1Bn,k and Bn,k ∈ A s.t.
E ⊆ Bn and µ∗(Bn) ≤ µ∗(E) + 1

n
. Let B = ∩∞n=1Bn. Since E is µ∗-measurable, we

have

µ∗(B) = µ∗(B ∩ E) + µ∗(B \ E) = µ∗(E) + µ∗(B \ E)

and so, µ∗(B \ E) = µ∗(B)− µ∗(E). Since µ∗(B)− µ∗(E) ≤ 1
n

for every n ∈ N, we
have µ∗(B \ E) = 0 as desired.

( ⇐= ): Suppose there exists a B ∈ Aσδ where E ⊆ B and µ∗(B \ E) = 0. To
see that E is µ∗-measurable, notice that since µ∗(B \E) = 0, we know that B \E is
µ∗-measurable. Hence, B is µ∗-measurable. Because M∗ is σ-algebra, B \ (B \ E)
is also µ∗-measurable. But B \ (B \ E)) is just E.

(c) If µ0 is σ-finite, we take X = ∪∞k=1Ek s.t. µ0(Ek) < ∞ for all k. Applying (b) for
the case with E replaced by E ∩Ek, we know that E ∩Ek is µ∗-measurable iff there
exists Bk ∈ Aσδ with E ∩Ek ⊂ B and µ∗(Bk \ (E ∩Ek)) = 0. Thus, E = ∪∞k=1Ek is
µ∗-measurable iff there exists B = ∪∞k=1Bk s.t. µ∗(B \ E) = 0.

Folland Exercise 1.19

Proof. ( =⇒ ): Assume E is µ∗-measurable. We have

µ∗(X) = µ∗(E ∩X) + µ∗(X ∩ Ec) and so µ∗(X) = µ∗(E) + µ∗(Ec).

Since X is in the algebra, we know that µ0(X) = µ∗(X). From the above, µ∗(E) = µ∗(E)
as desired.

( ⇐= ): We take the approach hinted at by Folland and make use of Exercise 18.
Suppose µ∗(E) = µ∗(E). This implies that µ0(X) = µ∗(E) + µ∗(Ec). So, we can always
write µ∗(Ec) = µ0(X)− µ∗(E). In particular, if we have an element B in the algebra A, we
can always write

µ∗(E) = µ∗(E ∩B) + µ∗(E ∩Bc).

This fact will be used repeatedly.
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By Exercise 18.b, it suffices to show that there exists some B ∈ Aσδ s.t. E ⊂ B and
µ∗(B \ E) = 0.

By Exercise 18.a, we find sets Bj ∈ Aσ s.t. E ⊆ Bj and µ∗(Bj) ≤ µ∗(E) + 1
j
. So,

µ∗(Ec) = µ∗(Ec ∩Bj) + µ∗(Ec ∩Bc
j) = µ∗(Ec ∩Bj) + µ∗(Bc

j) = µ∗(B \ E) + µ∗(Bc
j)

and
µ∗(Ec) = µ0(X)− µ∗(E) = µ∗(Bj) + µ∗(Bc

j)− µ∗(E).

Using the above equations we have

µ∗(B \ E) + µ∗(Bc
j) = µ∗(Bj) + µ∗(B)jc)− µ∗(E).

Rewriting the above equation, we have µ∗(Bj \E) = µ∗(Bj)− µ∗(E). Because of the choice
of Bj, we have

µ∗(Bj \ E) ≤ 1

j
.

Let B = ∩∞j=1Bj, we have B ∈ Aσδ and µ∗(B \ E) = 0. By Exercise 18.b, E is µ∗-
measurable. �

Folland Exercise 1.22

Proof. (a) Proposition 1.10, 1.11, and 1.13 show that µ coincides with the completion
µ on the domain of the µ. Let F ⊂ E where µ∗(E) = 0 and E is µ∗-measurable. By Exercise
18.b, choose a B ∈ Aσδ s.t. µ∗(B \ E) = 0 and E ⊂ B. Then,

µ∗(B \ F ) = µ∗((B \ E) ∪ (E \ F ))

≤ µ∗(B \ E) + µ∗(E \ F )

≤ µ∗(B \ E) + µ∗(E)

= 0.

By Exercise 18.b once more, F is µ∗-measurable. Hence, µ is the completion of µ.
(b) Omitted.
(c) Omitted. �

Folland Exercise 1.23 Let A be the collection of finite unions of sets of the form (a, b]∩Q
where −∞ ≤ a < b ≤ ∞

a. A is an algebra on Q. (Use Proposition 1.7.)
b. The σ -algebra generated by A is P(Q).
c. Define µ0 on A by µ0(∅) = 0 and µ0(A) =∞ for A 6= ∅. Then µ0 is a premeasure on

A, and there is more than one measure on P(Q) whose restriction to A is µ0.

Proof. a. Clearly, A forms an elementary family. Checking the remaining re-
quirements to apply Proposition 1.17 is trivial.

b. The containment E(A) ⊆ P(Q) is trivial so we show the other containment. Indeed,
any element of P(Q) is a countable union of countable intersections of elements of
form (a, b] ∩Q.

c. Verifying that µ0 is a premeasure is trivial. To see that there are more than one
extensions on P(Q), just notice that the counting measure is a possible extension
and the measure µ defined by µ(E) =∞ if E 6= ∅ and µ(E) = 0 if E = ∅ is another
possible extension.

�



1. MEASURES 65

Folland Exercise 1.24

Proof. (a) We have two set equalities where we use A ∩ E = B ∩ E
A ∩Bc ∩ E = B ∩Bc ∩ E = ∅
B ∩ Ac ∩ E = A ∩ Ac ∩ E = ∅.

From the first, equation, we know that (A \ B) ⊆ Ec and so, (A \ B)c ⊇ E. From
the second, (B \ A) ⊆ Ec and so, (B \ A)c ⊇ E.

Using the above conclusions, the fact that µ∗(E) = µ∗(X), and monotonicty, we
have two equalities

µ∗(X) = µ(A \B) + µ((A \B)c) ≥ µ(A \B) + µ∗(E) = µ(A \B) + µ∗(X)

µ∗(X) = µ(B \ A) + µ((B \ A)c) ≥ µ(B \ A) + µ∗(E) = µ(B \ A) + µ∗(X).

The first line gives us 0 ≥ µ(A\B) and the second line gives us 0 ≥ µ(B \A). Thus,
µ(A \B) = 0µ(B \ A).

At last, we can use the preceding fact to get µ(A) = µ(B). Using addivity of
measures,

µ(A) = µ(A) + µ(B \ A) = µ(A ∪B) = µ(B) + µ(A \B) = µ(B)

and so, we conclude that µ(A) = µ(B).
(b) First, we show that ME is a σ-algebra.

Suppose {Ej} is a countable sequence of sets inME. Let Ej = Aj ∩E for some
Aj ∈ M. Then, ∪∞j=1Ej = ∪∞j=1Aj ∩ E = (∪∞j=1Aj) ∩ E, and since ∪∞j=1Aj ∈ M, we
conclude that ∪∞j=1Ej ∈ME as desired.

Next, we show that ν is a measure on ME. By (a), this is well-defined so we
just check the definition. Clearly, ν(∅) = 0 since µ(∅) = 0. Now, suppose {Ej} is a
disjoint sequence of sets in ME. Then, Ej = Aj ∩ E for Aj ∈ M. We may assume
the Aj are disjoint because ∪∞j=1Aj ∩E = ∪∞j=1Fj ∩E where Fk = Ak \ ∪k−1

j=1Ak and
(a). Thus,

ν

(
∞⋃
j=1

Ej

)
= µ

(
∞⋃
j=1

Aj

)
=
∞∑
j=1

µ(Aj) =
∞∑
j=1

ν(Aj)

as desired.
�

Folland Exercise 1.25 Complete the proof of Theorem 1.19 .

Proof. Relatively straightforward. �

Folland Exercise 1.26 Prove Proposition 1.20. (Use Theorem 1.18.)

Proof. By Theorem 1.18, choose an open set U s.t. E ⊆ U and µ(U) < µ(E)+ ε
2
. Note

that this means µ(U \ E) < ε
2
. Then, U :=

⋃∞
k=1 Ik is a union of disjoint open intervals.

Next, let N ∈ N be sufficiently large s.t. µ
(
U \

⋃N
k=1 Ik

)
< ε

2
. Then take A :=

⋃N
k=1 Ik and

we have

µ(E∆A) ≤ µ(E \ A) + µ(A \ E) ≤ µ(E \ A) + µ(U \ E)

≤ µ(E \ A) + ε ≤ µ(U \ A) +
ε

2
< ε.
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�

Proof. By Theorem 1.18, choose an open set U which we can write as a union of disjoint
open intervals U =

⋃∞
k=1 Ik s.t. E ⊂ U and µ(U) ≤ µ(E) + ε

2
.

Since µ is a measure,
∞∑
k=1

µ(Ik) ≤ µ(E) +
ε

2
.

Additionally, we have
∞∑
k=1

µ(Ik \ E) = µ(U \ E) ≤ ε

2
.

Since the infinite series is finite, choose N ∈ N sufficiently large s.t.

∞∑
k=N

µ(Ik) <
ε

2
.

Let A =
⋃N

1 Ik. So,

µ(E∆A) = µ(E \ A) + µ(A \ E) ≤ µ(U \ A) + µ(A)− µ(E)

= µ

(
∞∑
k=N

Ik

)
+ µ(A)− µ(E) <

ε

2
+ µ(A)− µ(E)

≤ ε

2
+

N∑
k=1

µ (Ik)− µ(E) ≤ ε

2
+
∞∑
k=1

µ(Ik)− µ(E)

<
ε

2
+
ε

2
= ε.

So, µ(E∆A) < ε as desired. �

Folland Exercise 1.28

Proof. There are four equalities we need to check. We use the fact that F is right
continuous and increasing to conclude that µF ((a, b]) = µF (b) − µF (a). Lastly, we use
continuity from above and so, µF (∩∞n=1(a− 1

n
, b]) = limn→∞ µ((a− 1

n
, b]) repeatedly.

(1) First,

µF ((a− 1

n
, a]) = F (a)− F (a−)

and letting n→∞ gives µF ({a}) = F (a)− F (a−).
(2) Second,

µF ((a− 1

n
, b− 1

n
]) = F (b− 1

n
)− F (a− 1

n
)

and letting n→∞ gives µF (([a, b)) = F (b−)− F (a−).
(3) Third,

µF ((a− 1

n
, b]) = F (b)− F (a− 1

n
)

and letting n→∞ gives F (b)− F (a−).
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(4) Lastly,

µ((a, b− 1

n
]) = F (b− 1

n
)− F (a)

and letting n→∞ gives F (b−)− F (a).

�

Folland Exercise 1.30 If E ∈ L and m(E) > 0, for any α < 1 there is an open interval I
such that m(E ∩ I) > αm(I)

Proof. It suffices to assume m(E) < ∞ by semifiniteness of the Lebesgue measure.
Suppose not and that there exists α ∈ (0, 1) such that m(E ∩ I) ≥ αm(I) for all open
intervals I.

By Theorem 1.18, choose an open set U s.t U ⊃ E and m(U) < m(E) + ε where ε > 0.
So, m(U \E) < ε. Assume

⋃∞
k=1 Ik = U where the Ik’s are disjoint open intervals since U is

an open set. Using the fact that E ∩ Ik is disjoint from Ec ∩ Ik and the hypothesis,

m(Ik) = m(E ∩ Ik) +m(Ec ∩ Ik) ≤ αm(Ik) +m(Ik \ E).

Subtracting αm(Ik) from both sides and dividing by 1− α,

m(Ik) ≤
1

1− α
m(Ik \ E).

Now,

m(E) ≤ m(U) = m

(
∞⋃
k=1

Ik

)
≤

∞∑
k=1

m(Ik) ≤
∞∑
k=1

1

1− α
m(Ik \ E)

=
1

1− α
m

(
∞⋃
k=1

Ik \ E

)
=

1

1− α
m(U \ E) <

ε

1− α
,

where we used subadditivity, our hypothesis, additivity of m, and our choice of U . So,
m(E) < ε

1−α . Since ε > 0 arbitrary, we have m(E) ≤ 0 . Contradiction.
�

Folland Exercise 1.31 If E ∈ L and m(E) > 0, the set E − E = {x − y : x, y ∈ E}
contains an interval centered at 0. (If I is as in Exercise 30 with α > 3

4
, then E−E contains(

−1
2
m(I), 1

2
m(I)

)
.
)

Proof. The proof is actually easier to do with knowledge of convolutions and so, we
take this approach instead. This assumes the results of Chapter 2 and Chapter 8 for those
who are unfamiliar with convolutions.

Define

χE ∗ χ−E(x) :=

∫
R
χE(y)χ−E(x− y)dy =: f.

We know that f(x) is continuous (see Chapter 8) and

f(0) =

∫
R
χE(y)χ−E(−y)dy =

∫
R

χE(y)2dy = m(E)2 > 0.

By continuity, there is an interval (−ε, ε) for ε > 0 sufficiently small in which I := (−ε, ε) ⊆
f−1((0,∞)) which is an open set. We claim I ⊆ E − E.
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Let x ∈ I. Because f(x) ∈ (0,∞) and

f(x) =

∫
R
χE(y)χ−E(−y)dy = m ({y ∈ R : y ∈ E, x− y ∈ −E}) > 0.

So, there is a y ∈ {y ∈ R : y ∈ E, x − y ∈ −E} since the set cannot be nonempty. This
means y − x ∈ E and therefore,

x = y − (y − x) ∈ E − E.
We conclude that I ⊆ E − E. �

Folland Exercise 1.32 Suppose {αj}∞1 ⊂ (0, 1)
a.
∏∞

1 (1− αj) > 0 iff
∑∞

1 αj <∞. (Compare
∑∞

1 log (1− αj) to
∑
αj.

b. Given β ∈ (0, 1), exhibit a sequence {αj} such that
∏∞

1 (1− αj) = β.

Proof. Omitted. The proof itself is not very insightful and requires only knowledge of
undergraduate analysis. �

Folland Exercise 1.33 There exists a Borel set A ⊂ [0, 1] such that 0 < m(A ∩ I) < m(I)
for every subinterval I of [0, 1]. (Hint: Every subinterval of [0,1] contains Cantor-type sets
of positive measure.)

Proof. Enumerate all intervals (q, r) where q, r ∈ Q ∩ [0, 1] and form the Fat Cantor
set by removing the middle thirds, then the middle ninths of the remaining intervals, then
the middle 27ths of the remaining intervals, and so forth. Then, let A be the union all of
those Fat Cantor sets that are obtained intersected with [0, 1].

It is clear that m(A ∩ I) > 0 because I contains some interval (qn − 1
2n
, qn + 1

2n
) and

therefore, one of the Fat Cantor sets we constructed, but m(I) > m(A ∩ I). �

2. Integration

Folland 2.1 Let f : X → R and Y = f−1(R). Then f is measurable iff f−1({−∞}) ∈ M,
f−1({∞}) ∈M, and f is measurable on Y .

Proof. The only if direction is easy so suppose f−1({−∞}), f−1({∞}) ∈ M and f
measurable on Y . Then f is measurable because measurable subset of R is in the σ-algebra
generated by BR ∪ {±∞}. �

Folland Exercise 2.2

Proof. Throughout this proof, we make use of Exercise 1 to show measurability.

(a) We show fg is measurable. Let Y = (fg)−1(R). Certainly, fg is measurable on Y
by Proposition 2.6. Next,

(fg)−1(∞) = (f−1(∞) ∩ g−1(∞)) ∪ (f−1(∞) ∩ g−1(R)) ∪ (f−1(R) ∩ g−1(∞)) ∈M.

Then, set
M1 = f−1(−∞) ∩ g−1((0,∞]) ∈M,

M2 = [f−1((0,∞]) ∩ g−1(−∞)] ∈M,

M3 = f−1(∞) ∩ g−1([−∞, 0) ∈M,

M4 = f−1(−∞, 0)) ∪ g−1(−∞) ∈M



2. INTEGRATION 69

and we are able to conclude that each of the sets are measurable since they are the
intersection or union of measurable sets.

So, (fg)−1(−∞) = M1∪M2∪M3∪M4 which is measurable since it is the union
of measurable sets. This completes the proof.

(b) Let

h(x) :=

{
a if f(x) = g(x) = ±∞

f(x) + g(x) if not.

Certainly, h−1(R) ∈ M since h−1(R) = (f + g)−1(R) ∈ M. The last two cases
follow as so,

h−1(∞) = (f−1(∞) ∩ g−1((−∞,∞]) ∪ (f−1((−∞,∞]) ∩ g−1(∞)) ∈M
and

h−1(−∞) = (f−1(−∞) ∩ g−1([−∞,∞)) ∪ (f−1([−∞,∞)) ∩ g−1(−∞)) ∈M.

We are able to conclude that h−1(∞) is measurable since each of the sets involved
are measurable. Simiarly, h−1(−∞) is measurable since it is the union of sets which
are intersections of measurable functions.

�

Folland Exercise 2.3

Proof. Let {fn} be a sequence of measurable functions on X. We show that the set

L = {x : lim fn(x) exists}
is a measurable set.

Note that lim fn(x) exists iff lim sup fn(x) = lim inf fn(x) and neither are equal to ±∞.
Both the the limit superior and limit inferior of measurable functions are measurable by
Proposition 2.7. Define,

h(x) :=

{
lim sup fn(x)− lim inf fn(x) if lim sup fn(x) = − lim inf fn(x) 6= ±∞

1 if not

and h is a measurable function by the preceding exercise. Since {0} is in the σ-algebra of R,
and L = h−1(0) we know L is a measurable set. �

Folland Exercise 2.4

Proof. If a ∈ R, then choose rn < a rational s.t. rn → a. Then, (a,∞] =
⋂∞
n=1(rn,∞].

Then use Proposition 1.2, Proposition 2.3, and Exercise 2.1. �

Folland Exercise 2.5

Proof. We know f measurable on X iff every f−1(E) is measurable when E is mea-
surable iff (f−1(E) ∩ A) ∪ f−1(E) ∩ B is measurable for E measurable iff f−1(E) ∩ A and
f−1(E) ∩B measurable for E measurable iff f |A and f |B are measurable. �

Folland Exercise 2.6

Proof. Consider the family {χx}x∈N of functions from R to R where N is the Lebesgue
nonmeasurable set described in Section 1.1. Then, sup{χx} = χN which is not a measurable
function since χ−1

N ({1}) = N is not measurable. �

Folland Exercise 2.7
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Proof. We define f(x) as follows:

f(x) := inf
r∈Q, x∈Er

r

where the infimum is taken over all possible values of r ∈ Q satisfying the condition that
x ∈ Er. By the completeness of R, such an infimum exists and so, our function is well-defined.

First, we show that f(x) ≤ α for all x ∈ Eα. Let x ∈ Eα. Because Eα ⊆ Eβ for any
β > α by the hypothesis, and since x ∈ Eα, we conclude that x ∈ Es for any s ∈ Q s.t.
s > α. So, we know that f(x) ≤ s for any s > α. Letting s→ α, we conclude that f(x) ≤ α.

Second, we show that f(x) > α for all x ∈ Ec
α. Since Eα ⊆ Eβ for any β > α, we know

that Ec
β ⊆ Ec

α for any β > α. By the definition of f(x), since x ∈ Ec
α, and we know that

x ∈ Ec
β for any β > α, we know that f(x) ≥ β for any β > α. Letting β → α, we have

f(x) ≥ α for all x ∈ Ec
α.

Third, we check that f(x) never attains the values +∞ or−∞. Certainly, f(x) 6=∞ since
there is no point that lies in every Er as r →∞. Secondly, f(x) 6= −∞ since

⋂
α∈REα = ∅

and so, there is not point that lies in the intersection of every Er.
Finally, we will show that f(x) is measurable. To do this, note that we do not need to

consider (r,∞] when using Exercise 2.4. Since f : X → R, we can use Exercise 2.1 and con-
clude that it suffices to show that f−1((r,∞)) is measurable for each r ∈ Q. Because (r,∞)
is measurable iff (−∞, r] is measurable, it suffices to show that f−1((−∞, r]) is measurable
for every r ∈ Q. By the definition of f(x), we have f−1((−∞, r]) = Er for every r ∈ Q. We
show this explicitly. The inclusion Er ⊆ f−1((−∞, r]) follows from the fact that f(x) ≤ r
for every x ∈ Er and the other inclusion follows from the fact that if s < r, then Es ⊂ Er
and hence, f−1((−∞, s]) ⊆ Er for every s < r and s ∈ Q. Then,

f−1((−∞, r]) =
⋃

s<r,s∈Q

f−1((−∞, s])
⋃

s<r,s∈Q

(Es) ⊆ Er

Thus, f−1((−∞, r]) = Er and since for each r ∈ Q, Er is measurable, we conclude that f(x)
is a measurable function.

�

Folland Exercise 2.8 If f : R→ R is monotone, then f is Borel measurable.

Proof. WLOG, assume f : R → R is monotonically increasing. Then, f−1((a, b))
is always an interval (possibly open, half-open, or closed) of R which are all measurable.
Since the open intervals (a, b) for a, b ∈ R generate BR, we deduce that f is (BR,BR)-
measurable. �

Folland Exercise 2.9 Let f : [0, 1] → [0, 1] be the Cantor function (§1.5), and let g(x) =
f(x) + x.

a. g is a bijection from [0,1] to [0, 2], and h = g−1 is continuous from [0,2] to [0, 1].
b. If C is the Cantor set, m(g(C)) = 1
c. By Exercise 29 of Chapter 1, g(C) contains a Lebesgue nonmeasurable set A. Let

B = g−1(A). Then B is Lebesgue measurable but not Borel.
d. There exist a Lebesgue measurable function F and a continuous function G on R such

that F ◦G is not Lebesgue measurable.

Proof. (a) We show that g is a bijection from [0, 1] to [0, 2].
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Suppose g(x) = g(y). Using the fact that f is monotonically increasing, we must have
x = y. If not, we may assume WLOG that x < y. Then, we get f(x) ≤ f(y) and so,

f(x) + x < f(y) + y

which contradicts g(x) = g(y).
To show surjectivity, we note that f is a surjection We will use the Intermediate Value

Theorem to show surjectivity. The domain of g(x) is [0, 1]. Evaluating the functions, we
know g(0) = f(0) + 0 = f(0) = 0 and g(1) = f(1) + 1 = 2. Lastly, we know f(x) is
continuous and so, g(x) is continuous. Thus, the Intermediate Value Theorem shows that if
w ∈ [0, 2] there is a y ∈ [0, 1] s.t. g(y) = w. Thus, g(x) is a surjection from [0, 1] to [0, 2].

Now, h := g−1 is continuous since the inverse of an increasing, bijective, and continuous
function exists and is always continuous. Alternatively, we apply Theorem 4.17 of Baby
Rudin1 since [0, 1] is compact, g is bijective and continuous.

(b) To show that m(g(C)) = 1, notice that m(g([0, 1])) = m([0, 2]) = 2 and that
m(g([0, 1]/C)) = m([1, 2]). Then,

m(g(C)) = m(g([0, 1]))−m(g([0, 1] \ C)) = 2− 1 = 1.

(c) From the assumptions, g(B) = A ⊆ C. Since m(C) = 0, we have that m(A) = 0. By
the completeness of the Lebesgue measure, B is Lebesgue measurable

Additionally, B is not Borel measurable. For if B is Borel measurable, g continuous,
and g−1(A) = B implies that A is a Borel measurable set. So, A Lebesgue measurable.
Contradiction.

(d) Let F := χB and G = g−1 on [0, 2] and extend G to all of R by zero. These functions
satisfy the conditions since g−1 is continuous and B is Lebesgue measurable by (c). We have,

(F ◦G)−1({1}) = G−1(F−1({1})) = G−1((B) = g(B) = A.

However, {1} is measurable meanwhile A is not and so, F ◦G is not Lebesgue measurable. �

Folland Exercise 2.10

Proof.

(a) Assume µ complete. Let f be measurable, g = f a.e. and we claim that g is
measurable.

Let E = {x : f(x) 6= g(x)} which has measure zero. For any a ∈ [0,∞],

g−1((a,∞]) = f−1((a,∞]) ∪ F

where F is the subset E ∩ g−1((a,∞]). Then F is a subset of measure zero and by
completeness, it is measurable. Since g−1((a,∞]) is a union of measurable sets, it
is measurable. Since a was arbitrary, g is measurable.

For the converse, let E ∈ M. Suppose µ(E) = 0 and F ⊆ E. We wish to show
that F ∈M. Let f := χE and g := χF . Then, g−1([1,∞]) ∈M because f = g a.e.
and by the assumption, g is measurable. But g−1([1,∞]) is just F . So, F ∈M and
µ is complete.

1The theorem states that a continuous 1 − 1 mapping of a compact metric space X onto a metric space Y
has a continuous inverse.
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(b) Assume µ is a complete measure, fn measurable for all n ∈ N, and fn → f µ-a.e..
By Proposition 2.7, f ∗ := lim supn→∞ fn(x) is measurable. Since fn → f µ-a.e.,
f ∗ = f µ-a.e.. Since f ∗ is measurable and f ∗ = f µ-a.e., part (a) shows that f is
measurable.

For the converse, suppose statement (b) is true. Let F ⊂ E where E has measure
zero. Define a sequence by fn := 0 for all n ∈ N. Let f := χF and so, fn → f
µ-a.e. since f is nonzero on a subset of measure zero. By (b), f is measurable and
so, f−1({1}) = A is measurable as desired.

�

Folland Exercise 2.11
Folland Exercise 2.12

Proof. For the first statement, if the set E := {x : f(x) =∞} had a non-null measure,
then the integral

∫
f would not be finite. Indeed, if it had a non-null measure,∫

X

f ≥
∫
E

f = µ(E) · ∞ =∞.

For the second statement, consider measurable sets of the form f−1((n−1, n]) for n ∈ N.
Then, the set {x : f(x) > 0} is just

⋃∞
n=1 f

−1((n − 1, n]). Each f−1((n − 1, n]) is of finite
measure because we had

∫
f <∞. Indeed, we have that

(n− 1)µ(f−1((n− 1, n]) ≤
∫
f−1((n−1,n])

f ≤
∫
X

f <∞

and so, µ(f−1((n− 1, n])) is finite. Hence {x : f(x) > 0} is σ-finite. �

Folland Exercise 2.13

Proof. Let E ∈M. Throughout, when we write
∫
E
g, we mean

∫
X
gχEdµ. By Fatou’s

Lemma, ∫
E

f =

∫
E

lim inf fn ≤ lim inf

∫
E

fn.

So, it suffices that we show

lim sup

∫
E

fn ≤
∫
E

f

since ∫
E

f ≤ lim inf

∫
E

fn ≤ lim sup

∫
E

fn ≤
∫
E

f

implies that
∫
E
f = lim

∫
E
fn.

We have the following inequalities,∫
E

f =

∫
X

f −
∫
X\E

f =

∫
X

f −
∫
X\E

lim inf fn

≥
∫
X

f − lim inf

∫
X\E

fn ≥ lim sup

(∫
X

fn −
∫
X\E

fn

)
≥ lim sup

∫
E

fn.
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Thus,
∫
E
f ≥ lim sup

∫
E
f as desired.

The result is not necessarily true if
∫
f = lim

∫
fn =∞. Let us work with the Lebesgue

measure and X = R. Let, fn := χ(0,∞) +nχ(− 1
n
,0] for n ∈ N. Then, fn → f where f = χ(0,∞)

and ∫
R
f =∞ and

∫
R
fn =∞.

Let E = (−∞, 0) (which is a measurable set). Then,∫
E

f =

∫
E

χ(0,∞) = 0 and

∫
E

fn =

∫
E

χ(0,∞) + nχ(− 1
n
,0] =

∫
E

nχ(− 1
n
,0] = n

1

n
= 1.

So
∫
E
fn = 1 for all n and limn→∞

∫
E
fn = 1. So,

∫
E
f = 0 6= 1 = limn→∞

∫
E
fn.

�

Folland Exercise 2.14

Proof. We check that λ is a measure on M. First,

λ(∅) =

∫
∅
fdµ =

∫
X

fχ∅dµ ≤ µ(∅) sup
x∈X

f = 0

and so λ(∅) = 0. Suppose we have a disjoint sequence of sets {En}∞n=1. Let E =
⋃∞
n=1 En.

Then,

λ(E) =

∫
E

fdµ =

∫
X

fχEdµ =

∫
X

∞∑
n=1

fχEndµ

=
∞∑
n=1

∫
X

fχEndµ =
∞∑
n=1

∫
X

fχEndµ =
∞∑
n=1

λ(En)

where we used Theorem 2.15 to justify the interchange of the integral with the infinite sum.
Now for the second statement that

∫
gdλ =

∫
gfµ. Consider the case when g is simple

and g =
∑m

n=1 anχEn . Then
∫
gdλ =

∫
gfdµ follows by linearity of the integral;∫

gdλ =

∫ m∑
n=1

anχEndλ =
m∑
n=1

∫
anχEndλ =

m∑
n=1

anλ(En)

=
m∑
n=1

an

∫
En

fdµ =

∫ m∑
n=1

anχEnfdµ =

∫
gfµ.

For the statement when g ∈ L+, choose an sequence of increasing simple functions {φn}∞n=1

whose pointwise limit is g. We may make such a choice by Theorem 2.10. By what we have
shown, ∫

φndλ =

∫
φnfdµ.

Since φn, f ∈ L+, the product φnf is in L+. Also, φnf → gf pointwise. Applying the
Monotone Convergence Theorem to the sequence {φnf}∞n=1,∫

gfdµ = lim
n→∞

∫
φnfdµ.
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By what we have shown, the right hand side is equal to limn→∞
∫
gdλ. Thus,∫

gfdµ =

∫
gdλ

as desired. �

Folland Exercise 2.15 If {fn} ⊂ L+, fn decreases pointwise to f, and
∫
f1 < ∞, then∫

f = lim
∫
fn.

Proof. The sequence {f1− fn} is a monotonically increasing sequence and so, applying
MCT to get limn

∫
f1− fn =

∫
f1− limn fn gives the desired result given that

∫
f1 <∞. �

Folland Exercise 2.16

Proof. Since f ∈ L+, Theorem 2.10 says we can choose an increasing sequence of simple
function {φn}∞n=1 s.t. 0 ≤ φn ≤ f and φn → f a.e.. There exists an N ∈ N sufficiently large
s.t.

∫
f−ε <

∫
φN . This follows from the fact that we can choose φN so that

∣∣∫ φN − ∫ f ∣∣ < ε
by using Corollary 2.17.

Let φN =
∑m

n=1 anχEn . Let E =
⋃m
n=1En. In this case, E is measurable. Also, we show

µ(E) <∞. Suppose not, and then we have∫
φN =

∫
E

φN ≥ aMµ(E) =∞

where aM := max1≤n≤m an. But this contradicts the assumption that
∫
f <∞ since

0 ≤ φN ≤ f =⇒ ∞ ≤
∫
φN ≤

∫
f <∞.

We conclude that µ(E) <∞.
Because 0 ≤ φN ≤ f , we have ∫

X

φN ≤
∫
X

f.

So, ∫
X

f − ε <
∫
X

φN =

∫
E

φN ≤
∫
E

f,

as desired. �

Folland Exercise 2.17 Assume Fatou’s lemma and deduce the monotone convergence the-
orem from it.

Proof. The proof is more or less immediate. Given the fact that∫
f =

∫
lim inf fn ≤ lim inf

∫
fn ≤ lim sup

∫
fn ≤

∫
lim sup fn =

∫
f.

�

Folland Exercise 2.18 Fatou’s lemma remains valid if the hypothesis that fn ∈ L+ is
replaced by the hypothesis that fn is measurable and fn ≥ −g where g ∈ L+ ∩ L1. What is
the analogue of Fatou’s lemma for nonpositive functions?
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Proof. First, fn + g ≥ 0 so applying Fatou’s lemma,∫
lim inf
n→∞

(fn+g) = lim inf

∫
(fn+g) =⇒

∫
lim inf fn+

∫
g ≤ lim inf

∫
fn+

∫
g.

Subtracting both sides by
∫
g, since it is finite, gives the desired inequality. The analogue

for Fatou’s lemma for {fn} ∈ −L+ is given by∫
lim sup fn =

∫
− lim inf(−fn) = −

∫
lim inf(−fn) ≥ − lim inf

∫
−fn = lim sup

∫
fn

where we apply Fatou’s lemma and use properties of lim inf and lim sup as needed. Therefore,
if {fn} ⊆ −L+, we get

lim sup

∫
fn ≤

∫
lim sup fn.

�

Folland Exercise 2.19

Proof. (a) Let ε > 0. Suppose µ(X) <∞ and that fn → f uniformly where fn ∈ L1(µ).
For n sufficiently large, we have |f(x)− fn(x)| < ε for all x ∈ X. So, since µ(X) <∞,∣∣∣∣∫

X

f −
∫
X

fn

∣∣∣∣ =

∣∣∣∣∫
X

f − fn
∣∣∣∣ (2.22)

≤
∫
X

|f − fn| < µ(X)ε <∞.

Since ε > 0 was arbitrary, we have
∫
X
fn →

∫
X
f as n→∞.

Then, ∫
X

|f | =
∫
X

|f + fn − fn| ≤
∫
X

|f − fn|+
∫
X

|fn| <
∫
X

ε+

∫
X

|fn| <∞

and we conclude that f ∈ L1(µ).
(b) Both conclusions can fail if µ(X) =∞.
To see that the first conclusion fails, for X = R and µ the Lebesgue measure, let fn :=

1
x
χ[0,n). Also, fn → f where f = 1

x
χ[0,∞). We show that fn → f uniformly. Let ε > 0 and

take N ∈ N s.t. 1
N
< ε. Suppose n ≥ N and let x ∈ R. Then we have

|fn(x)− f(x)| =
∣∣∣∣1xχ[0,n) −

1

x
χ[0,∞)

∣∣∣∣ ≤ 1

N
< ε

where we get the second to last inequality by considering the case where x > n and x ≤
n separately and noting that we still have a term less than or equal to 1

N
. Notice that∫

R fn =
∫ n

0
1
x
dx < ∞ where we can evaluate the integral using the Riemann integral. So,

{fn} ⊂ L1(µ). On the other hand, Riemann integration shows that
∫
R f =

∫∞
0

1
x

= ∞ and
so, f 6∈ L1(µ).

To see that the second conclusion fails, for X = R and µ the Lesbesgue measure, we
consider fn = 1

n
χ[0,n). We show that fn is uniformly convergent. Let ε > 0 and let N ∈ N

s.t. 1
N
< ε. Let n ≥ N . Then for any x ∈ R, we have

|fn(x)− f(x)| =
∣∣∣∣ 1nχ[0,n)

∣∣∣∣ ≤ 1

N
< ε.

We have
∫
X
fn = 1

n
µ([0, n)) = 1 for all n ∈ N. So, limn→∞

∫
X
fn = 1. However fn → 0

which implies
∫
X

lim fn = 0.
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�

Folland Exercise 2.20 (A generalized Dominated Convergence Theorem) If fn, gn, f, g ∈
L1, fn → f and gn → g a.e., |fn| ≤ gn, and

∫
gn →

∫
g, then

∫
fn →

∫
f. (Rework the proof

of the dominated convergence theorem.)

Proof. The proof can be found within the proof of Folland Exercise 6.10. �

Folland Exercise 2.21 Suppose fn, f ∈ L1 and fn → f a.e. Then
∫
|fn − f | → 0 iff∫

|fn| →
∫
|f |. (Use Exercise 20.)

Proof. For the forward direction, apply Folland Exercise 2.20 with |fn| ≤ |fn−f |+ |f |.
For the other direction, apply Folland Exercise 2.20 with |fn − f | ≤ |fn|+ |f |. �

Folland Exercise 2.22 Let µ be counting measure on N. Interpret Fatou’s lemma and the
monotone and dominated convergence theorems as statements about infinite series.

Proof. Fatou’s lemma says
∑

n∈N lim infm an,m ≤ lim infm
∑

n∈N an,m. The statement is
similar for the Monotone Convergence Theorem and the Dominated Convergence Theorem.
The DCT is more or less a comparison test. �

Folland Exercise 2.24 Let (X,M, µ) be a measure space with µ(X) < ∞, and let
(X,M, µ̄) be its completion. Suppose f : X → R is bounded. Then f is M -measurable
(and hence in L1(µ̄) ) iff there exist sequences {φn} and {ψn} of M -measurable simple
functions such that φn ≤ f ≤ ψn and

∫
(ψn − φn) dµ < n−1. In this case, lim

∫
φndµ =

lim
∫
ψndµ =

∫
fdµ̄.

Proof. Fix a bounded function f : X → R on a measure space (X,M, µ) where µ(X) <
∞ and consider the completion (X,M, µ). Let M = supx∈X f(x).

( =⇒ ) We may also prove the result for the case where f : X → [0,∞) since we can split
f into its positive and negative parts. Since f is M-measurable, there is a M-measurable
function g such that f = g µ-a.e.. Define

φn =
22n−1∑
k=0

k2−nχEkn + 0χFn & ψn =
22n−1∑
k=0

(k + 1)2−nχEkn +MχFn .

where

Ek
n = g−1((k2−n, (k + 1)2−n]) & Fn = g−1((2n,M ]).

Certainly, φn ≤ g ≤ ψn from this construction and these functions are M-measurable.
We now define

φ̃n =
22n−1∑
k=0

k2−nχEkn\N +MχFn\N & ψ̃n =
22n−1∑
k=0

(k + 1)2−nχEkn\N +MχFn\N .

where N is the µ-null where f differs from g. This ensures that φ̃n ≤ f ≤ ψ̃n occurs by
removing the set where f differs from g and where φn > f or ψn < f occurs. Since N is a
µ-null set, the simple functions φ̃n and ψ̃n are M-measurable.

We now show that
∫
ψ̃n − φ̃ndµ < 1

n
. It suffices to show that

∫
|ψ̃n − φ̃n| → 0 because

we can then choose a subsequence of {ψ̃n − φ̃n} so that
∫
ψ̃n − φ̃ndµ < 1

n
.
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We have ∫
X

|ψ̃n − φ̃n| =
∫
X

22n−1∑
k=0

2−nχEkn\N =
22n−1∑
k=0

∫
X

2−nχEkn\N(11)

=
22n−1∑
k=0

µ(Ek
n \N)

2n
≤

22n−1∑
k=0

µ(X)

2n
(12)

where we used the definition and the fact ψn ≥ φn for the first equality, interchanged the
integral with the sum by linearity for the second equality, and used monotonicity for the
final inequality. Now, since µ(X) <∞ and letting n→∞ implies that the RHS approaches
zero, we have our desired conclusion.

(⇐= ) Assume there exists sequences {φn} and {ψn} ofM-measurable simple functions
s.t. φn ≤ f ≤ ψn and

∫
(ψn − φn)dµ < 1

n
. For each ψn =

∑m
k=1 akχEk we may replace any

terms ak > M with M .
We claim that f is M-measurable. Let ψ = limn→∞ ψn and φ = limn→∞ φn. In this

case, since φ is bounded above by M and is limits of L1(µ) functions, we know that φ is in
L1(µ) ⊂ L1(µ). Now,∫

(ψn − f)dµ+

∫
(f − φn)dµ =

∫
(ψn − f + f − φn) =

∫
(ψn − φn)dµ→ 0

and so, ψ and φ differ from f on a µ-null set. Also from the above, ψ and φ differ on a
µ-null set. So, ψ ∈ L1(µ) as well. Also, we have

∫
|ψn − f |dµ =

∫
(ψn − f)dµ → 0 and∫

|f − φn|dµ =
∫

(f − φn)dµ → 0. Thus, we know
∫
|ψ − f |dµ = 0 and

∫
|φ − f |dµ = 0.

Because φ, ψ, f ∈ L1(µ) ⊂ L1(µ), Proposition 2.23 says that f = φ µ-a.e.. In particular,
f = φ µ-a.e. and since φ is µ-measurable, Proposition 2.11 shows that f is µ-measurable.

�

Exercise 2.25 Let f(x) = x−1/2 if 0 < x < 1, f(x) = 0 otherwise. Let {rn}∞1 be an
enumeration of the rationals, and set g(x) =

∑∞
1 2−nf (x− rn)

a. g ∈ L1(m), and in particular g <∞ a.e.
b. g is discontinuous at every point and unbounded on every interval, and it remains so

after any modification on a Lebesgue null set.
c. g2 <∞ a.e., but g2 is not integrable on any interval.

Proof. Fix f(x) = x−1/2, for 0 < x < 1 and f(x) = 0 otherwise. Fix {rn}∞n=1 an
enumeration of the rationals and let g(x) :=

∑∞
n=1 2−nf(x− rn).

(a) We justify the an interchange of the sum and integral by showing that the conditions
of Theorem 2.25 are fulfilled. The functions f(x− rn) are in L1 since∫

R
f(x− rn) =

∫ rn+1

rn

f(x− rn) =

∫ rn+1

rn

1√
x− rn

= 2

where we used the Riemann integral to evaluate the last integral and the first equal-
ity follows from the definition of f(x).

Next, we verify that
∑∞

1

∫
|fn| <∞. We have

∞∑
1

∫
R

∣∣2−nf(x− rn)
∣∣ =

∞∑
1

∫ 1

0

∣∣∣∣2−1 1√
x

∣∣∣∣ =
∞∑
1

2−n2 =
∞∑
1

1

2n−1
= 2 <∞
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where we use the fact that the f(x) is zero when x 6∈ (0, 1) to simplify the evaluation
of the integral in the second equality and evaluated the integral as a Riemann
integral in the third equality.

Now, g <∞ a.e. is certainly true by Exercise 2.12 which states that {x : g(x) =
∞} is a null set when the integral is finite.

(b) We show that g(x) is unbounded on every interval. WLOG, let us assume that we
have an open interval I. Let M > 0. Choose y ∈ I irrational and rn ∈ I rational so
that

0 < y − rn <
1

9M222n
.

The choice above is possible for if y irrational, then there is always a rational rn
sufficiently close to it. Now,

g(y) ≥ 2−nf(y − rn) = 2−n
√

9M222n = 2−n(3M2n) = 3M > M.(13)

Since M can be arbitrarily large, the RHS is arbitrarily large. Note that we can
still make our choice of rn so that we have 0 < y − rn < 1

9M222n
. Thus, we conclude

that g(x) is unbounded on every interval.
Let y ∈ R be arbitrary. To show discontinuity, fix ε = 1. Let δ > 0. Let y

be a given point and consider the interval I = (y − δ, y + δ). It suffices to show
discontinuity at y in this interval because our choice of δ > 0 and y ∈ R were
arbitrary.

Then for any x ∈ I, we can take M to be sufficiently large, say M := g(y) + 1.
Thus,

|g(x)− g(y)| > |M − g(y)| = |g(y) + 1− g(y)| = 1.

Since y and δ > 0 were arbitrary, we see that g(x) is discontinuous at every point
for which g(x) <∞.

We now show that g(x) is still unbounded and discontinuous at every point even
after a modification of a Lebesgue null set. Indeed, if we make a modification of
g(x) by a Lebesgue null set, we can still always find an irrational point y in (13).
This is because in any interval, the set of irrational numbers is uncountable and the
set of irrational numbers on any interval (a, b) has measure

m((a, b) ∩ (R \Q)) = m((a, b))−m((a, b) ∩Q) = m((a, b)).

Thus, after a change of Lebesgue null set, we can still find irrational points so that
we can repeat the proof as above.

(c) We know that g <∞ a.e. and so, except on the same set of measure zero, g2 <∞.
To see that g2 is not integrable on any interval, it suffices to show it is not

integrable on (0, 1). This is because we can prove the result for any interval by
taking an appropriate change of coordinates. From here on, we redefine g as gχR\N
where N is the set of measure zero on which g2 is not finite. We have,

g2 =

(
∞∑
1

2−nf(x− rn)

)2

≥
∞∑
1

2−2nf(x− rn)2
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since the RHS has less terms than g2 and all terms in the series is positive. Then,∫ 1

0

|g2(x)|dx ≥
∫ 1

0

∣∣∣∣∣
∞∑
1

2−2nf(x− rn)2

∣∣∣∣∣ dx(14)

=

∫ 1

0

∞∑
1

2−2nf(x− rn)2dx(15)

=
∞∑
1

2−2n

∫ 1

0

f(x− rn)2 dx(16)

≥ 1

4M

∫ 1

0

f(x)2dx(17)

=
1

4M

∫ 1

0

1

x
dx ≥ ∞.(18)

We got (16) by using Theorem 2.15 and linearity of the integral. We got (17)
considering M ∈ N for which rM = 0.

Then, (18) follows evaluating the integral as a Riemann integral limr→0+
∫ 1

r
1
x
dx

and we are allowed to do so because 1
x

is continuous every except at 0. Indeed, {0}
is a set of Lebesgue measure zero and we use Theorem 2.28b.

Thus, we have shown that g2 is not an L1((0, 1)) function and hence, it is not
integrable on any interval.

�

Exercise 2.26 If f ∈ L1(m) and F (x) =
∫ x
−∞ f(t)dt, then F is continuous on R.

Proof. The following proof uses a well-known fact that if f ∈ L1(µ), then for ε > 0,
there exists a δ > 0 s.t.

∣∣∫
E
fdµ

∣∣ < ε whenever µ(E) < δ.
Given ε > 0 and x ∈ R. Choose δ > 0 according to the above. Then, for all y s.t.

|x − y| < δ, we find that |F (x) − F (y)| ≤
∣∣∣∫ xy f(x)dx

∣∣∣ < ε. This means F is continuous on

R. �

Exercise 2.27 Let fn(x) = ae−nax − be−nbx where 0 < a < b.
a.
∑∞

1

∫∞
0
|fn(x)| dx =∞.

b.
∑∞

1

∫∞
0
fn(x)dx = 0

c.
∑∞

1 fn ∈ L1([0,∞),m), and
∫∞

0

∑∞
1 fn(x)dx = log(b/a).

Proof. �

Exercise 2.28 Compute the following limits and justify the calculations:
a. limn→∞

∫∞
0

(1 + (x/n))−n sin(x/n)dx.

b. limn→∞
∫ 1

0
(1 + nx2) (1 + x2)

−n
dx.

c. limn→∞
∫∞

0
n sin(x/n) [x (1 + x2)]

−1
dx.

d. limn→∞
∫∞
a
n (1 + n2x2)

−1
dx. (The answer depends on whether a > 0, a = 0, or

a < 0. How does this accord with the various convergence theorems?)

Proof. (a) First, we will show that fn(x) = 1
(1+ x

n
)n

sin(x
n
) ∈ L1.



2. INTEGRATION 80

Fix an integer n ≥ 2 (note we can still apply the DCT later since we can just
take {fn+1(x)}n∈N as our sequence). We will show that

∫∞
0
|fn(x)|dx <∞.

Then we use the Binomial Theorem to get

|fn(x)| =
∣∣∣∣ 1

(1 + x
n
)n

sin(
x

n
)

∣∣∣∣ ≤ 1

(1 + x
n
)n

=
1

1 +
(
n
1

)
x
n

+
(
n
2

) (
x
n

)2
+ · · ·+

(
x
n

)n
≤ 1

1 + x+ n(n−1)
2

(
x
n

)2 =
1

1 + x+ n−1
2n
x2
≤ 1

1 + n−1
2n
x2

≤ 1

1 + 1
4
x2
.

Now, integrating both sides gives∫ ∞
0

|fn(x)|dx ≤
∫ ∞

0

1

1 + 1
4
x2
dx = lim

r→∞

∫ r

0

1

1 + 1
4
x2
dx

= lim
r→∞

arctan
(x

2

) ∣∣∣r
0

= lim
r→∞

arctan(
r

2
)− arctan(0)

= π <∞.

We could integrate the latter function because 1
1+ 1

4
x2

is continuous and hence, Rie-

mann integration techniques are applicable. Because n was arbitrary, we conclude
that fn(x) ∈ L1 for all n ∈ N.

Set g(x) := 1
1+ 1

4
x2

. What we have done above shows that g(x) is in L1. Next,

limn→∞ fn(x) = 0 for all x because

lim
n→∞

fn(x) = lim
n→∞

1

(1 + x
n
)n

sin
(x
n

)
=

(
lim
n→∞

1

(1 + x
n
)n

)(
lim
n→∞

sin
(x
n

))
=

1

ex
· 0 = 0.

Since g(x) is integrable, |fn| ≤ g, and fn → 0 a.e., we can apply the Dominated
Convergence Theorem. So,

lim
n→∞

∫ ∞
0

1

(1 + x
n
)n

sin
(x
n

)
dx =

∫ ∞
0

lim
n→∞

fn(x)dx =

∫ ∞
0

0dx = 0.

(b) Let fn(x) = (1+nx2)
(1+x2)n

. We show that fn(x) ∈ L1([0, 1]). Let n ∈ N. We use Bernoulli’s

Inequality, which states
(1 + x)n ≥ 1 + nx

for x ≥ −1 and n ∈ N and it is an immediate consequence of the Binomial Theorem.
Then,

|fn(x)| =
∣∣∣∣ 1 + nx2

(1 + x2)n

∣∣∣∣ ≤ ∣∣∣∣1 + nx2

1 + nx2

∣∣∣∣ = 1.

So,
∫ 1

0
|fn(x)| ≤

∫ 1

0
1 <∞ and fn(x) ∈ L1([0, 1]) for all n ∈ N.

Set g(x) := 1. Then |fn(x)| ≤ g(x) and we apply the Dominated Convergence
Theorem. We compute the limit. Because 1 < 1 + x2 and since the exponential is
in the denominator and grows faster than the numerator which grows linearly, we
conclude that

f = lim
n→∞

1 + nx2

(1 + x2)n
= 0.
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Thus,

lim
n→∞

∫ 1

0

(1 + nx2)(1 + x2)−ndx =

∫ 1

0

0dx = 0.

(c) We have

n sin(x/n)
1

x(1 + x2)
≤ x

n
n

1

x(1 + x2)
=

1

1 + x2

and∫ ∞
0

∣∣∣∣ 1

1 + x2

∣∣∣∣ dx =

∫ 1

0

1

1 + x2
dx+

∫ ∞
1

1

1 + x2
dx ≤

∫ 1

0

1dx+

∫ ∞
1

1

x2
dx <∞.

By the Dominated Convergence Theorem, we can interchange the integral with the
limit. Doing so, we see that the integral is equal to∫ ∞

0

lim
n
n sin(x/n)[x(1 + x2)]−1dx =

∫
1

1 + x2
dx =

π

2

because limn→0
1
n

sin(nx) = limn→∞ n sin(x/n) = x.
(d) Omitted.

�

Folland Exercise 2.29 Show that
∫∞

0
xne−xdx = n! by differentiating the equation

∫∞
0
e−txdx =

1/t. Similarly, show that
∫∞
−∞ x

2ne−x
2
dx = (2n)!

√
π/4nn! by differentiating the equation∫∞

−∞ e
−tx2dx =

√
π/t( see Proposition 2.53).

Proof. Omitted. �

Folland Exercise 2.30 Show that limk→∞
∫ k

0
xn (1− k−1x)

k
dx = n!.

Proof. Omitted. �

Folland Exercise 2.31 Derive the following formulas by expanding part of the integrand
into an infinite series and justifying the term-by-term integration. Exercise 29 may be useful.
(Note: In (d) and (e), term-by-term integration works, and the resulting series converges,
only for a > 1, but the formulas as stated are actually valid for all a > 0.)

a. For a > 0,
∫∞
−∞ e

−x2 cos axdx =
√
πe−a

2/4.

b. For a > −1,
∫ 1

0
xa(1− x)−1 log xdx =

∑∞
1 (a+ k)−2.

c. For a > 1,
∫∞

0
xa−1 (ex − 1)−1 dx = Γ(a)ζ(a), where ζ(a) =

∑∞
1 n−a.

d. For a > 1,
∫∞

0
e−axx−1 sinxdx = arctan (a−1).

e. For a > 1,
∫∞

0
e−axJ0(x)dx = (s2 + 1)

−1/2
, where J0(x) =

∑∞
0 (−1)nx2n/4n(n!)2 is the

Bessel function of order zero.

Proof. Omitted. �

Folland Exercise 2.32 Suppose µ(X) < ∞. If f and g are complex-valued measurable
functions on X, define

ρ(f, g) =

∫
|f − g|

1 + |f − g|
dµ.

Then ρ is a metric on the space of measurable functions if we identify functions that are
equal a.e., and fn → f with respect to this metric iff fn → f in measure.
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Proof. Checking that it is a metric is straightforward.
If fn → f w.r.t the metric, then we have

∫
|fn − f | ≤ ρ(f,f) → 0 which means fn → f

in L1 and Proposition 2.29 shows fn → f in measure.
Suppose fn → f in measure. Then,

ρ(fn, f) ≤ µ(En, ε+

∫
Ecn,ε

|fn − f |
1 + |fn − f |

dµ ≤ µ(Em, ε) + µ(X)
ε

1 + ε
< µ(X)

(
ε+

ε

1 + ε

)
since t

1+t
is increasing on [0,∞). �

Folland Exercise 2.33 If fn ≥ 0 and fn → f in measure, then
∫
f ≤ lim inf

∫
fn.

Proof. Consider how lim infn→∞
∫
fn = limk→∞ infn≥k

∫
fn. We can choose a subse-

quence
{∫

fnj
}

converging to lim infn→∞
∫
fn. Thus,

(19) lim
j→∞

∫
fnj = lim

n→∞
inf

∫
fn

Next, since fn → f in measure, we know that fnj → f in measure and this follows by the
definition of convergence in measure. By Theorem 2.30, we choose a subsequence fnji → f
s.t. fnji → f almost everywhere. Apply Fatou’s Lemma at (∗) (since fn ≥ 0 our sequences

are in L+) to get ∫
f =

∫
lim
i→∞

fnji =

∫
lim
i→∞

inf fnji

(∗)
≤ lim

i→∞
inf

∫
fnji(20)

= lim
j→∞

inf

∫
fnj

(19)
= lim

n→∞
inf

∫
fn,(21)

where we have (because pointwise limits are unique)

lim
i→∞

fnji = f,

and

lim
i→∞

inf

∫
fnji = lim

j→∞
inf

∫
fnj .

�

Exercise 2.34 Suppose |fn| ≤ g ∈ L1 and fn → f in measure.
a.
∫
f = lim

∫
fn,

b. fn → f in L1.

Proof.

(a) We wish to apply the Dominated Convergence Theorem. We first pass to a subse-
quence fnj such that

∫
fnj → limn→∞

∫
fn. Because fn → f in measure, we know

fnj → f in measure as well. By the last part of Theorem 2.30, we can find a
subsequence fnji → f a.e.. Since |fnji | ≤ g, we apply the Dominated Convergence

Theorem on fnji to conclude that
∫
f = limi→∞

∫
fnji . But then,∫

f = lim
i→∞

∫
fnji = lim

j→∞

∫
fnj = lim

n→∞

∫
fn.
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(b) We first show that |fn − f | → 0 in measure. This is clear because

µ({x : ||fn(x)− f(x)| − 0| ≥ ε} = µ({x : |fn(x)− f(x)| ≥ ε})→ 0

as n→∞ by the hypothesis.
Now, because |fn−f | → 0 in measure, we may choose a subsequence s.t.

∫
|fnj−

f | → lim
∫
|fn − f |. Because |fnj − f | is a subsequence of |fn − f | which converges

in measure to 0, we conclude that |fnj − f | converges to 0 in measure as well. By
Theorem 2.30, we can choose a subsequence |fnji − f | which converges to zero a.e..

Apply the Dominated Convergence Theorem with |fnji − f | ≤ 2g (2g ∈ L1 since

g ∈ L1 and using the triangle inequality for the bound). By the DCT, we conclude
that limi→∞

∫
|fnji − f | =

∫
0 = 0. But then, we have

0 = lim
i→∞

∫
|fnji − f | = lim

j→∞

∫
|fnj − f | = lim

n→∞

∫
|fn − f |.(22)

The second equality follows since |fnji − f | is a subsequence of |fnj − f | which
converges a.e. to the same limit as |fnj − f |. The third equality is by the definition
of |fnj − f |.

�

Exercise 2.35 fn → f in measure iff for every ε > 0 there exists N ∈ N such that µ({x :
|fn(x)− f(x)| ≥ ε}) < ε for n ≥ N

Proof. ( =⇒ ) Suppose fn → f in measure. Then for every ε > 0,

µ({x : |fn(x)− f(x)| ≥ ε})→ 0

as n→∞. Then, we let ε > 0, we can choose an N ∈ N s.t. n ≥ N implies

|µ({x : |fn(x)− f(x) ≥ ε})| < ε.

(⇐= ) Let ε > 0. Let κ > 0. Suppose κ ≤ ε. Choose an N ∈ N sufficiently large s.t. for all
n ≥ N , we get

µ({x : |fn(x)− f(x)| ≥ κ}) < κ.

Then,
µ({x : |fn(x)− f(x)| ≥ ε}) ≤ µ({x : |fn(x)− f(x)| ≥ κ}) < κ

since the set being measured on the left is contained in the set on the right and we use
monotonicity. Now, if ε < κ,

µ({x : |fn(x)− f(x)| ≥ ε}) < ε < κ.

We conclude that fn → f in measure. �

Exercise 2.36 If µ (En) < ∞ for n ∈ N and χEn → f in L1, then f is (a.e. equal to) the
characteristic function of a measurable set.

Proof. Since χEn → f in L1, we have a subsequence that converges a.e. χEnj → f a.e..

But then if E is s.t. limj→∞ χEnj = χE, then f is a.e. equal to χE. �

Exercise 2.37

Proof. a. Omitted.
b. Omitted.
c. Omitted. �
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Exercise 2.38 Suppose fn → f in measure and gn → g in measure. a. fn + gn → f + g in
measure.

b. fngn → fg in measure if µ(X) <∞, but not necessarily if µ(X) =∞.

Proof.

(a) We have

µ({x : |fn + gn − (f + g)| ≥ ε}) ≤ µ({x : |fn − f | ≥
ε

2
}) + µ({x : |gn − g| ≥

ε

2
})→ 0

as n→∞ because

(23) {x : |fn + gn − f − g| ≥ ε} ⊆
{
x : |fn − f | ≥

ε

2

}
∪
{
x : |gn − g| ≥

ε

2

}
)

and the sets on the right have measure approaching zero as n→∞ by hypothesis.
So, fn + gn → f + g in measure.

Let us justify the set containment we used. Suppose

y ∈ {x : |fn + gn − f − g| ≥ ε}.

Then, we have

|fn(y)− f(y)|+ |gn(y)− g(y)| ≥ |fn(y) + gn(y)− f(y)− g(y)| ≥ ε.

and we must |fn(y)− f(y)| ≥ ε
2

or |gn(y)− g(y)| ≥ ε. Otherwise, we would have a
contradiction. So, we get the set containment in (23).

(b) Suppose fn → f and gn → g in measure. Let ε > 0 and κ > 0.
Note,

(24) |fngn − fg| ≤ |fn||gn − g|+ |g||fn − f |.

Now consider the sets {x : |f | > n}. These sets are decreasing and
⋂∞
n=1{x : |f | >

n} = ∅. Since the measure space is finite by continuity above we can choose a
M > 0 sufficiently large s.t. µ({x : |f | ≥ M}) < κ. Similarly, we choose an L > 0
sufficiently large s.t. µ({x : |g| ≥ L}) < κ. We set K := max{M,L}.

We get a set containment

{x : |fn| ≥ K} ⊆
{
x : |fn − f | ≥

K

2

}
∪
{
x : |f | ≥ K

2

}
(25)

because if not, we would have a contradiction by the fact that |fn(x)| + |f(x) −
fn(x) ≥ K.

Next, we choose K sufficiently large and N1 ∈ N sufficiently large so that for all
n ≥ N1, we get

(26) µ({x : |fn| ≥ K}) < κ.

Such a choice is possible since fn → f in measure and we can always get µ{(x :
|f | ≥ K

2
} to be very small by taking K to be be very big. Using these two facts, we

can bound the measure of (25) above by κ
2

+ κ
2

and that gives us (26).
By fn → f in measure, choose an N2 s.t. for all n ≥ N2,

(27) µ
({
x : |fn − f | ≥

ε

2K

})
< κ.
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Since gn → g in measure, choose an N3 s.t. for all n ≥ N3, we get

(28) µ
({
x : |gn − g| ≥

ε

2K

})
< κ.

We have,

µ({x : |fngn − fg| ≥ ε}) ≤ µ
({
x : |fn||gn − g| ≥

ε

2

})
+ µ

({
x : |g||fn − f | ≥

ε

2

})
.(29)

We obtain the above using monotonicty and the fact that the set on the LHS is
contained in the union of the two sets on the RHS. The containment comes from
how at least one term on the RHS of (24) must be greater than or equal to ε

2
. For

if neither were greater than or equal to ε
2
, we would get from (24)

ε ≤ |fngn − fg| < ε

which is a contradiction.
We wish to bound the terms in (29). For all n ≥ N1,

µ
({
x : |fn||gn − g| ≥

ε

2

})
≤ µ ({x : |fn| ≥ K}) + µ

({
x : |gn − g| ≥

ε

2K

})
≤ 2κ.(30)

We justify this; first we have a set containment{
x : |fn||gn − g| ≥

ε

2

}
⊆ {x : |fn| ≥ K} ∪

{
x : |gn − g| ≥

ε

2K

}
This is true because if not we have an x s.t. |fn| < K and |gn−g| < ε

2K
which implies

ε
2
≤ |fn||gn− g| < εK

2K
= ε

2
and this is absurd. With the desired set containment, we

use the monotonicity of measures to get the first inequality of (30). Then we use
(26) and (28) for the last inequality.

Also, we have

µ({x : |g||fn − f | ≥
ε

2
}) ≤ µ({x : |g| ≥ K}) + µ

({
x : |fn − f | ≥

ε

2K

})
≤ 2κ(31)

This follows from the set containment{
x : |g||fn − f | ≥

ε

2

}
⊆ {x : |g| ≥ K} ∪

{
x : |fn − f | ≥

ε

2K

}
.

The set containment is justified because if not, we would have ε
2
≤ |g||fn − f | <

Kε
2K

= ε
2

which is absurd.
Now, let N = max{N1, N2, N3}. Then for all n ≥ N , we have

µ({x : |fngn − fg| ≥ ε} ≤ 2κ+ 2κ = 4κ.(32)

which follows from (29), (30), and (31).

A more efficient proof for the statement above is as follows. Suppose not. Then
there exists ε > 0 and a subsequence fnjgnj s.t.

µ({: |fnj(x)gnj(x)− f(x)g(x)| > ε}) > ε.

But it must then have a subsequence that converges to fg pointwise a.e. which is a
contradiction. The existence of such a subsequence follows from the convergence of
{fn} and {gn} in measure and Theorem 2.30.
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Now we provide a counterexample for the case where µ(X) =∞. Take the case
where X = R. Consider the functions fn(x) = gn(x) = x + 1

n
χ(n,n+1). We certainly

have that fn → f and gn → g where f = g = x. Next, we check that these functions
are convergent in measure. It suffices to check fn(x). Let ε > 0. Then,

µ({x : |fn(x)− f(x)| ≥ ε} = µ

({
x :

∣∣∣∣ 1nχ(n,n+1)

∣∣∣∣ ≥ ε

})
→ 0

as n→∞ since we can take N > 0 large enough so that 1
n
< ε when n ≥ N . Now,

we check that the product fn(x)gn(x) does not converge in measure. Take ε = 1.
We have

µ({x : |fn(x)gn(x)−f(x)g(x)| ≥} = µ

({
x :

∣∣∣∣x2 1

n
χ(n,n+1) + 2x

1

n
χ(n,n+1) +

1

n2
χ2

(n,n+1)

∣∣∣∣ ≥ ε

})
,

and notice the RHS is always at least equal to 1 the set always contains (n, n+ 1).
Indeed, if x ∈ (n, n + 1), then |fn(x)gn(x) − f(x)g(x)| ≥ 1. So, the measure does
not converge to 0 as n → ∞. Thus, fn(x)gn(x) does not converge to f(x)g(x) in
measure.

�

Folland 2.39 If fn → f almost uniformly, then fn → f a.e. and in measure.

Proof. fn → f a.e.: To show that fn → f a.e., let m ∈ N. Then there is an E1/m such
that µ(E1/m) < 1

m
and fn → f uniformly on Ec

1/m. Then let E :=
⋂
m∈NE1//m and we see

that fn → f on Ec. Notice that

µ(X) ≥ µ(Ec) = µ

(⋃
m∈N

Ec
1/m

)
≥ µ(Ec

1/m) = µ(X)− 1

m
.

Since this holds for all m ∈ N, we deduce that µ(Ec) = µ(X).
fn → f in measure: Given ε > 0 and δ > 0. There is a set Eδ s.t. µ(Eδ) < δ and fn → f

uniformly on Ec
δ . Then by definition, for n sufficiently large,

{x : |fn(x)− f(x)| ≥ ε} ⊆ Eδ.

Therefore, µ({x : |fn(x) − f(x)| ≥ ε}) < δ. Since this holds for all δ > 0, we deduce
limn→∞ µ({x : |fn(x)− f(x)| ≥ ε}) = 0. �

Folland 2.40 In Egoroff’s theorem, the hypothesis “ µ(X) < ∞ ” can be replaced by “
|fn| ≤ g for all n, where g ∈ L1(µ).”

Proof. Let En(k) =
⋃∞
m=n{x : |fm(x)− f(x)| ≥ k−1}.

In proof of Egorov’s Theorem, we needed µ(X) < ∞ to get µ(E1(k)) < ∞ to use
continuity from above. So, it suffices that we show µ(E1(k)) <∞ under the new hypothesis.
Note

E1(k) =
∞⋃
m=1

{x : |fm(x)− f(x)| ≥ k−1}.

Now, we have |fm(x)− f(x)| ≤ 2g(x) using the hypothesis that |fn| ≤ g for all n and hence,
|f | ≤ g. So, for every m

{x : |fm(x)− f(x)| ≥ k−1} ⊆ {x : 2g(x) ≥ k−1}.
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Therefore, E1(k) ⊆ {x : 2g(x) ≥ k−1}. It suffices to show that µ({x : 2g(x) ≥ k−1} < ∞.
Suppose not. Then, we get

∞ =
1

2k
µ({x : 2g(x) ≥ k−1} ≤

∫
{x:2g(x)≥k−1}

g(x)dµ =

∫
{x:2g(x)≥k−1}

|g(x)|dµ <∞

contradiction.
We can then repeat the proof of Egorov’s Theorem. By

⋂∞
n=1En(k) = ∅ and what we

showed, µ(En(k))→ 0 as n→∞. We may take nk large enough s.t. µ(Enk(k)) < ε2−k and
let E =

⋃∞
k=1Enk(k). By subadditivty,

µ(E) = µ

(
∞⋃
k=1

Enk(k)

)
<
∞∑
k=1

ε

2k
= ε.

Also, fn → f uniformly on X \ E since |fn(x) − f(x)| < 1
k

for every x ∈ X \ E if we take
n > nk.

�

Exercise 2.41 If µ is σ-finite and fn → f a.e., there exist measurable E1, E2, . . . ⊂ X such
that µ ((∪∞1 Ej)

c) = 0 and fn → f uniformly on each Ej.

Proof. Let X =
⋃∞
j=1 Fj where µ(Fj) < ∞. WLOG, we assume that Fj ⊆ Fj+1 by

possibly writing Ej :=
⋃j
i=1 Fi and using Ej in place of Fj. Applying Egorov’s Theorem on

Fj with ε := 1
j
, we can find a subset Fj,ε s.t. µ(Fj,ε) < ε and fn → f uniformly on Fj \ Fj,ε.

Then,

µ

((
∞⋃
j=1

Fj \ Fj,ε

)c)
= µ

(
∞⋂
j=1

(Fj \ Fj,ε)c
)

= µ

(
∞⋂
j=1

(F c
j ∪ Fj,ε)

)

= µ(F c
j ∪ Fj,ε) ≤ µ(F c

j ) + µ(Fj,ε) = µ(F c
j ) +

1

j
.

We have that µ(F c
j ) → 0 as j → ∞ because Fj is increasing and increases to X. Because

the inequality holds for all j, we conclude that

µ

((
∞⋃
j=1

Fj \ Fj,ε

)c)
= 0.

Since fn → f uniformly on each Fj \ Fj,ε, our desired sets are Ej := Fj \ Fj,ε. �

Folland 2.42 Let µ be counting measure on N. Then fn → f in measure iff fn → f
uniformly.

Proof. Assume fn → f in measure. That is,

µ(En,ε) = µ({x ∈ X | |fn(x)− f(x)| ≥ ε})→ 0(33)

as n→∞ for all ε > 0. Therefore, as µ is the counting measure, there is some N sufficiently
large for which µ(En,ε) = 0 for all n ≥ N . But this is precisely the definition of uniform
continuity.

Assume fn → f uniformly. Let ε > 0. Choose an N ∈ N sufficiently large s.t. n ≥ N
implies |fn(x) − f(x)| < ε for all x ∈ X. Therefore, µ(En,ε) = 0 for n ≥ N . But this is
precisely the definition of convergence in measure. �
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Folland 2.43 Suppose that µ(X) <∞ and f : X× [0, 1]→ C is a function such that f(·, y)
is measurable for each y ∈ [0, 1] and f(x, ·) is continuous for each x ∈ X.

a. If 0 < ε, δ < 1 then Eε,δ = {x : |f(x, y)− f(x, 0)| ≤ ε for all y < δ} is measurable.
b. For any ε > 0 there is a set E ⊂ X such that µ(E) < ε and f(·, y)→ f(·, 0) uniformly

on Ec as y → 0.

Proof.

(a) Enumerate the set Q ∩ [0, δ) as {rn}. Define sets

En := {x : |f(x, rn)− f(x, 0)| ≤ ε}.(34)

Then, En is measurable because

En = |f(·, rn)− f(·, 0)|−1({[0, ε)})(35)

and |f(·, rn)−f(·, 0)| is measurable because f(·, y) is measurable for every y ∈ [0, 1].
But then,

Eε,δ =
∞⋂
n=1

En.(36)

(b) For this exercise, we repeat the proof of Egorov’s Theorem with modification. Let
ε > 0. Let {yn} be a sequence converging to 0. Consider the sets

En(k) :=

{
x : |f(x, yn)− f(x, 0)| ≥ 1

k

}
.(37)

Then,

∞⋂
n=1

En(k) = ∅(38)

because f(x, ·) is continuous. Also, µ(E1(k)) <∞ because µ(X) <∞ and therefore,
there exists an N ∈ N s.t. µ(EN(k)) < ε. By definition of EN(k), that means
f(x, y)→ f(x, 0) uniformly on EN(k)c as desired.

�

Folland 2.44 (Lusin’s Theorem) If f : [a, b] → C is Lebesgue measurable and ε > 0, there
is a compact set E ⊂ [a, b] such that µ (Ec) < ε and f | E is continuous. (Use Egoroff’s
theorem and Theorem 2.26.)

[Replace µ with m]

Proof. To apply Theorem 2.26, we show that f ∈ L1([a, b]). Consider sets {x : |f | ≥ N}
which decrease to the emptyset because the complement is {x : |f | < N} and m([a, b]) <∞.
From continuity from above, we deduce the |f | is bounded a.e.. Hence,

∫
|f |dm < Mm([a, b])

where |f | < M a.e.. This shows f ∈ L1([a, b]).
By Theorem 2.26, choose a sequence of continuous functions {fn} s.t.

∫
|fn − f |dµ < 1

n

for each n and fn vanishes outside some bounded interval I ⊆ [a, b]. Note that continuous
functions are Lebesgue measurable. Since fn → f pointwise a.e., we conclude that f is
measurable.
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Because m([a, b]) = b − a < ∞, fn → f a.e., and fn and f are measurable, we use
Egorov’s Theorem and choose a set F ⊆ [a, b] s.t. m([a, b] \ F ) < ε

2
and fn → f uniformly

on F .
Because fn → f uniformly on F , f is continuous.2 Then, by Theorem 1.18, we use inner

regularity and take a compact subset E ⊆ F s.t. m(F \ E) < ε
2
. In this case,

m(Ec) = m([a, b] \ E) = m(([a, b] \ F ) ∪ (F \ E)) = m(F c) +m(F \ E) < ε+ ε = ε.

Because E ⊆ F , we know that f |E is continuous. So, the theorem has been proven. �

Folland 2.45 If (Xj,Mj) is a measurable space for j = 1, 2, 3, then
⊗3

1Mj = (M1 ⊗M2)⊗
M3. Moreover, if µj is a σ -finite measure on (Xj,Mj) , then µ1×µ2×µ3 = (µ1 × µ2)×µ3.

Proof. We prove the first statement. We have

3⊗
j=1

Mj = {π−1
i (Ei) : Ei ∈Mi, i = 1, 2, 3}

= {τ−1
j (E ′j) : E ′1 ∈M1 ⊗M2, E2 ∈M3, τ

−1
1 (E ′1) = (π−1

1 (E1), π−1
2 (E2))}

= (M1 ⊗M2)⊗M3.

We prove the second statement. Suppose Xi = ∪∞j=1Ai,j with µi(Ai,j) < ∞. By the
remarks of the chapter, we have uniqueness. We have

µ1 × µ2 × µ3(A1 × A2 × A3) = µ1(A1)µ2(A2)µ3(A3)

= (µ1 × µ2)(A1 × A2)× µ3(A3)

= (µ1 × µ2)× µ3((A1 × A2)× A3))

since A1 × A2 ∈M1 ⊗M2. �

Folland 2.46 Let X = Y = [0, 1],M = N = B[0,1], µ = Lebesgue measure, and ν = counting
measure. If D = {(x, x) : x ∈ [0, 1]} is the diagonal in X × Y, then

∫∫
χDdµdν

∫∫
χDdνdµ,

and
∫
χDd(µ × ν) are all unequal. (To compute

∫
χDd(µ × ν) = µ × ν(D), go back to the

definition of µ× ν.)

Proof. We have∫∫
χDdµdv =

∫
µ(Dy)dv(y) =

∫
µ({y})dv(y) =

∫
0dv = 0

and ∫∫
χDdνdµ =

∫
ν(Dx)dµ(x) =

∫
ν({x})dµ(x) =

∫
dµ(x) = 1.

Finally,
∫
χDd(µ× ν) = µ× ν(D) . Let Aj ×Bj be a sequence of rectangles covering D

. So, (x, x) ∈ Aj × Bj implies x ∈ Aj, Bj so the sets Aj ∩ Bj cover [0, 1] . Since it covers
[0, 1] , we have

∑∞
j=1m(Aj ∩ Bj) ≥ 1 which implies that at least one of the Aj ∩ Bj has

positive Lebesgue Measure. So, it is has infinite ν measure. Hence, µ(Aj)ν(Bj) = ∞ since
ν(Bj) =∞ . So,

∫
χDd(µ× ν) =∞.

�
2This is a standard undergraduate analysis result.
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Folland 2.47 Let X = Y be an uncountable linearly ordered set such that for each x ∈ X,
{y ∈ X : y < x} is countable. (Example: the set of countable ordinals.) LetM = N be the
σ -algebra of countable or co-countable sets, and let µ = ν be defined onM by µ(A) = 0 if A
is countable and µ(A) = 1 if A is co-countable. Let E = {(x, y) ∈ X ×X : y < x}. Then Ex
and Ey are measurable for all x, y and

∫∫
χEdµdν and

∫∫
χEdνdµ exist but are not equal.

(If one believes in the continuum hypothesis, one can take X = [0, 1] [with a nonstandard
ordering] and thus obtain a set E ⊂ [0, 1]2 such that Ex is countable and Ey is co-countable
[in particular, Borel] for all x, y, but E is not Lebesgue measurable.)

Proof. Let x ∈ X. We show that Ex is measurable. First, Ex = {y ∈ Y : (x, y) ∈ E}
and by hypothesis, this is a countable collection. Thus, Ex is measurable.

Let y ∈ Y . Then, Ey = {x ∈ X : (x, y) ∈ E} and this collection is co-countable since it
is the complement of (Ey)c = {x ∈ X : (x, y) 6∈ E}. Indeed,

(Ey)c = {x ∈ X : (x, y) 6∈ E} = {x ∈ X : y ≥ x}(39)

= {x ∈ X : x ≤ y} = {x ∈ X : x < y} ∪ {y}(40)

and the final set above is countable because the hypothesis tells us that {x ∈ X : x < y} is
countable.

We compute
∫ ∫

χEdµdν which will also show existence. We get∫ ∫
χEdµdν =

∫ [∫
χEdµ

]
dν =

∫
µ(Ey)dν(41)

=

∫
1dν = 1.(42)

We compute
∫ ∫

χEdνdµ. We get∫ ∫
χEdνdµ =

∫ [∫
χEdν

]
dµ =

∫
ν(Ex)dµ(43)

=

∫
0dµ = 0.(44)

Thus, the two integrals are not equal. �

Folland 2.48 Let X = Y = N,M = N = P(N), µ = ν = counting measure. Define
f(m,n) = 1 if m = n, f(m,n) = −1 if m = n + 1, and f(m,n) = 0 otherwise. Then∫
|f |d(µ× ν) =∞, and

∫∫
fdµdν and

∫∫
fdνdµ exist and are unequal.

Proof. We have the following computations

∫∫
fdµdv =

∑
n

∑
m

f(m,n) =
∑
n

(f(1, n) + f(2, n) + . . . ) = 0

∫∫
fdvdµ =

∑
m

∑
n

f(m,n) =
∑
n

(f(m, 1) + f(m, 2) + . . . )

= 1 +
∑
m

(f(m, 2) + f(m, 3) + . . . ) = 1 + 0 = 1.
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So, the two sums are unequal. Note that we interpret the counting measure on N as
summation. On the other hand, we know∫

|f |d(µ× ν) =∞(45)

because |f | is constant equal to 1 and µ × ν(X × Y ) = ∞ by definition of the product
measure. �

Folland 2.49 Prove Theorem 2.39 by using Theorem 2.37 and Proposition 2.12 together
with the following lemmas.

a. If E ∈M⊗N and µ× ν(E) = 0, then ν (Ex) = µ (Ey) = 0 for a.e. x and y.
b. If f is L -measurable and f = 0 λ -a.e., then fx and f y are integrable for a.e. x and

y, and
∫
fxdν =

∫
f ydµ = 0 for a.e. x and y. (Here the completeness of µ and ν is needed. )

Proof. Assume (X,M, µ) and (X,N , ν) are complete σ-finite measure spaces and (X×
Y,L, λ) is the completion of the product measure space.

We prove the aforementioned lemmas.

(a) Let E ∈ M⊗N and assume µ × ν(E) = 0. Now, (χE)x = χEx and (χE)y = χEy .
Because of the assumptions and µ × ν(E) = 0, we may apply Fubini’s Theorem.
Then,

0 = µ× ν(E) =

∫
µ(Ey)dν(46)

which implies that µ(Ey) = 0 a.e. y ∈ Y . Similarly,

0 = µ× ν(E) =

∫
ν(Ex)dµ(47)

implies that ν(Ex) = 0 a.e x ∈ X.
(b) Suppose f is λ-measurable a.e. and f = 0 λ a.e.. Then, f ∈ L1(µ× ν) because∫

fd(µ× ν) =

∫
N

fd(µ× ν) +

∫
Nc

0d(µ× ν) =

∫
Nc

0d(µ× ν) = 0(48)

where N is the set of measure zero on which f 6= 0. Hence, f ∈ L1(µ × ν). We
apply Fubini’s Theorem to conclude that fx ∈ L1(ν) and f y ∈ L1(µ) for a.e. y ∈ Y
and a.e. x ∈ X. This proves the first part of (b).

Because µ × ν(N) = 0, we conclude that ν(Nx) = µ(Ny) = 0 a.e. x and y by
part (a). By completeness of ν and µ, we conclude that Nx and Ny are measurable.
Hence, N c

x and (Ny)c are measurable as well.
Using the final part of Fubini’s Theorem,

0 =

∫
fχNcd(µ× ν) =

∫ ∫
f y(x)χNc

y
dµdν(49)

which implies
∫
f y(x)dµ = 0 for a.e. y ∈ Y . Similarly,

0 =

∫
fdµ(µ× ν) =

∫ ∫
fx(y)χ(Ny)cdµdν(50)

which implies
∫
fx(y)dν = 0 for a.e. x ∈ X.
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We now prove Theorem 2.49.
Suppose f ≥ 0. Then fx isN -measurable and fy isM-measurable because f ∈ L+(λ) and

Theorem 2.37. Additionally, Theorem 2.37 shows that
∫
fxdν ∈ L+(X) and

∫
fydµ ∈ L+(Y ).

Suppose f ∈ L1(λ). Apply Theorem 2.37b to see that fx and f y are integrable a.e. x and
y. Also,

∫
fxdν and

∫
f ydµ are measurable by Theorem 2.37. By Proposition 2.12, choose a

g s.t. f = g (µ× ν)-a.e. and g isM×N -measurable. Let N be the set of measure zero s.t.
f 6= g. By part (a), we know that ν(Nx) = µ(Ny) = 0. By Theorem 2.37, we get∫

fdλ =

∫
gdλ (Definition)(51)

=

∫
Nc

gdλ+

∫
N

gdλ (Definition)(52)

(∗)
=

∫
Nc

gdλ(53)

=

∫ ∫
gχNcdνdµ (Fubini-Tonelli Theorem)(54)

=

∫ ∫
f(x, y)dνdµ(Definition of N c)(55) ∫

fdλ =

∫
gdλ (Definition)(56)

=

∫
Nc

gdλ+

∫
N

gdλ (Definition)(57)

(∗)
=

∫
Nc

gdλ(58)

=

∫ ∫
gχNcdµdν (Fubini-Tonelli Theorem)(59)

=

∫ ∫
f(x, y)dµdν. (Definition of N c)(60)

We must justify the steps at
(∗)
=. Because we assumed g is M⊗ N -measurable, we know

that g is L-measurable and by definition, gχN = 0 λ-a.e.. By part (b), this implies
∫
gxdν =∫

gydµ = 0 for a.e. x and y. But that means, by the Fubini-Tonelli Theorem,∫
N

gdλ =

∫ ∫
gχNxdµdν =

∫
0dν = 0.

This justifies both
(∗)
=. Thus,∫

fdλ =

∫ ∫
f(x, y)dµdν =

∫ ∫
f(x, y)dνdµ.(61)

�

Folland 2.50 Suppose (X,M, µ) is a σ -finite measure space and f ∈ L+(X). Let

Gf = {(x, y) ∈ X × [0,∞] : y ≤ f(x)}.
Then Gf is M ⊗ BR -measurable and µ × m (Gf ) =

∫
fdµ; the same is also true if the

inequality y ≤ f(x) in the definition of Gf is replaced by y < f(x). (To show measurability
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of Gf , note that the map (x, y) 7→ f(x) − y is the composition of (x, y) 7→ (f(x), y) and
(z, y) 7→ z − y.) This is the definitive statement of the familiar theorem from calculus, “the
integral of a function is the area under its graph.”

[You can replace y ≤ f(x) by y < f(x) if you want]

Proof. We will assume y < f(x) in the definition of Gf .
To see that Gf is M⊗BR-measurable, we will use the hint. Define

ψ : X × [0,∞]→ [0,∞]2

by (x, y) 7→ (f(x), y), and

θ : [0,∞]2 → [0,∞]

by (z, y) 7→ z − y. Then, define

φ : X × [0,∞]→ [0,∞]

by φ := θ ◦ ψ. Then, Gf = φ−1((0,∞]) by the definition of Gf and the construction of φ. It
suffices to show that φ is (M⊗BR)-measurable. Since φ = θ ◦ ψ, it suffices to show θ and
ψ are measurable.

First, θ is (BR2 ,BR)-measurable because it is continuous. Second, ψ is (M⊗ BR,BR2)-
measurable because f(x) is M-measurable and the map on the second coordinate is the
identity.

Thus, for E ∈ BR, we have

φ−1 = ψ−1(θ−1(E))(62)

where θ−1(E) is BR2-measurable and hence, ψ−1(θ−1(E)) is M⊗BR-measurable.
Now that Gf is M⊗BR-measurable, we can prove the second statement. By Theorem

2.36,

µ×m(Gf ) =

∫
m((Gf )x)dµ =

∫
f(x)dµ.

The last equality follows from how

(Gf )x = {y ∈ Y : y < f(x)}
which means m((Gf )x) = m((0, f(x)) = f(x). �

Folland 2.51 Let (X,M, µ) and (Y,N , ν) be arbitrary measure spaces (not necessarily σ
finite).

a. If f : X → C isM -measurable, g : Y → C is N -measurable, and h(x, y) = f(x)g(y),
then h is M⊗N -measurable.

b. If f ∈ L1(µ) and g ∈ L1(ν), then h ∈ L1(µ× ν) and
∫
hd(µ× ν) =

[∫
fdµ

] [∫
gdν
]
.

Proof. WLOG, we may take our functions f, g to have codomain [0,∞) because we can
use the result and prove it for real and imaginary parts as well as for positive and negative
parts.

(a) Let h(x, y) = f(x)g(y). We show that h(x, y) isM⊗N measurable. For a ∈ (0,∞),

h−1((a,∞)) =

[
f−1((a,∞)× g−1

((
1

a
,∞
))]

∪
[
g−1((a,∞))× f−1

((
1

a
,∞
))]

(63)

which is certainly M ⊗ N -measurable because f and g are M-measurable and
N -measurable respectively.
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For a = 0,

h−1((a,∞)) = f−1((a,∞))× g−1((a,∞))(64)

which is M⊗N -measurable since f, g are M and N measurable respectively.
(b) Suppose f ∈ L1(µ) and g ∈ L1(ν). By Theorem 2.10, choose increasing sequences

of simple functions φn and ψn which increase to f and g respectively and s.t. 0 ≤
φn ≤ f and 0 ≤ ψn ≤ g.

Set φn =
∑m

j=1 ajχEj and ψn =
∑l

i=1 biχFi .
Then,∫
|φnψn|d(µ× ν) =

∫
φn(x)ψn(y)d(µ× ν)(65)

=

∫ m∑
j=1

ajχEj

l∑
i=1

biχFid(µ× ν)(66)

=
m∑
j=1

l∑
i=1

∫
ajbiχEj×Fid(µ× ν) Theorem 2.15(67)

=
m∑
j=1

l∑
i=1

ajbiµ(Ej)ν(Fi) Def. of Product(68)

=

(
m∑
j=1

ajµ(Ej)

)(
l∑

i=1

biν(Fi)

)
Rewrite Sum(69)

=

∫
φndµ

∫
ψndν.(70)

Thus,
∫
|φnψn|d(µ × ν) =

∫
φndµ

∫
ψndν. Applying the Monotone Convergence

Theorem, we conclude that
∫
hd(µ×ν) =

∫
fdµ

∫
gdν. Because f and g are L1 and

we showed the equality, we conclude that h ∈ L1(µ× ν). Indeed,∫
|h|d(µ× ν) =

∫
|f |dµ

∫
|g|dν <∞ ·∞ =∞.

�

Folland Exercise 2.52 The Fubini-Tonelli theorem is valid when (X,M, µ) is an arbitrary
measure space and Y is a countable set, N = P(Y ), and ν is counting measure on Y.(Cf.
Theorems 2.15 and 2.25.)

Proof. Just as in the proof of the Fubini-Tonelli Theorem, we will prove Fubini’s part
and then derive Tonelli immediately.

Let f ∈ L+(X×Y ) and set g(x) =
∫
fxdν and h(y) =

∫
f ydµ. Because ν is the counting

measure, we have g(x) =
∑

y∈Y fx(y) and so, g(x) ∈ L+ due to f being measurable and g
being a sum of measurable functions. Indeed, fx is measurable by Proposition 2.34. Also,
h(y) is measurable because all subsets of Y are in the σ-algebra and hence, the inverse image
of any measurable set under h is measurable.

Next, we show that we can interchange the order of integration. To do this, we first show∫
fd(µ × ν) =

∫ ∫
f(x, y)dµdν. It suffices to show

∫
fd(µ × ν) =

∫
h(y)dν. By Theorem
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2.10a, choose a sequence of simple functions 0 ≤ φn ≤ f increasing to f . Such a sequence
defines a sequence hn(y) increasing to h(y). Then,∫

hdν = lim

∫
hndν = lim

∫
fnd(µ× ν) =

∫
fd(µ× ν)(71)

by the Monotone Convergence Theorem.
We have ∫

fd(µ× ν) =

∫ ∫
f(x, y)dνdµ =

∫ ∑
y∈Y

f(x, y)dµ(72)

=
∑
y∈Y

∫
f(x, y)dµ =

∫ ∫
f(x, y)dµdν(73)

where we interchanged the sum and the integral by Theorem 2.15.
With the above results, Tonelli’s Theorem follows by considering the positive and negative

parts of the real and imaginary parts of f . The equality above also allows us to conclude
that if

∫
|f |d(µ× ν) <∞, then we must have

∫
|h(y)|dν <∞ for a.e. y and

∫
|g(x)|dµ <∞

for a.e. x. This complete’s the Tonelli part of the theorem. �

Folland Exercise 2.53 Fill in the details of the proof of Theorem 2.41.

Proof. Following the approach in the proof of Theorem 2.41 is relatively straightfor-
ward. A more general approach is to generalize Lusin’s Theorem to Rn for n ∈ N and use
that result. See [2]. �

Folland Exercise 2.54 How much of Theorem 2.44 remains valid if T is not invertible?

Proof. Only some facts remain true. In the sequel, when we write T as an n×n matrix,
we are viewing T : Rn → Rn defined by Tx = y where x ∈ Rn is a column vector.

(a) We will show that the first statement is in general false: “if f is Lebesgue measurable
and T is a linear transformation, then f ◦ T is Lebesgue measurable”.

Define T : R2 → R2 to be the linear transformation that projects onto the first
coordinate. That is, (x, y) 7→ (x, 0).

Next, let N be a Lebesgue nonmeasurable set (which exists by constructions in
Chapter 1). Define f : R2 → [0,∞) by

f(x, y) :=

{ y
1+|y| if y 6= 0

χN×{0} if y = 0
(74)

Then, f(x, y) is Lebesgue measurable since N × {0} ⊆ R2 is Lebesgue measurable
(as it is measure zero and by completeness) and y

1+|y| is Lebesgue measurable.

Then, f−1({1}) = N×{0} and T−1(N×{0}) = N×R. Hence, T−1(f−1({1})) =
N ×R. But N ×R is not Lebesgue measurable since N is not Lebesgue measurable.

For the second statement: “if f ≥ 0 or f ∈ L1(R), then
∫
f(x)dx = | detT |

∫
f ◦

T (x)dx”.
Let f(x) = |x| and so f ≥ 0. Let T = (0) be the zero matrix. Then,

∫
R f(x)dx =

∞. However, | detT |
∫
f ◦ T (x)|dx = 0 because | detT | = 0.

Let f(x) = 1
1+x2

and so, f ∈ L1(R). Let T = (0) be the zero matrix. Then,

| detT |
∫
|f ◦ T (x)dx = 0 however,

∫
R f(x)dx 6= 0.
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(b) We show the first statement is true in general: “If E ∈ Ln, then T (E) ∈ Ln”.
Let T be a linear transformation and E an Lebesgue measurable set. We show

T (E) is Lebesgue measurable too. Let E = F ∪N where F is an Fσ-set and N is a
null-measure set. Then, T (E) is Fσ as well because linear transformations are con-
tinuous. So, it suffices to show that T (N) has measure zero. Linear transformations
are Lipschitz and so,

|T (u)− T (v)| ≤ c|u− v|
for u, v ∈ Rn and c depends only on T . So, m(T (I)) ≤ cm(I) for any I a product
of intervals. Let ε > 0. Then, cover N ⊆ ∪∞k=1Ik by Ik’s which are products of
intervals. We may assume m(∪∞k=1Ik) < ε is of small measure because N is measure
zero. Obviously, the T (Ik)’s cover T (N) because N is covered by the Ik’s. By
properties of measures,

m(T (N)) ≤
∞∑
k=1

m(T (Ik)) ≤
∞∑
k=1

cm(Ik) < cε.(75)

Letting ε→ 0, we conclude that m(T (N)) = 0 as desired.
We show the second statement is true in general: “if E is Lebesgue measurable,

then m(T (E)) = | detT |m(E)”.
Let T be a noninvertible matrix i.e. | det(T ) = 0|. Then, | detT |m(E) = 0 so we

need to show m(T (E)) = 0. Because T is noninvertible, we have T (E) ⊂ T (Rn) ⊂ S
where S is some vector subspace of Rn with dimension less than Rn. However,
m(S) = 0 because S is isomorphic to Rm where m < n and so, m(S) = m(Rm) =
m(Rm × {0} · · · × {0}) = 0 where Rm × {0} . . . {0} ⊂ Rn. By completeness, we
deduce that T (E) is a subset of a null set and hence, T (E) is measurable. Therefore
m(T (E)) = 0 and so, m(T (E)) = | detT |m(E) as desired.

�

Folland 2.56 If f is Lebesgue integrable on (0, a) and g(x) =
∫ a
x
t−1f(t)dt, then g is inte-

grable on (0, a) and
∫ a

0
g(x)dx =

∫ a
0
f(x)dx.

Proof. Apply the Fubini part of the Fubini-Tonelli Theorem and use f ∈ L1((0, a)) to
get

∫ a

0

|g(x)|dx ≤
∫ a

0

∫ a

x

t−1|f(t)|dtdx =

∫ a

0

∫ t

0

t−1|f(t)|dxdt =

∫ a

0

|f(t)|dt =

∫ a

0

|f(x)|dx <∞

(76)

which shows that g(x) is Lebesgue integrable. Note that to get the second equality, we
changed the order of integration using Fubini’s Theorem with t−1|f(t)| ∈ L+([0,∞]).

Now, to prove the equality we just use the Tonelli part of the Fubini-Tonelli Theorem.
Indeed, by a similar changing of the order of integration.,∫ a

0

g(x)dx =

∫ a

0

∫ a

x

t−1f(t)dtdx =

∫ a

0

∫ t

0

t−1f(t)dxdt =

∫ a

0

f(t)dt =

∫ a

0

f(x)dx(77)

�

Folland 2.58 Show that
∫∞

0
e−sxx−1 sin2 xdx = 1

4
log (1 + 4s−2) for s > 0 by integrating

e−sx sin 2xy with respect to x and y.
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Proof. Consider the double integral∫ ∞
0

∫ 1

0

e−sx sin(2xy)dydx.

We will justify changing the order of integration. Indeed,∫ ∞
0

∫ 1

0

|e−sx sin(2xy)|dydx ≤
∫ ∞

0

∫ 1

0

e−sx(2xy)dydx (use | sin(x)| ≤ x)

=

∫ ∞
0

xe−sxdx (Riemann Integration)

=
1

s2
<∞ (Riemann Integration)

for s > 0. Thus the hypothesis of the Fubini-Tonelli Theorem are fulfilled and we can change
the order of integration. Now,∫ ∞

0

∫ 1

0

e−sx sin(2xy)dydx =

∫ ∞
0

e−sx

2x
(1− cos(2x))dx (Integrate)(78)

=

∫ ∞
0

e−sx

2x
(2 sin2 x)dx (Trig. Identity)(79)

=

∫ ∞
0

e−sx sin2 x

x
dx. (Simplify)(80)

We now evaluate
∫ 1

0

∫∞
0
e−sx sin(2xy)dxdy. Let us set I :=

∫∞
0
e−sx sin(2xy)dxdy. We will

use integration by parts twice because the integrand is Riemann integrable by the Lebesgue
Criterion for Riemann integration. Indeed, e−sx sin(2xy) is nowhere discontinuous.

We have∫ ∞
0

e−sx sin(2xy)dx =

(
−e
−sx

s
sin(2xy)

)∣∣∣∣∞
0

−
∫ ∞

0

−e
−sx

s
2y cos(2xy)dx(81)

=

∫ ∞
0

e−sx

s
2y cos(2xy)dx(82)

=

(
−e
−sx

s2
2y cos(2xy)

)∣∣∣∣∞
0

−
∫ ∞

0

+
e−sx

s2
4y2 sin(2xy)dx(83)

=
2y

s2
− 4y2

s2

∫ ∞
0

e−sx sin(2xy)dx.(84)

The first equality follows by integration by parts, the second by evaluating the term and
simplifying, the third by a second integration by parts, and the last equality follows by
simplifying the terms.

Recall the definition of I and notice that the above shows

I =
2y

s2
− 4y2

s2
I(85)

and therefore,

I =
2y
s2(

1 + 4y2

s2

) .(86)
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Thus, I = 2y
s2+4y2

after rewriting the above. Now, we determine
∫ 1

0
Idy,

(87)

∫ 1

0

Idy =

∫ 1

0

2y

s2 + 4y2
dy =

1

4
log(s2 +4y)

∣∣1
0

=
1

4
(s2 +4)− 1

4
log(s2) =

1

4
log(1+4s−2).

Equating the two integrals in (78) and (87) by the Fubini-Tonelli Theorem, we conclude that∫ ∞
0

e−sx sin2 x

x
dx =

1

4
log(1 + 4s−2).

�

Folland 2.59 Let f(x) = x−1 sinx
a. Show that

∫∞
0
|f(x)|dx =∞.

b. Show that limb→∞
∫ b

0
f(x)dx = 1

2
π by integrating e−xy sinx with respect to x and y.

(In view of part (a), some care is needed in passing to the limit as b→∞.)

Proof. (a) To show
∫∞

0
|f(x)|dx = ∞, we estimate the integral from below and

show that
∫∞

0
|f(x)|dx ≥ ∞ using the estimate.

Let F :=
{
x ∈ [0,∞] : | sin(x)| ≥ 1

2

}
. By definition of sin(x), we know that

F =
⋃∞
n=1

[
π
6

+ πn, 5
6
π + πn

]
. Also, by definition of sin(x), we know F 6= [0,∞].

So, we can bound the integral from below
∫∞

0
f(x)dx ≥

∫
F
f(x)dx ≥

∫
F

1
2x
dx.

It would unwise to compute
∫
F

1
2x
dx because the integral

∫
[π6 +πn, 5

6
π+πn]

1
2x
dx does

not yield a result for which the series obviously converges. So, we do one more
estimate.

On
[
π
6

+ πn, 5
6
π + πn

]
, we get 1

x
≥ 1

5
6
π+πn

= 6
π(5+6n)

≥ 1
π(n+1)

. Therefore, we get∫
[π6 +πn, 5

6
π+πn]

1

2x
dx ≥

∫
[π6 +πn, 5

6
π+πn]

1

2

1

π(n+ 1)
dx(88)

=
5 + 6n

12 (n+ 1)
− 1 + 6n

12 (n+ 1)
(89)

=
1

3 (n+ 1)
.(90)

Therefore,∫
F

1

2x
dx ≥=

∞∑
n=0

∫
[π6 +πn, 5

6
π+πn]

1

2x
dx(91)

≥
∞∑
n=0

1

3(n+ 1)
(From Above)(92)

=
1

3

∞∑
n=0

1

n+ 1
(93)

and the series on the RHS diverges because that is just the harmonic series. There-
fore, ∫ ∞

0

|f(x)|dx =∞.(94)
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(b) Let g(x, y) = e−xy sinx. Consider how

(95)

∫ b

0

∫ ∞
0

|g|dydx =

∫ b

0

x−1| sinx|dx

because∫ ∞
0

|g|dy = −e−xy 1

x
| sin(x)|

∣∣∣∣∞
0

= 0−
(
−| sin(x)|

x

)
=
| sin(x)|

x
.(96)

We show that the RHS of (95) is finite. We have∫ b

0

x−1| sinx|dx ≤
∫ 1

0

x−1| sinx|dx+

∫ b

1

x−1| sinx|dx ≤ 1 + ln |b| <∞

by using | sinx| ≤ 1 to bound the second integral above by ln |b| and the fact that
x−1| sinx| ≤ 1 on (0, 1) to bound the first integral.

So, f ∈ L1 on [a, b]× [0,∞). Applying Fubini’s Theorem to change the order of
integration, we have

(97)

∫ b

0

∫ ∞
0

gdydx =

∫ ∞
0

∫ b

0

gdxdy.

The antiderivative is, by calculus,
∫
e−xy sinxdx = −e−xy y sinx+cosx

y2+1
. So,∫ ∞

0

∫ b

0

gdxdy. =

∫ ∞
0

1

y2 + 1
dy −

∫ ∞
0

e−byy sin b+ cos b

y2 + 1
dy.

It suffices to show that
∫∞

0
e−byy sin b+cos b

y2+1
dy → 0 as b→∞ since

∫∞
0

1
y2+1

= π
2
.

We have∫ ∞
0

∣∣∣∣e−by(y sin b+ cos b)

y2 + 1

∣∣∣∣ dy ≤ ∫ ∞
0

e−by
∣∣∣∣ y + 1

y2 + 1

∣∣∣∣ dy ≤ ∫ ∞
0

e−bydy =
1

b
.

Letting b→∞, the RHS goes to zero.

We conclude that limb→∞
∫∞

0

∫ b
0
gdxdy = π

2
.

This with (97) completes the proof.
�

3. Signed Measures and Differentiation

Folland Exercise 3.1 Prove Proposition 3.1.

Proof. Repeat the proof of Theorem 1.8 with appropriate changes. The only nontrivial
checks one has to make is that if one side attains the value of ±∞, then the other side must
always attain ±∞ as well. �

Folland Exercise 3.2 If ν is a signed measure, E is ν-null iff |ν|(E) = 0. Also, if ν and µ
are signed measures, ν ⊥ µ iff |ν| ⊥ µ iff ν+ ⊥ µ and ν− ⊥ µ.
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Proof. If E is ν-null, then ν+(E) = ν−(E) = 0 which means |ν|(E) = 0. The other
direction is obvious since ν+ and ν− are positive measures.

We have ν ⊥ µ iff there exist disjoint measurable E,F s.t. E ∪ F = X, ν(F ) = 0 and
µ(E) = 0 iff with the same E,F we have |ν|(E) = 0 and µ(E) = 0 uff |ν| ⊥ µ which occurs
iff ν+(E) = ν−(E) = 0 so this is iff ν+ ⊥ µ and ν− ⊥ µ. �

Folland Exercise 3.3 Let ν be a signed measure on (X,M).
a. L1(ν) = L1(|ν|).
b. If f ∈ L1(ν),

∣∣∫ fdν∣∣ ≤ ∫ |f |d|ν|.
c. If E ∈M, |ν|(E) = sup

{∣∣∫
E
fdν

∣∣ : |f | ≤ 1
}

.

Proof. (a): Since ν ≤ |ν|, L1(|ν|) ⊆ L1(ν) is obvious. If f ∈ L1(ν), we know that
f ∈ L1(ν+) ∩ L1(ν−) which means

∫
|f |d|ν| =

∫
|f |dν+ +

∫
|f |dν− <∞ so f ∈ L1(|ν|).

(b): Suppose f ∈ L1(ν). We have,∣∣∣∣∫ fdν

∣∣∣∣ =

∣∣∣∣∫ fdν+ −
∫
fdν−

∣∣∣∣ (f ∈ L1(ν))(98)

≤
∣∣∣∣∫ fdν+

∣∣∣∣+

∣∣∣∣∫ fdν−
∣∣∣∣ (Triangle Inequality)(99)

≤
∫
|f |dν+ +

∫
|f |dν− (Proposition 2.22)(100)

=

∫
|f |d|ν|. (Total Variation)(101)

(c): Let E ∈ M and |f | ≤ 1. It is clear that if f 6∈ L1(ν), then we have |ν|(E) = ∞
implies that |ν|(E) =

∫
E

dν
d|ν|dν =∞ which means the the supremum on the right is infinite

as well. We have, for f ∈ L1(ν),∣∣∣∣∫
E

fdν

∣∣∣∣ ≤ ∣∣∣∣∫
E

fdν+

∣∣∣∣+

∣∣∣∣∫
E

fdν−
∣∣∣∣(102)

≤
∫
E

|f |d|ν| ≤
∫
E

1d|ν| = |ν|(E).(103)

Therefore,

sup

{∣∣∣∣∫
E

fdν

∣∣∣∣ : |f | ≤ 1

}
≤ |ν|(E).(104)

We now prove the other direction. Choose a Hahn decomposition P,N for ν. Then,

|ν|(E) = |ν+(E) + ν−(E)| = |ν(E ∩ P ) + ν(E ∩N)|(105)

=

∣∣∣∣∫
E

χPdν +

∫
E

χNdν

∣∣∣∣(106)

=

∣∣∣∣∫
E

χP + χNdν

∣∣∣∣ .(107)

Notice that since P,N are disjoint, |χP + χN | ≤ 1. But that means

|ν|(E) ≤
∣∣∣∣∫
E

χP + χNdν

∣∣∣∣ ∈ {∣∣∣∣∫
E

fdν

∣∣∣∣ : |f | ≤ 1

}
(108)
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and therefore,

ν(E) ≤ sup

{∣∣∣∣∫
E

fdν

∣∣∣∣ : |f | ≤ 1

}
(109)

as desired.
�

Folland Exercise 3.4 If ν is a signed measure and λ, µ are positive measures such that
ν = λ− µ, then λ ≥ ν+ and µ ≥ ν−

Proof. Suppose not and that ν+ > λ or ν− > µ. Suppose ν+ > λ occurs. Then

λ− µ = ν+ − ν− > λ− ν− =⇒ ν− > µ.

A similar argument shows that if ν− > µ occurs, then ν+ > λ must also occur. But then,

ν+ − µ < λ− µ = ν+ − ν− < ν+ − µ

which is a contradiction. �

Folland 3.5 If ν1, ν2 are signed measures that both omit the value +∞ or −∞, then
|ν1 + ν2| ≤ |ν1|+ |ν2| . (Use Exercise 4.)

Proof. By definition,

|ν1 + ν2| = (ν1 + ν2)+ + (ν1 + ν2)−

|ν1| = ν+
1 + ν−1

|ν2| = ν+
2 + ν−2 .

Let λ = ν+
1 + ν+

2 and µ = ν−1 + ν−2 . Then ν1 + ν2 = λ− µ. By Exercise 3.4, ν+
1 + ν+

2 ≥
(ν1 + ν2)+ and ν−1 + ν−2 ≥ (ν1 + ν2)−. Thus,

|ν1 + ν2| = (ν1 + ν2)+ + (ν1 + ν2)−(110)

≤ ν+
1 + ν+

2 + ν−1 + ν−2(111)

≤ |ν1|+ |ν2|.(112)

We note that we used the hypothesis of omitting both +∞ and −∞ to write the above
inequalities. For if not, then we would �

Folland 3.6 Suppose ν(E) =
∫
E
fdµ where µ is a positive measure and f is an extended µ

-integrable function. Describe the Hahn decompositions of ν and the positive, negative, and
total variations of ν in terms of f and µ.

Proof. Suppose ν(E) =
∫
E
fdµ for µ a positive measure and f an extended µ-integrable

function.
A possible Hahn Decomposition is given by

P = {x ∈ E : f(x) ≥ 0} and N = {x ∈ E : f(x) < 0}.

Thus,
∫
P
f(x)dµ ≥ 0 and

∫
N
f(x)dµ < 0. Also, by the remarks on p. 86 of Folland, we know

P and N are positive and negative sets respectively. Also, P ∪ N = X and P ∩ N = ∅.
The other possible Hahn Decompositions are P ′, N ′ for which P∆P ′ is µ-null and N∆N ′ is
µ-null.
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Next,

ν(E) =

∫
E

fdµ =

∫
E∩P

f(x)dµ−
∫
E∩N

f(x)dµ(113)

where only one of the integrals is infinite.
The positive variation is given by

ν+(E) = ν(E ∩ P ) =

∫
E∩P

fdµ =

∫
E∩P
|f |dµ.(114)

and the negative variation is given by

ν−(E) = −ν(E ∩N) = −
∫
E∩N

fdµ =

∫
E∩N
|f |dµ.(115)

The total variation is then

|ν|(E) = ν+(E) + ν−(E) =

∫
E∩P
|f |dµ+

∫
E∩N
|f |dµ =

∫
E

|f |dµ.(116)

Notice that in describing the positive, negative, and total variation, we could have used
another Hahn Decomposition P ′, N ′ and the values would have been unchanged. Indeed,∫

E∩P
fdµ =

∫
E∩(P∩P ′)

fdµ+

∫
E∩P\P ′

fdµ (P \ P ′ is µ− null)(117)

=

∫
E∩(P∩P ′)

fdµ+

∫
E∩(P ′\P )

fdµ (P ′ \ P is µ− null)(118)

=

∫
E∩P ′

fdµ(119)

and by similar reasoning,
∫
E∩N fdµ =

∫
E∩N ′ fdν. Because ν+ and ν− does not depend on the

choice of Hahn Decomposition, |ν| also does not depend on choice of Hahn Decomposition.
�

Folland 3.7 Suppose that ν is a signed measure on (X,M) and E ∈M.
a. ν+(E) = sup{ν(F ) : E ∈M, F ⊂ E} and ν−(E) = − inf{ν(F ) : F ∈ M, F ⊂ E}.
b. |ν|(E) = sup {

∑n
1 |ν (Ej)| : n ∈ N, E1, . . . , En are disjoint, and

⋃n
1 Ej = E}.

Proof. a. We do the proof of the first statement and the second is similar. Let P be the
positive set in the Hahn-Jordan Decomposition of ν. Then, ν+(E) = ν(P ∩ E) and since
P ∩ E ⊆ E, we know ν+ is at most the supremum. For the other direction, let ε > 0 and
there exists an F ⊆ E s.t.

sup{ν(F ) : E ∈M, F ⊂ E} − ε ≤ ν(F )

and because ν(F ) = ν+(F ) − ν−(F ) ≤ ν+(F ) ≤ ν+(E), letting ε → 0, we have the other
inequality.
b. For one direction, if P,N is as in Theorem 3.3 and Theorem 3.4, then |ν(E)| = ν(E ∩
P ) + ν(E ∩N) = |ν(E ∩ P )|+ |ν(E ∩N)| and the RHS is a candidate for the supremum so
ν(E) is bounded above by the supremum.
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Let ε > 0 and C := sup {
∑n

1 |ν (Ej)| : n ∈ N, E1, . . . , En are disjoint, and
⋃n

1 Ej = E}.
Then there exist E1, . . . , En disjoint s.t.

⋃n
1 Ej = E and

C−ε ≤
n∑
1

|ν(Ej)| ≤
n∑
1

|ν+(Ej)|+|ν−(Ej)| =
n∑
1

ν+(Ej)+ν
−(Ej) =

n∑
1

ν(Ej) = ν

(
n⋃
1

Ej

)
≤ ν(E).

Since ε > 0 was arbitrary, we get C ≤ ν(E) and this establishes equality. �

Folland 3.8 ν � µ iff |ν| � µ iff ν+ � µ and ν− � µ.

Proof. If ν � µ, then |ν| � µ is clear since ν � |ν|.
If |ν| � µ, then because |ν|(E) = 0 iff ν+(E) = ν−(E) = 0, we get ν+ � µ and ν− � µ.
If ν+ � µ and ν− � µ, then ν+− ν− � µ which implies ν � µ by Proposition 3.11. �

Folland 3.9 Suppose {νj} is a sequence of positive measures. If νj ⊥ µ for all j, then∑∞
1 νj ⊥ µ; and if νj � µ for all j, then

∑∞
1 νj � µ.

Proof. Let δ :=
∑∞

j=1 νj. Assume νj ⊥ µ for each j. Then, there exist sets Ej, Fj for

which Ej ∪ Fj = X and µ(Ej) = ν(Fj) = 0. Let E =
⋃∞
j=1Ej and F =

⋂∞
j=1 Fj. Therefore,

δ(F ) = 0 because

δ(F ) =
∞∑
j=1

νj(F ) ≤
∞∑
j=1

νj(Fj) =
∞∑
j=1

0 = 0(120)

where we use monotonicity to get νj(F ) ≤ νj(Fj) for the inequality. Also,

µ(E) = µ

(
∞⋃
j=1

Ej

)
≤

∞∑
j=1

µ(Ej) =
∞∑
j=1

0 = 0.(121)

Now suppose νj � µ for all j. Suppose µ(E) = 0. Then, νj(E) = 0 for all j. Therefore,
δ(E) = 0. By definition,

∑∞
j=1 νj � µ. �

Folland Exercise 3.10 Theorem 3.5 may fail when ν is not finite. (Consider dν(x) = dx/x
and dµ(x) = dx on (0, 1), or ν = counting measure and µ(E) =

∑
n∈E 2−n on N.)

Proof. Let ν be the counting measure and µ the sum as stated. Then µ � ν is clear.
Take ε = 1

2
and let δ > 0. Let n be large enough s.t. 1

2n
< δ and set E := {n}. Then

µ(E) < δ, but we have |ν(E)| = 1 ≥ ε. �

Folland Exercise 3.11 Let µ be a positive measure. A collection of functions {fα}α∈A ⊂
L1(µ) is called uniformly integrable if for every ε > 0 there exists δ > 0 such that

∣∣∫
E
fαdµ

∣∣ <
ε for all α ∈ A whenever µ(E) < δ.

a. Any finite subset of L1(µ) is uniformly integrable.
b. If {fn} is a sequence in L1(µ) that converges in the L1 metric to f ∈ L1(µ), then {fn}

is uniformly integrable.

Proof. a. If we have a finite subset, then we just choose the minimum of all the δi we
obtain from Corollary 3.6.

b. Choose N large enough s.t. n ≥ N implies
∫
|fn − f |dµ < epsilon

2
. Then choose δi

for each of f, f1, f2, . . . , fN−1. Then, we have |
∫
fndµ| ≤ |

∫
fdµ| +

∫
|fn − f |dµ < ε if we

choose δ0 for f so that |
∫
fdµ| < ε

2
when integrating over a set of < δ0 measure. Then take

δ := min{δ0, δ1, . . . , δN−1}. �
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Folland Exercise 3.12 For j = 1, 2, let µj, νj be σ -finite measures on (Xj,Mj) such that
νj � µj Then ν1 × ν2 � µ1 × µ2 and

d (ν1 × ν2)

d (µ1 × µ2)
(x1, x2) =

dν1

dµ1

(x1)
dν2

dµ2

(x2) .

Proof. For ν1 × ν2 � µ1 × µ2, notice that

µ1 × µ2(E) =

∫
µ1(Ex2)dµ2 = 0

by the Fubini-Tonelli Theorem. Then, µ1(Ex2) = 0 for µ2-a.e.. Because ν1 � µ1, we deduce
ν1(Ex2) = 0 for ν2-a.e.. So,

ν1 × ν2(E) =

∫
ν1(Ex2)dν2 = 0.

For the next part, the trick is to use the Fubini-Tonelli theorem to relate the product measure
to the measures separately.

Consider dν1
dµ1

and dν2
dµ2

and they are unique by the Radon-Nikodym Theorem. From the

definition of the product measure and Proposition 1.3, it suffices to reduce to the case where
E = E1 × E2 where E1 ∈M1 and E2 ∈M2,

(ν1 × ν2)(E) = ν1(E1)ν2(E2) =

∫
E1

dν1

dµ1

dµ1

∫
E2

dν2

dµ2

dµ2.

Rewrite the RHS, as ∫
E1

∫
E2

dν1

dµ1

dν2

dµ2

dµ1dµ2

since the two integrals do not depend on each other.
Applying the Fubini-Tonelli theorem shows that the above is equal to∫

E

dν1

dµ1

dν2

dµ2

d(µ1 × µ2).

In which case, the uniqueness of the Radon-Nikodym Theorem gives the equality

dν1

dµ1

dν2

dµ2

=
d(ν1 × ν2)

d(µ1 × µ2)
(122)

�

Folland 3.13 Let X = [0, 1],M = B[0,1],m = Lebesgue measure, and µ = counting measure
on M.

a. m� µ but dm 6= fdµ for any f .
b. µ has no Lebesgue decomposition with respect to m.

Proof.

(a) Suppose µ(E) = 0. Since µ is the counting measure, this shows E = ∅. But then
m(E) = 0 and therefore, m� µ.

Suppose the Radon-Nikodym derivative exists. Now, m(E) =
∫
E
fdµ =

∑
x∈E f(x)

since µ is the counting measure. Now,

0 = m({x}) =
∑
x∈{x}

f(x) = f(x).(123)
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for any x ∈ X. Therefore, f must be the constant zero function. However,

1 = m(X) =
∑
x∈X

f(x) = 0.(124)

is a contradiction. So, there does not exist a function f for which dm = fdµ.
(b) We claim µ has no Lebesgue Decomposition w.r.t m. Suppose it did and we have λ

and ρ s.t. µ = λ+ ρ, λ ⊥ m, and ρ� m.
Then, for all {x} ⊆ [0, 1], we have m({x}) = 0 and since ρ � m , ρ({x}) = 0.

Therefore,

1 = µ({x}) = λ({x}) + ρ({x}) = λ({x})(125)

.
Because λ(E) = 1 for any singleton set E, we deduce that λ(F ) 6= 0 for any

nonempty F ⊆ [0, 1[]. But since λ ⊥ m, and λ(F ) 6= 0 for all F ⊆ [0, 1], we are
forced to have m(F ) = 0 for all F ⊆ [0, 1]. But this contradicts the definition of m
(for example, m([0, 0.5]) = 0.5 6= 0).

�

Folland 3.14 If ν is an arbitrary signed measure and µ is a σ -finite measure on (X,M)
such that ν � µ, there exists an extended µ -integrable function f : X → [−∞,∞] such
that dν = fdµ.

Hints:
a. It suffices to assume that µ is finite and ν is positive.
b. With these assumptions, there exists E ∈ M that is σ -finite for ν such that µ(E) ≥

µ(F ) for all sets F that are σ -finite for ν.
c. The Radon-Nikodym theorem applies on E. If F∩E = ∅, then either ν(F ) = µ(F ) = 0

or µ(F ) > 0 and |ν(F )| =∞.

Proof. We follow the hints and break the proof into parts.

(a) We justify assuming µ is finite and ν is positive.
Suppose the result held true when ν is positive. Then, if ν is a general signed

measure, we write ν = ν+ − ν− and choose extended µ-integrable function s.t.
dν+ = fdµ and dν− = gdµ. Therefore,

dν = d(ν+ − ν−) = dν+ − dν− = fdµ− gµ = (f − g)dµ.(126)

Now because ν assumes at most one of ±∞, we deduce that only one of
∫
X
fdµ and∫

X
gdµ assumes value ∞. Therefore, f − g is extended µ-integrable and it is the

function we wanted.
Now, we justify assuming µ is finite. Suppose the result held true when µ is finite.

We show the result for when µ is σ-finite. Let X =
⋃∞
n=1 En where µ(En) < ∞.

WLOG, we may assume that X is a disjoint union of En’s by possibly replacing
it with ∪∞n=1Fn where Fn := En \

⋃n−1
k=1 Ek. Now, apply the result to find fn s.t

dν = fndµ on En. That is, ν(G) =
∫
G
fndµ for every measurable G ⊆ En. Define

f :=
∑∞

n=1 fn. To define fn on X, set fn(x) = 0 for all x ∈ X \En. Then, if E ⊆ X,
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we get

ν(E) = ν

(
∞⋃
n=1

(E ∩ En)

)
(127)

=
∞∑
n=1

ν(E ∩ En)(128)

=
∞∑
n=1

∫
E∩En

fndµ(129)

=

∫
E

∞∑
n=1

fndµ =

∫
E

fdµ(130)

as desired. Now we check that f is extended µ-integrable. On En,

dν = f+
n dµ− f−n dµ = (f+

n − f−n )dµ(131)

where f+
n −f−n = fn. Because of the way we constructed f , we have f+ =

∑∞
n=1 f

+
n ,

f− =
∑∞

n=1 f
−
n , and f = f+− f−. Furthermore, dν = f+dµ− f−dµ. Because ν is a

signed measure, only one of
∫
X
f+dµ and

∫
X
f−dµ assumes the value∞. Therefore,

f is extended µ-integrable.
(b) Assume µ finite and ν positive for the rest of this proof. Suppose not and that for

all E ∈ M σ-finite for ν, there exists an F σ-finite for ν s.t. µ(E) < µ(F ). Then,
we get a chain of sets

µ(∅) < µ(F1) < µ(F2) < µ(F3) < . . .(132)

where each Fi is σ-finite for ν. We claim that this chain does not terminate i.e.
µ(Fi) → ∞ as i → ∞. Suppose not and there is a C > 0 chose to be the infimum
value for which µ(Fi) ≤ C for all i. Then let F :=

⋃∞
n=1 Fn and since each Fi

is σ-finite for ν, F is also σ-finite for µ. Also, by choice of C and finiteness of
µ, µ(F ) = C. But by hypothesis, there is some G which is σ-finite for ν s.t.
µ(F ) < µ(G). And so, C < µ(G) which contradicts the choice of C.

(c) Now we apply the Radon-Nikodym Theorem on E. This gives a ν-extended inte-
grable function f : E → R s.t. dν = fdµ and any two such functions are equal a.e..
Now we extend to all of X. Suppose F ⊂ X and F ∩ E = ∅. If µ(F ) = 0, absolute
continuity of ν w.r.t µ gives ν(F ) = 0. So, suppose µ(F ) > 0.

Since µ(F ) > 0, we claim that |ν(F )| < ∞ cannot occur. Indeed, if it did,
then that means E ∪ F is σ-finite w.r.t ν and µ(E ∪ F ) = µ(E) + µ(F ). But this
contradicts the maximality of E.

Now we extend the domain of ν when we define dν = fdµ. If B is measurable,
then we get

ν(B) = ν(B ∩ E) + ν(B \ E) =

∫
B∩E

fdµ+ ν(B \ E) =

∫
B∩E

fdµ.(133)

by having set f = ∞ on B \ E and assuming ν(B \ E) = 0 for the case where
µ(B \ E) = ν(B \ E) = 0. In the other case, the equality is immediate. Since B
was an arbitrary measurable set, we take f = ∞ on X \ E and f = 0 and by the
above, this is our desired function. Note that f is obviously extended µ-integrable
by ν positive.
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�

Folland 3.16 Suppose that µ, ν are measures on (X,M) with ν � µ, and let λ = µ+ ν. If
f = dν/dλ, then 0 ≤ f < 1µ -a.e. and dν/dµ = f/(1− f).

Proof. We note that since ν � µ, we must have λ� µ (since λ is the sum of µ and ν
so µ(E) = 0 implies ν(E) = 0 and so, λ(E) = 0). Certainly, we have

dλ

dµ
=
dµ

dµ
+
dν

dµ
= 1 +

dν

dµ
(134)

by considering how ∫
E

dλ

dµ
dµ = λ(E) = µ(E) + ν(E) =

∫
E

1 +
dν

dµ
dµ.(135)

Therefore, because dν
dλ

= f and the chain rule in the text, we can write

dλ

dµ
= 1 +

dν

dµ
= 1 +

dν

dλ

dλ

dµ
= 1 + f

dλ

dµ
(136)

Therefore, 1 = (1− f)dλ
dµ

.

It suffices to show that the sets E0 := {x : f(x) < 0} and E1 := {x : f(x) ≥ 0} are
µ-null. For E0, we have

0 ≤ ν(E0) =

∫
E0

fdλ ≤ 0.(137)

Therefore, ν(E0) = 0. Furthermore, λ(E0) = 0 because f 6= λ a.e. in the above. Because
λ(E0)− ν(E0) = µ(E0), we conclude that µ(E0) = 0 as desired.

Now for the set E1. On E1, we have

0 ≤ µ(E1) = λ(E1)− ν(E1) =

∫
E1

1− fdλ ≤ 0(138)

assuming that both λ and ν are finite to write the equality. In the general case, we use
the fact that for us to even write f = dν/dλ, we had to assume λ was σ-finite. We could
write E1 =

⋃∞
i=1 Fi ∩ E1 where

⋃∞
i=1 Fi = X in which λ(Fi) < ∞. But then µ(E1) ≤∑∞

i=1 µ(E1 ∩ Fi). Now the above argument showed that µ(E1 ∩ Fi) = 0 for each i and
therefore, µ(E1) = 0. So, we conclude that f < 1 µ-a.e..

Let f = dν/dλ. Then,
∫
E
fdλ = ν(E) for E ∈ M. Because ν � µ, ν � λ, and µ � λ,

we have dν
dλ

= dν
dµ
· dµ
dλ

. By hypothesis, dν
dλ

= f and so, f = dν
dµ
· dµ
dλ

. It suffices to show
dµ
dλ

= 1− f .
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We have

µ(E) = λ(E)− ν(E)(139)

=

∫
E

1dλ− ν(E)(140)

=

∫
E

1dλ−
∫
E

fdλ (f = dν/dλ)(141)

=

∫
E

(1− f)dλ.(142)

Therefore, dµ
dλ

as desired and dν
dµ

= f
1−f . �

Folland 3.17 Let (X,M, µ) be a finite measure space, N a sub-σ -algebra of M, and
ν = µ | N . If f ∈ L1(µ), there exists g ∈ L1(ν) (thus g is N -measurable) such that∫
E
fdµ =

∫
E
gdν for all E ∈ N ; if g′ is another such function then g = g′ν -a.e. (In

probability theory, g is called the conditional expectation of f on N .)

Proof. Since µ is finite, the restriction ν is also finite. Define dρ = fdµ on N and
notice that ρ � ν because if ν(E) = 0, then ν(E) = µ(E) implies that

∫
E
fdµ = 0 and

hence, ρ(E) = 0. By Theorem 3.8, there exists a g ∈ L1(ν) s.t. ρ(E) =
∫
E
gdν when E ∈ N .

But by definition of ρ(E), we get
∫
E
fdµ =

∫
E
gdν. Furthermore, Theorem 3.8 asserts that

any g satisfying the condition is unique ν-a.e.. �

Folland 3.18 Prove Proposition 3.13c.

Proof. A function f is in L1(ν) iff its real and negative parts are in L1(νr) and L1(νi)
which is iff f ∈ L1(|ν|) so the first statement is done.

For the second statement, take µ = |νr| + |νi| and find an g ∈ L1(µ) s.t. dν = gdµ.
Then, d|ν| = |g|dµ. If f ∈ L1(ν), then Proposition 3.9 (we refer to the generalization which
Folland hints at on p. 93) tells us∣∣∣∣∫ fdν

∣∣∣∣ =

∣∣∣∣∫ fgdµ

∣∣∣∣ ≤ ∫ |fg|dµ =

∫
|f ||g|dµ =

∫
|f |d|ν|

�

Folland 3.19 If ν, µ are complex measures and λ is a positive measure, then ν ⊥ µ iff
|ν| ⊥ |µ|, and ν � λ iff |ν| � λ.

Proof. We see that ν ⊥ µ iff there exists E,F disjoint s.t. E ∪ F = X with E,F being
µ, ν-null respectively iff the same sets hold but are |µ|, |ν|-null respectively. The second iff
follows from Proposition 3.13a using Exercise 3.2.

For the second statement, |ν| � λ =⇒ ν � λ is immediate. On the other hand, ν � λ
iff νr � λ and νi � λ iff |ν| � λ by decomposing f into real and imaginary parts where
dν = fdµ for µ a positive measure. �

Folland 3.20 If ν is a complex measure on (X,M) and ν(X) = |ν|(X), then ν = |ν|.

Proof. Let f : X → C be measurable with |f | = 1 on X and dν = fd|ν|. Then we
have 0 = |ν|(X)− ν(X) =

∫
(1− f)d|ν|, so f = 1 a.e. because Re(1− f) ≥ 0. This implies

dν = d|ν| and so ν = |ν|. �
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Folland Exercise 3.21 Let ν be a complex measure on (X,M). If E ∈M, define

µ1(E) = sup {
∑n

1 |ν (Ej)| : n ∈ N, E1, . . . , En disjoint, E =
⋃n

1 Ej} ,
µ2(E) = sup {

∑∞
1 |ν (Ej)| : E1, E2, . . . disjoint, E =

⋃∞
1 Ej} ,

µ3(E) = sup
{∣∣∫

E
fdν

∣∣ : |f | ≤ 1
} .

Then µ1 = µ2 = µ3 = |ν|. (First show that µ1 ≤ µ2 ≤ µ3. To see that µ3 = |ν|, let

f = dν/d|ν| and apply Proposition 3.13. To see that µ3 ≤ µ1, approximate f by simple
functions.)

Proof. Note that there is a typo in Folland. The definition of µ3 should have a ν im
place of the µ.

For simplicity, define

T1 :=

{
n∑
1

|ν (Ej)| : n ∈ N, E1, . . . , En disjoint, E =
n⋃
1

Ej

}
(143)

T2 :=

{
∞∑
1

|ν (Ej)| : E1, E2, . . . disjoint, E =
∞⋃
1

Ej

}
(144)

T3 :=

{∣∣∣∣∫
E

fdν

∣∣∣∣ : |f | ≤ 1

}
.(145)

By the definition of µ1, µ2, and µ3, we immediately have µ1(E) ≤ µ2(E) ≤ µ3(E) for all
E ∈M and hence, µ1 ≤ µ2 ≤ µ3. In more detail, we show µ1 ≤ µ2 and µ2 ≤ µ3.

For µ1 ≤ µ2, let E be measurable. We get,

n∑
1

|ν(Ej)| ≤
∞∑
1

|ν(Fj)|(146)

by setting Fj = Ej for 1 ≤ j ≤ n and Fj = ∅ when j > n. Taking the supremum over both
sides all possible {Ej} disjoint covering E, we get µ1(E) ≤ µ2(E).

For µ2 ≤ µ3, let E be measurable and E =
⋃∞

1 Ej be a disjoint union. Because |ν| � ν,
choose an f s.t. fd|ν| = dν. Therefore,

∞∑
1

|ν(Ej)| =

∣∣∣∣∣
∞∑
1

|ν(Ej)|

∣∣∣∣∣ (positive)(147)

=

∣∣∣∣∣
∞∑
1

∣∣∣∣∣
∫
Ej

fd|ν|

∣∣∣∣∣
∣∣∣∣∣ (ν = fd|ν|)(148)

≤

∣∣∣∣∣
∞∑
1

∫
Ej

dν

d|ν|
d|ν|

∣∣∣∣∣ (f = dν/d|ν|)(149)

=

∣∣∣∣∣
∞∑
1

∫
Ej

dν

∣∣∣∣∣(150)

=

∣∣∣∣∫
E

dν

∣∣∣∣(151)

≤ µ3(E) (Definition of µ3)(152)
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Now we move on to show µ3 = µ1 which completes the proof since all of inequalities µ1 ≤
µ2 ≤ µ3 become equalities.

First, we show µ3 = |ν|. Because ν � |ν|, there exists an f equal to dν
d|ν| . By Proposition

3.13, |f | = 1. Assuming f ∈ L1(ν) (because the case where f 6∈ L1(ν) gives equality
immediately), ∣∣∣∣∫

E

fdν

∣∣∣∣ ≤ ∫
E

|f |d|ν| ≤
∫
E

1d|ν| = |ν|(E).

Taking the supremum over all functions g s.t. |g| ≤ 1 on the LHS, we get µ3(E) ≤ |ν|(E)
for all E ∈M. Therefore, µ3 ≤ |ν|.

For other inequality, let f := dν
d|ν| . By Proposition 3.13, f = dν

d|ν| has absolute value equal

to 1 and ff = |f |2 = 1. Therefore, for any E measurable,

|ν|(E) =

∣∣∣∣∫
E

d|ν|
∣∣∣∣ (using |ν| positive)

=

∣∣∣∣∫
E

ffd|ν|
∣∣∣∣

=

∣∣∣∣∫
E

dν

d|ν|
dν

d|ν|
d|ν|

∣∣∣∣ (definition of f & f)

=

∣∣∣∣∫
E

dν

d|ν|
dν

∣∣∣∣ (Proposition 3.9)

=

∣∣∣∣∫
E

dν

d|ν|

∣∣∣∣
≤ µ3(E) (use

∣∣f ∣∣ ≤ 1)

Now that µ3 = |ν| is established, we show µ3 ≤ µ1 by approximating f by simple functions.
Choose simple functions φn s.t.

∣∣∫
X
fdν

∣∣− 1
n
<
∣∣∫
X
φndν

∣∣ and |φn| ≤ |f |. Then,∣∣∣∣∫
E

fdν

∣∣∣∣− 1

n
<

∣∣∣∣∫
E

φndν

∣∣∣∣(153)

=

∣∣∣∣∣
∫
E

N∑
j=1

ajχEjdν

∣∣∣∣∣(154)

=

∣∣∣∣∣
N∑
j=1

ajν(Ej)

∣∣∣∣∣(155)

≤
N∑
j=1

|aj||ν(Ej)|(156)

=
N∑
j=1

|ν(Ej)|(157)

for E ∈ M and where Ej ⊆ E so that E =
⋃N
j=1Ej. Taking the supremum over all simple

functions φn on the RHS and letting n → ∞ on the RHS, we get
∣∣∫
E
fdν

∣∣ ≤ µ1(E). But
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by definition of f , the LHS is greater than
∫
E
fd|ν| and hence, greater than |ν|(E). Hence,

|ν|(E) ≤ µ1(E) which means µ3(E) ≤ µ1(E). Since E was arbitrary, µ3 ≤ µ1 as desired.
We now have ν1 ≤ ν2 ≤ ν3 = |ν| ≤ ν1 so we have equality throughout. �

Folland Exercise 3.22 If f ∈ L1 (Rn) , f 6= 0, there exist C,R > 0 such that Hf(x) ≥
C|x|−n for |x| > R. Hence m({x : Hf(x) > α}) ≥ C ′/α when α is small, so the estimate in
the maximal theorem is essentially sharp.

Proof. Because f 6= 0 a.e. and, there is a nonnull set on which |f(x)| > 0 we can choose
an R > 0 sufficiently large so that∫

B(R,0)

|f(y)|dy > D > 0(158)

for some D. Now suppose |x| > R. Then,

Hf(x) = sup
r>0

1

m(B(r, x)

∫
B(r,x)

|f(y)|dy (Definition)(159)

≥ 1

m(B(R + |x|, x))

∫
B(R+|x|,x)

|f(y)|dy
(

Definition of sup
r>0

)
(160)

=
1

(R + |x|)nm(B(1, x))

∫
B(R+|x|,x)

|f(y)|dy (*)(161)

≥ 1

(R + |x|)nm(B(1, x))

∫
B(R,0)

|f(y)|dy (B(R, 0) ⊆ B(R + |x|, x))(162)

≥ 1

(2|x|)nm(B(1, x))

∫
B(R,0)

|f(y)|dy (|x| > R)(163)

>
1

(2|x|)nm(B(1, x))
D (Apply (158) above)(164)

≥ C

|x|n
.

(
C :=

D

2nm(B(1, x))

)
(165)

We justify the step above labeled (*). At that step, we used the fact that m(B(S, 0)) =
Snm(B(1, 0)) for S > 0. This is a corollary of Theorem 2.44b. The ball B(1, 0) is certainly
measurable in Rn (with the Borel-measure). To transform B(1, 0) to B(S, 0), we use the
linear transformation defined by SI where I is the identity matrix. Then Theorem 2.44b
says that m(B(S, 0)) = det(SI)m(B(1, 0)) = Snm(B(1, 0)) as desired.

We now show the second statement. To get the bound, we will show that the set {x :
Hf(x) > α} has a subset whose measure is bounded below by C′

α
. We will also determine

C ′ (which must not depend on α since it is constant).
First, we determine all x for which Hf(x) ≥ C

|x|n > α and |x| > R. Now, C
|x|n > α is

equivalent to requiring C
α
> |x|n. Furthermore,

R < |x| < n

√
C

α
.(166)
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Therefore, we have

K :=

{
x : R < |x| < n

√
C

α

}
⊆ {x : Hf(x) > α}.(167)

We now determine m(K). We will use invariance properties of the Lebesgue measures for

the computation. Notice that K = B
(

n

√
C
α
, 0
)
−B(R, 0) is just an anuulus centered at the

origin.
Therefore,

m(K) = m

(
B

(
n

√
C

α
, 0

)
−B(R, 0)

)
(Definition)(168)

= m

(
B

(
n

√
C

α
, 0

))
−m(B(R, 0)) (Properties of measure)(169)

=
C

α
m(B(1, 0))−Rnm(B(1, 0)) (Invariance of L. Measure)(170)

=
(C − αRn)m(B(1, 0))

α
. (Simplify)(171)

=
C ′

α
(C ′ := (C − αRn)m(B(1, 0)) )(172)

If we do not want C ′ to depend on α, we could have required α to be small enough i.e.
Rn < 1

α
. Then in the above,

(C − αRn)m(B(1, 0))

α
≥ (C − 1)m(B(1, 0))

α
(173)

and we take C ′ = (C − 1)m(B(1, 0)).
By monotonicity and (167), we conclude

C ′

α
≤ m({x : Hf(x) > α})(174)

as desired.
�

Folland Exercise 3.23 A useful variant of the Hardy-Littlewood maximal function is

H∗f(x) = sup

{
1

m(B)

∫
B

|f(y)|dy : B is a ball and x ∈ B
}

Show that Hf ≤ H∗f ≤ 2nHf .

Proof. The fact that Hf ≤ H∗f is obvious because of the fact that the set in the
definition of Hf is contained in the set defining Hf ∗. That is, any ball centered at x is
certainly a ball containing x.

Let B 3 x be a ball with radius r, then B ⊆ B(2r, x) and hence,

1

m(B)

∫
B

|f(y)|dy ≤ m(B(2r, x))

m(B)

1

m(B(2r, x))

∫
B

|f(y)|dy ≤ m(B(2r, x))

m(B)

1

m(B(2r, x))

∫
B(2r,x)

|f(y)|dy

= 2n
1

m(B(2r, x))

∫
B(2r,x)

|f(y)|dy ≤ Hf(x).
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�

Folland Exercise 3.24 If f ∈ L1
loc and f is continuous at x, then x is in the Lebesgue set

of f .

Proof. Since f is continuous at x, choose a δ > 0 s.t. |y−x| < δ implies |f(y)−f(x)| < ε.
Let r > 0 be s.t. r < δ. Therefore,

1

m(B(r, x))

∫
B(r,x)

|f(y)− f(x)|dy ≤ 1

m(B(r, x))

∫
B(r,x)

εdy = ε

and since ε > 0 was arbitrary, limr→0
1

m(B(r,x))

∫
B(r,x)

|f(y) − f(x)|dy = 0. This means x ∈
Lf . �

Proof. Assume f is continuous at x0. First off, x0 ∈ Lf iff limr→0Arf(x0) = f(x0) by
definition. But since Arf(x) is jointly continuous in both variables, we know

f(x0) = lim
xn→x0

f(xn) = lim
xn→x0

lim
r→0

Arf(xn) = lim
r→0

lim
xn→x0

Arf(xn) = lim
r→0

Af (x0)

where we take a sequence of points xn → x with xn ∈ Lf since Lf is a set of full measure in
Rm. �

Folland Exercise 3.25 If E is a Borel set in Rn, the density DE(x) of E at x is defined as

DE(x) = lim
r→0

m(E ∩B(r, x))

m(B(r, x))

whenever the limit exists. a. Show that DE(x) = 1 for a.e. x ∈ E and DE(x) = 0 for a.e.
x ∈ Ec.

b. Find examples of E and x such that DE(x) is a given number α ∈ (0, 1), or such that
DE(x) does not exist.

Proof. (a) Let f := χE. Then f is certainly in L1
loc and we can write

m(E ∩B(r, x))

m(B(r, x))
=

1

m(B(r, x))

∫
B(r,x)

f(y)dy = Arf(x).(175)

Therefore, DE(x) = limr→0Arf(x). Then we apply Theorem 3.18 to deduce that
limr→0Arf(x) = f(x) = χE(x) for a.e. x ∈ Rn. In particular, this means that
DE(x) = 1 a.e. x ∈ E and DE(x) = 0 for a.e. x ∈ Ec.

(b) Consider the case of n = 2. We let E be the region defined by

E := {x ∈ R2|x = reiθ, r ≥ 0, 0 ≤ θ < α(2π)}(176)

where we identified R2 with C to simplify writing in terms of polar coordinates.
In this case, m(E ∩ B(r, 0)) = αm(B(r, 0)) for any α ∈ (0, 1). Therefore,

DE(0) = α because the terms in the limit are always α.
We note that it is not important that α ∈ (0, 1). If α = 0, then there is nothing

to show. If α = 1, then one takes E to be the whole space. Issues only arise if
α 6∈ [0, 1].

Now we give an example where DE(x) does not exist. The idea is to make the
the values bounce between certain values by making our E very messy. We make
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this rigorous. Define

E :=
∞⋃
n=0

[
1

22n+1
,

1

22n

]
.(177)

To show that the limit does not exist, it suffices to show that there are subsequences
rk and rj of radii of B(rk, 0) in which the ratios of the measure are always different.
We do this exactly as follows.

Consider the case where rk is equal to 1
22k

. In the case of k = 1, what we have
is that

m(E ∩B(r1, 0)) = m(E) =
∞∑
n=0

1

22n
− 1

22n+1
=
∞∑
n=0

1

22n+1
=

1

2

∞∑
n=0

1

4n
(178)

=
1

2

1

1− 1
4

=
1

2
· 4

3
=

2

3
.(179)

More generally, for rk, we get

m(E ∩B(rk, 0)) =
∞∑
n=k

1

22n
− 1

22n+1
=

1

2

∞∑
n=k

1

4n
=

1

2(4k)

∞∑
n=0

1

4n
=

1

6 · 4k−1
.(180)

But note that B(rk, 0) has measure equal to 2rk = 1
22k−1 . Therefore,

m(E ∩B(rk, 0)

m(B(rk, 0))
=

1
6·4k−1

1
22k−1

=
22k−1

6 · 4k−1
=

22k−1

6 · 22k−2
=

1

3
(181)

Taking the limit as k →∞, the RHS goes to 1
4
.

Now consider the subsequence given by rj = 1
22j+1 . In this case, what we get is

that

m(E ∩B(rj, 0)) =
∞∑
n=j

1

2n
− 1

22n+1
=
∞∑
n=j

1

22n+1
(182)

=
∞∑
n=0

1

22(n+j)+1
=

1

2

∞∑
n=0

1

22(n+j)
=

1

2
· 1

4j
·
∞∑
n=0

1

4n
(183)

=
1

2 · 4j
1

1− 1
4

=
1

2 · 4j · 3
4

=
4

6 · 4j
=

1

6 · 4j−1
.(184)

But notice that B(rj, 0) has measure 2rj = 2
22j+1 = 1

22j
. Therefore,

m(E ∩B(rj, 0))

m(B(rj, 0))
=

1
6·4j−1

1
22j

=
2

3
.(185)

Now we take a new sequence {rm} in which when m is even, it equals the least rk
that has not shown up in the sequence and when m is odd, it equals the least rj
that has not shown up in the sequence. For DE(0) to exist in this case, these two
subsequences should converge to the same limit, but they do not. So, DE(0) does
not exist.

�

Folland 3.26 If λ and µ are positive, mutually singular Borel measures on Rn and λ+ µ is
regular, then so are λ and µ.
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Proof. By mutual singularity, let L ∪M = X s.t. L is µ-null and M is λ-null.
Suppose K were a compact set. Then,

∞ > (λ+ µ)(K) = λ(K ∩ L) + µ(K ∩M) = λ(K) + µ(K).(186)

Since λ and µ are positive, we must have λ(K), µ(K) <∞ for the above inequality to hold.
To show outer regularity, we WLOG just show λ is outer regular. Outer regularity means

λ(E) := inf{λ(U) | E ⊆ U open}(187)

and this is equivalent to showing that for all ε > 0, there exists an open set U containing E
s.t. λ(U) ≤ λ(E) + ε.

Given ε > 0. By outer regularity of λ+ µ, we there is an open U ⊇ E s.t.

(λ+ µ)(U) ≤ (λ+ µ)(E) + ε.(188)

But then we have

λ(U) = λ(U) + µ(U)− µ(U)

= λ(U ∩ L) + µ(U ∩M)− µ(U ∩M)

= (λ+ µ)(U)− µ(U ∩M)

≤ (λ+ µ)(E)− µ(U ∩M) + ε

= λ(E ∩ L) + µ(E ∩M)− µ(U ∩M) + ε

= λ(E ∩ L) + ε

= λ(E) + ε.

Thus, (187) holds and we have that λ is regular. As noted, the same argument applies to µ
and so they are both regular. �

Folland 3.28 If F ∈ NBV , let G(x) = |µF | ((−∞, x]). Prove that |µF | = µTF by showing
that G = TF via the following steps.

a. From the definition of TF , TF ≤ G
b. |µF (E)| ≤ µTF (E) when E is an interval, and hence when E is a Borel set.
c. |µF | ≤ µTF , and hence G ≤ TF . (Use Exercise 21.)

Proof. We follow the steps.

(a) We have,

TF (x) = sup

{
n∑
1

|F (xj)− F (xj−1)| : −∞ < x0 < · · · < xn = x

}
(189)

and
n∑
1

|F (xj)− F (xj−1)| =
n∑
1

|µF ((xj−1, xj]|(190)

≤ |µF |((−∞, x])(191)

= G(x).(192)

Taking the supremum over all possible partitions gives us the result
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(b) If E is an interval (a, b], then the result is immediate by Lemma 3.26 (and in class,
Lemma 3.26 was shown to imply that |F (b)− F (a)| ≤ TF (b)− TF (a) for a < b).

Next, we generalize to the Borel σ-algebra. The collection of half open intervals
forms an algebra by Proposition 1.15. The σ-algebra generated by the half open
intervals is the Borel σ-algebra. By the Monotone Class Lemma, the monotone class
generated by the half open intervals coincide with the Borel σ-algebra. So, we just
show that the result holds true for countable unions of increasing half-open intervals
and countable intersections of decreasing half-open intervals. Suppose (a, bj] were
an increasing union of half-open intervals s.t. bj → b then E :=

⋃∞
j=1(a, bj] gives

|µF (E)| = lim
j→∞
|µF ((a, bj]| ≤ lim

j→∞
µTF ((a, bj]) = µTF (E)(193)

as desired. Similarly, if (aj, bj] is a decreasing sequence of half-open intervals and
E :=

⋂∞
j=1(aj, bj] then continuity from below (as (a1, b1] is finite)

|µF (E)| = lim
j→∞
|µF ((aj, bj]| ≤ lim

j→∞
µTF ((a, bj]) = µTF (E).(194)

Thus, the result is true for the monotone class generated by the half-open intervals.
Therefore, it is true for the Borel σ-algebra by the Monotone Class Lemma.

(c) By Exercise 3.21, we deduce that |µF | = (µF )1 as defined in the exercise. Given an
Borel measurable E. By the definition of (µF )1 and part (b) we get

|µF |(E) = sup

{
n∑
1

|µF (Ej)| : n ∈ N, E1, . . . , En disjoint, E =
n⋃
1

Ej

}
(195)

≤ sup

{
n∑
1

µTF (Ej) : n ∈ N, E1, . . . , En disjoint, E =
n⋃
1

Ej

}
(196)

≤ µTF (E).(197)

Since E was arbitrary, we are done with the first part.
To see that G ≤ TF , we use the preceding parts. We have

G(x) = |µF |((−∞, x])
(b)

≤ µTF ((−∞, x]) = TF (x)− T (−∞)
Lemma 3.28

= TF (x).

�

Folland Exercise 3.29 If F ∈ NBV is real-valued, then µ+
F = µP and µ−F = µN where P

and N are the positive and negative variations of F . (Use Exercise 28.)

Proof. It suffices to show µ+
F = µP since that implies µ−F = |µF | − µP . We have

µP =
1

2
(µTF + µF ) =

1

2
(µ+

F + µ−F + µ+
F − µ

−
F ) =

1

2
(2µ+

F ) = µ+
F

as desired.
�

Folland Exercise 3.30 Construct an increasing function on R whose set of discontinuities
is Q.

Proof. 3 Take F (x) :=
∑∞

k=1
1
2k
χ[qk,∞) where {qk} is an enumeration of Q. [Incomplete]

�
3The following proof is motivated form the post here.

https://math.stackexchange.com/a/3008948
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Folland 3.31 Let F (x) = x2 sin (x−1) and G(x) = x2 sin (x−2) for x 6= 0, and F (0) =
G(0) = 0.

a. F and G are differentiable everywhere (including x = 0 ).
b. F ∈ BV ([−1, 1]), but G /∈ BV ([−1, 1])

Proof. (a) WLOG, it suffices to check differentiability at the point x = 0. The
two functions given are clearly differentiable elsewhere (by undergraduate analysis).

We claim F (x) is differentiable at x = 0. We have, where x = 0,

|F (x+ h)− F (x)|
|h|

=
|F (h)|
|h|

=

∣∣h2 sin
(

1
h

)∣∣
|h|

=

∣∣∣∣h sin

(
1

h

)∣∣∣∣ .(198)

Taking the limit as h→ 0, we get

lim
h→0

∣∣∣∣h sin

(
1

h

)∣∣∣∣ = lim
h→∞

∣∣∣∣1h
∣∣∣∣ | sin(h)| = 0.(199)

where the last equality follows because | sin(h)| is bounded.
Similarly, we know

lim
h→0

|G(x+ h)−G(x)|
|h|

= lim
h→0

|G(h)|
|h|

= lim
h→0

∣∣∣∣h sin

(
1

h2

)∣∣∣∣(200)

= lim
h→∞

∣∣∣∣1h sin(h2)

∣∣∣∣ = 0(201)

where the last equality follows because | sin(h2)| is bounded.
(b) To see that F (x) is of bounded variation, use part (a) to differentiate F ′(x) =

2x sin
(

1
x

)
− cos

(
1
x

)
. Therefore,

|F ′(x)| ≤ |2x|| sin
(

1

x

)
|+ | cos

(
1

x

)
| ≤ 2 · 1 · 1 + 1 = 3

and |F ′(x)| ≤ 3 on [−1, 1]. By the result on p. 102, F ′ is bounded on [−1, 1] and
a.e. differentiable means F ∈ BV ([−1, 1]) and we are done.

To see G 6∈ BV ([−1, 1]), we show that TG(1) =∞.
Define xn := 1√

π
2

+πn
. Then we get a sequence 1 > x1 > x2 > x3 > · · · ≥ 0. Also,

|G(xn)−G(xn−1)| =
∣∣∣∣ 1
π
2

+ πn
− 1

π
2

+ π(n− 1)

∣∣∣∣ =

∣∣∣∣− 4n

π(2n+ 1)(2n− 1)

∣∣∣∣ .(202)

But since
∑k

n=1 |G(xn)−G(xn−1)| ≤ TG(b), we have that

lim
k→∞

k∑
n=1

|G(xn)−G(xn−1)| =
k∑

n=1

∣∣∣∣− 4n

π(2n+ 1)(2n− 1)

∣∣∣∣(203)

=
∞∑
n=1

4n

π(4n2 − 1)
=

4

π

∞∑
n=1

1

4n− 1
n

(204)

≤ TG(1)(205)

where the series on the LHS of the inequality diverges. Hence, TG(1) = ∞ and
G 6∈ BV ([−1, 1]).

�
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Folland Exercise 3.32 If F1, F2, . . . , F ∈ NBV and Fj → F pointwise, then TF ≤
lim inf TFj .

Proof. 4 Let x ∈ R. Take a partition −∞ < x1 < x2 < · · · < xm =: x. Then, observing
the definition of TFj ,

m∑
n=1

|F (xn)− F (xn−1)| = lim
j→∞

m∑
j=1

|Fj(xn)− Fj(xn−1)| ≤ lim inf
j→∞

TFj

and taking the supremum over all partitions gives the desired result. �

Folland Exercise 3.33

Proof. By Theorem 3.23, we know F ′ = G′ a.e. when G = F (x+) so
∫ b
a
F ′(t)dt =∫ b

a
G(t)dt. Then, since G is increasing,∫ b

a

G(t)dt ≤
∫ b

a

dµG
dm

dm ≤ µG((a, b)) ≤ G(b−)−G(a) ≤ F (b)− F (a).

�

Folland 3.35 If F and G are absolutely continuous on [a, b], then so is FG, and∫ b

a

(FG′ +GF ′) (x)dx = F (b)G(b)− F (a)G(a)

Proof. First, F and G are continuous because absolute continuity implies continuity.
Because they are continuous on a compact set [a, b], the are bounded. Let L be the maximum
of the bounds on F and G.

Given ε > 0. Choose a δ > 0 and η > 0 for the definition of absolute continuity of F and
G with ε

2L+1
i.e. if {(aj, bj)} is finite set of disjoint intervals in [a, b], then

N∑
1

(bj − aj) < δ =⇒
N∑
1

|F (bj)− F (aj)| <
ε

2L+ 1
(206)

and similarly for η with G. Now we take ξ := min{δ, η}. Then if
∑N

1 (bj − aj) < ξ, we get

N∑
1

|F (bj)G(bj)− F (aj)G(bj)| ≤
N∑
1

|F (bj)G(bj)− F (aj)G(bj)|+
N∑
1

|F (aj)G(bj)− F (aj)G(aj)|

=
N∑
1

|G(bj)||F (bj)− F (aj)|+
N∑
1

|F (aj)||G(bj)−G(aj)|

≤ L
N∑
1

|F (bj)− F (aj)|+ L
N∑
1

|G(bj)−G(aj)|

≤ L

(
ε

2L+ 1
+

ε

2L+ 1

)
< ε

4I am unsure if the following proof works. Apply Fatou’s Lemma,

TF (x) = µTF
((−∞, x]) =

∫ x

−∞
dµTF

=

∫ x

−∞
dTF =

∫ 1

−∞
lim
j→∞

dTFj ≤ lim inf
j→∞

∫ 1

−∞
dTFj = lim inf TFj (x).
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and so, FG is absolutely continuous on [a, b].
We note that if F and G are differentiable a.e., then the product FG is also differen-

tiable a.e.. since the points of nondifferetiability are precisely where either F or G is not
differentiable. Also, because F ′, G′ ∈ L1, we deduce that (FG)′ is also in L1. Also,∫ b

a

(FG′ +GF ′)(x)dx =

∫ b

a

(FG)′(x)dx = F (b)G(b)− F (a)G(a)(207)

where we use the product rule for the first equality and the criterion of Theorem 3.35c. �

Folland 3.36 Let G be a continuous increasing function on [a, b] and let G(a) = c,G(b) = d.
a. If E ⊂ [c, d] is a Borel set, then m(E) = µG (G−1(E)) . (First consider the case where

E is an interval.)

b. If f is a Borel measurable and integrable function on [c, d], then
∫ d
c
f(y)dy =∫ b

a
f(G(x))dG(x). In particular,

∫ d
c
f(y)dy =

∫ b
a
f(G(x))G′(x)dx if G is absolutely continu-

ous.
c. The validity of (b) may fail if G is merely right continuous rather than continuous.

Proof. (a) As per the hint, consider the case E := (c′, d′) ⊂ [c, d] and G−1(E) =
(a′, b′) (since G is continuous and increasing, there is such an interval (a′, b′) and it
is contained in [a, b]). Then m(E) = d′ − c′ and

µG(G−1(E)) = µG((a′, b′)) = G(b′)−G(a′) = d′ − c′

which is what we wanted. Consider the case of a general open subset E ⊂ [c, d]. We
can write E as a countable disjoint union of open intervals in [c, d] i.e. E =

⋃∞
j=1 Ij.

Then,

m(E) = m

(
∞⋃
j=1

Ij

)
=
∞∑
j=1

m(Ij) =
∞∑
j=1

µG(G−1(Ij))(208)

= µG

(
∞⋃
j=1

G−1(Ij)

)
= µG

(
G−1

(
∞⋃
j=1

Ij

))
(209)

= µG(G−1(E))(210)

which is exactly we we desired. Then for the general case of a Borel set, we argue
as follows. The Borel σ-algebra is generated by open subsets and hence, every Borel
set can be written as the union of open and closed sets. If we write a Borel set
as the countable union of open and closed sets, we can write it as a disjoint union
as per techniques in Chapter 1. Then, we can write it as a countable union of
open intervals and complements of open intervals. Then by countable additivity of
measures and the fact that inverse images commutes with complements and unions,
we get m(E) = µG(G−1(E)) for general Borel sets.

(b) The result for the case of characteristic functions over Borel sets is immediate from
(a). Indeed, if E ⊆ [c, d] were Borel, then∫ d

c

χEdy = m(E) = µG(G−1(E)) =

∫ b

a

χG−1(E)dµG =

∫ b

a

χE ◦G(x)dG(x).

Now if we were to consider a simple function f (whose characteristic functions
are over Borel sets), then the linearity of the integral gives the result for simple
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functions immediately. Now that we know the result for simple functions, suppose
we are given a general f that is Borel measurable and and integrable on [c, d]. By
Theorem 2.10b, choose a sequence of simple functions φn s.t. |φn| increases to |f |
on [c, d]. Since we know the result for simple functions, we have∫ d

c

φn(y)dy =

∫ b

a

φn(G(x))dG(x).(211)

and taking limits, we get∫ d

c

f(y)dy
∗
=

∫ b

a

f(G(x))dG(x).(212)

We must justify interchanging the integral with the limit at ∗. We know |φn| ≤ f for
all n ∈ N. But f is integrable on [c, d] and we just apply the DCT to get interchange
of the limit and integral.

Now for the statement about absolutely continuous G, we just need to check
that dG(x) = G′(x)dx on [a, b]. Note that dG(x) = dµG and Theorem 3.35 gives us
what we need. We always have

µG((a, b)) = G(b)−G(a) =

∫ b

a

G′(t)dt.(213)

The extension to general Borel sets on R follows by Theorem 1.16 and the above.
(c) For a counterexample in the case of only right continuity, we take c = 0, d = 1 so

that [c, d] = [0, 1]. Define

G(x) :=

{
1 x ≥ 1

2
0 x < 1

2

(214)

and take [a, b] = [0, 1] = G−1([c, d]). Also, G(x) is right continuous. Define

f(x) =

{
1 x = 0
0 otherwise

(215)

and f(x) is certainly Borel measurable and integrable on [0, 1]. Notice that

f ◦G(x) :=

{
1 x < 1

2
0 x ≥ 1

2

(216)

Next, ∫ 1

0

f(y)dy = 0(217)

because f(y) is a.e. zero. Meanwhile,∫ 1

0

f(G(x))dG(x) =

∫ 1
2

0

1dG(x) (f(G(x)) zero on (1/2, 1))(218)

= G

(
1

2

)
−G(0)(219)

= 1. (Def of G)(220)

�
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Folland 3.37 Suppose F : R→ C. There is a constant M such that |F (x)−F (y)| ≤M |x−y|
for all x, y ∈ R (that is, F is Lipschitz continuous) iff F is absolutely continuous and |F ′| ≤M
a.e.

Proof. ( =⇒ ) Given ε > 0. Assume
∑N

j=1 |bj − aj| < ε
M

. Let δ := ε
M+1

. Then if∑N
j=1 |bj − aj| <

ε
M+1

for some partition x1 < x2 < · · · < xn, we have

N∑
j=1

|F (bj)− F (aj)| ≤
N∑
j=1

M |bj − aj| = M

N∑
j=1

|bj − aj| <
Mε

M + 1
< ε(221)

which shows absolute continuity. To see that F ′(x) ≤ M a.e., we note that F ′(x) exists for
a.e. x ∈ [n, n+ 1] where n ∈ Z (since it is absolutely continuous on each [n, n+ 1], just use
Theorem 3.35). Therefore, F ′(x) exists a.e. on R. Suppose the derivative exists at x0 and
consider x0 ∈ [a, b] for a, b chosen s.t x0 ∈ (a, b). Then F ′(x0) exists since F is of bounded
variation on [a, b]. Then |F (x0 + h) − F (x0)| ≤ M |x0 + h − x0| for h sufficiently small s.t.
x0 + h ∈ [a, b]. Therefore,

|F (x0 + h)− F (x0)|
|h|

≤M.(222)

Taking the limit as h→ 0 gives us |F ′(x0)| ≤M as desired.
( ⇐= ) By Theorem 3.35, absolute continuity gives F (y) − F (x) =

∫ y
x
F ′(t)dt a.e. and

F ′(t) ∈ L1. But then,

|F (y)− F (x)| =
∣∣∣∣∫ y

x

F ′(t)dt

∣∣∣∣ ≤ ∫ y

x

|F ′(t)|dt ≤
∫ y

x

Mdt = |y − x|M(223)

where we assumed y > x. But y and x were arbitrary so we have our desired conclusion. �

Folland Exercise 3.39 If {Fj} is a sequence of nonnegative increasing functions on [a, b]
such that F (x) =

∑∞
1 Fj(x) <∞ for all x ∈ [a, b], then F ′(x) =

∑∞
1 F ′j(x) for a.e. x ∈ [a, b].

(It suffices to assume Fj ∈ NBV . Consider the measures µFj .

Proof. Since we are working on [a, b], the Fj may be assumed to be NBV by the
following reductions. First, Fj is bounded and increasing on [a, b] (provided we redefine at
endpoints as needed) and this means F ∈ BV by Example 3.25a. Since F is in BV , the
TF (−∞) = 0. To get right continuity, redefine F as F (x+).

Now, F (x) =
∫ x
−∞ F

′(t)dt and then,

F (x) =
∞∑
1

Fj(x) =
∞∑
1

∫ x

−∞
F ′j(t)dt =

∫ x

−∞

∞∑
1

F ′j(t)dt

and by Corollary 3.33, we dedude that
∑∞

1 F ′j(t) = F ′(x) a.e. x ∈ [a, b].
�

Folland 3.42 A function F : (a, b)→ R(−∞ ≤ a < b ≤ ∞) is called convex if

F (λs+ (1− λ)t) ≤ λF (s) + (1− λ)F (t)

for all s, t ∈ (a, b) and λ ∈ (0, 1). (Geometrically, this says that the graph of F over the
interval from s to t lies underneath the line segment joining (s, F (s)) to (t, F (t)).)
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a. F is convex iff for all s, t, s′, t′ ∈ (a, b) such that s ≤ s′ < t′ and s < t ≤ t′

F (t)− F (s)

t− s
≤ F (t′)− F (s′)

t′ − s′

b. F is convex iff F is absolutely continuous on every compact subinterval of (a, b) and
F ′ is increasing (on the set where it is defined).

c. If F is convex and t0 ∈ (a, b), there exists β ∈ R such that F (t) − F (t0) ≥ β (t− t0)
for all t ∈ (a, b)

d. (Jensen’s Inequality) If (X,M, µ) is a measure space with µ(X) = 1, g : X → (a, b)
is in L1(µ), and F is convex on (a, b), then

F

(∫
gdµ

)
≤
∫
F ◦ gdµ

(Let t0 =
∫
gdµ and t = g(x) in (c), and integrate.)

Proof. (a) ( =⇒ ): We do a two step process by showing the following chain of
inequalities

F (t)− F (s)

t− s
(i)

≤ F (t′)− F (s)

t′ − s
(ii)

≤ F (t′)− F (s′)

t′ − s′
(224)

where we need to use s < t < t′ at (i) and s < s′ < t′ at (ii).
We justify (i). First, s < t < t′ implies 0 < t−s

t′−s < 1. If we take λ = t−s
t′−s , we get

that t = λt′ + (1− λ)s and by convexity,

F (t) ≤ λF (t′) + (1− λ)F (s).(225)

Subtracting both sides by F (s) and multiplying through by 1
t−s gives

F (t)− F (s)

t− s
≤ F (t′)− F (s)

t′ − s
.(226)

We justify (ii), notice that because s < s′ < t′, we get 0 < t′−s′ < t′−s and this
implies 0 < t′−s′

t′−s < 1. Take λ = t′−s′
t′−s and notice that we can write s′ = λs+(1−λt′).

Using convexity, we get

F (s′) ≤ (1− λ)F (t′) + λF (s)(227)

and we can rewrite the above as

λ(F (t′)− F (s)) ≤ F (t′)− F (s′).(228)

Writing out λ and multiplying through by t′ − s and dividing by s′ − s,
F (t′)− F (s)

t′ − s
≤ F (t′)− F (s′)

t′ − s′
.(229)

Now all that is left is to deal with the cases where s = s′, t = t′, and when s = s′

and t = t′.
If s = s′, then (224) gives

F (t)− F (s)

t− s
≤ F (t′)− F (s)

t′ − s
=
F (t′)− F (s′)

t′ − s′
.(230)
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Similarly, if t = t′, (224) gives,

F (t)− F (s)

t− s
≤ F (t)− F (s′)

t− s′
=
F (t′)− F (s′)

t′ − s′
.(231)

If both s = s′ and t = t′ occur, then there is nothing to even show.
(⇐= ): Given λ ∈ (0, 1) and s, t. WLOG, assume s < t. Set θ := λs+ (1− λ)t.

Then s ≤ θ ≤ t and we can use the given inequality to get

F (θ)− F (s)

(1− λ)(t− s)
=
F (θ)− F (s)

θ − s
≤ F (t)− F (s)

t− s
.(232)

Then, we can rewrite the above as

F (θ)− F (s)

(1− λ)
≤ F (t)− F (s).(233)

But the above inequality can used to get the following chain of equivalences (the
first step is just obtained by multiplying the above by (1− λ)):

F (θ) ≤ (F (t)− F (s))(1− λ) + F (s)(234)

⇐⇒ F (θ) ≤ (1− λ)F (t)− F (s) + F (s)λ+ F (s)(235)

⇐⇒ F (θ) ≤ (1− λ)F (t) + F (s)λ(236)

⇐⇒ F (λs+ (1− λ)t) ≤ λF (s) + (1− λ)F (t).(237)

But this last inequality is precisely the definition of convexity and we are done.
(b) ( =⇒ ): Assume F (x) is convex. Let [c, d] be a compact subinterval of (a, b). Then

the above condition allows us to find a β s.t. F (t)−F (s)
t−s ≤ β for all t, s ∈ [c, d] i.e. we

take the supremum over all possible quotients on the RHS of the inequality in (a)
with t′, s′ ∈ [c, d]. Given ε > 0, take δ := ε

|β|+1
. Then, if (aj, bj) is a partition of the

compact subinterval, then
n∑
j=1

bj − aj < δ =⇒
n∑
j=1

|F (bj)− F (aj)| ≤
n∑
j=1

(bj − aj)β < δβ < ε.(238)

To see that F ′ is increasing where it is defined, suppose t ≤ t′ and these are
points where F ′ is defined. We choose s s.t. s < t ≤ t′ and s′ = t′ − (t − s) which
implies s ≤ s′ < t′ (and we choose s sufficiently close to s′ so that s ∈ [c, d]). Then
(a) gives

F (t)− F (s)

t− s
≤ F (t′)− F (s′)

t′ − s′
.(239)

Letting s → t, we get s′ → t′ and by the above inequality, F ′(t) ≤ F ′(t′) as
desired.

( ⇐= ): Let θ := λs + (1 − λ)t and WLOG, assume s > t. Define G(x) :=
λx + (1 − λ)t. We want to use Exercise 3.36 to show convexity directly from the
definition and use G(x) to do this. Conveniently, note that G′(x) = λ. Because F
is absolutely continuous, Theorem 3.35 gives

F (G(s))− F (G(t)) =

∫ G(s)

G(t)

F ′(z)dz.(240)
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Then by Exercise 3.36,∫ G(s)

G(t)

F ′(z)dz =

∫ s

t

F ′(G(z)) · λdz = λ

∫ s

t

F ′(G(z))dz ≤ λ

∫ s

t

F ′(z)dz(241)

= λ(F (s)− F (t)) = λF (s)− λF (t)(242)

where to get the second to last inequality, we used the fact that G(z) ≤ z for
z ∈ (t, s) and F ′(z) is increasing.

Also by Exercise 3.36,∫ G(s)

G(t)

F ′(z)dz = F (G(s))− F (G(t)).(243)

Putting together the last two inequalities / equalities,

F (G(s))− F (G(t)) ≤ λF (s)− λF (t).(244)

Notice that F (G(s)) = F (λs + (1 − λ)t) and F (G(t)) = F (t). Then the above
can be rewritten and we have a chain of equivalent inequalities:

F (λs+ (1− λ)t)− F (t) ≤ λF (t)− λF (s)(245)

F (λs+ (1− λ)t) ≤ F (t) + λF (s)− λF (t)(246)

F (λs+ (1− λ)t) ≤ λF (s) + (1− λ)F (t)(247)

which is what we wanted for convexity.
(c) Given t0. Now if t were s.t. a < t < t0, we get

β ≤ F (t)− F (t0)

t− t0
(248)

where we take t to be t′ in (a) and t0 to be s′ in (a) and β to be the supremum over
all possible quotients on the LHS of the inequality in (a). Now suppose u were s.t.
t < t0 < u < b. Then by the inequality we showed in part (a), we get

β ≤ F (t)− F (t0)

t− t0
≤ F (u)− F (t0)

u− t0
.(249)

Therefore, for any t ∈ (a, b), we have

β ≤ F (t)− F (t0)

t− t0
(250)

as desired.
(d) We follow the hint and set t0 =

∫
gdµ and t = g(x). The (c) says that

F (t) ≥ F (t0) + β(t− t0).(251)

Integrate over X in terms of x to get∫
X

F (t) ≥
∫
X

F (t0) +

∫
X

β(t− t0).(252)

It is important to keep in mind what is constant in this situation. Then t0 is
constant w.r.t x while t = g(x) means it is being integrated and we cannot treat it
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as a constant. Therefore,∫
X

F (t) ≥
∫
X

F (t0)dµ+

∫
X

βt−
∫
X

βt0(253)

=

∫
X

F (t0)dµ+

∫
X

βg(x)dx−
∫
X

βt0(254)

= F (t0) +

∫
X

βg(x)dx−
∫
X

β

(∫
X

gdµ

)
dx(255)

= F (t0) +

∫
X

βg(x)dx− β
∫
X

gdµ(256)

= F (t0) = F

(∫
X

g(x)

)
dx(257)

where we used µ(X) = 1 as needed. This gives us the desired inequality.
�

4. Point Set Topology

Folland Exercise 4.1 If card(X) ≥ 2, there is a topology on X that is T0 but not T1.

Proof. Choose x ∈ X. Then define a topology whose open sets are ∅, X,X \ {x} and
this is T0 by choosing y 6= x and observing the axiom. �

Folland Exercise 4.2 If X is an infinite set, the cofinite topology on X is T1 but not T2,
and is first countable iff X is countable.

Proof. �

Folland Exercise 4.3 Every metric space is normal. (If A,B are closed sets in the metric
space (X, ρ), consider the sets of points x where ρ(x,A) < ρ(x,B) or ρ(x,A) > ρ(x,B).)

Proof. �

Folland Exercise 4.4 Let X = R, and let T be the family of all subsets of R of the form
U ∪ (V ∩Q) where U, V are open in the usual sense. Then T is a topology that is Hausdorff
but not regular. (In view of Exercise 3, this shows that a topology stronger than a normal
topology need not be normal or even regular.)

Proof. �

Folland Exercise 4.5 Every separable metric space is second countable.

Proof. First off, choose a countable dense subset {xn}. Then, take an open neighbor-
hood Un 3 xn for each n and the collection consisting of all finite intersections of the Un
forms a countable basis. �

Folland Exercise 4.6 Let E = {(a, b] : −∞ < a < b <∞}
a. E is a base for a topology T on R in which the members of E are both open and closed.
b. T is first countable but not second countable. (If x ∈ R, every neighborhood base at

x contains a set whose supremum is x.)
c. Q is dense in R with respect to T . (Thus the converse of Proposition 4.5 is false.)
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Proof. (a) Apply Proposition 4.3 to simplify showing E is a base for a topology.
First, if x ∈ R, then x lies in (x−1, x+1] ∈ E . For the second condition, suppose

(a1, b1], (a2, b2] ∈ E and x ∈ (a1, b1] ∩ (a2, b2]. But (a1, b1] ∩ (a2, b2] = (c, d] for some
c, d because half-open intervals form an algebra. Now choosing ε > 0 sufficiently
small, x ∈ (c− ε, d] and (c− ε, d] ⊆ (a1, b1] ∩ (a2, b2] as desired.

Certainly elements of E are open. Notice that (a, b]c = (−∞, a]∪ (b,∞). Notice
(b,∞) =

⋃∞
n=1(b, n] and (−∞, a] =

⋃∞
n=1(−n, a] so these are open sets. Hence,

(a, b]c is open and therefore, (a, b] is closed.
(b) Let x ∈ R. Then the collection

Nx := {(x− 1

n
, x] : n ∈ N}(258)

forms a neighborhood base about x. Indeed, x lies in every element of Nx and if
U ∈ T s.t. x ∈ U , we can always take n sufficiently large so that (x− 1

n
, x] ⊂ U .

Next, we claim that the space is not second countable. Let B be a base. Then
there is a neighborhood base about each x ∈ R. Given an x and a neighborhood
base Nx. Then Nx must contain a set U whose maximum is x because the open set
(c, x] ∈ E contains x for c < x and by definition of a base, there is a U ∈ Nx s.t.
x ∈ U and U ⊂ (c, x]. This occurs for each x ∈ R and hence, the base must contain
uncountably many such sets.

(c) We claim Q = R w.r.t this topology. Suppose r ∈ R \Q. It suffices by Proposition
4.1. to show that r is an accumulation point of Q. Let U 3 x be a neighborhood
of x. WLOG, assume U is open by replacing U by U o. Since x ∈ U , there exists a
(a, b] ∈ E s.t. x ∈ (a, b]. But then Q ∩ (U \ {x}) ⊇ Q ∩ ((a, b] \ {x}) 6= ∅ by the
density of Q in the usual topology.

The converse of Proposition 4.5 is then false because Q is a countable dense
subset but (R, T ) is not a second countable topological space.

�

Folland Exercise 4.7 If X is a topological space, a point x ∈ X is called a cluster point
of the sequence {xj} if for every neighborhood U of x, xj ∈ U for infinitely many j. If X is
first countable, x is a cluster point of {xj} iff some subsequence of {xj} converges to x.

Proof. ( =⇒ ) : If x is a cluster point of {xj}, then just use the first count ability
to pick a countable neighborhood base about x. Per the remarks on p. 116, we can form
a countable neighborhood base {Un}n∈N satisfying U1 ⊃ U2 ⊃ U3 ⊃ . . . . Then take the
subsequence {xjn} to be a sequence of points satisfying xjn ∈ Un.

Let U be a neighborhood of x. Then there is an N ∈ N s.t. UN ⊂ U and for all n ≥ N ,
we have xjn ∈ Un ⊂ UN ⊂ U . Hence, {xjn} → x.

( ⇐= ) : If we have a subsequence which converges to x, then for any neighborhood U1

of x, there is an xn1 ∈ U1. We need to show that U1 contains infinitely many elements of
the sequence {xj}. By first countability, there is a countable neighborhood base about x
and so, we can choose a descending chain U1 ⊃ U2 ⊃ . . . and since xj → x, choose elements
xni ∈ Ui. But U1 ⊃ Ui for all i and so, there are infinitely many elements of the sequence
contained in U1 as desired. �

Folland Exercise 4.8 If X is an infinite set with the cofinite topology and {xj} is a sequence
of distinct points in X, then xj → x for every x ∈ X.
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Proof. This follows essentially from definition. �

Folland Exercise 4.10 A topological space X is called disconnected if there exist nonempty
open sets U, V such that U ∩ V = ∅ and U ∪ V = X; otherwise X is connected. When we
speak of connected or disconnected subsets of X, we refer to the relative topology on them.

a. X is connected iff ∅ and X are the only subsets of X that are both open and closed.
b. If {Eα}α∈A is a collection of connected subsets of X such that

⋂
α∈AEα 6= ∅, then⋃

α∈AEα is connected.
c. If A ⊂ X is connected, then Ā is connected.
d. Every point x ∈ X is contained in a unique maximal connected subset of X, and this

subset is closed. (It is called the connected component of x.)

Proof. a. ( =⇒ ): Assume X is connected and let U be a set that is both open
and closed but U 6= ∅ and U 6= X. Then U ∪ U c = X is a union of two nonempty
disjoint open sets which contradicts X connected.

( ⇐= ): Assume only ∅ and X are open and closed subsets of X. Suppose
X = U ∪ V for disjoint nonempty open sets U and V . Notice that

U c = X \ U = (U ∪ V ) \ U = (U ∪ V ) ∩ U c = V ∩ U c = V

where the last equality follows by U c ⊆ V . Then U c = V is open so U c = ∅ or
U c = X. Therefore, X is connected.

b. Let x ∈
⋂
α∈AEα. Suppose U, V are disjoint open sets s.t.

⋃
α∈AEα = U ∪ V .

WLOG, assume x ∈ U . Then Eα ⊆ U for all α ∈ A since if not, there is an α for
which Eα∩V and Eα∩U are nonempty disjoint open sets whose union is Eα which
is a contradiction. Thus, U =

⋃
α∈AEα which means

⋃
α∈AEα is connected.

c. Let A ⊂ X be connected but assume not and that A = U ∪V for nonempty disjoint
open sets U, V . Then (A∩U)∪ (A∩ V ) = A where A∩U and A∩ V are nonempty
disjoint open sets in the relative topology contradicting A connected. We need to
check that A∩U = ∅ or A∩ V = ∅ do not occur. If A∩U = ∅, then V = ∂A which
is not open.

d. Let C :=
⋃
E∈E E where E := {E ⊆ X | E is connected & x ∈ E}. We claim that C

is the connected component. To see that C is connected, notice that
⋂
E∈E E 6= ∅.

Hence, part b shows that C, being the union, is also connected. To see that C is
maximally connected, suppose C ′ were a connected set containing x. Then C ′ ∈ E
and hence, C ′ ⊆ C. Since C ′ was arbitrary, C is a maximal connected set of x.
Finally, C is closed because part c showed that C would also be connected which
means C ⊆ C by maximality of C. Therefore, C ⊆ C ⊆ C and so, C = C implying
that C is closed.

�

Folland Exercise 4.11 If E1, . . . , En are subsets of a topological space, the closure of
⋃n

1 Ej
is
⋃n

1 Ēj.

Proof. This is a standard undergraduate topology exercises. �

Folland Exercise 4.12 If X is a topological space, U is open in X, and A is dense in X,
then Ū = U ∩ A.

Proof. Essentially from definition. �
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Folland 4.16 Let X be a topological space, Y a Hausdorff space, and f, g continuous maps
from X to Y .

a. {x : f(x) = g(x)} is closed.
b. If f = g on a dense subset of X, then f = g on all of X.

Proof. (a) Let W be the set given. It suffices to show W c is open. Let x ∈ W c. By
Y Hausdorff, choose U, V open disjoint sets containing f(x) and g(x) respectively.
Since f, g are continuous, f−1(U) and g−1(V ) are open and so f−1(U) ∩ g−1(V ) is
open. In particular x ∈ f−1(U) ∩ g−1(V ) ⊆ W c because if y ∈ f−1(U) ∩ g−1(V ),
then f(y) 6= g(y) since U ∩ V = ∅. Since x ∈ W c was arbitrary, W c is open and the
set is closed.

(b) Suppose f = g on a dense subset D ⊆ X. Then, D ⊆ {x | f(x) = g(x)} and so,

X = D ⊆ {x | f(x) = g(x)} ⊆ X implying {x | f(x) = g(x)} = X. But the set was
already closed by (a) which means {x | f(x) = g(x)} = X.

�

Folland Exercise 4.17 If X is a set, F a collection of real-valued functions on X, and T
the weak topology generated by F , then T is Hausdorff iff for every x, y ∈ X with x 6= y
there exists f ∈ F with f(x) 6= f(y)

Proof. ( =⇒ ): Fix x 6= y. Since T is Hausdorff, there are disjoint open sets U 3 x and
V 3 y. By definition of the topology, U =

⋃
α∈A f

−1
α (Uα) for Uα open sets of R and fα ∈ F .

Since x ∈ U , there is an f−1
β (Uβ) 3 x which is disjoint from V . Therefore, fβ(x) 6= fβ(y) for

if fβ(x) = fβ(y), that means y ∈ f−1
β (Uα) which is absurd from U ∩ V = ∅.

(⇐= ): Fix an f as stated in the problem. Since R is Hausdorff, there are U, V disjoint
open sets s.t. f(x) ∈ U and f(y) ∈ V . Then, f−1(U) and f−1(V ) are our desired disjoint
open sets containing x and y respectively. Hence, T is Hausdorff. �

Folland Exercise 4.20 If A is a countable set and Xα is a first (resp. second) countable
space for each α ∈ A, then

∏
α∈AXα is first (resp. second) countable.

Proof. If each Xα is first countable, then every point has a countable neighborhood
base. Let x ∈ X :=

∏
α∈AXα. For each xα ∈ Xα, choose a neighborhood base Nα. We claim

the collection S of finite intersections
⋂
α∈I,Uα∈Nα π

−1
α (Uα) forms the countable neighborhood

base about x.
First, the collection is countable. For every cardinality |I| ∈ N, the collection S|I| of sets

of the form
⋂
α∈I,Uα∈Nα π

−1
α (Uα) is countable since each Nα is a countable collection and A is

a countable set. Then S is just the union of S|I| over all |I| ∈ N which is a countable union
of countable sets. Hence, S is countable.

Second, S forms a neighborhood base of x. If U ∈ S, then x ∈ U since x ∈ π−1
α (Uα)

for all Uα ∈ Nα. Suppose V 3 x were an arbitrary open set of X. By Proposition 4.2,
V =

⋃
β π
−1
β (Vβ) where Vβ ⊆ Xβ is open. Then x ∈ π−1

γ (Vγ) for some γ which means
xγ ∈ Vγ. Since Nγ is a neighborhood base for xγ ∈ Xγ, choose Uγ ∈ Nγ s.t Uγ ⊆ Vγ. Then,
x ∈ π−1

γ (Uγ) ∈ S which fulfills the second condition of being a neighborhood base.
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Suppose each Xα is second countable and let Eα be a countable base for topology on Xα.
Let

E := {π−1
α (Eα) | Eα ∈ Eα, α ∈ A} =

⋃
α∈A

{π−1
α (Eα) | Eα ∈ Eα}.

Since A is countable, the RHS is a countable union of countable sets which means E is
countable. We use Proposition 4.2 to show E is a base for the topology. From p. 120,
the product topology on X is the weak topology generated by the coordinate maps. By
Proposition 4.2, every nonempty open subset of X is of the form

U :=
⋃

β∈B⊆A

π−1
β (Uβ)

By Proposition 4.2, for each α, we can write Uα :=
⋃
γ∈C,Eα,γ∈Eα Eα,γ which means

U :=
⋃

β∈B⊆A

⋃
γ∈C,Eβ,γ∈Eβ

π−1
β (Eβ,γ)

as desired: the collection E is a basis for the product topology.
To summarize, open sets of X are unions of sets of the form π−1

β (Uβ), but each Uβ is
a union of sets of the form Eβ,γ ∈ Eβ ⊆ E and since inverse images commute with unions,
open sets of X are unions of sets of the form π−1

β (Eβ,γ). Proposition 4.2 shows that E forms
a basis which we showed was countable. At last, X is second countable. �

Folland Exercise 4.25 If (X, T ) is completely regular, then T is the weak topology gener-
ated by C(X).

Proof. First, let S be the weak topology generated by C(X) and we show S ⊆ T .
Note that when we are writing f ∈ C(X), we are really referring to f : (X, T ) → C being
continuous w.r.t this topology. By definition, a basis element of S is of the form f−1(U) for
some U ⊆ C open. But clearly, f−1(U) has to be open w.r.t T and therefore, f−1(U) ∈ T .
Since the base of S is in T , S ⊆ T .

Next to show that T ⊆ S, if suffices, by Proposition 4.2, to show that for all open
U ∈ T , the set U can be written as the union of sets of the form f−1

α (Uα) for Uα ⊆ C open
and fα ∈ C(X). Assume U is nonempty since that is a trivial case. Certainly U c ⊆ X is
a closed set. Then for x ∈ U , there is an fx ∈ C(X) (technically fx ∈ C(X, [0, 1]), but
[0, 1] ⊆ C) s.t. fx(x) = 1 and fx|Uc = 0. Consider the open sets f−1

x ({0}c) ranging over
x ∈ U . We claim U =

⋃
x∈U f

−1
x ({0}c). First off, f−1

x ({0}c) ⊆ U because U c∩f−1
x ({0}c) = ∅.

Next, U ⊆
⋃
x∈U f

−1
x ({0}c) because for any x ∈ U , we obviously have x ∈ f−1

x ({0}c). Hence,
U =

⋃
x∈U f

−1
x ({0}c). Thus, U ∈ S. �

Folland 4.26 Let X and Y be topological spaces.
a. If X is connected (see Exercise 10) and f ∈ C(X, Y ), then f(X) is connected.
b. X is called arcwise connected if for all x0, x1 ∈ X there exists f ∈ C([0, 1], X) with

f(0) = x0 and f(1) = x1. Every arcwise connected space is connected.
c. Let X = {(s, t) ∈ R2 : t = sin (s−1)}∪{(0, 0)}, with the relative topology induced from

R2. Then X is connected but not arcwise connected.

Proof. a. We prove the contrapositive. Suppose f(X) were not connected and
f(X) = U∪V for disjoint nonempty open sets U and V . Then f−1(U)∪f−1(V ) = X
is a union of disjoint nonempty open sets which means X is not connected.
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b. Let X be arcwise connected. Suppose not and X = U ∪ V for disjoint nonempty
open sets U and V . Choose x0 ∈ U and x1 ∈ V alongside and f ∈ C([0, 1], X) s.t.
f(0) = x0 and f(1) = x1. By part a, f([0, 1]) is connected. However, one can write
f([0, 1]) = (f([0, 1])∩U)∪ (f([0, 1]∩V ) which is a union of disjoint nonempty open
sets. Contradiction.

c. This is famously known as the topologist’s sine curve.
First, X \{(0, 0)} is connected because we will show X \{(0, 0)} = {(s, t) ∈ R2 |

t = sin(s−1)} is arcwise connected and apply part a.
Suppose z0, z1 ∈ X \ {(0, 0} are distinct points. WLOG, let z0 = (s0, sin(s−1

0 ))
and z1 = (s1, sin(s−1

1 )) and assume s0 < s1. Define f ∈ C(X \ {(0, 0)}, [0, 1]) by

f(t) = (s0(1− t) + s1t, sin((s0(1− t) + s1t)
−1)).

The fact that f is a continuous function can follow from an ε-δ argument. Instead
of an ε-δ argument, let us apply Proposition 4.11 where f is viewed as a function
from [0, 1] to R2. The projection π1 ◦ f := s0(1− t) + s1t is continuous, since it is a
linear function in t, and the projection π2◦f = sin((s0(1−t)+s1t)

−1)) is continuous
since s0(1 − t) + s1t is never equal to zero on [0, 1] and sin(x−1)) is continuous for
x ∈ R\{0}. Therefore, f(t) is a continuous function. Hence, it is a continuous path
connected z0 and z1.

Next, we show (0, 0) ∈ acc(X \ {(0, 0)}). For every open ball Br((0, 0)) where
r > 0, we have Br((0, 0)) ∩ (X \ {(0, 0)} 6= ∅ since we can choose s ∈ (0, 1] suffi-
ciently small s.t. (s, f(s)) ∈ Br((0, 0)). This means (0, 0) ∈ acc(X \ {(0, 0)} and

X \ {(0, 0)} = X. From part c of Folland 4.10, X is also connected.

To show that X is not arcwise connected, consider points (0, 0) and (1, sin(1)) of
X. A path p : [0, 1]→ X that connects the two points has the property p(0) = (0, 0)
and p(1) = (1, sin(1)) and p continuous. However, p cannot be continuous for the
following reason. At (0, 0), consider a ball Bε((0, 0)) of radius ε := 1

2
. For p to be

continuous, there must be some δ > 0 s.t. for all x ∈ [0, δ), we have p(x) ∈ Bε((0, 0)).
However, for any δ > 0, we can consider x := 1

π
2

+2nπ
for n ∈ N large enough s.t.

x ∈ [0, δ). Then, p(x) 6∈ Bε((0, 0)).
�

Folland Exercise 4.27 If Xα is connected for each α ∈ A (see Exercise 10), then X =∏
α∈AXα is connected. (Fix x ∈ X and let Y be the connected component of x in X. Show

that Y includes {y ∈ X : πα(y) = πα(x) for all but finitely many α} and that the latter set
is dense in X. Use Exercises 10 and 18.)

Proof. Fix x ∈ X and, from part d of Folland 4.10, Y , a connected component of x in
X and Y is closed. Let Z := {y ∈ X : πα(y) = πα(x) for all but finitely many α} . To show
Z ⊆ Y , let y ∈ Z. By definition of Z, suppose πγi(y) 6= πγi(x) for 1 ≤ i ≤ n and γi ∈ A.

We make use of the following fact: if a is in the same connected component as b, denoted
a ∼ b, and b ∼ c, then a ∼ c. Indeed, a ∼ b means there is a connected set U 3 a, b and
b ∼ c means there is a connected set V 3 b, c. But U ∩ V 3 b and U ∪ V is connected by
Exercise 4.10. But a, c ∈ U ∪ V and a ∼ c by definition of a connected component.
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Construct Y1 := Xγ1 ×
∏

β∈A\{γ1}{πβ(x)}. Exercise 4.18 shows that Y1 is homeomorphic5

to Xγ1 and is also connected. Notice that x ∈ Y1 and y1 ∈ Y1 where y1 is defined by
πγ1(y1) := πγ1(y) and πα(y1) := πα(x) for all α 6= γ1. Therefore, x is in the same connected
component as y1. Now construct Y2 := Xγ2 × {πγ1(y1)} ×

∏
β∈A\{γ1,γ2}{πβ(x)} which is also

connected by Exercise 4.18 and Exercise 4.10. Notice that y1 ∈ Y2 and y2 ∈ Y2 where y2 is
defined by πγ2(y2) = πγ2(y) and πα(y2) = πα(y) for all α 6= γ2. Therefore y1 and y2 are in the
same connected component. Repeating this method, we can construct points y1, y2, . . . , yn
so that yi and yi+1 lie in the same connected component and hence, y1 and yn lie in the same
connected component. Notice that x and y1 lie in the same connected component and so, x
and yn are in the same component. These conclusions from follow the fact we proved above.
Finally, notice that inductively, yn is actually just the point y because the coordinates of y
differed from x in only those γi coordinates for 1 ≤ i ≤ n and the process defined yi+1 by
changing the γi+1 coordinate of yi to πγi+1

(x). Hence, x and y are in the same connected
component. Therefore, y ∈ Y as desired.

Next, we show Z is dense in X: for all w ∈ X, and all open neighborhood U 3 w, we have
U ∩Z 6= ∅. We reduce to showing this for the base of the product topology since U is a union
of elements in the base. By the remarks on p. 120, WLOG we may assume U :=

∏
α∈A Uα

where only finitely many Uα 6= Xα. Since w ∈ U , πα(w) ∈ Uα for all α ∈ A. We define a
z ∈ Z ∩ U which shows Z ∩ U 6= ∅. For the infinitely many Uα = Xα, set πα(z) = πα(x).
For the finitely many Uα 6= Xα, set πα(z) = πα(w). In this way, z ∈ Z, since infinitely many
πα(z) = πα(x) and z ∈ U , since πα(z) ∈ Uα for all α. Therefore, Z is dense in X.

Since Z is dense in X, Z ⊆ Y , Y is closed, and Y is connected, we have X = Z ⊆ Y ⊆ X
and hence, X = Y which means X is connected.

�

Folland Exercise 4.30 If A is a directed set, a subset B of A is called cofinal in A if for
each α ∈ A there exists β ∈ B such that β & α.

a. If B is cofinal in A and 〈xα〉α∈A is a net, the inclusion map B → A makes 〈xβ〉β∈B a

subnet of 〈xα〉α∈A.
b. If 〈xα〉α∈A is a net in a topological space, then 〈xα〉 converges to x iff for every cofinal

B ⊂ A there is a cofinal C ⊂ B such that 〈xγ〉γ∈C converges to x.

Proof. (a) First, we claim B is a directed set. Clearly, β & β for all β ∈ B. If
α & β and β & γ are elements of B, clearly α & γ since it is inherited from A. If
α, β ∈ B, then there is a γ ∈ A s.t. γ & α and γ & β. By cofinality, choose a
γ1 ∈ B s.t. γ1 & γ and so, γ1 & α and γ1 & β by transitivity.

Let φ : B ↪→ A be the inclusion map. We define xβ as xαβ where αβ = β using
the inclusion map. Suppose α0 ∈ A is given. By cofinality, we can find a β0 ∈ B
s.t. β0 & α0. Now, whenever β & β0, we have that αβ = β & β0 & α0. This shows
that 〈xβ〉β∈B is a subnet.

(b) ( =⇒ ): Assume 〈xα〉 → x. Let B ⊂ A be cofinal in A. Clearly, B is cofinal in
itself: if β ∈ B, just choose β so that β & β.

We show 〈xβ〉β∈B → x i.e. B is our desired cofinal C. Let U 3 x be an open set.
Then choose α0 ∈ A s.t. for all α & α0, xα ∈ U . By B cofinal in A, choose β0 ∈ B

5We are applying Exercise 4.18 with Xγ1 and viewing the point
∏
β∈A\{γi}{πβ(x)} as an element of the

topological space
∏
β∈A\{γi}Xβ .
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s.t. β0 & α0. Then, for all αβ = β & β0, we have β & α0 and hence, xβ ∈ U . This
means 〈xβ〉β∈B → x.

( ⇐= ): Suppose not and ∃U 3 x open s.t. ∀α0 ∈ A, ∃α & α0 s.t. xα 6∈ U .
Define B := {β ∈ A | xβ 6∈ U}. Then B is clearly cofinal by our first assumption: if
α ∈ A, we can find β & α s.t. xβ 6∈ U and hence, β ∈ B. By the hypothesis, there
exists C ⊂ B which is cofinal in B for which 〈xγ〉γ∈C → x. Then there is a γ0 ∈ C
s.t. for all γ ∈ C and γ & γ0, one has xγ ∈ U . By cofinality of C in B, if we view
γ0 as an element of B, there exists a γ ∈ C s.t. γ & γ0. Hence, xγ ∈ U . However,
γ ∈ C ⊆ B means that γ ∈ B and hence, xγ 6∈ U . Contradiction.

�

Folland Exercise 4.32 A topological space X is Hausdorff iff every net in X converges to
at most one point. (If X is not Hausdorff, let x and y be distinct points with no disjoint
neighborhoods, and consider the directed set Nx × Ny where Nx,Ny are the families of
neighborhoods of x, y.)

Proof.
( =⇒ ) Suppose X were Hausdorff. Let 〈xα〉α∈A be a net. We claim it converges to at
most one point. Suppose it converges to two points, y and z. But that means for every
neighborhood Uy of y, 〈xα〉 is eventually in Uy and the same holds true for Uz. By Hausdorff,
we can take Uy and Uz neighborhoods of y and z that are disjoint. Then there is an α0 and
α1 s.t. for all α & α0, xα ∈ Uy and for all α & α1, xα ∈ Uz. Since A is a directed set, choose
an α3 ∈ A s.t. α3 & α0 and α3 & α1. Then xα3 ∈ Uy and xα3 ∈ Uz. However, Uy ∩ Uz = ∅.
Contradiction.
(⇐= ) Suppose every net converges to at most one point. Let y 6= z be distinct points in X.
Suppose not and that there are no open sets the satisfy the Hausdorff condition. Then for
all open sets U, V containing y and z respectively, U ∩ V 6= ∅. Then choose x(U,V ) ∈ U ∩ V .
This defines a net 〈x(U,V )〉 whose directed set is Ny ×Nz and we order by (U ′, V ′) ≤ (U, V )
iff U ′ ⊇ U and V ′ ⊇ V .

We claim this net converges to both y and z. Let Ny be a neighborhood of y. Then for
every (U, V ) ≥ (Ny, X), we have x(U,V ) ∈ U∩V ⊆ Ny∩X ⊆ Ny; that is, 〈x(U,V )〉 is eventually
in Ny. Hence, 〈x(U,V )〉 → y. Let Nz be a neighborhood of z. Then for (U, V ) ≥ (X,Nz), we
have x(U,V ) ∈ U ∩ V ⊆ Nz ∩X ⊆ Nz; that is, 〈x(U,V )〉 is eventually in Nz. Hence, x(U,V ) → z
as well.

Since nets converge to at most one point, y = z. Contradiction. �

Folland Exercise 4.34 If X has the weak topology generated by a family F of functions,
then 〈xα〉 converges to x ∈ X iff 〈f (xα)〉 converges to f(x) for all f ∈ F . (In particular, if
X =

∏
i∈I Xi, then xα → x iff πi (xα)→ πi(x) for all i ∈ I.).

Proof. ( =⇒ ): By definition of the weak topology, each f ∈ F is continuous. Propo-
sition 4.19 says that f ∈ F is continuous iff for every net 〈xα〉 converging to x, one has
〈f(xα)〉 → f(x). So, 〈f(xα)〉 → f(x) for all f ∈ F .

( ⇐= ): Suppose 〈f(xα)〉 → f(x) for every f ∈ F . Let U 3 x be open. By definition of
the base of the weak topology, there is a neighborhood base about x. Then there is an open
set W :=

⋂n
i=1 f

−1
i (Vi) s.t. Vi open, f ∈ F , x ∈ W and W ⊆ U . For each i, since f−1(Vi) is

a neighborhood containing x, choose an αi s.t. for all α & αi, one has xα ∈ f−1
i (Vi). Since

A is a directed set, there is an α0 s.t. α0 & αi for 1 ≤ i ≤ n. Then, for all α & α0, one has
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α & αi for all 1 ≤ i ≤ n and hence, xα ∈ f−1
i (Vi) for each i. Therefore, xα ∈ W ⊆ U and

since U was arbitrary, 〈xα〉 → x.
Extra: The extra statement regarding the Cartesian product follows by taking the family

F to be the family of projection maps πi : X → Xi. �

Folland Exercise 4.35 Let X be a set and A the collection of all finite subsets of X,
directed by inclusion. Let f : X → R be an arbitrary function, and for A ∈ A, let zA =∑

x∈A f(x) Then the net 〈zA〉 converges in R iff {x : f(x) 6= 0} is a countable set {xn}n∈N
and

∑∞
1 |f (xn)| <∞, in which case zA →

∑∞
1 f (xn) . (Cf. Proposition 0.20.6)

Proof. ( =⇒ ): Suppose 〈zA〉 → z to some z.
First, S := {x : f(x) 6= 0} is a countable set. Suppose not and that it were uncountable.

By Proposition 0.20,
∑

x∈S |f(x)| =∞. Then,∑
x∈S+

f(x)−
∑
x∈S−

f(x) =
∑
x∈S

|f(x)| =∞ where S+ := {x : f(x) > 0}& S− := {x : f(x) < 0}.

At least one of the sets on the LHS is uncountable and the corresponding sum diverges. So
WLOG, assume

∑
x∈S+ f(x) =∞ where |S+| > |N|. Consider the open set (z−1, z+1) ⊂ R

about z. Convergence means there is an A0 ∈ A s.t. for all A ⊇ A0, zA ∈ (z − 1, z + 1).
Consider S+ ∪ A0 and since S+ ∪ A0 ⊇ A0, we have zS+∪A0

∈ (z − 1, z + 1). However, since
A0 is a finite subset,

∑
x∈S+\A0

f(x) diverges and

|zS+∪A0
− z| =

∣∣∣∣∣∣
∑

x∈S+\A0

f(x) +
∑
x∈A0

f(x)− z

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣
∣∣∣∣∣∣
∑

x∈S+\A0

f(x)

∣∣∣∣∣∣−
∣∣∣∣∣z −∑

x∈A0

f(x)

∣∣∣∣∣
∣∣∣∣∣∣ ≥ |∞− 1| =∞

Then, zS+∪A0
6∈ (z−1, z+1) and this is a contradiction. If |S−| > |N| and −

∑
x∈S− f(x) =∞

instead, we could consider zS−∪A0
and have |z− zS−∪A0

| =∞ and so, zS−∪A0
6∈ (z− 1, z+ 1)

which is also a contradiction.
Second, we show

∑∞
1 |f(xn)| <∞ for an enumeration {xn} of S. Suppose not and that∑∞

1 |f(xn)| = ∞. We can once again consider the sets S+ and S− as above and at least
one of

∑
x∈S+ f(x) or −

∑
x∈S− f(x) are infinite. WLOG assume

∑
x∈S+ f(x) = ∞, and

then consider S+ ∪ A0 once more. By the same reasoning, |zS+∪A0
− z| = ∞ which is a

contradictions since this means zS+∪A0
6∈ (z − 1, z + 1). Again, if −

∑
x∈S− f(x) is infinite,

we would have |z − zS−∪A0
| =∞ which means zS−∪A0

6∈ (z − 1, z + 1).
The final statement zA →

∑∞
1 f(xn) follows from the fact that

∑∞
1 |f(xn)| < ∞ and

hence, any enumeration of S does not affect the value of the limit
∑∞

1 f(xn).
( ⇐= ): Assume S = {xn}n∈N is countable and

∑∞
1 |f(xn)| < ∞. To show that 〈zA〉

converges, we show 〈zA〉 → z :=
∑∞

1 f(xn). First,∣∣∣∣∣
∞∑
1

f(xn)

∣∣∣∣∣ ≤
∞∑
1

|f(xn)| <∞ =⇒
∞∑
1

f(xn) ∈ R.

Let U 3 z be an open neighborhood of z. Since a base of the topology on R consists of open
intervals, assume z ∈ (z − ε, z + ε) ⊆ U for an ε > 0. Next, since

∑∞
1 |f(xn)| < ∞, choose

6“Given f : X → [0,∞], let A := {x : f(x) > 0}. If A is uncountable, then
∑
x∈X f(x) = ∞. If A is

countably infinite, then
∑
x∈X f(x) =

∑∞
1 f(g(n)) where g : N→ A is a bijection and the sum on the right

is an ordinary infinite series.
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an N ∈ N s.t. for all m ≥ N , we have
∑∞

m |f(xn)| < ε. Let A0 := {x1, x2, . . . , xN}. Suppose
A ⊇ A0. Then,∣∣∣∣∣z −∑

x∈A

f(x)

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
1

f(xn)−
∑
x∈A∩S

f(x)

∣∣∣∣∣ =

∣∣∣∣∣∣
∑

xn∈S\A

f(xn)

∣∣∣∣∣∣ ≤
∑

xn∈S\A

|f(xn)| ≤
∞∑
N+1

|f(xn)| < ε

which means
∑

x∈A f(x) ∈ (z − ε, z + ε) ⊆ U . Therefore, 〈zA〉 → z as desired. �

Folland Exercise 4.38 Suppose that (X, T ) is a compact Hausdorff space and T ′ is another
topology on X. If T ′ is strictly stronger than T , then (X, T ′) is Hausdorff but not compact.
If T ′ is strictly weaker than T , then (X, T ′) is compact but not Hausdorff.

Proof. Let 1X : (X, T ) → (X, T ′) be the identity map defined by x 7→ x. Let 1′X :
(X, T ′)→ (X, T ) be the identity map with topologies switched around.

First Statement: Suppose T ′ is strictly stronger than T i.e. T ( T ′. Then 1′X : (X, T ′)→
(X, T ) is a continuous map.

First, T is Hausdorff because if x 6= y, then we can choose open disjoint sets U, V ∈ T
which contain x, y respectively and then consider 1′−1

X (U) and 1′−1
X (V ) which are our desired

disjoint open sets in the T ′ topology containing x and y respectively.
Second, suppose not and that T ′ were compact.

Explicit Proof: Suppose U ∈ T ′ \ T . Set Z := U c which is closed w.r.t T ′. Since (X, T ′) is
compact, Proposition 4.22 says Z is also compact. By Proposition 4.26, 1′X(Z) is compact in
(X, T ). But (X, T ) is Hausdorff so 1′X(Z) is closed w.r.t. (X, T ). Thus, (1′X(Z))c = 1′X(U)
is open w.r.t. (X, T ). But then 1′X(U) = U open in (X, T ) means U ∈ T which is a
contradiction.
Theorem Proof: If T ′ were compact, 1′X is a bijective continuous map from a compact space
to a Hausdorff space. Hence, it is a homeomorphism by Proposition 4.28. A homeomorphism
preserves the topologies so T = T ′ which contradicts T ( T ′.
Second Statement: Suppose T ′ were strictly weaker than T i.e. T ′ ( T . Then 1X :
(X, T )→ (X, T ′) is a continuous map.

First, we show (X, T ′) is compact. Let {Uα}α∈A be an open cover of X w.r.t T ′. Then
1−1
X (Uα) is open w.r.t T and by compactness of T , {1−1

X (Uα)}α∈A has a finite subcover
{1−1

X (Uαi)}ni=1. Then that means {Uαi}ni=1 is a finite subcover of {Uα}α∈A because 1−1
X (Uαi) =

Uαi . This shows compactness.
Second, suppose not and that T ′ were still Hausdorff.

Explicit Proof: Let U ∈ T \ T ′. Set Z := U c. Then Z is closed w.r.t. T and by Proposition
4.22, it is compact. By Proposition 4.26, 1X(Z) is compact in T ′. Since T ′ is assumed to be
Hausdorff, then 1X(Z) is closed in T ′. Thus, (1X(Z))c = 1X(Zc) = 1X(U) = U is open in
T ′ and so, U ∈ T ′. However, U ∈ T \ T ′ so this is a contradiction.
Theorem Proof: If T ′ were Hausdorff, 1X is a bijective continuous map from a compact space
to a Hausdorff space. Hence, it is a homeomorphism by Proposition 4.28. A homeomorphism
preserves the topologies so T = T ′ which contradicts T ′ ( T . �

Folland Exercise 4.39 Every sequentially compact space is countably compact.

Proof. Suppose X were sequentially compact but not countably compact and {Uk}k∈N
were a countable open cover with no finite subcover. Then the union U1 ∪ · · · ∪ Un is
never a cover for X when n ∈ N and so, X \

⋃n
k=1 Uk 6= ∅. For each n ∈ N, choose an
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xn ∈ X \ (∪nk=1Uk). This defines a sequence 〈xn〉 in X with the property that xn 6∈ Ui for
i ≤ n.

By sequential compactness, there is a convergent subsequence say 〈xnk〉 → x. Since
{Uk}k∈N is a covering of X, we know that x ∈ UL for some L ∈ N. Then by convergence of
the subsequence, there is an nl s.t. for all nk ≥ nl, xnk ∈ UL. Set N := max{L, nl}. For all
nk ≥ N , we have xnk ∈ UL and xnk 6∈ UL by construction which is a contradiction. �

Folland Exercise 4.40 If X is countably compact, then every sequence in X has a cluster
point. If X is also first countable, then X is sequentially compact.

Proof. We prove the first and second statement separately.

(a) Define En := {xm | m ≥ n}. Let B ⊆ N be a finite subset and b := maxB. Then,⋂
n∈B En 6= ∅ since xb ∈

⋂
n∈B En. Since B was an arbitrary finite subset of N, this

shows that {En}n∈N has the finite intersection property. We claim
⋂
n∈NEn 6= ∅.

If not and
⋂
n∈NEn = ∅, we have a countable open cover

⋃
n∈NX \ En = X

by taking the complement. By countable compactness, there is a finite subcover⋃
n∈BX \En = X. But then,

⋂
n∈B En = ∅ which contradicts the finite intersection

property we established.
Since

⋂
n∈NEn 6= ∅, choose an x ∈

⋂
n∈NEn. We claim x is a cluster point for

〈xn〉. Let U 3 x be an arbitrary open neighborhood. By choice of x and definition
of En, we have U ∩ En 6= ∅ for all n ∈ N. Since this occurs, for any n ∈ N, we can
choose an l ≥ n s.t. xl ∈ U ∩ En by definition of En. Hence, xl ∈ U and 〈xn〉 is
frequently in U . Because U was arbitrary, x is a cluster point of 〈xn〉.

(b) Suppose X were first countable as well. Given a sequence 〈xn〉. By Exercise 4.7,
it has a cluster point x ∈ X and x has a countable neighborhood basis {Vn}n∈N as
well. WLOG, we choose a countable neighborhood basis s.t. V1 ⊃ V2 ⊃ . . . and
we construct a convergent subsequence converging to x as follows. Take xn1 where
n1 ≥ 1 to be a point that lies in V1 which exists by definition of a cluster point. Then
take xn2 to be a point that lies in V2 s.t. n2 > n1 which also exists by definition of
a cluster point. Inductively, we construct a subsequence {xnk} and by construction
this is a subsequence that converges to x: for any neighborhood U 3 x, choose a
VN ⊆ U and then for all nj ≥ nN , one has xnj ∈ Vj ⊂ VN ⊆ U .

�

Folland Exercise 4.43 For x ∈ [0, 1), let
∑∞

1 an(x)2−n (an(x) = 0 or 1) be the base- 2
decimal expansion of x. (If x is a dyadic rational, choose the expansion such that an(x) = 0
for n large.) Then the sequence 〈an〉 in {0, 1}[0,1) has no pointwise convergent subsequence.
(Hence {0, 1}[0,1), with the product topology arising from the discrete topology on {0,1} , is
not sequentially compact. It is, however, compact, as we shall show in §4.6.)

Proof. A pointwise convergence subsequence of 〈an〉 is a subsequence 〈ank〉 s.t. for
every x ∈ [0, 1), 〈ank(x)〉 → 〈a(x)〉 for some a(x). However, for any subsequence 〈ank〉, one
can construct a point x ∈ [0, 1) of the form

∑∞
1 an(x)2−n where ank(x) = 1 for k even,

ank(x) = 0 for k odd, and for all other values of n not included among the nk’s, set them
equal to zero. Notice that our point is not a dyadic rational because for any m ∈ N, there
is an nk ≥ m where k is even and so, ank(x) 6= 0. In which case, the subsequence 〈ank(x)〉
does not converge to an a(x) at x.
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In particular, 〈ank(x)〉 does not converge because it would need to converge to one point
by Exercise 4.32, and for any small enough interval about the limit a(x), the sequence is
not eventually in the interval since we can always find a large enough nk s.t. ank(x) = 0 or
ank(x) = 1. �

Folland Exercise 4.47 Prove Proposition 4.36. Also, show that if X is Hausdorff but
not locally compact, Proposition 4.36 remains valid except that X∗ is not Hausdorff.

Proof. (X∗, T ) is a topological space:

(1) First, ∅ ∈ T because ∅ is an open subset of X. Also, X∗ ∈ T because ∞ ∈ X∗ and
(X∗)c = ∅ is a compact subset of X.

(2) Suppose {Uα}α∈A ⊆ T is some arbitrary collection. Then,
⋃
α∈A Uα ∈ T because

we can handle the two cases that occur. If ∞ 6∈ Uα for all α ∈ A, then Uα ⊆ X is
open and

⋃
α∈A Uα is open in X. If ∞ ∈ Uβ for some β, then U c

β ⊆ X is compact.
Then,

⋂
α∈A U

c
α is compact because it is an intersection closed sets depending and

so it is closed in U c
β which means it is a closed subset of a compact set which means

it is compact.
(3) Let Ui ∈ T and consider

⋂n
i=1 Ui. If ∞ 6∈ Ui for all i, then

⋂n
i=1 Ui is already open

in X. If ∞ ∈
⋂n
i=1 Ui, then

⋃n
i=1 U

c
i is a finite union of compact sets which is again

compact. Hence,
⋂n
i=1 Ui is open.

X∗ is compact: Suppose {Ui}i∈I were a covering of X∗. Then each Ui is either open in X
or ∞ ∈ Ui with U c

i compact. Since the Ui cover X∗, we have ∞ ∈ Uj for some j. Hence,
U c
j is compact and {Ui}i∈I\{j} covers U c

j . Hence, there is a finite subcover {Uik}nk=1 of U c
j .

Therefore, {Uik}nk=1 ∪ {Uj} forms a finite subcover for X∗.
X∗ is Hausdorff: The verification is obvious if we choose x, y ∈ X distinct points since
X is Hausdorff. So, consider x ∈ X and ∞ and we show that they can be separated by
open sets. Since X is locally compact, there is a compact set K s.t. x ∈ K ⊆ X. By
Proposition 4.31, there exists a precompact open V s.t. K ⊂ V ⊂ V ⊂ X. Then x ∈ V
and ∞ ∈ X∗ \ V =: U . Certainly, U is open because ∞ ∈ U and X∗ \ U = V is compact
in X. However, V ∩ U = V ∩ (X∗ \ V ) = ∅ which shows that U, V are the disjoint open
neighborhoods of x and ∞ we desired.
i : X → X∗ is an embedding: First, i : X → X∗ is injective because it is just the identity
map on X and X ⊂ X∗. Next, i : X → i(X) is a homeomorphism because if i(X) has
the relative topology as a subset of X∗, then a subset U ⊂ i(X) is open iff U is open in X
because ∞ 6∈ U . Indeed, i and i−1 are naturally continuous because i(U) is open when U is
open and i−1(V ) is open when V is open. The identity map is clearly a bijection between X
and i(X).
The iff statement in the proposition:

( =⇒ ): If we continuously extend f , then f(∞) = c for some c. Now consider (f − c)
which is also continuous7. For all ε > 0, |f − c|−1([0, ε)) needs to be open since |f − c| is also
continuous. Notice that ∞ ∈ |f − c|−1([0, ε)) and hence, the complement |f − c|−1([ε,∞))
needs to be compact. But that precisely means that f − c ∈ C0(X). Hence, f = (f − c) + c
with f − c ∈ C0(X) and we are done.

(⇐= ): If f = g+ c where g ∈ C0(X) and f(∞) = c, we must show that f is continuous
on X∗. WLOG, we may assume c = 0 because if we show continuity of f−c = g on X∗, then

7See following footnote.
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adding by a constant does not affect continuity8. By considering real and imaginary parts,
assume f is a real-valued9. We show f−1((a, b)) is open for any open interval (a, b) ⊂ R since
open intervals form a base for the topology on R. There are two cases to consider.

If 0 6∈ (a, b), then f−1((a, b)) ⊂ X. Since f = g and g ∈ C0(X), we know f is continuous
on X and therefore, f−1((a, b)) is open in X.

If 0 ∈ (a, b), then∞ ∈ f−1((a, b)) ⊆ X∗ which is open if we can show f−1((−∞, a]∪[b,∞))
is compact. We have

f−1((−∞, a] ∪ [b,∞)) = f−1((−∞, a]) ∪ f−1([b,∞)).(259)

Since 0 6∈ (−∞, a] and so ∞ 6∈ f−1((−∞, a]) ⊆ X, we know f−1((−∞, a]) is a closed subset
of X and a < 0. Similarly, 0 6∈ [b,∞) and so ∞ 6∈ f−1([b,∞) which means f−1([b,∞)) is a
closed subset of X and b > 0. Because f = g ∈ C0(X),

|f |−1([|a|,∞)) & |f |−1([|b|,∞)) are compact in X.

But f−1((−∞, a]) ⊆ |f |−1([|a|,∞)) and f−1([b,∞)) ⊆ |f |−1([|b|,∞) are now closed subsets
of compact sets and are therefore compact. Since (259) shows f−1((−∞, a] ∪ [b,∞)) is a
union of compact sets, it is also compact. This was what we wanted.
Proposition 4.36 mostly true if X∗ not locally compact: We just verify that our proof
did not rely on X∗ being locally compact. In showing that X∗ is compact, notice we did
not use that hypothesis. Similarly for showing that i : X → X∗ is an embedding. For the
iff statement, we did not use the hypothesis in proving ( =⇒ ) nor did we use it in proving
( ⇐= ). The only part of the proof where we used the locally compact hypothesis was in
showing X∗ is Hausdorff.
X∗ is not Hausdorff if X∗ not locally compact: Towards a contradiction, assume X
is Hausdorff and not locally compact. Then there is a point x ∈ X that has no compact
neighborhood and one can find disjoint open neighborhoods U, V of x ∈ X and ∞ ∈ X∗

respectively. Since∞ ∈ V , we know X∗ \V is compact in X and contains U 3 x. Therefore,
V c is a compact neighborhood of x. Contradiction. �

Folland Exercise 4.55 Every open set in a second countable LCH space is σ -compact.

Proof. Let U be an open set and assume it is nonempty. Let B be a countable basis. Let
x ∈ U and by Proposition 4.30, there exists a compact neighborhood Nx s.t. x ∈ Nx ⊂ U .
By Proposition 4.31, there exists a precompact open set Vx s.t. Nx ⊂ Vx ⊂ Vx. Since the
basis is countable, Vx :=

⋃
n∈NBn,x for Bn,x ∈ B. Furthermore, Bn,x ⊆ Vx are closed subsets

of Vx which is a compact set and therefore, Bn,x is compact. Since our point x was arbitrary,
we can repeat this process to write

U :=
⋃
x∈U

⋃
n∈N,Bn,x∈B

Bn,x.

Since Bn,x ∈ B and B is countable, the union above is a countable union. Therefore, U is a
countable union of compact sets. Hence, U is σ-compact. �

Folland Exercise 4.56 Define Φ : [0,∞] → [0, 1] by Φ(t) = t/(t + 1) for t ∈ [0,∞) and
Φ(∞) = 1

8Constant functions from one topological space to another are always continuous.
9Recall f(x, y) is continuous iff πi◦f is continuous for i = 1, 2 projection maps on first and second coordinates.
This is a consequence of Proposition 4.11.
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a. Φ is strictly increasing and Φ(t+ s) ≤ Φ(t) + Φ(s).
b. If (Y, ρ) is a metric space, then Φ ◦ ρ is a bounded metric on Y that defines the same

topology as ρ.
c. If X is a topological space, the function ρ(f, g) = Φ (supx∈X |f(x)− g(x)|) is a metric

on CX whose associated topology is the topology of uniform convergence.
d. If X is a σ -compact LCH space and {Un}∞1 is as in Proposition 4.39, the function

ρ(f, g) =
∞∑
1

2−nΦ

(
sup
x∈Ūn
|f(x)− g(x)|

)
is a metric on CX whose associated topology is the topology of uniform convergence on
compact sets.

Proof. Part a. Suppose s < t. Note that if t =∞, then the result is trivial since s
s+1
≤ 1

always. So assuming t <∞,

s

s+ 1
<

t

t+ 1
⇐⇒ st+ s < ts+ t ⇐⇒ s < t.

For the second statement, the case of t =∞ or s =∞ is obvious and we have the following
equivalences where the last statement is true since t, s ∈ [0,∞):

Φ(t+ s) ≤ Φ(t) + Φ(s) ⇐⇒ t+ s

t+ s+ 1
≤ t

t+ 1
+

s

s+ 1
⇐⇒

t2s+ 2ts+ ts2 + s2 + s+ t2 + t ≤ 2t2s+ 2ts2 + 4ts+ t2 + t+ s2 + s ⇐⇒ 0 ≤ t2s+ 2ts+ ts2.

Part b. Note that Φ−1 : [0, 1]→ [0,∞] exists and is defined by Φ−1(s) = s
1−s . First, Φ ◦ ρ is

bounded because ρ : Y × Y → [0,∞) and Φ|[0,∞) ≤ 1. Next, the metric axioms are verified:

(1) Φ ◦ ρ(x, y) = 0 iff ρ(x, y) = 0 iff x = y,

(2) Φ ◦ ρ(x, y) = ρ(y,x)
ρ(y,x)+1

= Φ ◦ ρ(x, y),

(3) and Φ ◦ ρ(x, z) ≤ Φ(ρ(x, y) + ρ(y, z)) ≤ Φ ◦ ρ(x, y) + Φ ◦ ρ(y, z) using part a. twice.

Let Q be the topology generated by ρ and Q′ be the topology generated by Φ ◦ ρ.
Containment Q ⊆ Q′: Suppose U ∈ Q were nonempty. Let x ∈ U and we show there is a
ball about x contained in U w.r.t the metric Φ ◦ ρ. There is an r > 0 s.t.

Bρ
r (x) := {y ∈ Y : ρ(y, x) < r} ⊆ U.

Let s := r
r+1

= Φ(r). Then,

BΦ◦ρ
s (x) := {y ∈ Y : Φ ◦ ρ(y, x) < s} = {y ∈ Y : ρ(y, x) < r} ⊂ U

which shows U ∈ Q′.
Containment Q′ ⊆ Q: Suppose V ∈ Q′ were nonempty. Let x ∈ V . Then, there is
an r > 0 s.t. BΦ◦ρ

r (x) ⊆ V . If r ≥ 1, we can shrink r so that r < 1 since we still have
BΦ◦ρ
r (x) ⊆ V . Let s := r

1−r . Then V ∈ Q because

Bρ
s (x) := {y ∈ Y : ρ(y, x) < s} = {y ∈ Y : Φ ◦ ρ(y, x) < r} ⊆ BΦ◦ρ

r (x) ⊆ V.

and x ∈ V was arbitrary.
Part c. First, note that we cannot apply part b. since the supremum does not define a
metric on CX (supx∈X |f − g| may not be finite). So, we do everything directly from the
definition. For ease of notation, we fix Ψ(f, g) := Φ(supx∈X |f(x) − g(x)|) = Φ(sup |f − g|)
and omit the x ∈ X subscript when it is clear.
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(1) Ψ(f, g) = 0 iff sup |f − g| = 0 iff f(x)− g(x) = 0 for all x ∈ X iff f = g.
(2) Ψ(f, g) = Ψ(g, f) is immediate.
(3) Φ(sup |f − h|) ≤ Φ(sup |f − g| + sup |g − h|) ≤ Φ(sup |f − g|) + Φ(sup |g − h|) by

application of part a.. Note that if sup |f−h| =∞, then the inequality is immediate
since that forces either sup |f − g| =∞ or sup |g − h| =∞ for any g ∈ CX .

Let T be the topology generated by Ψ on CX . Let T ′ be the topology of uniform
convergence on p. 133.
Containment T ⊆ T ′: Let U ∈ T and assume U 6= ∅ since that case is vacuous. Then for
all f ∈ U , there exists an r > 0 s.t.

BΨ
r (f) := {g ∈ CX : Φ(sup |f − g|) < r} ⊆ U.

Choose n ∈ N s.t. Φ( 1
n
) < r. Then,{

g ∈ CX : sup |f − g| < 1

n

}
⊆ {g ∈ CX : Φ(sup |f − g|) < r} ⊆ U.

So, U is a union of sets of the form on the LHS. The sets of the form on the LHS generate
the topology T ′ and so, U ∈ T ′.
Containment T ′ ⊆ T : Let V ∈ T ′ (again, assume nonempty). Then V is a union of finite
intersections of sets of the form {g ∈ CX : sup |f − g| < n−1}. To show V ∈ T , let f ∈ V be
arbitrary and we show there is a ball about f contained in V . By definition of the topology
of uniform convergence, there is a basis element that contains f s.t.

f ∈
m⋂
i∈1

{g ∈ CX : sup |g − fi| < n−1
i } ⊂ V.

Set M := min1≤i≤m Φ(n−1
i ). Then,

f ∈ BΨ
M(f) = {g ∈ CX : Φ(sup |g − f |) < M} ⊆ {g ∈ CX : sup |g − f | < n−1

i } ∀1 ≤ i ≤ m.

Hence, BΨ
M(f) ⊆

⋂m
i∈1{g ∈ CX : sup |g − fi| < n−1

i } ⊆ V and we conclude that V ∈ T .
Part d. First, we check that ρ(·, ·) is a metric.

(1) ρ(f, g) = 0 iff
∑∞

1 2−nΦ(supUn |f − g|) = 0 iff Φ(supUn |f − g|) = 0 for all n iff
supx∈X |f(x)− g(x)| = 0 iff f(x) = g(x) for all x ∈ X iff f = g.

(2) The symmetry ρ(f, g) = ρ(g, f) is immediate.
(3) ρ(f, h) ≤

∑∞
1 2−nΦ(supUn |f − g|) +

∑∞
1 2−nΦ(supUn |g − h|) = ρ(f, g) + ρ(g, h) is

immediate by part c. or part a. as needed.

Let S be the topology generated by ρ on CX . Let S ′ be the topology of uniform conver-
gence on compact sets. We show the two topologies contain each other.
Containment S ⊆ S ′: Let U ∈ S (again, assume nonempty). Let f ∈ U . Then Bρ

r (f) ⊆ U
for some r > 0. WLOG, we may shrink r > 0 so that 1 > r > 0. Then, consider the set

f ∈ Hf :=

{
g ∈ CX : sup

x∈U1

|g(x)− f(x)| < 1

m

}
where

1

m
<

r

1− r

Then, {
g ∈ CX : sup

x∈U1

|g(x)− f(x)| < m−1

}
⊆ Bρ

r (f) ⊆ U
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because if g is in the LHS set, we have

∞∑
n=1

1

2n
Φ

(
sup
x∈Un
|g(x)− f(x)|

)
<
∞∑
n=1

1

2n
r = r.

Notice that Hf ∈ S ′ since U1 is compact. Since f ∈ U was arbitrary, that and there always
exists a ball Bρ

r (f) ⊆ U , we deduce that U :=
⋃
f∈U Hf i.e. U is a union of sets that are in

S ′. Hence, U ∈ S ′.
Containment S ′ ⊆ S: Suppose V ∈ S ′ (assumed nonempty). By definition of the topology,
V is a union of finite intersection sets of the form given on p. 133. We show V ∈ S by showing
that sets of the form {g ∈ CX : supx∈K |g − f | < n−1} for K compact and n ∈ N are in
S. The reason we can do is this because sets of these form generate S ′ and that means sets
in S ′ are unions of finite intersections such sets. Once S contains these sets, since S is a
topology, it will necessarily contain unions of finite intersections of such sets. WLOG let
V := {g ∈ CX : supx∈K |g − f | < n−1}.

Let h ∈ V and we must show there is an r > 0 s.t. Bρ
r (h) ⊂ V . First, choose an m ∈ N

s.t. K ⊂ Um ⊂ Um.
Then choose α > 0 small enough s.t. α2m < Φ(n−1 − supx∈K |h− f |) and 0 < α2m < 1.
Then, we show Bρ

α(h) ⊂ V . Suppose g ∈ Bρ
α(h). Then,

ρ(g, h) =
∞∑
1

2−nΦ( sup
x∈Un
|g − h|) < α

which means

2−mΦ( sup
x∈Um

|g − h|) < α

and so,

Φ( sup
x∈Um

|g− h|) < α2m < Φ(n−1− sup
x∈K
|h− f |) =⇒ sup

Um

|g− h| < n−1− sup
x∈K
|h− f |.

Then, since K ⊆ Um,

sup
x∈K
|g − f | ≤ sup

x∈K
|g − h|+ sup

x∈K
|h− f | < n−1 − sup

x∈K
|h− f |+ sup

x∈K
|h− f | = n−1

and so, g ∈ V . �

Folland Exercise 5.5

5. Elements of Functional Analysis

Folland Exercise 5.1 If X is a normed vector space over K(= R or C), then addition and
scalar multiplication are continuous from X ×X and K ×X to X. Moreover, the norm is
continuous from X to [0,∞); in fact, |‖x‖ − ‖y‖| ≤ ‖x− y‖.

Proof. Addition and scalar multiplication are linear maps. We check this to
apply Proposition 5.2 and reduce the problem. Note that K is a normed vector space over
K with |k| for k ∈ K as its norm. The checks are straightforward.
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(a) Define φ : X ×X → X by (x, x′) 7→ x+ x′. Then X ×X is a normed vector space
with the product norm. Checking linearity ∀k, l ∈ K and ∀x, x′, y, y′ ∈ X:

φ(k(x, x′) + l(y, y′)) = kx+ ly + kx′ + ly′ = kφ((x, x′)) + lφ(y, y′).

(b) Define ψ : K×X → X by (k, x) 7→ kx. Then K×X is a normed vector space with
the product norm. Checking linearity, ∀α, β, k, k′ ∈ K and ∀x, x′ ∈ X:

ψ(α(k, x) + β(k′, x′)) = αkx+ βk′x′ = αψ((k, x)) + βψ((k′, x′)).

Addition is continuous. Let ε > 0 and δ := ε
2
. For all (x, x′) ∈ X, if ‖(x, x′)‖ < δ, then

we have max(‖x‖, ‖x′‖) < ε
2

and so,

‖φ(x, x′)‖ = ‖x+ x′‖ ≤ ‖x‖+ ‖x′‖ < ε

2
+
ε

2
= ε.

Scalar multiplication is continuous. Let ε > 0. Let δ :=
√
ε. For all (k, x) ∈ K ×X, if

‖(k, x)‖ < δ, we have max(|k|, ‖x‖) <
√
ε and so,

‖ψ(k, x)‖ = ‖kx‖ = |k|‖x‖ <
√
ε
√
ε = ε.

Norm is continuous. Let ‖ · ‖ : X → [0,∞). Let y ∈ X and ε > 0. Let δ := ε. Then, for
all x ∈ X s.t. ‖x− y‖ < δ, one has

|‖x‖ − ‖y‖| ≤ ‖x− y‖ < δ = ε.

We used the inequality |‖x‖−‖y‖| ≤ ‖x−y‖ in a previous HW, but we justify the inequality
here. One has

‖x‖ = ‖x− y + y‖ ≤ ‖x− y‖+ ‖y‖ =⇒ ‖x‖ − ‖y‖ ≤ ‖x− y‖
‖y‖ = ‖y − x+ x‖ ≤ ‖y − x‖+ ‖x‖ =⇒ ‖y‖ − ‖x‖ ≤ ‖x− y‖

which together implies |‖x‖ − ‖y‖| ≤ ‖x− y‖. �

Folland Exercise 5.6 Suppose that X is a finite-dimensional vector space. Let e1, . . . , en
be a basis for X, and define ‖

∑n
1 ajej‖1 =

∑n
1 |aj|

a. ‖ · ‖1 is a norm on X.
b. The map (a1, . . . , an) 7→

∑n
1 ajej is continuous from Kn with the usual Euclidean

topology to X with the topology defined by ‖ · ‖1.
c. {x ∈ X : ‖x‖1 = 1} is compact in the topology defined by ‖ · ‖1.
d. All norms on X are equivalent. (Compare any norm to ‖ · ‖1.)

Proof. Part a. We verify the axioms of a norm. Fix v =
∑n

1 ajej and w =
∑
bjej.

(1) First, ‖v‖1 = 0 iff
∑n

1 |aj| = 0 iff |aj| = 0 for each j iff v = 0.
(2) Second, ‖λv‖1 =

∑n
1 |λ||aj| = |λ|‖v‖1.

(3) Third, ‖v + w‖1 =
∑n

1 |aj + bj| ≤
∑n

1 |aj|+
∑n

1 |bj| = ‖v‖1 + ‖w‖1.

Part b. By Proposition 5.2, it suffices to check continuity at zero because part a. showed
X is a normed vector space and Kn is a normed vector space with usual Euclidean norm
while the given map is clearly linear since

k(a1, . . . , an) + l(b1, . . . , bn) 7→ k
n∑
1

ajej + l
n∑
1

bjej.
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Let ε > 0. Let δ := ε√
n
. Then if ‖(a1, . . . , an)‖ =

√∑n
1 a

2
j < δ, by applying the Cauchy-

Schwarz Inequality, it follows that∥∥∥∥∥
n∑
1

ajej

∥∥∥∥∥
1

=
n∑
1

|aj| =
n∑
1

√
a2
j · 1 ≤

√√√√ n∑
1

a2
j

√√√√ n∑
1

1 =

√√√√ n∑
1

a2
j

√
n < δ

√
n = ε.

Part c. Let B := {x ∈ X : ‖x‖1 = 1} and A := {(a1, . . . , an) ∈ Kn :
∑n

1 |aj| = 1}. The set
A is bounded in Kn (it is contained insider the ball B100(0) with Euclidean metric) and it is
closed because A = f−1({1}) where f : Kn → [0,∞) is defined by f((a1, . . . , an)) =

∑n
i=1 |aj|

which is continuous since this is a norm on Kn and Exercise 5.1 shows that norms are
continuous. Therefore, A is a compact subset of Kn (recalling that Folland writes K to be
either R or C and we just use the Heine-Borel property here). The image of A under the
map in part b. is the set B. Since the map in part b. is continuous, B is the continuous
image of a compact set and hence, B is compact.
Part d. Since ‖ · ‖ : X → [0,∞) is continuous, the continuous image of B := {x ∈ X :
‖x‖1 = 1} (which is compact by part c.) is also compact and so, there is a minimum L and
a maximum M . That is, for all v ∈ B, we have L ≤ ‖v‖ ≤ M . Note that L 6= 0 because
L = 0 iff ‖x‖ = 0 for some x ∈ B iff x = 0 iff ‖x‖1 = 0 which is impossible. From these
bounds, for any v ∈ B, since ‖v‖1 = 1, it follows that

L‖v‖1 ≤ ‖v‖ ≤M‖v‖1.

Then, for any x ∈ X,

‖x‖ = ‖x‖1

∥∥∥∥ x

‖x‖1

∥∥∥∥ ≤ ‖x‖1M

∥∥∥∥ x

‖x‖1

∥∥∥∥
1

= M‖x‖1

and ‖x‖ = ‖x1‖
∥∥∥∥ x

‖x‖1

∥∥∥∥ ≥ ‖x‖1L

∥∥∥∥ x

‖x‖1

∥∥∥∥
1

= L‖x‖1.

Therefore, for any x ∈ X, we have L‖x‖1 ≤ ‖x‖ ≤M‖x‖1 and this means ‖ · ‖ is equivalent
to ‖ · ‖1. Since ‖ · ‖ was arbitrary, every norm on X is equivalent to ‖ · ‖1 and because being
equivalent as norms is an equivalence relation, this shows every norm is equivalent on X.

�

Folland Exercise 5.7 Let X be a Banach space.
a. If T ∈ L(X,X) and ‖I −T‖ < 1 where I is the identity operator, then T is invertible;

in fact, the series
∑∞

0 (I − T )n converges in L(X,X) to T−1.

b. If T ∈ L(X,X) is invertible and ‖S − T‖ < ‖T−1‖−1
, then S is invertible. Thus the

set of invertible operators is open in L(X,X).

Proof. By Theorem 5.1, any absolutely convergent series in X converges in X. Propo-
sition 5.4 shows that L(X,X) is complete. Note that if S, T ∈ L(X,X), then ST = S ◦ T
by abuse of notation. By convention, for all T ∈ L(X,X), it is defined that T 0 = I.
Part a. Since T, I ∈ L(X,X), we know I − T ∈ L(X,X) and in particular, (I − T )n ∈
L(X,X) for any n ∈ N0. We claim T−1 :=

∑∞
n=0(I − T )n. By the hypothesis, ‖I − T‖ < 1

and so,
∞∑
n=0

‖(I − T )n‖ ≤
∞∑
n=0

‖I − T‖n <∞.(260)
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By Theorem 5.1, T−1 =
∑∞

n=0(I − T )n is defined and an element of L(X,X) which means
it is bounded. Next, we verify T−1 is actually the inverse of T :

TT−1 = (−(I − T ) + I)
∞∑
n=0

(I − T )n =
∞∑
n=0

−(I − T )(I − T )n +
∞∑
n=0

(I − T )n

=
∞∑
n=0

(I − T )n −
∞∑
n=0

(I − T )n+1 = I.

and

T−1T =

(
∞∑
n=0

(I − T )n

)
(I − (I − T )) =

∞∑
n=0

(I − T )n −
∞∑
n=0

(I − T )n+1 = I.

Since T has a two-sided inverse, T is bijective. Because we showed T is bijective and
T−1 ∈ L(X,X), we deduce that T is invertible.
Part b. From the assumptions, we know that

‖I − ST−1‖ = ‖TT−1 − ST−1| ≤ ‖T − S‖‖T−1‖ = ‖T−1‖‖S − T‖ < 1.

Then
∑∞

n=0(I − ST−1)n converges in L(X,X) since
∞∑
n=0

‖(I − ST−1)n‖ ≤
∞∑
n=0

(‖T−1‖S − T‖)n <∞

and so it is an absolutely convergent series. Completeness of L(X,X) shows
∑∞

n=0(I −
ST−1)n ∈ L(X,X). Next, we show that the inverse of S is defined by S−1 := T−1

∑∞
n=0(I −

ST−1)n. Since T−1 ∈ L(X,X), the RHS is defined and S−1 ∈ L(X,X). Now we check that
S−1 is actually a two-sided inverse for S. Indeed,

SS−1 = S

(
T−1

∞∑
n=0

(I − ST−1)n

)
= (T − (T − S))

(
T−1

∞∑
n=0

(I − ST−1)n

)

=
∞∑
n=0

(I − ST−1)n −
∞∑
n=0

(I − ST−1)n+1 = I.

For the next computation, we first show T−1(I−ST−1)n = (I−T−1S)nT−1 by induction on
n. The base case n = 0 is obvious since T−1I = IT−1. Suppose the result holds up to some
n ∈ N. Then,

T−1(I − ST−1)n+1 = T−1(I − ST−1)n(I − ST−1) = (I − T−1S)nT−1(I − ST−1)

= (I − T−1S)n(I − T−1S)T−1 = (I − ST−1)n+1T−1

where the we used the inductive hypothesis for the second equality. This auxiliary result
is used in the third equality of the computation and the second to last equality follows by
T−1(T − S) = I − T−1S:

S−1S =

(
T−1

∞∑
n=0

(I − ST−1)n

)
S =

(
∞∑
n=0

(I − T−1S)nT−1

)
S =

(
∞∑
n=0

(I − T−1S)nT−1

)
(T − (T − S))

=
∞∑
n=0

(I − T−1S)n −
∞∑
n=0

(I − T−1S)nT−1(T − S) =
∞∑
n=0

(I − T−1S)n −
∞∑
n=0

(I − T−1S)n+1 = I.
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Since we exhibited a two-sided inverse, S is a bijective map. Because S is bijective and
S−1 is bounded, S is invertible.

If I is the set of invertible linear operators, then for any T ∈ I, the ball B‖T−1‖−1(T )
about T is entirely contained in I by what we showed above. Hence, I is open w.r.t the
operator norm on L(X,X). �

Folland Exercise 5.8 Let (X,M) be a measurable space, and let M(X) be the space of
complex measures on (X,M). Then ‖µ‖ = |µ|(X) is a norm on M(X) that makes M(X)
into a Banach space. (Use Theorem 5.1.)

Proof. First, we verify the axioms of a norm.

(1) If ‖µ‖ = 0, then |µ|(X) = 0 and this means µ is the zero measure.
(2) ‖αµ‖ = |αµ|(X) = |α||µ|(X) = |α|‖µ‖
(3) ‖µ+ ν‖ = |µ+ ν|(X) ≤ |µ|(X) + |ν|(X) ≤ ‖µ‖+ ‖ν‖ by applying Proposition 3.14.

Next, the vector space axioms are essentially immediate because for α, β ∈ C and µ, ν ∈
M(X), it follows αµ+ βν ∈M(X). Indeed, αµ+ βν(∅) = 0 and

αµ+ βν

(
∞⋃
j=1

Ej

)
= α

∞∑
j=1

µ(Ej) + β
∞∑
j=1

ν(Ej) =
∞∑
j=1

αµ+ βν(Ej)

for {Ej}∞j=1 ⊆M and the series in the middle obviously converge absolutely and hence, the
series on the RHS converges absolutely.

We have thus shown that M(X) is a normed vector space and to show completeness, we
employ Theorem 5.1. Suppose

∑∞
n=1 ‖µn‖ < ∞. Then

∑∞
n=1 µn is a well-defined since it

converges i.e. for any F ∈M, we have, by application of Proposition 3.13,

∞∑
n=1

|µn(F )| ≤
∞∑
n=1

|µn|(F ) ≤
∞∑
n=1

|µn|(X) =
∞∑
n=1

‖µn‖ <∞.

Next, we verify that this is actually a complex measure.

(1) First, (
∑∞

1 µn) (∅) =
∑∞

1 µn(∅) = 0.
(2) Let {Ej}∞j=1 be a disjoint sequence of measurable sets. Let E :=

⋃∞
j=1Ej. Then

µn(E) = µn

(⋃∞
j=1Ej

)
=
∑∞

j=1 µn(Ej) and the sum converges absolutely by defini-

tion of a complex measure. Therefore,

∞∑
n=1

µn(E) =
∞∑
n=1

∞∑
j=1

µn(Ej) =
∞∑
j=1

∞∑
n=1

µn(Ej) =
∞∑
j=1

(
∞∑
n=1

µn(Ej)

)

where changing the order of integration is justified by applying the Fubini-Tonelli
Theorem with the counting measure, using the fact that

∑∞
j=1 µn(Ej) converges
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absolutely, and
∑∞

n=1 ‖µn‖ <∞. Notice that the RHS converges absolutely because

∞∑
j=1

∣∣∣∣∣
(
∞∑
n=1

µn(Ej)

)∣∣∣∣∣ ≤
∞∑
j=1

∞∑
n=1

|µn(Ej)| ≤
∞∑
j=1

∞∑
n=1

|µn|(Ej) (second inequality by Proposition 3.13)

=
∞∑
n=1

∞∑
j=1

|µn|(Ej) ≤
∞∑
j=1

|µn|(E) (apply Fubini-Tonelli and |µn| is a complex measure)

≤
∞∑
j=1

|µn|(X) =
∞∑
j=1

‖µn‖ <∞ (from monotonicity and hypotheses).

Therefore,
∑∞

n=1 µn ∈M(X). �

Folland Exercise 5.9 Let Ck([0, 1]) be the space of functions on [0, 1] possessing continuous
derivatives up to order k on [0, 1], including one-sided derivatives at the endpoints.

a. If f ∈ C([0, 1]), then f ∈ Ck([0, 1]) iff f is k times continuously differentiable on (0, 1)
and limx ↘0 f

(j)(x) and limx/1 f
(j)(x) exist for j ≤ k. (The mean value theorem is useful.)

b. ‖f‖ =
∑k

0

∥∥f (j)
∥∥
u

is a norm on Ck([0, 1]) that makes Ck([0, 1]) into a Banach space.

(Use induction on k. The essential point is that if {fn} ⊂ C1([0, 1]), fn → f uniformly, and
f ′n → g uniformly, then f ∈ C1([0, 1]) and f ′ = g. The easy way to prove this is to show
that f(x)− f(0) =

∫ x
0
g(t)dt.)

Folland Exercise 5.10 Let L1
k([0, 1]) be the space of all f ∈ Ck−1([0, 1]) such that f (k−1) is

absolutely continuous on [0, 1] (and hence f (k) exists a.e. and is in L1([0, 1])). Then ‖f‖ =∑k
0

∫ 1

0

∣∣f (j)(x)
∣∣ dx is a norm on L1

k([0, 1]) that makes L1
k([0, 1]) into a Banach space. (See

Exercise 9 and its hint.)

Proof. �

Folland Exercise 5.11 If 0 < α ≤ 1, let Λα([0, 1]) be the space of Hölder continuous
functions of exponent α on [0, 1]. That is, f ∈ Λα([0, 1]) iff ‖f‖Λα <∞, where

‖f‖Λα = |f(0)|+ sup
x,y∈[0,1],x 6=y

|f(x)− f(y)|
|x− y|α

.

a. ‖ · ‖Λα is a norm that makes Λα([0, 1]) into a Banach space.

b. Let λα([0, 1]) be the set of all f ∈ Λα([0, 1]) such that |f(x)−f(y)|
|x−y|α → 0 as x → y, for

all y ∈ [0, 1]. If α < 1, λα([0, 1]) is an infinite-dimensional closed subspace of Λα([0, 1]). If
α = 1, λα([0, 1]) contains only constant functions.

Proof. [Incomplete]a. Verifying that this is a norm is relatively straightforward.
b. The second statement is clear when α = 1 because if not the function is not constant,

then there is a point in which the limit would not converge to zero which is absurd. For the
statement about α < 1 verifying that it is a closed subspace is not difficult. However, the
infinite dimensional part is not entirely certain for me. �

Folland Exercise 5.12 Let X be a normed vector space and M a proper closed subspace
of x.

a. ‖x+M‖ = inf{‖x+ y‖ : y ∈M} is a norm on X/M
b. For any ε > 0 there exists x ∈ X such that ‖x‖ = 1 and ‖x+M‖ ≥ 1− ε.
c. The projection map π(x) = x+M from X to X/M has norm 1 .
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d. If X is complete, so is X/M. (Use Theorem 5.1.)
e. [Incomplete]

Proof. Part a. First, we check that this is actually well-defined. Suppose x − x′ ∈ M.
Then, −x′ + x ∈M by M subspace of X and so,

‖x+M‖ = ‖x+ (−x+ x′) +M‖ = ‖x′ +M‖.

Next, we verify the three axioms of a norm.

i. If ‖x +M‖ = 0, then there is a sequence of yn ∈ M s.t. ‖x + yn‖ → 0. Then the
sequence yn is converges to −x because ‖yn− (−x)‖ → 0 as n→∞ and sinceM is
a closed subspace, −x ∈ M. Since M is a subspace, x ∈ M. Hence, x +M =M
as desired.

If x +M =M, then x ∈ M which means ‖x +M‖ = 0 since −x ∈ M by the
subspace axioms and hence, ‖x+M‖ ≤ ‖x− x‖ = 0.

ii. Suppose α ∈ C. Then,

|α|‖x+M‖ = |α| inf{‖x+y‖ : y ∈M} = inf{‖αx+αy‖ : y ∈M} = inf{‖αx+y‖ : y ∈M} = ‖αx+M‖.

iii. Given x+M, y +M ∈ X/M. Since we can always write z = 1
2
z + 1

2
z and M is a

subspace,

‖x+ y +M‖ = inf{‖x+ y + z‖ : z ∈M} ≤ inf{‖x+ z1‖ : z1 ∈M}+ inf{‖y + z2‖ : z2 ∈M}
= ‖x+M‖+ ‖y +M‖.

Part b. Let ε > 0. If ε > 1, then the result is obvious since any unit vector would work. So
assume 0 < ε < 1. Since M is a proper subspace, let x ∈ X \M and consider x +M. By
definition of ‖x+M‖, we can find a y ∈M s.t.

‖x+M‖ ≥ ‖x+ y‖(1− ε).(261)

But notice that ‖x+M‖ = ‖x+ y +M‖ and so if we take z := x+y
‖x+y‖ , we get

‖z +M‖ = inf

{∥∥∥∥ x+ y

‖x+ y‖
+ w

∥∥∥∥ : w ∈M
}

= inf

{∥∥∥∥ x

‖x+ y‖
+ w

∥∥∥∥ : w ∈M
}

=

∥∥∥∥ x

‖x+ y‖
+M

∥∥∥∥
=

1

‖x+ y‖
‖x+M‖ ≥ 1

‖x+ y‖
‖x+ y‖(1− ε) = (1− ε)

where we used (261) to get the inequality. Note that the second equality above follows from
y

‖x+y‖ ∈M. Now, this means z is our desired element since it has norm one by our definition.

The only issue that can occur is if ‖x+ y‖ = 0 but this cannot occur since x ∈ X \M and
y ∈M.
Part c. From (b), for all ε > 0, there is a y ∈ X s.t. ‖y‖ = 1 and ‖y +M‖ ≥ 1− ε and so,

‖π‖ = sup{‖π(x)‖ : ‖x‖ = 1} = sup{‖x+M‖ : ‖x‖ = 1} ≥ ‖y +M‖ ≥ 1− ε

Since this is true for all ε > 0, ‖π‖ ≥ 1. It suffices to show ‖π‖ ≤ 1. Indeed, since
‖x+M‖ ≤ ‖x‖ (because 0 ∈M),

‖π‖ = inf{C ≥ 0 : ‖x+M‖ ≤ C‖x‖} ≤ 1.(262)

Altogether, ‖π‖ = 1.
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Part d. To show that X/M is complete, we use Theorem 5.1. Let F :=
∑∞

k=1 xk +M be
an absolutely convergence series i.e.

∑∞
k=1 ‖xk +M‖ < ∞. By definition of ‖xk +M‖, for

every ε > 0, there exists a yk ∈M s.t.

‖xk + yk‖ ≤ ‖xk +M‖+ ε.

Taking ε = 1
2k

where k ∈ N, then for all k ∈ N, there exists a yk ∈ M s.t. ‖xk + yk‖ ≤
‖xk +M‖+ 1

2k
. Therefore,

∞∑
k=1

‖xk + yk‖ ≤
∞∑
k=1

‖xk +M‖+
∞∑
k=1

1

2k
<∞

which means
∑∞

k=1 xk + yk is an absolutely convergent series and hence, converges in X.
Notice that {yk} is a sequence in M and since M is closed,

∑∞
k=1 yk converges in M.

Therefore, if z = limn→∞
∑n

k=1 xk + yk we have z +M =
∑∞

k=1 xk +M. Altogether, this
shows that
∞∑
k=1

xk+M =
∞∑
k=1

xk+
∞∑
k=1

yk+M = lim
n→∞

n∑
k=1

π(xk+yk) = lim
n→∞

π

(
n∑
k=1

xk + yk

)
= π

(
∞∑
k=1

xk + yk

)
∈ X/M

Hence,
∑∞

k=1 xk +M converges in X/M.
�

10Folland Exercise 5.18 Let X be a normed vector space.
a. IfM is a closed subspace and x ∈ X\M thenM+Cx is closed. (Use Theorem 5.8a.)
b. Every finite-dimensional subspace of X is closed.

Proof. a. By Theorem 5.8a, there exists an f ∈ X∗ s.t. f(x) 6= 0 and f |M = 0.
Multiplying f by the constant 1

f(x)
, we may assume f(x) = 1.

To show M + Cx is closed, suppose there were a sequence zn := mn + λnx ∈
M+ Cx and zn → z converges.

Consider the sequence {zn − f(zn)x}n∈N ⊆ M. The reason this sequence is in
M is because f(zn) = f(mn) + λnf(x) = λn which means

zn − f(zn)x = zn − λnx = mn ∈M.

Then, by closedness of M, this means

lim
n→∞

zn − f(zn)x = z − lim
n→∞

λnf(x)x = z − lim
n→∞

λnx ∈M.

So, there is an m ∈ M s.t. m = z − limn→∞ λnx. Hence, z = m − limn→∞ λnx.
Therefore, z ∈M+ Cx as desired.

b. We induct on the dimension of the subspace. For the base case, if the dimension is
zero, we just have the zero subspace and it is closed under any norm. Assume the
result is true for all subspaces of dimension ≤ n. LetM be a subspace of dimension
n+ 1. Choose a basis {xi}n+1

i=1 forM. Then Cx1 + · · ·+Cxn is a closed subspace by
the inductive hypothesis. Clearly xn+1 6∈ Cx1 + · · · + Cxn by linear independence
and so, by part a., (Cx1 + · · ·+ Cxn) + Cxn+1 =M is closed.

10For this Homework, I mainly collaborated and discussed with Scotty Tilton. I also received a hint from
James Wong on Exercise 5.18. Supplemental resources were the course text, extra reading from “Real
Analysis” by Stein and Shakarchi, “Real Analysis” by Royden, and “Real and Complex Analysis” by Walter
Rudin.
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�

Folland Exercise 5.19 Let X be an infinite-dimensional normed vector space.
a. There is a sequence {xj} in X such that ‖xj‖ = 1 for all j and ‖xj − xk‖ ≥ 1

2
for

j 6= k. (Construct xj inductively, using Exercises 12 b and 18.)
b. X is not locally compact.

Proof. a. First, choose an element x1 ∈ X s.t. ‖x1‖ = 1. Then M1 := Cx1 is
a closed subspace by Exercise 18b. Let ε = 1

2
and by Exercise 12b, we can find an

x2 ∈ X s.t. ‖x2‖ = 1 and

‖x2 − x1‖ ≥ ‖x2 +M1‖ ≥ 1− 1

2
=

1

2
.

By Exercise 18, the subspaceM2 := Cx1 +Cx2 is closed since it is finite dimen-
sional. Indeed, ‖x2 +M1‖ ≥ 1

2
means that x2 6∈ M1 and therefore, x1 and x2 are

linearly independent. This means M2 = Cx1 ⊕ Cx2. By Exercise 12b, we can find
an x3 ∈ X s.t. ‖x3 +M2‖ ≥ 1

2
. Since x1, x2 ∈M2, this implies

‖x3 − x1‖ ≥ ‖x3 +M2‖ ≥
1

2

and ‖x3 − x2‖ ≥ ‖x3 +M2‖ ≥
1

2
.

Then, repeat the process withM3 :=M2 +Cx3 =M2⊕Cx3 since x3 6∈ M2 means
{x1, x2, x3} forms a linearly independent spanning set of M3.

Now ifMn is given in this process, thenMn = Cx1⊕· · ·⊕Cxn and we can find
an xn+1 ∈ X s.t. ‖xn+1‖ = 1 and ‖xn+1 +Mn‖ ≥ 1

2
which means ‖xn+1 − xj‖ ≥ 1

2
for all 1 ≤ j ≤ n.

Inductively, we obtain a sequence of points ‖xj − xk‖ ≥ 1
2

whenever j > k. By

positive homogeneity of the norm, ‖xj − xk‖ = ‖xk − xj‖ ≥ 1
2

whenever k < j as

well. Hence, ‖xj − xk‖ ≥ 1
2

for j 6= k.
b. To show that X is not locally compact, we show that there is a point in X that

has no compact neighborhood. Because X is a normed vector space and the maps
x 7→ rx and x 7→ x+ y are homeomorphisms for all scalars r and y ∈ X, it suffices
to show there is no compact neighborhood about the origin containing the unit ball.

Suppose not and N were a compact neighborhood at 0. By Folland’s definition,
this means 0 ∈ N◦ so there a is ball Br(0) of some radius r > 0 s.t. 0 ∈ Br(0) ⊆ N .
By scaling the space (using a homeomorphism x 7→ 1

2r
x), assume that N contains

the closed unit ball B. From part a., we can find a sequence {xj}∞j=1 in B ⊆ N

s.t. ‖xj − xk‖ ≥ 1
2

for all j 6= k. This latter condition implies that {xj}∞j=1 has no
convergent subsequence. Since, N is compact and closed subsets of compact sets
are compact, B is compact. By Theorem 4.29, since B is compact, any sequence in
B must have a convergent subsequence. Contradiction.

�

Folland Exercise 5.20 If M is a finite-dimensional subspace of a normed vector space X,
there is a closed subspace N such that M∩N = {0} and M+N = X.

Proof. The subspaceM is closed by Exercise 5.18b and has basis {ei}ni=1. Each element
of x ∈M is represented by P (x) = α1(x)e1 + · · ·+αn(x)en and each αi extends to a bounded
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linear functional on X . The space N is then the intersection of the null spaces of these
bounded linear functionals. Then any x ∈ X has form x = Px + (x − Px) and Px ∈ M
while x− Px ∈ N (applying P would give Px− P 2x = Px− Px = 0 and similarly for any
extension of αi). �

Folland Exercise 5.21 If X and y are normed vector spaces, define α : X∗×Y ∗ → (X×Y )∗

by α(f, g)(x, y) = f(x) + g(y). Then α is an isomorphism which is isometric if we use the
norm ‖(x, y)‖ = max(‖x‖, ‖y‖) on X × Y , the corresponding operator norm on (X × Y )∗,
and the norm ‖(f, g)‖ = ‖f‖+ ‖g‖ on X∗ × Y ∗.

Proof. It is clearly isomorphic since the map is linearly and one defines the inverse map
in the obvious way (over each component). Checking the isometry follows by using the norm
on X × Y to deduce that if ‖x‖ = ‖y‖ = 1, then ‖(x, y)‖ = 1. Indeed, we would get

‖α(f, g)‖op = sup{|f(x)+g(y)| : ‖(x, y)‖ = 1} = sup{|f(x)|+|g(y)| : ‖x‖ = ‖y‖ = 1} = ‖f‖+‖g‖ = ‖(f, g)‖.
The middle inequality is nontrivial but≤ is obvious and≥ follows by scaling x by sgn((x)) sgn((y))
which does not affect the norm of x nor the absolute value of f(x). �

Folland Exercise 5.22 Suppose that X and Y are normed vector spaces and T ∈ L(X, Y ).
a. Define T † : Y ∗ → X∗ by T †f = f ◦ T. Then T † ∈ L (Y ∗, X∗) and

∥∥T †∥∥ = ‖T‖ . T † is
called the adjoint or transpose of T.

b. Applying the construction in (a) twice, one obtains T †† ∈ L (X∗∗, Y ∗∗) . If X and Y

are identified with their natural images X̂ and Ŷ in X∗∗ and Y ∗∗, then T †† | X = T
c. T † is injective iff the range of T is dense in Y .
d. If the range of T † is dense in X∗, then T is injective; the converse is true if X is

reflexive.

Proof. a. First, we check linearity, for all f, g ∈ Y ∗ and a, b ∈ K, we have

T †(af + bg) = (af + bg) ◦ T = af ◦ T + bg ◦ T = aT †f + bT †.

Next, since for all x ∈ X, we can write

‖fTx‖ ≤ ‖fT‖‖x‖ ≤ ‖T‖‖f‖‖x‖,
it follows

‖T †f‖ = ‖f ◦ T‖ ≤ ‖f‖‖T‖ <∞.
This means ‖T †‖ ≤ ‖T‖ and also, T † ∈ L(Y ∗, X∗).

Now we show the other inequality. Let x ∈ X. If Tx = 0, then the inequality ‖Tx‖ ≤
C‖x‖ is trivial since we can just take C = ‖T †‖. So suppose we are given Tx 6= 0. Then,
choose an f ∈ Y ∗ s.t. ‖f‖ = 1 and f(Tx) = ‖Tx‖ by Theorem 5.8b. Then,

‖Tx‖ = |f(Tx)| = ‖f(Tx)‖ = ‖(f◦T )x‖ ≤ ‖f◦T‖‖x‖ = ‖T †f‖‖x‖ ≤ ‖T †‖‖f‖‖x‖ = ‖T †‖‖x‖
where the last equality follows by ‖f‖ = 1. So, for all x ∈ X, we know ‖Tx‖ ≤ ‖T †‖‖x‖.
By definition of ‖T‖, this means ‖T‖ ≤ ‖T †‖. At last, ‖T †‖ = ‖T‖ as desired.

b. Embed X and Y into X∗∗ and Y ∗∗ by identifying X with X̂ and Y with Ŷ . By applying
the construction twice, this means T †† = (T †)†. Then showing T ††|X = T entails showing

T ††(x̂) = T̂ x for all x ∈ X. Indeed, for all x ∈ X and all g ∈ Y ∗, we have

[T ††(x̂)](g) = (x̂T †)(g) = x̂(
(
T †(g)

)
) = x̂(g(T )) = g(T (x)) = g(Tx) = T̂ x(g) =⇒ T ††(x̂) = T̂ x.

This shows T ††|X = T .



5. ELEMENTS OF FUNCTIONAL ANALYSIS 150

c. ( =⇒ ): Suppose T † is injective which means, since T † is linear, if T †f = 0 for some
f ∈ Y ∗, then f = 0. Towards, a contradiction, assume T is not dense in Y and therefore,
there exists y ∈ Y \ T (X). By Theorem 5.8a, there is an f ∈ Y ∗ s.t. f(y) 6= 0, f |T (X) = 0.

Therefore, T †f = f ◦ T = 0 by definition of f . However, this contradicts injectivity of T †

since f is not the zero linear functional.
( ⇐= ): Suppose the range of T † is dense in Y . Because T † is a linear map, to show

injectivity, it suffices to show T †f = 0 if, then f = 0.
Let f ∈ Y ∗ s.t. T †f = f ◦T = 0. Let g denote the zero linear functional. Then, for all x,

f(Tx) = f ◦ T (x) = 0 = g ◦ T (x) = g(Tx) =⇒ f = g on T (X).

Since C is Hausdorff, T (X) is dense in Y , and f, g ∈ Y ∗ are continuous, applying Exercise
4.16, we deduce that f = g on Y .

d. ( =⇒ ) To show injectivity, it suffices to show that if Tx = 0, then x = 0. Suppose
Tx = 0. Then x̂ : X∗ → C is defined by f 7→ f(x) and so, x̂ is defined on T †(Y ∗) ⊆ X∗. For
all f ◦ T ∈ T †(Y ∗), we have

f ◦ T (x) = f(0) = f ◦ T (0).

Therefore, x̂ = 0̂ on T †(Y ∗). But this means x̂ = 0̂ on the dense set T †(Y ∗) ⊆ X∗ and since

C is Hausdorff, we can apply Proposition 4.16 to conclude x̂ = 0̂ on X∗.
Next, we show this means x = 0. Because linear functionals separate points of X by

Proposition 5.8c, if x 6= 0, there exists an f ∈ X∗ s.t. f(x) 6= f(0) and this means x̂f 6= 0̂f
which is a contradiction.

( ⇐= ) Assume further that X is reflexive i.e. X̂ = X∗∗. Towards a contradiction,

suppose T †(Y ∗) is not dense in X∗. So, there is an f ∈ X∗ \T †(Y ∗). By Theorem 5.8a, there
exists φ ∈ X∗∗ s.t. φf 6= 0 and φ|

T †(Y ∗)
= 0. Since X is reflexive, there exists an x ∈ X s.t.

x̂ = φ and we write x̂ for φ from here on.
Because T is injective, we know Tx′ = 0 iff x′ = 0. Certainly, x 6= 0 because x̂f = φf 6= 0

(and by definition, x̂f = f(x)). Therefore, Tx 6= 0. By Theorem 5.8c, there exists an
h ∈ Y ∗ s.t. h(Tx) 6= h(0). Then T †h ∈ T †(Y ∗) ⊆ X∗ and since x̂|

T †(Y ∗)
= 0, it follows

x̂(T †h) = x̂(hT ) = h(Tx) = 0. However, by definition of h,

x̂(h ◦ T ) = (h ◦ T )(x) = h(Tx) 6= h(0) = 0

which is a contradiction. �

Folland Exercise 5.25 If X is a Banach space and X∗ is separable, then X is separable.
(Let {fn}∞1 be a countable dense subset of X∗. For each n choose xn ∈ X with ‖xn‖ = 1
and |fn (xn)| ≥ 1

2
‖fn‖ . Then the linear combinations of {xn}∞1 are dense in X. ) Note:

Separability of X does not imply separability of X∗.

Proof. 11 If {fn}∞1 ⊆ X∗ is a countable dense subset, then for each n, we can choose
xn ∈ X s.t. ‖xn‖ = 1 and |fn(xn)| ≥ 1

2
‖fn‖. We are able to make such a choice because by

definition,
‖fn‖ = sup{‖fnx‖ : x ∈ X, ‖x‖ = 1}.

Let S be the set of finite linear combinations of {xn}∞1 whose coefficients are in Q or
Q + iQ depending on if our ground field K is R or C. This ensures that S is countable.

11The hypothesis that X is Banach does not look like it is needed, we do not need it for Theorem 5.8 nor
do we need it to find the sequence fnk

→ f in X∗.



5. ELEMENTS OF FUNCTIONAL ANALYSIS 151

Indeed, let Sm be the set of finite linear combinations with m terms. Since the scalars are
in a countable set, Sm is countable. Then, S =

⋃∞
m=0 Sm is a countable union of countable

sets and hence, S is countable.
Towards a contradiction, assume S is not dense. Then S is a proper closed subspace of

X. So, there is an x ∈ X \ S and by Theorem 5.8a, there exists an f ∈ X∗ s.t. f(x) 6= 0,
f |S = 0, ‖f‖ = 1, and f(x) = infy∈S ‖x− y‖.

Since f ∈ X∗ and {fn}∞1 is dense in X∗, choose a sequence fnk → f in X∗. Then, by
construction of f ,

1

2
‖fnk‖ ≤ |fnk(xnk)| = |fnk(xnk)− f(xnk)| ≤ ‖fnk − f‖‖xnk‖ = ‖fnk − f‖.

The first step is from our choice of xn, the second step is by f(xnk) = 0 since xnk ∈ S, the
third step is because fnk − f ∈ X∗ and the absolute value is the norm on K, and the final
step is from ‖xnk‖ = 1. Let k → ∞. Then the above inequality has ‖fnk − f‖ → 0 as
k →∞ which means ‖fnk‖ → 0. Therefore, fnk → 0 in X∗ where 0 denotes the zero linear
functional. However, we required fnk → f and ‖f‖ = 1 6= ‖0‖ which is a contradiction. �

Folland Exercise 5.29 Let Y = L1(µ) where µ is counting measure on N, and let X =
{f ∈ Y :

∑∞
1 n|f(n)| <∞} , equipped with the L1 norm.

a. X is a proper dense subspace of Y ; hence X is not complete.
b. Define T : X → Y by Tf(n) = nf(n). Then T is closed but not bounded.
c. Let S = T−1. Then S : Y → X is bounded and surjective but not open.

Proof.

a. Let f(n) = 1
n2 . Then, ‖f(n)‖1 =

∑∞
n=1

1
n2 < ∞ so f ∈ Y . However,

∑∞
1 n|f(n)| =∑∞

1
1
n

=∞ which means f 6∈ X. This shows X ( Y .
Next, X is a subspace since for all α, β ∈ C and for all f, g ∈ X, we have αf + βg ∈ X.

Indeed,
∞∑
1

n|αf(n) + βg(n)| ≤ α
∞∑
1

n|f(n)|+ β
∞∑
1

n|g(n)| <∞.

To show that X dense in Y , let f ∈ Y be arbitrary. Then
∑∞

1 |f(n)| <∞. Given ε > 0.
Choose an N ∈ N s.t.

∑∞
N |f(n)| < ε

2
. Then choose a g(m) s.t. |f(m) − g(m)| < ε

2m+1 for
1 ≤ m ≤ N and then set g(n) = 0 for all n ≥ N + 1. Therefore,

‖f − g‖1 =
∞∑
1

|f(n)− g(n)| <
N∑
m=1

ε

2m+1
+

∞∑
m=N+1

|f(m)| < ε

2
+
ε

2
= ε.

On the other hand, we have

∞∑
1

n|g(n)| =
N∑
1

n|g(n)| <∞

which means g ∈ X.

Conclusion: X is not complete so the hypothesis of the Closed Graph Theorem and Open
Mapping Theorem do not hold in this situation.
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b. To show T is unbounded, it suffices to show for all M ∈ N, there exists an f ∈ X s.t.
‖T (f)‖ > M‖f‖. Given M ∈ N. Define f by setting f(n) = 0 for 1 ≤ n ≤ M and for
f(n) = 1

n3 for n ≥M + 1. Then,

‖T (f)‖ =
∞∑
1

|nf(n)| =
∞∑

M+1

nf(n) =
∞∑

M+1

1

n2
>

∞∑
M+1

M

n3
= M‖f‖.

Next, we show that T is a closed operator12. Suppose fm → f and Tfm → g for some
g ∈ Y . We want to show Tf = g. Because fm → f , we know

‖fm − f‖ =
∞∑
n=1

|fm(n)− f(n)| → 0 as m→∞.

So, for all n, we have |fm(n) − f(n)| → 0 as m → ∞. Hence, fm → f . Because Tfm → g,
this means

‖Tfm − g‖ =
∞∑
n=1

|nfm(n)− g(n)| → 0 as m→∞.

This implies for all n, |nfm(n)− g(n)| → 0 as m→∞. So, for all n, g(n) = nf(n) and this
means Tf = g as desired.

Conclusion: By showing that T is closed and not bounded, we have shown that the
hypothesis that X be Banach in the Close Graph Theorem is necessary.

c. First, S is surjective because if f ∈ X, then nf ∈ Y because
∑∞

1 n|f(n)| < ∞ and
S(nf) = f . The equality S(nf) = f is due to what we show next.

Second, we claim S : Y → X is defined by mapping f(n) ∈ Y to 1
n
f(n) ∈ X. In order to

ensure that we can actually write S = T−1, we verify that T is bijective. It suffices to show
that S is a two sided inverse of T when defined in this way. Indeed,

i. Given f(n) ∈ X, we have ST (f(n)) = S (nf(n)) = 1
n
nf(n) = f(n) which shows

STf = f for all f ∈ X. Hence, ST = idX .
ii. Given g(n) ∈ Y . Then TS(g(n)) = T

(
1
n
g(n)

)
= g(n) which shows f ∈ X for all

TSg = g. Then, TS = idY .

This shows our definition of S is correct and equals T−1 which is well-defined.
Next, S is bounded. Given any f ∈ Y , we have

‖Sf‖ =
∞∑
1

1

n
|f(n)| ≤

∞∑
1

|f(n)| = ‖f‖.

Therefore, ‖S‖ ≤ 1 and this guarantees that S is bounded.
To show S is not an open map, we use the remarks on p. 162. The map S is open iff

S(B1) contains a ball centered at 0 in X where B1 is the unit ball about 0 in Y . Therefore,
we show that there is no ball centered at 0 contained in S(B1).

So suppose r > 0 and we want Br(0) 6⊆ S(B1) in X. Define f by f(n) = 1
n2

6
π2

r
2
.Then,

‖f‖ =
∞∑
1

1

n2

6

π2

r

2
=
π2

6

6

π2

r

2
=
r

2

12Recall T is closed if for any sequence xn → x s.t. Txn → y for some y, this implies y = Tx.
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which means f ∈ Br(0). But f 6∈ S(B1) because if it were, there exists a g ∈ B1 s.t. f = 1
n
g

and ‖g‖ < 1. This means g(n) = 1
n

6
π2

r
2

for all n ∈ N. However,

‖g‖ =
∞∑
1

1

n

6

π2

r

2
=∞ 6< 1.

Conclusion: By showing that S is bounded and surjective, but not open, we have shown
that the Open Mapping Theorem fails if the completeness condition on the domain is
dropped. �

Folland Exercise 5.30 Let Y = C([0, 1]) and X = C1([0, 1]), both equipped with the
uniform norm. a. X is not complete.

b. The map (d/dx) : X → Y is closed (see Exercise 9) but not bounded.

Proof. a. For noncompleteness, take a sequence of polynomials (which are in C1([0, 1]))
that approximate |x − 1

2
| uniformly (apply the Stone-Weierstrass Theorem, see Section 4.7

pp. 138-139). However, the limit is |x− 1
2
| which is not in C1([0, 1]).

b. Checking that the map is closed is easy because if fn → f in X and d
dx
fn → g for some

g, then obviously g = d
dx
f (differentiation behaves well with limits in this case). To see that

it is not bounded, consider the sequence of functions xn which gives ‖ d
dx
xn‖u = n despite

‖xn‖u = 1. �

Folland Exercise 5.32 Let ‖ · ‖1 and ‖ · ‖2 be norms on the vector space X such that
‖ · ‖1 ≤ ‖ · ‖2. If X is complete with respect to both norms, then the norms are equivalent.

Proof. Let X1 := (X, ‖ · ‖1) and X2 := (X, ‖ · ‖2) denote the respective Banach space
structures. Define T : X2 ↪→ X1 to be the identity map on X. Then T is bounded because
for all x ∈ X1, the hypothesis gives ‖Tx‖1 = ‖x‖1 ≤ ‖x‖2 which means ‖T‖ ≤ 1. Also, T
is bijective because it is just the identity map on X. By the Open Mapping Theorem (in
particular, Corollary 5.11), T is an isomorphism of normed vector spaces and in particular,
T−1 ∈ L(Y,X). Hence, there is a constant C > 0 s.t. ‖x‖2 = ‖T−1x‖2 ≤ C‖x‖1 for all
x ∈ X1. Therefore,

‖x‖1 ≤ ‖x‖2 ≤ C‖x‖1 ∀x ∈ X.
This means that the norms are equivalent. �

Folland Exercise 5.37 Let X and Y be Banach spaces. If T : X → Y is a linear map such
that f ◦ T ∈ X∗ for every f ∈ Y∗, then T is bounded.

Proof. By the Closed Graph Theorem, it suffices to show that T is a closed linear map.
Suppose xn → x in X and Txn → y in Y . We must show that y = Tx.

Suppose not and y 6= Tx. By Theorem 5.8c, there exists a linear functional f ∈ Y ∗

s.t. f(y) 6= f(Tx). However, f ◦ T ∈ X∗ is bounded and so it is continuous which means,
f ◦T (xn)→ f ◦T (x) and therefore, f ◦T (xn) 6→ f(y). However, we assumed T (xn)→ y and
since f ∈ Y ∗ is bounded, it is continuous and this means we must have f ◦ T (xn) → f(y).
In other words,

lim
n→∞

(f ◦ T )(xn) = (f ◦ T )( lim
n→∞

xn) = f(Tx) 6= f(y) = f( lim
n→∞

Txn) = lim
n→∞

(f ◦ T )(xn).

Contradiction. �
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Proof Using Uniform Boundedness Principle. Linear functionals f◦T with ‖f‖ ≤
1 fulfill the hypothesis of the Uniform Boundedness Principle (X is Banach and sup‖f‖≤1 ‖f ◦
T (x)‖ < ∞ by f ◦ T always bounded). Therefore, there is a C s.t. ‖f(Tx)‖ ≤ C‖x‖ for
all x ∈ X and f ∈ Y ∗ s.t. ‖f‖ ≤ 1. For any x, ther exists f ∈ Y ∗ s.t. ‖f‖ = 1 ad
f(Tx) = ‖Tx‖. Therefore, ‖f(Tx)‖ = ‖Tx‖ ≤ C‖x‖ which means ‖T‖ ≤ C. �

Folland Exercise 5.41 Let X be a vector space of countably infinite dimension (that
is, every element is a finite linear combination of members of a countably infinite linearly
independent set). There is no norm on X with respect to which X is complete. (Given a
norm on X, apply Exercise 18 b and the Baire category theorem.)

Proof. Towards a contradiction, let ‖ ·‖ be a norm on X in which (X, ‖ ·‖) is complete.
Fix a basis {ei}i∈N of X. Then for all N ∈ N, the subspace SN spanned by {ei}Ni=1 is a closed
subspace by Exercise 5.18b. Then, X :=

⋃
n∈N Sn and by the Baire Category Theorem, as

X is complete, there is an N ∈ N s.t. SN is not nowhere dense. So, there is an r > 0 and
x ∈ SN s.t. Br(x) ⊆ SN . Now suppose x :=

∑N
1 aiei ∈ SN . Define y :=

∑N
1 aiei + δeN+1

where δ := r
‖eN+1‖+1

. Then,

‖y − x‖ = ‖δeN=1‖ = |δ|‖eN+1‖ < r =⇒ y ∈ Br(x) =⇒ y ∈ SN .
However, y − x = δeN+1 6∈ SN which contradicts SN being a subspace. Contradiction. �

13Folland Exercise 5.43 Prove Proposition 5.16. (For part (b), proceed as in Exercise
56 d in §4.5.).

5.16 Proposition. Let X be a vector space equipped with the topology defined by a family
{pα}α∈A of seminorms.

a. X is Hausdorff iff for each x 6= 0 there exists α ∈ A such that pα(x) 6= 0.
b. If X is Hausdorff and A is countable, then X is metrizable with a translationinvariant

metric (i.e., ρ(x, y) = ρ(x+ z, y + z) for all x, y, z ∈ X)

Proof. Proposition 5.16 (a) ( =⇒ ) Suppose x 6= 0. Since X is Hausdorff, there exists
disjoint open sets U, V containing x and 0 respectively. By definition of the topology, there
is a basis element x ∈

⋂
β∈B⊆A p

−1(Wα) ⊆ U where the Wα are open. Then, x ∈ p−1
α (Wα)

and 0 6∈ p−1
α (Wα) which means p(x) 6= p(0).

(⇐= ) Let x, y ∈ X be distinct points and by translating, X using the homeomorphism
X → X defined by z 7→ z − y, we may assume y = 0 and x 6= 0. Then, there is an α s.t.
pα(x) 6= 0 = pα(y). Since K is Hausdorff, there are disjoint open sets W 3 pα(x) and V 3 0
of [0,∞). Then, p−1

α (W ) 3 x and p−1
α (V ) 3 0 and these sets are disjoint by construction

which means these are our desired sets for the definition of Hausdorff.
Proposition 5.16 (b) Enumerate A as N using a bijection. Define ρ : X ×X → [0,∞) by

ρ(x, y) :=
∞∑
1

2−nΦ(pn(y − x)).

First, this map is well-defined by because Φ ≤ 1 so the series on the RHS always converges
and pn(y − x) ≥ 0 means Φ(pn(y − x)) is well-defined. Next, the metric axioms and the
translation invariance,

13For this Homework, I mainly collaborated and discussed with Jeb Runnoe and Scotty Tilton. Supplemental
resources were the course text, extra reading from “Real Analysis” by Royden and “Real and Complex
Analysis” by Walter Rudin.
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(1) We have ρ(x, y) = 0 iff Φ(pn(y−x)) = 0 for all n iff pn(y−x) = 0 for all n iff x = y.
The last iff is due to the part a. because if x 6= y, then y−x 6= 0 which means there
is a pn(y − x) 6= 0.

(2) We have ρ(y, x) = ρ(x, y) because {pn} is a family of seminorms.
(3) We have ρ(x, y) ≤ ρ(x, z) + ρ(z, y) because of the results in Exercise 4.56 (in par-

ticular, Exercise 4.56a and Exercise 4.56d).
(4) We have ρ(x+ z, y + z) =

∑∞
1 2−nΦ(pn((y + z)− (x+ z)) = ρ(x, y).

With these verifications completed, we proceed to show that the metric coincides with the
topology defined by {pn}. Recall the observations we made about Φ−1 in that exercise.
Let S and S ′ denote the topology defined by the metric and the family of seminorms {pn}
respectively.
Show S ⊆ S ′: Given U ∈ S nonempty. Let z ∈ U be a point and Bρ

r (z) ⊆ S for
some r > 0. Choose an N sufficiently large s.t.

∑∞
N+1

1
2n

< r. Then, choose ε > 0 s.t.

0 < ε < r −
∑∞

N+1
1

2n
. Then, consider the set in the basis of S ′

z ∈ V :=
N⋂
i=1

Uz,i,δ

and we chose δ s.t. if pn(wz) < δ, then Φ(pn(w − z)) < ε. We claim V ⊆ U . Let w ∈ V .
Then,

ρ(w, z) =
∞∑
1

1

2n
Φ(pn(w − z)) <

N∑
1

1

2n
Φ(pn(w − z)) +

∞∑
N+1

1

2n
< ε+

∞∑
N+1

1

2n
< r.

That is, w ∈ Bρ
r (z) ⊂ U as desired.

Show S ′ ⊆ S: Suppose U ∈ S ′ is nonempty. Since there is a basis for S ′ by Theorem 5.14, it
suffices to assume U :=

⋂N
i=1 Uxi,ni,εi . Even better, since the sets Uxαε generate the topology

of S by Theorem 5.14, it suffices to assume U = Uz,m,ε for some z ∈ X, m ∈ A, and ε > 0.
We claim U ∈ S and since S is just the metric topology, we just show points of U contain
balls about them inside U .

Let z ∈ U and we want to find an r > 0 s.t. Bρ
r (z) ⊆ U . Choose r > 0 sufficiently small

so that r < 1 and

Φ−1(2mr) < ε.

In this case, we deduce that

1

2m
Φ(pm(w − z)) < r =⇒ pm(w − z) < ε.

So for any w ∈ Bρ
r (z), we know

ρ(w, z) =
∞∑
1

1

2n
Φ(pn(w−z)) =⇒ 1

2m
Φ(pm(w−z)) < r =⇒ pm(w−z) < ε

which means w ∈ U as desired. �

Folland Exercise 5.45 The space C∞(R) of all infinitely differentiable functions on R has

a Fréchet space topology with respect to which fn → f iff f
(k)
n → f (k) uniformly on compact

sets for all k ≥ 0.
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Proof. Proof of First Claim: Define a countable family of seminorms by

pm,k(f) = sup
x∈[−m,m]

|f (k)(x)| m ∈ N, k ∈ N0.

If f 6= 0, then we can choose m sufficiently large and k = 0 to get pm,1(f) 6= 0. Then, the
preceding exercise shows that the topology induced by the seminorms is Hausdorff. It is also
clear that the family of seminorms we just defined is a countable family and by the preceding
exercise, C∞(R) is metrizable with a translation invariant metric ρ.

The last part is to check that this yields a complete metric space (since the comments
on p. 167 explains that being complete would just mean being complete in the metric sense
for this case).

Let {fn}n∈N be a Cauchy sequence in C∞(R). Theorem 5.14. Because of how we defined
the metric in the preceding exercise, we know that means {fn} is a Cauchy sequence in
C∞([−m,m]) with metric defined by pm,k and where we restrict fn to [−m,m]. But then
C∞([−m,m]) is complete by the remarks on p. 168. So, fn|[−m,m] → f for some f ∈
C∞([−m,m]).

Suppose fn|[−m,m] → f for some f ∈ C∞([−m,m]) and fn|[−l,l] → g for some g ∈
C∞([−l, l]) where l > m. Then by definition of the metric, for all m ∈ N, we get g|[−m,m] = f

and g(k)|[−m,m] = f (k) for all k ≥ 0. Because this holds for all m ∈ N, we deduce that fn → f
in C∞(R).

Proof of Second Claim: Suppose fn → f w.r.t the topology. Then Theorem 5.14 shows
that means pm,k(fn − f) → 0 for all m and k. But every compact set is contained in some
interval [−m,m] where m is chose sufficiently large and therefore, pm,k(fn − f)→ 0 implies

f
(k)
n → f (k) uniformly on compact sets for all k ≥ 0.

Conversely, if f
(k)
n → f (k) uniformly on all compact sets for all k ≥ 0, then that means

f
(k)
n → f (k) uniformly on all sets of the form [−m,m] for m ∈ N. Therefore, pm,k(fn−f)→ 0

for all m and k. Then by Theorem 5.14, that means fn → f in the topology generated by
the seminorms. �

Folland Exercise 5.47 Suppose that X and Y are Banach spaces.
a. If {Tn}∞1 ⊂ L(X, Y ) and Tn → T weakly (or strongly), then supn ‖Tn‖ < ∞.
b. Every weakly convergent sequence in X, and every weak∗-convergent sequence in X∗,

is bounded (with respect to the norm).

Proof. a. We apply the Uniform Boundedness Principle. By definition, Tn → T weakly if
for all x ∈ X, we have Tnx→ Tx in the weak topology of Y . That is, (f ◦ Tn)x→ (f ◦ T )x
for all f ∈ Y ∗. This means supn ‖Tnx‖ <∞ for all n and therefore, supn ‖Tn‖ <∞.

Since the strong topology is stronger than the weak topology, Tn → T strongly means
Tn → T weakly and therefore supn ‖Tn‖ <∞.
b. First Statement: Let xn → x be weakly convergent in X. Then for every f ∈ X∗, we
have f(xn)→ f(x). Consider x̂n ∈ X∗∗ and then,

f(xn)→ f(x) =⇒ x̂nf → x̂f

for every f ∈ X∗. Since supn ‖x̂nf‖ < ∞ for every f ∈ X∗, by the Uniform Boundedness
Principle, we have supn ‖x‖ = supn ‖x̂n‖ <∞ since ‖x̂n‖ = ‖x‖.

Second Statement: Assume fα → f weakly∗. Then fα(x) → f(x) for all x ∈ X. There-
fore, supα ‖fα(x)‖ <∞. By the Uniform Boundedness Principle, supα ‖fα‖ <∞. �



5. ELEMENTS OF FUNCTIONAL ANALYSIS 157

Folland Exercise 5.56 If E is a subset of a Hilbert space H,
(
E⊥
)⊥

is the smallest closed
subspace of H containing E.

Proof. 14 We are essentially asked to show (E⊥)⊥ = E.
By definition, (E⊥)⊥ ⊕ E⊥ = H and E⊥ is closed by the remarks on p. 173. Clearly,

E ⊥ E⊥ so that means E ⊆ (E⊥)⊥. This shows (E⊥)⊥ ⊇ E and (E⊥)⊥ is closed so we just
need to show it is the smallest closed subspace that contains E.

Suppose not and M ( (E⊥)⊥ were a proper closed subspace and contained E. The
hypothesis implies ((E⊥)⊥)⊥ (M⊥ and this gives (E⊥) (M⊥. So there is an m ∈M⊥ s.t.
m 6∈ E⊥. That means (m,m′) = 0 for all m′ ∈M , but (m,n) 6= 0 for some n ∈ E. However,
M ⊇ E which is a contradiction. �

Folland Exercise 5.57 Suppose that H is a Hilbert space and T ∈ L(H,H)
a. There is a unique T ∗ ∈ L(H,H), called the adjoint of T, such that 〈Tx, y〉 = 〈x, T ∗y〉

for all x, y ∈ H. (Cf. Exercise 22. We have T ∗ = V −1T †V where V is the conjugate-linear
isomorphism from H to H∗ in Theorem 5.25, (V y)(x) = 〈x, y〉.)

b. ‖T ∗‖ = ‖T‖, ‖T ∗T‖ = ‖T‖2, (aS + bT )∗ = āS∗ + b̄T ∗, (ST )∗ = T ∗S∗, and T ∗∗ = T
c. Let R and N denote range and nullspace; then R(T )⊥ = N (T ∗) and N (T )⊥ =

R (T ∗).
d. T is unitary iff T is invertible and T−1 = T ∗.

Proof. (a). Uniqueness: Suppose there were S,R ∈ L(H,H) s.t. 〈x, Sy〉 = 〈Tx, y〉 =
〈x,Ry〉 for all x, y ∈ H. Therefore,

〈Sy, x〉 − 〈Ry, x〉 = 〈(S −R)y, x〉 = 0

for all x, y ∈ H. Fixing y, we can let x vary through elements of an orthonormal basis of H.
Therefore, (S −R)y = 0. Hence, Sy = Ry for all y ∈ H.

Existence: Given a y ∈ H, define the map Φy : H → K by x 7→ 〈Tx, y〉. This is a
bounded linear functional because

Φy(ax+ bz) = 〈T (ax+ bz), y〉 = a〈Tx, y〉+ b〈Tx, y〉

shows it is linear and

|〈Tx, y〉| ≤ ‖Tx‖‖y‖ ≤ ‖T‖‖x‖‖y‖.
By Theorem 5.25, there is a w ∈ H s.t. Φy(x) = 〈x,w〉 for all x ∈ H. Set T ∗y = w. Since w
is unique for any given y, this we obtain T ∗ : H → H.

We check linearity. Let a, b be scalars and x, y ∈ H and we want to show that T ∗(ax +
by) = aT ∗x+ bT ∗y. By existence of orthonormal basis and completeness, it suffices to show
that for all z ∈ H, we have,

〈z, T ∗(ax+ by)− aT ∗x− bT ∗y〉 = 0.

Indeed, using adjointness and the conjugate bilinearity of the inner product in the second
coordinate,

〈z, T ∗(ax+ by)− aT ∗x− bT ∗y〉 = 〈z, T ∗(ax+ by)〉 − 〈z, aT ∗x+ bT ∗y〉 = 〈Tz, ax+ by〉 − a〈Tz, x〉 − b〈Tz, y〉 = 0.

14Yunyi suggested that it would be better to explain ((E⊥)⊥)⊥ = E⊥ which I used implicitly here. Indeed,
this follows from the fact that (E⊥)⊥ was shown to be closed and that just means the ⊥ of it is going to be

E⊥ = E
⊥

.
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We check that T ∗ is bounded. We have

‖T ∗x‖ =
√
〈TT ∗x, x〉 ≤

√
‖T‖‖x‖‖T ∗x‖ =⇒ ‖T ∗x‖2 ≤ ‖T‖‖x‖‖T ∗x‖ =⇒ ‖T ∗x‖ ≤ ‖T‖‖x‖.

(b). Showing ‖T ∗‖ = ‖T‖: First, for all x ∈ H,

‖T ∗x‖ =
√
〈T ∗x, T ∗x〉 =

√
〈TT ∗x, y〉 =⇒ ‖T ∗x‖2 = 〈TT ∗x, y〉 ≤ ‖TT ∗x‖‖x‖ ≤ ‖T‖‖T ∗x‖‖x‖

by an application of the Schwarz inequality. Therefore, ‖T ∗‖ ≤ ‖T‖. For the other inequality,
repeat what we just did except switch the the T ∗ with T and vice-versa.

Showing ‖T ∗T‖ = ‖T‖2: First,

‖T ∗Tx‖ ≤ ‖T‖‖T ∗‖‖x‖ =⇒ ‖T ∗T‖ ≤ ‖T‖‖T ∗‖ = ‖T‖2

using the preceding part. It remains to show the other inequality. We have

‖Tx‖2 = |〈Tx, Tx〉| = |〈T ∗Tx, x〉| ≤ ‖T ∗Tx‖‖x‖ ≤ ‖T ∗T‖‖x‖2.

Taking the supremum over all ‖x‖ = 1, we have ‖T‖2 ≤ ‖T ∗T‖.
Showing linearity of ∗: By uniqueness, it suffices to show that 〈(aS+bT )x, y〉 = 〈x, (aS∗+

bT ∗y〉 for all x, y ∈ H. Let x, y ∈ H be arbitrary. Then,

〈(aS + bT )x, y〉 = a〈Sx, y〉+ b〈Tx, y〉 = a〈x, S∗y〉+ b〈x, T ∗y〉 = 〈x, (aS∗ + bT ∗)y〉

where the second equality follows by conjugate linearity of the inner product in the second
coordinate.

Showing (ST )∗ = T ∗S∗: For all x, y ∈ H, we have

〈STx, y〉 = 〈Tx, S∗y〉 = 〈x, T ∗S∗y〉 =⇒ (ST )∗ = T ∗S∗

by uniqueness of (ST )∗.
Showing T ∗∗ = T : For all x, y ∈ H,

〈T ∗x, y〉 = 〈y, T ∗x〉 = 〈Ty, x〉 = 〈x, Ty〉 =⇒ T ∗∗ = T

by uniqueness of T ∗.
(c). Showing R(T )⊥ = N(T ∗): We have

R(T )⊥ = {z ∈ H : 〈z, Tx〉 = 0, ∀x ∈ H}
= {z ∈ H : 〈T ∗z, x〉 = 0, ∀x ∈ H}
= {z ∈ H : T ∗z = 0}
= N(T ∗).

Showing N(T )⊥ = R(T ∗): We reduce to showing that N(T ) = (R(T ∗))
⊥

because (M⊥)⊥ =
M .

N(T ) = {z ∈ H : Tz = 0}

= {z ∈ H : 〈Tz, w〉 = 0, ∀w ∈ H}

= {z ∈ H : 〈z, T ∗w〉 = 0, ∀w ∈ H}

= (R(T ∗))
⊥

where the second equality follows because the inner product is continuous in both coordi-
nates.
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(d). ( =⇒ ) Since T is unitary, we know T−1 is invertible and 〈Tx, Ty〉 = 〈x, y〉 for all x, y
which means T is defined on all of H and so is its inverse (from Exercise 5.55, we know T is
surjective as well). So,

〈Tx, y〉 = 〈Tx, TT−1y〉 = 〈x, T−1y〉
By uniqueness of the adjoint, this shows T ∗ = T−1.

( ⇐= ) Since T is invertible, T−1 is well-defined and bounded. Since T−1 = T ∗, for any
x, y ∈ H,

〈Tx, Ty〉 = 〈x, T ∗Ty〉 = 〈x, T−1Ty〉 = 〈x, y〉 =⇒ T is unitary.

�

Folland Exercise 5.58 LetM be a closed subspace of the Hilbert space H, and for x ∈ H
let Px be the element of M such that x− Px ∈M⊥ as in Theorem 5.24.

a. P ∈ L(H,H), and in the notation of Exercise 57 we have P ∗ = P, P 2 = P R(P ) =M,
and N (P ) =M⊥. P is called the orthogonal projection onto M

b. Conversely, suppose that P ∈ L(H,H) satisfies P 2 = P ∗ = P. Then R(P ) is closed
and P is the orthogonal projection onto R(P ).

c. If {uα} is an orthonormal basis for M, then Px =
∑
〈x, uα〉uα

Proof. a. Showing P ∈ L(H,H): Define P : H → H by x 7→ Px where x − Px ∈ M⊥.
This map is well-defined by Theorem 5.24. Next, checking linearity: let a, b ∈ C and x, y ∈ H
and then,

ax+ by − (aP (x) + bP (y)) = ax+ by − aP (x)− bP (x) = a(x− Px) + b(y − Py) ∈M⊥

sinceM⊥ is a subspace and by well-definedness of P , we deduce P (ax+by) = aP (x)+bP (y).
Next, we show that P is bounded. We have the following identity:

〈Px, Px〉 = 〈x, Px〉 − 〈x− Px, Px〉 = 〈x, Px〉
= 〈x, x〉 − 〈x, x− Px〉
= 〈x, x〉 − [〈x− Px, x− Px〉+ 〈Px, x− Px〉]
= 〈x, x〉 − 〈x− Px, x− Px〉.

Indeed, for any x ∈ H, we have

‖Px‖ =
√
〈Px, Px〉 =

√
〈x, x〉 − 〈x− Px, x− Px〉 ≤

√
〈x, x〉 = ‖x‖.

which shows ‖P‖ ≤ 1.
Showing P ∗ = P : For any x, y ∈ H, we have

〈Px, y〉 = 〈x, y〉 − 〈x− Px, y〉 = 〈x, y〉 − 〈x− Px, y − Py + Py〉
= 〈x, y〉 − 〈x− Px, y − Py〉 − 〈x− Px, Py〉
= 〈x, y〉 − 〈x, y − Py〉 = 〈x, y〉 − 〈x, y − Py〉 = 〈x, Py〉.

Showing P 2 = P : For any x, we know Px−P 2x ∈M⊥ and therefore, P (x−Px) ∈M⊥

which implies

x− Px− (P (x− Px)) ∈M⊥.

Since x− Px is already in M⊥, this means P (x− Px) = 0 so Px = P 2x.
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Showing R(P ) = M : Clearly R(P ) ⊆ M so we prove the other inequality. Let x ∈ M.
Notice that

(2x− Px)− x = x− Px ∈M⊥

and by uniqueness, this means P (2x − Px) = x. Since 2x − Px ∈ H, this means that
x ∈ R(P ).

Showing N(P ) = M⊥: Clearly, if x ∈ N(P ), then x ∈ M⊥ because M⊥ 3 x − Px = x.
So suppose x ∈M⊥. Then, x− Px ∈M⊥ means Px = 0 by uniqueness of Px.
b. Let {xn} = {Pyn} ⊆ R(P ) be a convergent sequence and xn → x. Then by continuity of
P ,

Pyn = P 2yn = P (Pyn)→ Px

which means Pyn → Px ∈ R(P ) and we deduce that the limit of xn = Pyn is an element of
R(P ).

By part a., to show that P is the orthogonal projection onto R(P ), we need to show that
N(P ) = R(P )⊥. From Exercise 5.57c, we know

N(P ) = N(P ∗) = R(P )⊥.

c. Let {uα} be an orthonormal basis of M . We know Px ∈M and by Theorem 5.27c,

Px =
∑
〈Px, uα〉uα =

∑
(〈x, uα〉+ 〈Px− x, uα〉)uα =

∑
〈x, uα〉uα

since 〈Px− x, uα〉 = 0 from the fact that x− Px ∈M⊥ and uα ∈M .
�

Folland Exercise 5.59 Every closed convex set K in a Hilbert space has a unique element
of minimal norm. (If 0 ∈ K, the result is trivial; otherwise, adapt the proof of Theorem
5.24.)

Proof. If 0 ∈ K, then it is clearly the element of minimal norm. Furthermore, it is
unique because any other element with norm zero must be zero by definition.

Suppose 0 6∈ K and let δ := infy∈K ‖y‖. Choose a sequence {yn} ⊆ K s.t. ‖yn‖ → δ.
Then, by convexity, 1

2
yn + 1

2
ym ∈ K for any m,n ∈ N. By the Parallelogram law, we deduce∥∥∥∥1

2
(yn − ym)

∥∥∥∥2

+

∥∥∥∥1

2
(yn + ym)

∥∥∥∥2

=
‖yn‖2

2
+
‖ym‖2

2
.

This means

‖yn−ym‖ = −4

∥∥∥∥1

2
(yn + ym)

∥∥∥∥2

+2‖yn‖2+2‖ym‖2 = 2‖yn‖2+2‖ym‖2−4

∥∥∥∥1

2
(yn + ym)

∥∥∥∥2

≤ 2‖yn‖2+2‖ym‖2−4δ2.

Letting n,m→∞, the RHS converges to 2δ2 + 2δ2 − 4δ2 = 0. This shows {yn} is a Cauchy
sequence and therefore, yn → y for some y and in this case, y converges to an element of
norm equal to δ. Indeed,

‖y‖ = ‖ lim
n→∞

yn‖ = lim
n→∞

‖yn‖ = δ

by continuity of the norm.
For uniqueness, suppose ‖x‖ = ‖y‖ are of minimal norm. Then,

0 < ‖1

2
x+

1

2
y‖2 <

1

2
‖x‖2 +

1

2
‖y‖2 = ‖x‖2
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taking square roots,

0 < ‖1

2
x+

1

2
y‖ < ‖x‖

which is a contradiction since equality in the triangle inequality for norm occurs iff the two
elements are linearly independent. �

Folland Exercise 5.61 Let (X,M, µ) and (Y,N , ν) be σ -finite measure spaces such that
L2(µ) and L2(ν) are separable. If {fm} and {gn} are orthonormal bases for L2(µ) and L2(ν)
and hmn(x, y) = fm(x)gn(y), then {hmn} is an orthonormal basis for L2(µ× ν).

Proof. We verify that {hmn} forms an orthonormal set.
First, ‖hmn‖L2(µ×ν) = 1 since {fm} and {gn} are orthonormal bases of the respective

spaces and

‖hmn‖2
L2(µ×ν) =

∫
X×Y
|fn(x)gm(y)|2d(µ× ν) =

∫
Y

∫
X

|fn(x)|2|gn(y)|2dµ(x)dν(y) =

∫
X

|fn(x)|2dµ(x)

∫
Y

|gm(y)|2dν(y)

= ‖f‖2
L2(µ)‖g‖2

L2(ν) = 1

where we applied the the Tonelli part of the Fubini-Tonelli Theorem (Theorem 2.37a). The
hypothesis Tonelli’s Theorem are fulfilled because |fn(x)gm(y)|2 ∈ L+(µ× ν). This compu-
tation also confirms that {hmn} ⊆ L2(µ× ν).

Next, assume (m,n) 6= (m′, n′) and WLOG assume m 6= m′. Then,

〈hmn, hm′n′〉 =

∫
X×Y

hmnhm′n′d(µ× ν) =

∫
X×Y

fm(x)fm′(x)gn(y)gn′(y)d(µ× ν)

=

∫
X

fm(x)fm′(x)dµ

∫
Y

gn(y)gn′(y)dν = 〈fmfm′〉〈gn, gn′〉 = 0〈gn, gn′〉 = 0

where we applied the Fubini-Tonelli Theorem for the third equality. Next, to show it is an
orthonormal basis, we use Theorem 5.27. Suppose F (x, y) ∈ L2(µ × ν) s.t. 〈F, hmn〉 = 0.
That is,

〈F, hmn〉 =

∫
X×Y

F (x, y)hmn(x, y)d(µ× ν)

=

∫
X×Y

F (x, y)fm(x)gn(y)d(µ× ν)

=

∫
Y

∫
X

F (x, y)fm(x)dµ(x)gn(y)dν (Fubini-Tonelli Theorem)

=

∫
Y

〈F, fm〉gn(y)dν = 〈〈F, fm〉, gn〉 = 0.

Since, for any m, this equality holds for all n, we deduce that 〈F, fm〉 = 0 for all m
(viewed as a function in y). Fixing y, we know that 〈F, fm〉 = 0 for all m. Hence, F = 0
a.e. when fixing the value of x. But notice that our application of Fubini-Tonelli and our
deductions afterwards could be done with gn(y) and fm(x) switched and x and y switched
so that means F = 0 a.e. when we fix a value for y. Together, F = 0 a.e. on X × Y . �

Folland Exercise 5.63 Let H be an infinite-dimensional Hilbert space.
a. Every orthonormal sequence in H converges weakly to 0.
b. The unit sphere S = {x : ‖x‖ = 1} is weakly dense in the unit ball B = {x : ‖x‖ ≤ 1}.

(In fact, every x ∈ B is the weak limit of a sequence in S.)
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Proof. a. Let {xn} be an orthonormal sequence in H. To show xn → 0 weakly, we must
show for all f ∈ H∗, f(xn) → f(0) = 0. Fix an f ∈ H∗. By the Riesz-Representation
Theorem, we know f(·) = 〈·, y〉 for some y ∈ H. Bessel’s inequality,

∞∑
n=1

|〈xn, y〉|2 ≤ ‖y‖2 <∞

which means limn |〈xn, y〉|2 = 0. Therefore, limn〈xn, y〉 = 0 as desired.
b. Let b ∈ B. We show that there exists a sequence in S that converges weakly to
b. Since {b}⊥ is a closed subspace of H, it is also a Hilbert space. Therefore, it has an
orthonormal basis and we can extract from it an orthonormal sequence {xn} (since H is
infinite dimensional, {b}⊥ is infinite dimensional, then consider infinite countable dimension
subspace and choose an orthonormal basis for it by the Gram-Schmidt method). Define,

bn = θnxn + b.

We want θn to be a constant s.t. ‖bn‖ = 1. We can exploit the fact that {xn} ⊆ {b}⊥ to get
that,

1 = ‖bn‖ =
√
〈θnxn, θnxn〉+ 〈θnxn, b〉+ 〈b, θnxn〉+ 〈b, b〉 =

√
|θn|2 + |b|2.

Therefore,

|θn| =
√

1− |b|2.
Since ‖b‖ ≤ 1, the above choice for |θn| is possible (we do not get a complex value). So, we set

θn =
√

1− |b|2 for all n. Next, we show bn → b weakly. We employ the Riesz-Representation
Theorem once more. Let z ∈ H. Then,

〈bn, z〉 = 〈θnxn, z〉+ 〈b, z〉 = θn〈xn, z〉+ 〈b, z〉 → 〈b, z〉
because xn is an orthonormal sequence and we apply part a. �

Folland Exercise 5.48 Suppose that X is a Banach space.
a. The norm-closed unit ball B = {x ∈ X : ‖x‖ ≤ 1} is also weakly closed. (Use

Theorem 5.8d.)
b. If E ⊂ X is bounded (with respect to the norm), so is its weak closure.
c. If F ⊂ X∗ is bounded (with respect to the norm), so is its weak* closure.
d. Every weak*-Cauchy sequence in X∗ converges. (Use Exercise 38.)

Proof. a. Suppose xα → x weakly. Assume xα ∈ B for all α ∈ A in the indexing set. We
must show x ∈ B. The condition f(xα)→ f(x) for all f ∈ X is equivalent to x̂α(f)→ x̂(f)
for all f ∈ X∗. By Theorem 5.8d, we know ‖x̂α‖ = ‖xα‖. Therefore, ‖x̂α‖ → ‖x̂‖ because
‖ · ‖ : X → C is also a bounded linear functional. But 〈‖x̂α‖〉 is a net in the closed unit ball

B1(0) of C and so is the limit ‖x̂‖ ∈ B1(0). Hence, ‖x‖ = ‖x̂‖ ≤ 1.
b. Suppose E ⊂ X is bounded and R > 0 was large enough so that E ⊆ BR(0) := {x ∈ X :
‖x‖ ≤ R}. By part a., if we let E denote the weak closure of E and since the norm-closed
unit ball is weakly closed, E ⊆ B = B and this means E is also bounded.

To deduceBR(0) was also weakly closed, we made use of the fact that scalar multiplication
is a homeomorphism (X,w)→ (X,w) with respect to the weak topology. Indeed, this is an
immediate consequence of the fact that the base for the weak topology is given by sets

UVi,fi :=
n⋂
i=1

f−1
i (Vi) Vi ⊆ C open, fi ∈ X∗
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and scalar multiplication by R > 0 gives R(UVi,fi) =
⋂n
i=1 f

−1
i (RVi) where RA := {Ra : a ∈

A} when A is a set.
c. If F ⊂ X∗ is bounded w.r.t norm, let R > 0 be large enough so that F ⊆ BR(0) := {f ∈
X∗ : ‖f‖ ≤ R}. Then BR(0) is compact in the weak∗ topology by Alaoglu’s theorem and
since the weak∗ topology is Hausdorff, compact sets are closed which means BR(0) is closed
(the weak∗ topology is Hausdorff because of Exercise 4.17 and Theorem 5.8c). Therefore, if

F denotes the weak closure of F , then F ⊆ BR(0) = BR(0) is also bounded.
Again, to deduce BR(0) is compact, we made use of the fact that scalar multiplication

(X∗, w∗) → (X∗, w∗) is a homeomorphism. The fact that this is also a homeomorphism
follows by the same reasoning as above (the base for the topology is preserved).
d. Let {fn} be a weak∗ Cauchy sequence inside X∗. That means fn−fm → 0 and therefore,
(fn − fm)(x) → 0 for all x ∈ X (and the directed set here is (n,m) ∈ N × N). So for all
x ∈ X, {fn(x)} is a Cauchy sequence in C and by completeness, {fn(x)} converges. Let
f(x) := limn→∞ fn(x) for x ∈ X. By Exercise 5.38, we deduce that f ∈ L(X,C) when
defined in this way.

We verify that fn → f w.r.t the weak∗ topology. Indeed, fn → f iff for all x ∈ X, we
have fn(x)→ f(x) and indeed, this is immediate by the definition of f . �

Folland Exercise 5.51 A vector subspace of a normed vector space X is norm-closed iff it
is weakly closed. (However, a norm-closed subspace of X∗ need not be weak∗ -closed unless
X is reflexive; see Exercise 52 d.)

Proof. ( =⇒ ): Approach (1)15 Assume Y is a norm closed vector subspace of X. By
Theorem 5.8, for every x ∈ X \ M , there exists fx ∈ M∗ s.t. fx(x) 6= 0 and f |M = 0.
Since the weak topology is generated by bounded linear functionals in X∗, we know that
fx : (X,w) → C is continuous where (X,w) denotes X with the weak topology. Therefore,
f−1
x ({0}) is a closed subset of (X,w) because {0} ⊆ C is closed. Then,

M =
⋂

x∈X\M

f−1
x ({0})

which is immediate because the LHS is clearly contained in the RHS by construction and
the RHS is contained in the LHS because the intersection runs over all those x ∈ X \M .

However, the arbitrary intersection of closed sets is necessarily closed. So, this shows M
is a closed subset of (X,w).

Approach (2) Assume Y is norm closed. To show Y is weakly closed, let 〈yα〉 be a net in Y .
Suppose yα → y w.r.t the weak topology and we must show y ∈ Y . We know f(yα)→ f(y)
for all f ∈ Y ∗. By Theorem 5.8, choose f ∈ X∗ s.t. f |Y = 0 and f(y) = δ = infz∈Y ‖y − z‖.
Then if y 6∈ Y , that means

‖f(yα)− f(y)‖ = ‖f(y)‖ = f(y) 6= 0

which is a contradiction.
(⇐= ): Assume Y is weakly closed. Suppose yn → y is a sequence in Y and ‖yn−y‖ → 0.

We claim y ∈ Y which shows Y is norm closed. For any bounded linear function f ∈ Y ∗,
‖f(yn − y)‖ ≤ ‖f‖‖yn − y‖ → 0

which implies yn → y weakly. By weakly closed, y ∈ Y . �

15This approach is a consequence of discussion with Jeb Runnoe.
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Folland Exercise 5.53 Suppose that X is a Banach space and {Tn} , {Sn} are sequences
in L(X,X) such that Tn → T strongly and Sn → S strongly.

a. If {xn} ⊂ X and ‖xn − x‖ → 0, then ‖Tnxn − Tx‖ → 0. (Use Exercise 47a.)
b. TnSn → TS strongly.

Proof. a. Let ε > 0. By Exercise 5.47a and Tn → T strongly, we know C := supn ‖Tn‖ <
∞. Since Tn → T strongly, we also know Tnx→ Tx in the norm topology of Y and therefore,
we choose N ∈ N s.t ‖Tnx−Tx‖ < ε for n ≥ N . Since ‖xn− x‖ → 0, choose M ∈ N so that
‖xn − x‖ < ε for all n ≥M . Set L := max{N,M}. Then, we deduce that for all n ≥ N ,

‖Tnxn − Tx‖ = ‖Tnxn − Tnx+ Tnx− Tx‖ ≤ ‖Tn(xn − x)‖+ ‖Tnx− Tx)‖ ≤ ‖Tn‖‖xn − x‖+ ‖(Tn − T )x‖
≤ C‖xn − x‖+ ‖(Tn − T )x‖ < Cε+ ε

Since the RHS is arbitrary, ‖Tnxn − Tx‖ → 0 as desired.
b. First, TnSn → TS strongly iff ‖(TnSn− TS)(x)‖Y → 0 as n→∞ for all x ∈ X. Because
Sn → S strongly, for any x ∈ X, we have ‖Snx− Sx‖ → 0. From a., we deduce

‖Tn(Snx)− T (Sx)‖ → 0.

�

6. Lp Spaces

Folland Exercise 6.1 When does equality hold in Minkowski’s inequality? (The answer is
different for p = 1 and for 1 < p <∞. What about p =∞ )

Proof. We deal with the case p = 1, 1 < p <∞, and p =∞ separately.

(1) For p = 1, we need
∫
|f + g| =

∫
|f |+

∫
|g| to occur. But

∫
|f |+

∫
|g| =

∫
|f |+ |g|

so that means we must have |f(x) + g(x)| = |f(x)| + |g(x)| for a.e. x. Hence,
equality holds iff the usual triangle inequality is an equality a.e.. Recall that the
usual triangle inequality for complex numbers holds iff f = 0 or g = 0 or f = κg
for some κ ≥ 0.

(2) Suppose 1 < p < ∞. We needed equality at two points. First, we needed equality
at |f + g|p ≤ (|f |+ |g|)|f + g|p−1 which we need a.e. since we integrated afterwards.
So, we need |f +g| = |f |+ |g| a.e.. Since f, g are complex valued functions, equality
occurs iff f and g have the same argument a.e.. Therefore, |f + g| = |f | + |g| a.e.
occurs iff f is a positive multiple of g a.e. or f = 0 a.e. or g = 0 a.e.

We also need equality to occur in our application of Hölder’s inequality. Our
first application was

∫
|f ||f + g|p−1 ≤ ‖f‖p‖|f + g|p−1‖q. Equality occurs iff there

exists constants α1, β1 with both not equal to zero s.t.

α1|f |p = β1|f + g|q(p−1) = β1|f + g|p a.e..(263)

Note that q(p−1) = p since 1
p

+ 1
q

= 1. Our second application was
∫
|g||f +g|p−1 ≤

‖g‖p‖|f + g|p−1‖q. Equality occurs iff there exists constants α2, β2 with both not
equal to zero s.t.

α2|g|p = β2|f + g|q(p−1) = β2|f + g|p a.e..(264)

But then

α1β2|f |p = β1β2|f + g|p = β1α2|g|p.
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Taking pth roots and recalling the discussion in the first paragraph, equality in
Minkowski’s inequality for 1 < p < ∞ occurs iff f = 0 a.e. or g = 0 a.e. or f is
a positive multiple of g a.e. and there exists constants α, β s.t. α|f | = β|g| a.e..
Notice that the condition that there exists such constants α, β follows from the fact
that f is a positive multiple of g: set f = κg for κ > 0, then take α = 1 and β = κ
to get α|f | = |κg| = β|g|. Thus, equality in Minkowi’s inequality occurs iff f = 0
a.e. or g = 0 a.e. or f is a positive multiple of g a.e..

(3) Let p = ∞. There is no characterization for equality similar to that for the case
1 ≤ p <∞. Take for example f = χ(−1,0) and g = χ(−1,1). In this case, ‖f+g‖∞ = 2
and ‖f‖∞ = ‖g‖∞ = 1 so equality for Minkowksi’s inequality occurs. However, there
are no constants α and β s.t. α|f | = β|g| except α = β = 0.

We give a characterization by using Theorem 6.8 and the definition. Note that
essential supremum ‖f‖∞ says that |f | ≤ ‖f‖∞ a.e.. Hence, ‖f + g‖∞ ≤ ‖f‖∞ +
‖g‖∞ from the usual triangle inequality. From the definition, equality occurs iff
there is a positive measure set E on which |f + g| = |f |+ |g|, |f + g| ≤ a, and a is
the infimum such value over all possible positive measure sets E.

�

Improving Understanding of p =∞ equality:
The homework solution had: “For p =∞, equality holds iff ∀ε > 0, ∃θ ∈ [0, 2π] s.t.

µ({x ∈ X | |f(x)− eiθ‖f‖∞| ≤ ε & |g(x)− eiθ‖g‖∞| ≤ ε}) > 0.”

Proof. ( ⇐= ): Assume the condition holds. Then, for a.e. x in that set of positive
measure

||‖f‖∞+‖g‖∞|−(|f(x)+g(x)|)| ≤ |f(x)+g(x)−eiθ(‖f‖∞+‖g‖∞)| ≤ |f(x)−eiθ‖f‖∞|+|g(x)−eiθ‖g‖∞| ≤ 2ε

the first inequality follows from reverse triangle, second from usual triangle, and last from x
in the set. Then, for a.e. x in the set

‖f‖∞ + ‖g‖∞ ≤ |f(x) + g(x)|+ 2ε ≤ ‖f + g‖∞ + 2ε.

But since this holds for all ε > 0, ‖f‖∞ + ‖g‖∞ ≤ ‖f + g‖∞ and equality holds. Note:
the reason why that set had to have positive measure is because we need to it to deduce
|f(x) + g(x)| ≤ ‖f + g‖∞.

( =⇒ ): Assume that the condition fails so fix an ε > 0 and for all θ ∈ [0, 2π] the set had
measure zero. That means, for every θ ∈ [0, 2π] ∩Q,

|f(x)− eiθ‖f‖∞| > ε or |g(x)− eiθ‖g‖∞| > ε

for almost every x. WLOG assume the first holds for an x. Then |f(x)− eiθ‖f‖∞| > ε =⇒
‖f‖∞ − ε > |f(x)| a.e..

In particular, if f(x) = rxe
iθx , then

|f(x)−eiθx‖f‖∞| > ε =⇒ |rx−‖f‖∞| > ε =⇒ ‖f‖∞−ε > rx = |f(x)| a.e..
But this means

|f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤ ‖f‖∞ − ε+ ‖g‖∞ ≤ ‖f‖∞ + ‖g‖∞ − ε.
for almost every x. But that means ‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞ − ε and so

‖f + g‖∞ < ‖f‖∞ + ‖g‖∞.
Question from OH, “why write |f(x)− eiθ‖f‖∞| ≤ ε instead of |f | ≥ ‖f‖∞ − ε?”
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The condition won’t work. The ( =⇒ ) direction fails! If we claimed equality when for
all ε > 0

µ({x ∈ R | |f | ≥ ‖f‖∞ − ε & |g| ≥ ‖g‖∞ − ε}) > 0.

What is the issue here? Consider f := χ(0,1) and g := −χ(0,1). Then

µ({x ∈ X | |f | ≥ 1− ε & |g| ≥ 1− ε}) > 0

but equality doesn’t occur in Minkowski’s.
Extra Question: Why not require |f(x) − ‖f‖∞| < ε and |g(x) − ‖g‖∞| < ε on some

positive measure set?
Answer: Then ( ⇐= ) fails. Because we can get a counterexample; f = (1 + i)χ(0,1) and

g = (2 + 2i)χ(0,1). In this case, the condition is not fulfilled ‖f‖∞ =
√

2 and ‖g‖∞ = 2
√

2.
For example, take ε = 1 and the set where both inequalities is true is not positive measure;

|f(x)− ‖f‖∞| > 1 |g(x)− ‖g‖∞| > 1

on (0, 1) (the first is ∼1.08 and second is ∼2.1).
However, equality in Minkowksi’s does occur

‖f + g‖∞ = 3
√

2 = ‖f‖∞ + ‖g‖∞.

Key Note from OH: The two statements are not equivalent (“if ∀θ, a.e. x” ⇐⇒ “a.e.
x, ∀θ) Let us write out the conditions.
∀θ ∈ S, µ(Acθ) = 0 versus µ(Acθ) = 0,

⋂
θ∈S Aθ = A and µ(Ac) = 0 are not equivalent

unless S is a countable set.
Example where the above equivalence fails is as follows. Consider fy : R → R and

fy(x) = x − y. Clearly, ∀y ∈ R, fy(x) 6= 0 for a.e. x. However, we do not have for a.e. x,
∀y ∈ R, fy(x) 6= 0. Because we can just pick yx = x and then, fyx(x) = 0. �

Folland Exercise 6.2 Prove Theorem 6.8 .

Proof. We break the proof into parts.

(a) Let f, g be measurable functions. We may restrict our attention to the set where
f 6= 0 since the result is vacuous if f = 0. Let Ea := {x : |g(x)| > a} and
Ec
a := {x : |g(x)| ≤ a}. Consider the values a ≥ 0 s.t. µ(Ea) = 0. Then,

∫
|fg| =

∫
|f ||g| ≤

∫
Ea

|f ||g|+
∫
Eca

a|f | =
∫
Ea

|f ||g|+ a

∫
Eca

|f | = a

∫
Eca

|f | = a

∫
X

|f |.

(265)

Notice that we have equality at the end since µ(Ec
a) = µ(X) due to µ(Ea) = 0.

Taking the infimum over all such a ≥ 0, we get

‖fg‖1 ≤ ‖g‖∞‖f‖1(266)

as desired.
We had an inequality when deducing

∫
Eca
|f ||g| ≤ a

∫
Eca
|f | and this was the only

time we had an inequality. Notice that we get equality iff |g| = a a.e.. But we took
the infimum over all such a ≥ 0 and hence, since we restricted attention to when
f 6= 0, equality occurs iff |g| = ‖g‖∞ a.e. on the set where f(x) 6= 0.

(b) We show that ‖ · ‖∞ is a norm.
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(i) Suppose ‖f‖∞ = 0. Then that means {x : |f(x)| > 0} has measure zero. So,
|f | = 0 a.e. which means f = 0 a.e.. Suppose f = 0 a.e.. Then {x : |f | > 0}
has measure zero and ‖f‖∞ = 0.

(ii) Let α ∈ C. If α = 0, then it is clear that ‖αf‖∞ = |α|‖f‖∞ so suppose α 6= 0.
Then

‖αf‖∞ = inf{a ≥ 0 : |αf(x)| > a} = inf{a ≥ 0 : |f(x)| > a

|α|
} = |α|‖f‖∞.(267)

(iii) We proved this in Exercise 6.1, so we repeat the proof. By definition, ‖f‖∞ is
the infimum such value for which |f | ≤ ‖f‖∞ a.e. and since |f + g| ≤ |f |+ |g|,
one has ‖f + g‖∞ ≤ |f |+ |g| a.e.. Hence, ‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞.

(c) ( =⇒ ): Assume ‖fn − f‖∞ → 0. If fn − f = 0 a.e. for all n, then there is nothing
to show. Consider sets

En := {x : |fn(x)− f(x)| > an} =⇒ Ec
n := {x : |fn(x)− f(x) ≤ an}(268)

where an ≥ 0 for all n, an → 0. Because ‖fn − f‖∞ → 0 as n → ∞, We may
require µ(En) = 0 as for all n by taking an to be the infimum such value in the
definition of ‖ · ‖∞. Let Ec :=

⋃∞
n=1En which has measure zero by subadditivity.

Then E :=
⋂∞
n=1 E

c
n which is a set that fn → f uniformly on.

( ⇐= ): Let ε > 0. Choose an N ∈ N sufficiently large s.t. for all n ≥ N , we
have

(269) Eε := {x : |fn(x)− f(x)| > ε} ⊆ Ec.

By monotonicity, µ(Eε) = 0. Therefore, ‖fn − f‖∞ ≤ ε. Since ε > 0 was arbitrary,
this shows that ‖fn − f‖∞ → 0 as n→∞.

(d) We first verify that L∞(µ) is a vector space. Indeed, if f, g ∈ L∞(µ) and α, β are
scalars, then

‖αf + βg‖∞ ≤ |α|‖f‖∞ + |β|‖g‖∞ <∞ =⇒ αf + βg ∈ L∞(µ).(270)

We employ Theorem 5.1 to show completeness because (b) and the above shows
us that L∞ is a normed vector space. Suppose {fk} ⊆ L∞ gives an absolutely
convergent series

∑∞
k=1 ‖fk‖∞ = B < ∞. Let F :=

∑∞
k=1 fk. Then, ‖F‖∞ ≤∑∞

k=1 ‖fk‖∞ = B by (a) which shows us that F ∈ L∞. Furthermore, since for a.e.
x, we have |F (x)| ≤

∑∞
k=1 |fk| ≤

∑∞
k=1 ‖fk‖∞ < B a.e. and so F (x) is defined a.e..

All that is left is to show that
∑m

k=1 fk → F as m→∞. We have∥∥∥∥∥F −
m∑
k=1

fk

∥∥∥∥∥
∞

=

∥∥∥∥∥
∞∑

k=m+1

fk

∥∥∥∥∥
∞

≤
∞∑

k=m+1

‖fk‖∞ =
∞∑
k=1

‖fk‖∞ ≤ B <∞

so letting m → ∞, the series on the
∑∞

k=m+1 ‖fk‖∞ goes to zero. Hence, the LHS
goes to zero as m→∞ which shows that

∑m
k=1 fk → F as desired.

(e) First, notice that simple functions are in L∞. Indeed, suppose φ :=
∑n

i=1 aiχEi were
simple where we assume WLOG that µ(Ei) > 0. Then

‖φ‖∞ = sup
1≤i≤n

|ai| <∞.(271)

Now suppose f ∈ L∞ were arbitrary. By Theorem 2.10, choose a sequence of
simple functions fn s.t. |fn| increases to |f | and fn → f uniformly on any set in
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which f is bounded. In particular, fn → f uniformly on the set,

E := X \ {x ∈ X : |f | > ‖f‖∞}.(272)

But the set Ec is measurable and of µ-measure zero by definition of ‖ · ‖∞. By (c),
this means for all ε > 0, we have |fn− f | < ε on E, and hence ‖fn− f‖∞ < ε on E.
Therefore, ‖fn − f‖∞ → 0.

�

Folland Exercise 6.3 If 1 ≤ p < r ≤ ∞, Lp ∩ Lr is a Banach space with norm ‖f‖ =
‖f‖p + ‖f‖r and if p < q < r, the inclusion mapLp ∩ Lr → Lq is continuous.

Proof. Since Lp and Lr are Banach spaces, and in particular vector spaces, the in-
tersection Lp ∩ Lr is also a vector space. To see that ‖ · ‖ is a norm, we show the three
axioms.

(i) First, ‖f‖ = 0 iff ‖f‖p = ‖f‖r = 0 iff f = 0 a.e..
(ii) Second, for any scalar λ ∈ C, ‖λf‖ = ‖λf‖p + ‖λf‖r = |λ|‖f‖.
(iii) Third, if f, g ∈ L∩Lr, then ‖f+g‖ = ‖f+g‖p+‖f+g‖r ≤ ‖f‖p+‖g‖p+‖f‖r+‖f‖r ≤
‖f‖+ ‖g‖.

Using Theorem 5.1: For showing completeness, we employ Theorem 5.1 of the text.
Suppose {fk} ⊂ Lp ∩ Lr is an absolutely convergent series i.e.

∑∞
k=1 ‖fk‖ = B < ∞. Let

Gn :=
∑n

k=1 |fk| and G :=
∑∞

k=1 |fk|. Then by Minkowski’s inequality,

‖Gn‖ = ‖Gn‖p + ‖Gn‖r ≤
n∑
k=1

‖Gn‖p +
n∑
k=1

‖Gn‖r ≤
n∑
k=1

‖G‖ ≤ B(273)

for all n ∈ N. By MCT,

max

{∫
Gp,

∫
Gr

}
= max

{
lim

∫
Gp
n, lim

∫
Gr
n

}
≤ B <∞(274)

and so G ∈ Lp∩Lr. Hence, G(x) <∞ a.e. and F :=
∑∞

k=1 fk is defined a.e.. Since |F | ≤ G,
F ∈ Lp ∩ Lr, |F −

∑n
k=1 fk|r ≤ (2G)r ∈ L1, and |F −

∑n
k=1 fk|p ≤ (2G)p ∈ L1. By DCT,

∥∥∥∥∥F −
n∑
k=1

fk

∥∥∥∥∥
p

p

=

∫ ∣∣∣∣∣F −
n∑
k=1

fk

∣∣∣∣∣
p

→ 0 &

∥∥∥∥∥F −
n∑
k=1

fk

∥∥∥∥∥
r

r

=

∫ ∣∣∣∣∣F −
n∑
k=1

fk

∣∣∣∣∣
r

→ 0

(275)

as n→∞ and so, which means∥∥∥∥∥F −
n∑
k=1

fk

∥∥∥∥∥ =

∥∥∥∥∥F −
n∑
k=1

fk

∥∥∥∥∥
p

+

∥∥∥∥∥F −
n∑
k=1

fk

∥∥∥∥∥
r

→ 0 as n→∞(276)

i.e.
∑∞

k=1 fk converges in the Lp ∩ Lr-norm.
In case we cannot use Theorem 5.1: Let {fn} be a Cauchy sequence in Lp ∩Lr. By

definition, {fn} is also Cauchy w.r.t. the p-norm and the q-norm. By completeness of Lp

and Lr, assume fn → g in Lp and fn → h in Lr. By Exercise 6.9, convergence in the p-norm
and the q-norm shows that fn → g and fn → h in measure. By Theorem 2.30, since fn → h
in measure and fn → g in measure, g = h a.e.. Therefore, {fn} converges to g in Lp ∩ Lr.
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Inclusion map is continuous: Suppose p < q < r and i : Lp∩Lr ↪→ Lq is the inclusion
map. Let ε > 0. Let δ := ε. Let g ∈ Lp ∩ Lr. Suppose f ∈ Lp ∩ Lr s.t. ‖f − g‖ < δ. By
Proposition 6.10, for the λ in the proposition

‖i(f)− i(g)‖q = ‖f − g‖q ≤ ‖f − g‖λp‖f − g‖1−λ
q ≤ ‖f − g‖λ‖f − g‖1−λ ≤ ‖f − g‖ < δ = ε

(277)

which shows continuity.
�

Folland Exercise 6.4 If 1 ≤ p < r ≤ ∞, Lp + Lr is a Banach space with norm ‖f‖ =
inf {‖g‖p+ ‖h‖r : f = g + h} , and if p < q < r, the inclusion mapLq → Lp+Lr is continuous.

Proof. First, we verify that ‖ · ‖ is a norm.

i. Suppose ‖f‖ = 0. Then there is a sequence of gn and hn s.t. f = gn + hn and
‖gn‖p, ‖hn‖r → 0. But that means gn → 0 and hn → 0 since Lp and Lr are
complete. Therefore, f = 0.

Suppose f = 0. Then ‖f‖ = 0 since 0 ∈ Lp and 0 ∈ Lr.
ii. Suppose α is a constant. Then,

‖αf‖ = inf{‖αg‖p + ‖h‖r : f = g + h} = |α|‖f‖.
iii. For the triangle inequality,

‖f + f ′‖ ≤ inf{‖g‖p + ‖h‖r : f = g + h‖+ inf{‖g′‖p + ‖h′‖r : f ′ = g′ + h′} = ‖f‖+ ‖f ′‖.
Now, we show that Lp + Lr is a complete Banach space w.r.t the given norm. We use

Theorem 5.1 to do this. Suppose
∑∞

1 ‖fn‖ <∞. By definition of ‖ · ‖, we can find gn ∈ Lp
and hn ∈ Lr s.t. ‖gn‖p + ‖hn‖q < ‖fn‖+ ε

2n
and fn = gn + hn. Then,

∞∑
1

‖gn‖p ≤
∞∑
1

‖f‖+ ε.(278)

Since Lp is complete,
∑∞

1 gn is defined i.e. it converges. Similarly,
∑∞

1 hn is defined due to
Lr complete. But then

∑∞
1 fn =

∑∞
1 gn +

∑∞
1 hn.

We now show that the map Lq ↪→ Lp + Lr is continuous. Let ε > 0. Now, let E :=
{x : |f(x)| > 1} and F := Ec. Then we can decompose any f ∈ Lq as f := fχE + fχF
and Proposition 6.9 showed that fχE and fχF are in Lp and Lr respectively. We also
have |f |p ≤ |fχE|q and |f |r ≤ |fχF |r. Integrating and taking pth roots, we deduce that

‖f‖p ≤ ‖f‖
q
p
q and ‖f‖p ≤ ‖f‖

q
r
r . Let ε > 0 be arbitrary. Let δ := max{ε

p
q , ε

r
q }.

Since the inclusion map is linear, we just need to show continuity at 0. Suppose ‖f‖q ≤ δ.
Then,

‖f‖ ≤ ‖fχE‖p + ‖fχEc‖r ≤ ‖fχE‖q/pq + ‖f‖q/rq < 2ε.(279)

�

Folland Exercise 6.5 Suppose 0 < p < q < ∞. Then Lp 6⊂ Lq iff X contains sets of
arbitrarily small positive measure, and Lq 6⊂ Lp iff X contains sets of arbitrarily large
finite measure. (For the ”if” implication: In the first case there is a disjoint sequence {En}
with 0 < µ (En) < 2−n, and in the second case there is a disjoint sequence {En} with
1 ≤ µ (En) < ∞. Consider f =

∑
anχEn for suitable constants an.) What about the case

q =∞?
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Folland Exercise 6.6 Suppose 0 < p0 < p1 ≤ ∞. Find examples of functions f on (0,∞)
(with Lebesgue measure), such that f ∈ Lp iff (a) p0 < p < p1 (b) p0 ≤ p ≤ p1 (c) p = p0.
(Consider functions of the form f(x) = x−a| log x|b.

)
Proof. Let us deal with the cases.

(a) We give an f s.t. f ∈ Lp iff p0 < p < p1. Notice that∫
χ(2,∞)

1

x
p
p0

dx &

∫
χ[0,2)

1

x
p
p1

dx(280)

converge iff p0 < p < p1. Therefore, f(x) := χ[0,2)
1

x
p
p1

+χ[0,2)
1

x
p
p1

∈ Lp iff p0 < p < p1.

(b) Notice that ∫
χ(0, 1

e
)

1

(x2| log x|)
p
p1

<∞(281)

iff p ≤ p1. The reason is that if p ≤ p1, the integrand is bounded above by χ(0, 1
e

)
1

x
1− 1

p1

which converges while when p > p1, the integrand is bounded from below by χ(0, 1
e

)
1
x

which diverges.
Notice that ∫

χ(8,∞)
1

(x| log x|2)
p
p0

dx(282)

converges iff p0 ≤ p. When p = p0, then the integral is equal to 1
ln(8)

by undergradu-

ate analysis. When p0 < p, we can bound the integrand from above by χ(8,∞)
1

(x| log x|2)

which converges which is only possible when x is s.t. x| log x|2 ≥ 1 and we chose
(8,∞) specifically for this purpose. On the other hand, when p < p0, we can bound
the integral from below by χ(8,∞)

1

x
p
p0

. Therefore, our desired function is

f := χ(0, 1
e

)

1

(x2| log x|)
1
p1

+ χ(8,∞)
1

(x| log x|2) 1
p0

dx(283)

and f ∈ Lp iff p0 ≤ p ≤ p1.
(c) Given p0. Now let f := 1

x
1
p0 (| lnx|2+1)

. We claim f ∈ Lp and only when p = p0.

Suppose p > p0. Then p
p0
> 1 and we can bound fp ≥ 1

x
p
p0

χ(0,1) and since the

integral of the latter term diverges, f 6∈ Lp if p > p0. Similarly, suppose p < p0.
Then we can bound fp > 1

x
p
p0

χ(3,∞) and since p
p0
< 1, the integral of the latter

function diverges.

�

Folland Exercise 6.7 If f ∈ Lp ∩ L∞ for some p < ∞, so that f ∈ Lq for all q > p, then
‖f‖∞ = limq→∞ ‖f‖q.

Proof. This is Homework 8 on Homework 1 for Math 240B. We showed on the Home-
work that such a limit occurs iff f 6∈ L∞ \

⋃
p∈[1,∞) L

p. �

Folland Exercise 6.8 Suppose µ(X) = 1 and f ∈ Lp for some p > 0, so that f ∈ Lq for
0 < q < p.

a. log ‖f‖q ≥
∫

log |f |. (Use Exercise 42 d in §3.5, with F (t) = et.).
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b.
(∫
|f |q − 1

)
/q ≥ log ‖f‖q, and

(∫
|f |q − 1

)
/q →

∫
log |f | as q → 0.

c. limq→0 ‖f‖q = exp
(∫

log |f |
)
.

Proof. a. By Jensen’s inequality,

exp

(∫
log |f |

)q
≤
∫

exp((log |f |)q) =

∫
|f |q.(284)

Taking qth roots, and taking the logarithm,
∫

log |f | ≤ log ‖f‖q as desired.
b. Note that x− 1 ≥ log x for all x ≥ 0. Set x :=

∫
|f |q. Then,∫

|f |q − 1 ≥ log

(∫
|f |q
)

=⇒
∫
|f |q − 1

q
≥ log ‖f‖q(285)

where the latter followed by properties of logarithms.
The last part, which is only sketched here, follows from noting how x−1→ q log x

for a.e. x.
c. By part (b) and (a), we deduce that

exp

(∫
|f |q − 1

q

)
≥ ‖f‖q ≥ exp

(∫
log |f |

)
(286)

and part (b) shows that the LHS converges to exp
(∫

log |f |
)

as q → 0, hence,

‖f‖q → exp
(∫

log |f |
)

as q → 0.
�

Folland Exercise 6.9 Suppose 1 ≤ p <∞. If ‖fn − f‖p → 0, then fn → f in measure, and
hence some subsequence converges to f a.e. On the other hand, if fn → f in measure and
|fn| ≤ g ∈ Lp for all n, then ‖fn − f‖p → 0

Proof. Suppose ‖fn − f‖p → 0. Then
∫
|fn − f |p → 0 as n→∞. Set En,ε := {x ∈ X :

|fn − f |p ≥ ε}. Then,∫
|fn − f |p ≥

∫
En,ε

|fn − f | ≥
∫
En,ε

ε = εµ(En,ε).(287)

As n → ∞, the LHS goes to zero. Hence, µ(En,ε) → 0. Since ε > 0 was arbitrary and
|fn − f |p ≥ ε is equivalent to |fn − f | ≥ ε1/p, we deduce fn → f in measure. The statement
about a subsequence converging a.e., use Theorem 2.30.

Suppose fn → f in measure and |fn| ≤ g ∈ Lp for all n. Then, |fn − f | → 0 in measure
and |fn−f |p → 0. So, we choose a subsequence s.t.

∫
|fnj−f |p → limn→∞

∫
|fnj−f |p. Taking

another subsequence by Theorem 2.30, |fnji − f |
p → 0 a.e.. Next, notice that |fnji − f |

p ≤
2p+1|g|p ∈ L1 since g ∈ Lp.. We are justified in applying the DCT; limi→∞

∫
|fnj − f |p =∫

limi→∞ |fnji − f |
p = 0. Therefore,

lim
n→∞

∫
|fn − f |p = lim

j→∞

∫ ∣∣fnj − f ∣∣p = lim
i→∞

∫ ∣∣fnji − f ∣∣p = 0 =⇒ ‖fn − f‖p → 0.

�

Folland Exercise 6.10 (without using Exercise 2.20) Suppose 1 ≤ p <∞. If fn, f ∈ Lp
and fn → f a.e., then ‖fn − f‖p → 0 iff ‖fn‖p → ‖f‖p. (Use Exercise 20 in §2.3.)
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Proof. ( =⇒ ): Since the triangle inequality holds for p ≥ 1, the reverse triangle
inequality also holds by a standard undergraduate analysis proof; |‖fn‖p−‖f‖p| ≤ ‖fn−f‖p.
Since the RHS goes to zero as p→∞, ‖fn‖p → ‖f‖p.

( ⇐= ): It suffices to show
∫
|fn − f |p → 0 as n → ∞. Because 0 ≤ |fn − f |p ≤

2p(|fn|p + |f |p),
0 ≤ 2p(|fn|p + |f |p)± |fn − f |p.

Set gn := 2p(|fn|p + |f |p) and then, g := limn→∞ gn = 2p+1|f |p a.e. since fn → f a.e..
Set hn := |fn − f |p and then, h := limn→∞ hn = 0 a.e. since fn − f → 0 a.e.. Notice that
hn ∈ L1 since gn ∈ L1. Then, ∫

g +

∫
h =

∫
(g + h) ≤

∫
g + lim inf

∫
hn∫

g −
∫
h =

∫
(g − h) ≤ lim inf

(∫
g − hn

)
≤
∫
g − lim sup

∫
hn.

Subtracting
∫
g from both sides of the two inequalities above, and rewriting the second

inequality, we have

lim sup

∫
hn ≤

∫
h ≤ lim inf

∫
hn,

whereby,
∫
h = limn→∞

∫
h. But

∫
h = 0 and from the definition of hn, limn→∞

∫
|fn−f |p = 0

as desired. �

Folland Exercise 6.11 If f is a measurable function on X, define the essential range Rf of
f to be the set of all z ∈ C such that {x : |f(x)− z| < ε} has positive measure for all ε > 0

a. Rf is closed.
b. If f ∈ L∞, then Rf is compact and ‖f‖∞ = max {|z| : z ∈ Rf}.

Proof. �

Folland Exercise 6.12 If p 6= 2, the Lp norm does not arise from an inner product on Lp,
except in trivial cases when dim (Lp) ≤ 1. (Show that the parallelogram law fails.)

Proof. Assume p 6= 2 and dim(Lp) > 1. Let E be a set of finite measure and assume
it is not of measure zero. Then set f := χE and g = f . Then the Parallelogram Law
gives, after some algebraic manipulations, µ(E)2/p = µ(E) which is true iff µ(E) = 0, 1
when p 6= 2. Suppose µ(E) = 1 were the case. Then take f := 2χE and g := χE. Then
the Parallelogram Law would given, after some algebraic manipulations and simplifications,
9 = 10. Contradiction.

Remark: The professor discussed this in class and noted that L2 is special since it is
the only Lp space that is a Hilbert space. Obviously, we ignore the trivial case where
dim(Lp) ≤ 1. �

Folland Exercise 6.13 Lp (Rn,m) is separable for 1 ≤ p <∞. However, L∞ (Rn,m) is not
separable. (There is an uncountable set F ⊂ L∞ such that ‖f − g‖∞ ≥ 1 for all f, g ∈ F
with f 6= g.)

Proof. We exhibit a countable dense subset of Lp(Rn,m). We know that the simple
functions S with characteristic functions on finite measure sets are dense in Lp(Rn,m) by
Theorem 6.7. Since being dense is transitive, we exhibit a countable dense subset of the



6. Lp SPACES 173

collection of such simple functions. By Theorem 2.40c, if m(E) < ∞, there is a finite
sequence of disjoint rectangles whose sides are intervals {Rj}N1 s.t. m(E∆ ∪N1 Rj) < ε and
WLOG, we require the intervals to be open intervals. Define,

D := { rectangles S | centered at c ∈ Qn with rational vertices and open interval sides}
The collection D approximates the collection of rectangles i.e. if R is an arbitrary rec-

tangle, for any ε > 0, we can choose an S ∈ D s.t. m(R \ S) < ε. Also, D is a countable
collection since there are countably many vertices rectangles in D can have. We show the
first statement is possible.

Suppose ε > 0. For each side Ri := (ai, bi) of R, we can choose Si := (ri, qi) where

ri, qi ∈ Q, Si ⊆ Ri and m(Ri \ Si) = (bi − qi) + (ai − ri) < ε
1
n by choosing qi arbitrarily

close to bi and ri arbitrarily close to ai. The center of Si is obviously a rational number. Set
S :=

∏n
i=1 Si which will also have a rational center. Then, m(R \ S) =

∏n
i=1m(Ri \ Si) = ε.

Since arbitrary rectangles approximate Lebesgue measurable sets of finite measure, the
elements of D approximate Lebesgue measurable sets of finite measure too as the following
argument shows. If E is Lebesgue measurable, choose rectangles {Rj}N1 s.t. m(E∆∪N1 Rj) <
ε. Then, choose rectangles Sj ∈ D s.t. m(Rj \ Sj) < ε. By Folland Exercise 1.12 and
exploiting the fact that Sj ⊆ Rj,

m(E∆ ∪N1 Sj) ≤ m(E∆ ∪N1 Rj) +m(∪N1 Sj∆ ∪N1 Rj) ≤ ε+m((∪N1 Sj) \ (∪N1 Rj)) +m((∪N1 Rj) \ (∪N1 Sj))

= ε+ ((∪N1 Rj) \ ∪N1 Sj)) ≤ ε+
N∑
1

m(Rj \ Sj)) < (N + 1)ε.

Next, define

G :=

{
k∑
i=1

aiχRi | ai ∈ Q, Ri ∈ D

}
.

Define Gk as the subcollection of G consisting of finite sums where the k is fixed. Then Gk
is countable since Q and D are countable, there are countably many pairs aiχRi , and it is
a finite sum. Then, G is countable as G =

⋃∞
k=1 Gk is a countable union of countable sets.

To show G is dense in S, let φ ∈ S. WLOG it suffices to approximate simple functions of
the form φ = bχE for m(E) < ∞ as elements of S are sums of simple functions of that
form. Choose finitely many disjoint Ri ∈ D s.t. m(E∆ ∪Ni=1 Ri) < ε. Choose q ∈ Q s.t.
|b− q| < p

√
ε. Then,∥∥∥∥∥bχE −

N∑
i=1

qχRi

∥∥∥∥∥
p

p

=

∫ ∣∣∣∣∣bχE −
N∑
i=1

qχRi

∣∣∣∣∣
p

=

∫
|b− q|pχ∩i=1NE\Ri = |b− q|pm(∩Ni=1E \Ri) < ε2

and taking pth roots shows that the p-norm of φ is arbitrarily approximated by elements
of G. At last, G ⊆ S ⊆ Lp(Rn,m), taking the closure G = S, and since G is closed,
G = S = Lp(Rn,m) as desired.

We show that L∞(Rn,m) is not separable. Define F to be the collection of functions of
the form fr(x) := χ(Br(0))c for r > 0. Then for r 6= s, we have

|fr(x)− fs(x)| = |χBr(x)c\Bs(x)c|(288)

and ‖fr − fs‖∞ ≥ 1 is immediate since m({x : |fr(x) − fs(x)| > 1}) = 0 while m({x :
|fr(x) − fs(x)| > 1}) is equal to the volume of the annular region remaining. This shows
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that L∞(Rn,m) is not separable since a countable dense subset of L∞(Rn,∞) would need
to approximate all of the functions in F . Let us explain in more details.

Suppose S were a countable subset. For each f ∈ F , consider a ball B 1
3
(f) about f w.r.t

to the metric induced by the norm. Then B 1
3
(f) does not contain any other g ∈ F since

‖f − g‖∞ ≥ 1. Since S is countable, the elements of S only lie in countably many balls.
But F is uncountable so there is an h ∈ F which cannot be approximated by elements of S.
Hence, S cannot be dense. �

Folland Exercise 6.14 If g ∈ L∞, the operator T defined by Tf = fg is bounded on Lp

for 1 ≤ p ≤ ∞. Its operator norm is at most ‖g‖∞, with equality if µ is semifinite.

Proof. The hypotheses give us∫
|fg|p ≤ ‖g‖p∞

∫
|f |p(289)

by Theorem 6.8a. Taking pth root gives ‖Tf‖p = ‖fg‖p ≤ ‖g‖∞‖f‖p. This shows that
T : Lp → Lp is a bounded linear operator. This also shows that the operator norm is at
most ‖g‖∞ since the definition of the operator norm has an infimum.

We claim equality occurs when µ is semifinite. Define A := {x : |g(x)| > ‖g‖∞ − ε}.
By semifiniteness, choose B ⊆ A s.t. 0 < µ(B) < ∞ (since A has nonzero measure by
definition). Define f := χB

1
p
√
µ(B)

. Then,∫
|fg|p =

∫
B

|g|pµ(B) ≥ µ(B)−1

∫
B

‖g‖∞ − ε = (‖g‖p∞ − ε)(290)

and as ε → 0, this means
∫
|fg|p ≥ ‖g‖p∞. Taking pth roots, shows ‖Tf‖p ≥ ‖g‖∞. There-

fore, ‖Tf‖p ≥ ‖g‖∞‖f‖p for all ‖f‖p = 1 which means ‖T‖ ≥ ‖g‖∞. Since the other
direction was already proven, this completes the proof. �

Folland Exercise 6.15 (The Vitali Convergence Theorem) Suppose 1 ≤ p < ∞ and
{fn}∞1 ⊂ Lp. In order for {fn} to be Cauchy in the Lp norm it is necessary and suffi-
cient for the following three conditions to hold: (i) {fn} is Cauchy in measure; (ii) the
sequence {|fn|p} is uniformly integrable (see Exercise 11 in §3.2) ; and (iii) for every ε > 0
there exists E ⊂ X such that µ(E) <∞ and

∫
Ec
|fn|p < ε for all n. (To prove the sufficiency:

Given ε > 0, let E be as in (iii), and let Amn = {x ∈ E : |fm(x)− fn(x)| ≥ ε} . Then the
integrals of |fn − fm|p over E\Amn, Amn, and Ec are small when m and n are large − for
three different reasons.)
Folland Exercise 6.16 If 0 < p < 1, the formula ρ(f, g) =

∫
|f − g|p defines a metric on

Lp that makes Lp into a complete topological vector space. (The proof of Theorem 6.6 still
works for p < 1 if ‖f‖p is replaced by

∫
|f |p, as it uses only the triangle inequality and not

the homogeneity of the norm.)

Proof. Checking the axioms for a metric space is easy. Use the fact that |f − h|p ≤
|f − g|p + |g− h|p when 0 < p < 1. This metric then defines a topology on the vector space.
We must check that it is a complete topological space. Replace the instances of ‖f‖p with∫
|f |p in the proof of Theorem 6.6. This alleviates the concerns that arose on p. 182. Of

course, this just shows that Lp is a complete metric space since
∫
|f |p is not necessarily a

norm (one cannot factor our scalars:
∫
|αf |p 6= α

∫
|f |p in general). �



6. Lp SPACES 175

Folland Exercise 6.17 With notation as in Theorem 6.14, if µ is semifinite, q < ∞, and
Mq(g) <∞, then {x : |g(x)| > ε} has finite measure for all ε > 0 and hence Sg is σ -finite.

Proof. Recall in Folland Exercise 1.14 we showed that if µ is semifinite and E is a set
with infinite measure, then for all C > 0, there exists F ⊂ E s.t. C < µ(F ) <∞.

So suppose not and that {x : |g(x)| > ε} has infinite measure for some ε > 0. Given
C > 0, we can find a set F and C < µ(F ) <∞ as before and then set f := χF . Therefore,∣∣∣∣∫

X

fg

∣∣∣∣ > ∣∣∣∣∫
F

g

∣∣∣∣ > µ(F )ε > Cε.

Since this holds for all C > 0, we deduce that Mq(g) =∞ which is a contradiction. �

Folland Exercise 6.18 The self-duality of L2 follows from Hilbert space theory (Theorem
5.25) , and this fact can be used to prove the Lebesgue-Radon-Nikodym theorem by the
following argument due to von Neumann. Suppose that µ, ν are positive finite measures on
(X,M) (the σ -finite case follows easily as in §3.2 ), and let λ = µ+ ν

a. The map f 7→
∫
fdν is a bounded linear functional on L2(λ), so

∫
fdν =

∫
fgdλ for

some g ∈ L2(λ). Equivalently,
∫
f(1− g)dν =

∫
fgdµ for f ∈ L2(λ).

b. 0 ≤ g ≤ 1λ -a.e., so we may assume 0 ≤ g ≤ 1 everywhere.
c. Let A = {x : g(x) < 1}, B = {x : g(x) = 1}, and set νa(E) = ν(A ∩ E) νs(E) =

ν(B ∩ E). Then νs ⊥ µ and νa � µ; in fact, dνa = g(1− g)−1χAdµ.

Proof. If we have the result for finite positive measures then the σ-finite case is a
consequence of the same argument as in Section 3.2 as stated.
a. Clearly, the map f 7→

∫
fdν is a linear functional on L2(λ) so we just show that it is

bounded. Suppose ‖f‖L2(λ) = 1. Then,∣∣∣∣∫ fdν

∣∣∣∣ ≤ ‖f‖L2(ν)‖1‖L2(ν) = ‖1‖L2(ν)

(∫
|f |2dν

)1/2

≤ ‖1‖L2(ν) ≤ ‖1‖L2(ν)

(∫
|f |2dλ

)1/2

= ν(X)‖f‖L2(λ).

By the Riesz-Representation Theorem and recalling the definition of the inner product on
L2(λ), we deduce that there exists a g ∈ L2(λ) in which

∫
fdν = 〈f, g〉 =

∫
fgdλ. Equiva-

lently, this means there exists g ∈ L2(λ) s..t
∫
f(1− g)dν =

∫
fgdµ for f ∈ L2(λ).

b. Let E := {x : g(x) < 0}. Our goal is to show that λ(E) = 0. Notice that setting f = χE,
we obtain

ν(E) ≤
∫
f(1− g)dν =

∫
E

(1− g)dν =

∫
E

gdµ ≤ 0.

This implies ν(E) = 0 by positivity of ν. Furthermore,

0 =

∫
E

(1− g)dν =

∫
E

gdµ =⇒ µ(E) = 0.

Let F := {x : g(x) > 1}. Setting f := χF ,

µ(E) ≤
∫
fgdµ =

∫
E

gdµ =

∫
E

(1− g)dν ≤ 0.

This implies µ(E) = 0. Also,

0 =

∫
F

gdµ =

∫
F

(1− g)dν =⇒ ν(F ) = 0.

Therefore, λ(F ) = 0.
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c. Assume 0 ≤ g ≤ 1 everywhere. Clearly, A ∩B = ∅ and A ∪B = X.
To show νs ⊥ µ, notice that νa(B) = ν(A ∩ B) = ν(∅) = 0. So we show µ(A) = 0.

Indeed,

µ(A) =

∫
χAdµ =

∫
χA(1− 1)dν = 0.

To show νa � µ, suppose µ(E) = 0. We want to show νa(E) = ν(A ∩ E) = 0. Indeed,

ν(A ∩ E) =

∫
A∩E

dν =

∫
χA∩E(1− 0)dν =

∫
χA∩Edµ = µ(A ∩ E) = 0.

For the last statement, set f = 1
1−g to get

νa(E) = ν(A ∩ E) =

∫
A∩E

(
1

1− g

)
(1− g)dν =

∫
A∩E

g

1− g
dµ =⇒ dνa = g(1− g)−1χAdµ.

Because νa + νs = ν, we have our desired decomposition into mutually singular and
absolutely continuous parts. Furthermore, the last statement shows that the f in Theorem
3.8 is our g

1−gχA here.
�

Folland Exercise 6.19 Define φn ∈ (l∞)∗ by φn(f) = n−1
∑n

1 f(j). Then the sequence
{φn} has a weak* cluster point φ, and φ is an element of (l∞)∗ that does not arise from an
element of l1

Proof. �

Folland Exercise 6.20 Suppose supn ‖fn‖p <∞ and fn → f a.e.

a. If 1 < p < ∞, then fn → f weakly in Lp. (Given g ∈ Lq, where q is conjugate to
p, and ε > 0, there exist (i) δ > 0 such that

∫
E
|g|q < ε whenever µ(E) < δ, (ii) A ⊂ X

such that µ(A) < ∞ and
∫
X\A |g|

q < ε, and (iii) B ⊂ A such that µ(A\B) < δ and fn → f

uniformly on B.)
b. The result of (a) is false in general for p = 1. (Find counterexamples in L1(R,m)

and l1. ) It is, however, true for p =∞ if µ is σ -finite and weak convergence is replaced by
weak* convergence.

Proof. a. We justify the three claims (i), (ii), and (iii). Given ε > 0.
Proving (i): Because g ∈ Lq, we know |g|q ∈ L1. By HW 4 Problem 7 from Math 240A,

there is a δ > 0 s.t. for any µ(E) < δ, we get
∫
E
|g|q < ε.

Proving (ii): Again, |g|q ∈ L1 and we can apply Exercise 2.16 to deduce that there exists
a measurable set A s.t. µ(A) <∞ and

∫
A
f >

∫
X
f − ε which is equivalent to

∫
X\A f < ε.

Proving (iii): Note that µ(A) < ∞ since it is the A in the statement of (ii). Since
f1, f2, . . . and f are measurable and fn → f a.e., use Egoroff’s Theorem (Theorem 2.33) to
find (A \B) ⊆ A s.t. µ(A \B) < δ and fn → f uniformly on B.

Since supn ‖fn‖p <∞ and fn → f a.e., we know ‖fn−f‖p ≤ C for some constant C > 0.
By Theorem 6.15, any T ∈ (Lp)∗ is of the form T := φg for some g ∈ Lq. For A, B, and
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δ > 0 as above and an application of Hölder’s inequality,∣∣∣∣∫ gfn −
∫
gf

∣∣∣∣ ≤ ∫
X\A
|g||fn − f |+

∫
A\B
|g||fn − f |+

∫
B

|g||fn − f |(291)

≤
[
‖g‖Lq(X\A) + ‖g‖Lq(A\B)

]
‖fn − f‖Lp(X) +

∫
B

|g||fn − f |(292)

≤ 2 q
√
ε‖fn − f‖Lp(X) +

∫
B

|g||fn − f | ≤ 2C q
√
ε+

∫
B

|g||fn − f |.(293)

Choose N sufficiently large s.t. |fn(x)− f(x)| < ε for all n ≥ N and x ∈ B. Then,∫
B

|g||fn − f | ≤ ‖g‖Lq(X)

(∫
B

|fn − f |p
)1/p

≤ ‖g‖qµ(B)1/pε.

Therefore,
∣∣∫ gfn − gf ∣∣ < 2C q

√
ε+‖g‖qµ(B)1/pε so φgfn → φgf which means fn → f weakly

in Lp.
b. Counterexample in L1(R,m): Let fn := nχ[0,1/n]. Clearly, ‖fn‖1 = 1 for all n, supn ‖fn‖ =
1, and fn → 0 =: f a.e.. Let g := χ[0,1], and define φ : L1(R,m)→ C by h 7→

∫
hg. Then∫

fng = 1, ∀n ∈ N &

∫
fg = 0 =⇒

∫
fng 6→

∫
fg =⇒ φfn 6→ φf.

Counterexample in `1(N): Define fn by fn(m) = 1 for m = n and fn(m) = 0 for all
m 6= n. Then, ‖fn‖`1 = 1 for all n, supn ‖fn‖1 = 1, and fn → 0 =: f a.e.. Define g ∈ `∞ by
g(m) = 1 for all m ∈ N and so g defines φg ∈ (`1)∗ since the counting measure is σ-finite on
N so Theorem 6.15 applies. However, fn 6→ f weakly in `1 because∑
m∈N

fn(m)g(m) = 1, ∀n ∈ N &
∑
m∈N

f(m)g(m) = 0 =⇒ φg(fn) 6→ φg(f)

fn → f weakly∗ for p = ∞ and if µ is σ-finite: In this situation, we are viewing
L∞ = (L1)∗ as the dual space and elements f ∈ L∞ as defining bounded linear functionals
φf (g) =

∫
fgdµ for g ∈ L1 which is justified by Theorem 6.15 with µ σ-finite. To show

fn → f weakly∗, we show φfn(g)→ φf (g). For any g ∈ L1,

|φfn(g)− φf (g)| =
∣∣∣∣∫ fng −

∫
fgdµ

∣∣∣∣ ≤ ∫ |fn − f ||g|dµ ≤ ‖fn − f‖∞‖g‖1 → 0

where the convergence to zero is justified by Theorem 6.8c. The hypothesis of the Theorem
6.8c requires fn → f uniformly on a set of full measure. In this case, we take the set of full
measure E where fn → f because fn → f a.e. by hypothesis. To see that fn → f uniformly
on E, we note that supn ‖fn‖∞ <∞ and therefore, supn ‖fn− f‖∞ <∞ which ensures that
fn → f uniformly on E if we replace E as needed. �

Folland Exercise 6.21 If 1 < p < ∞, fn → f weakly in lp(A) iff supn ‖fn‖p < ∞ and
fn → f pointwise.

Proof. ( =⇒ ) We may view each fn as an operator on `q defined by mapping g ∈ `q
to
∫
gfn ∈ C and this is an immediate consequence of Theorem 6.15 and 1 < p < ∞.

Next, supn ‖φfn(g)‖ < ∞ for all g ∈ `q(A) since fn → f weakly in `p(A). By the Uniform
Boundedness Principle, as `q is Banach, supn ‖φfn‖ = supn ‖fn‖ <∞.
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For convergence pointwise, we show |fn(a)− f(a)| → 0 for all a ∈ A as n → ∞. Define
g ∈ `q(A) by g(b) = 0 for all b 6= a and g(b) = 1 when b = a and clearly ‖g‖q < ∞. Since
fn → f weakly, this means

|φg(fn)− φg(f)| → 0 =⇒ |fn(a)− f(a)| → 0

which is precisely what we wanted.
( ⇐= ): First proof: Given T ∈ (`p(A))∗ and assume T := φg for some g ∈ `p(A) by

Theorem 6.15 once more. We need to show φg(fn) → φg(f) which is equivalent to showing∑
a∈A fn(a)g(a) →

∑
a∈A f(a)g(a). However, notice that this is then equivalent to showing

φfn(g) → φf (g). Recast in this way, φfn : `q(A) → C defines a sequence of linear operators
and we are trying to show that φfn → φf strongly. Since fn → f pointwise, we deduce that
φf : `q(A)→ C is actually a linear operator.

By Proposition 6.13, we know ‖φfn‖p = ‖fn‖p so the hypotheses implies supn ‖φfn‖p ≤ ∞.
We show that φf ∈ L(`q(A),C) and by the above, we only need to show it is a bounded

operator. It suffices to show f ∈ `p(A) because we would then get |φf (g)| ≤ ‖g‖q‖f‖p by
Hölder’s inequality. Indeed, by Fatou’s Lemma, noting that summands are positive,∑

a∈A

|f(a)|p =
∑
a∈A

lim inf
n→∞

|f(a)|p ≤ lim inf
n→∞

∑
a∈A

|fn(a)|p < sup
n
‖fn‖pp <∞.

At last, we have {φfn}∞n=1 ⊂ L(`q(A),C), supn ‖φfn‖ = supn ‖f‖p < ∞, and φf ∈
L(`q(A),C) which fulfills the necessary hypothesis of Proposition 5.17. Let D denote the
subset of `p(A) consisting of simple functions with finite support and D is dense in `p by
Proposition 6.7. Let h ∈ D and assume h is supported on the finite set B ⊆ A. Then,

‖φfn(h)− φf (h)‖ ≤
∑
a∈A

|fn(a)h(a)− f(a)h(a)| =
∑
a∈B

|fn(a)h(a)− f(a)h(a)|

and we have limn→∞
∑

a∈B |fn(a)h(a) − f(a)h(a)| =
∑

a∈B h(a) limn→∞ |fn(a) − f(a)| = 0
because we have a finite sum so interchange of limit with the sum is permitted. Invoking
Proposition 5.17, we know φfn → φf strongly and recalling what we said above, this is
equivalent to fn → f weakly in `p(A).

Second proof:16 Because supn ‖fn‖p <∞ and fn → f pointwise, which certainly implies
fn → f a.e., we use Exercise 6.20a., and deduce that fn → f weakly in `p(A). �

Folland Exercise 6.31(A Generalized Hölder Inequality) Suppose that 1 ≤ pj ≤ ∞ and∑n
1 p
−1
j = r−1 ≤ 1. If fj ∈ Lpj for j = 1, . . . , n, then

∏n
1 fj ∈ Lr and ‖

∏n
1 fj‖r ≤

∏n
1 ‖fj‖pj .

(First do the case n = 2.)

Proof. Consider the base case of n = 2. Assume 1
p1

+ 1
p2

= 1
r
≤ 1 and f1 ∈ Lp1 and

f2 ∈ Lp2 . Then, apply Hölder’s inequality with 1
p1
r

+ 1
p2
r

= 1 (as this equation shows they are

conjugate exponents) to get

‖f1f2‖ =

(∫
|f1|r|f2|r

)1/r

≤
(
‖|f1|r‖p1/r‖|f2|r‖p2/r

)1/r
= ‖f1‖p1‖f2‖p2 .

16Credits go to Jeb Runnoe for pointing that this should have been much more straightforward.
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We must take note that the hypotheses of Hölder’s inequality are fulfilled in this situation.
Because 1 ≤ p1, p2 ≤ ∞ and 1

r
≤ 1, for i ∈ {1, 2} we obtain

1

pi
≤ 1

r
≤ 1 =⇒ 1 ≤ pi

r
≤ pi =⇒ pi

r
∈ [1,∞].

Now we induct on n. First, assume the result holds for n ∈ N and we prove that it holds
for n+ 1 as well. Let β := 1∑n

i=1 p
−1
i

and then
∑n+1

i=1
1
pi

= 1
r

is equivalent to 1
β

+ 1
pn+1

= 1
r

and

clearly 1
r
≤ 1. By the same reasons as above, we know β, pn+1 ∈ [1,∞]. Then applying the

above result and then the inductive hypothesis,∥∥∥∥∥
n+1∏

1

fj

∥∥∥∥∥
r

≤ ‖fn+1‖pn+1

∥∥∥∥∥
n∏
1

fj

∥∥∥∥∥
β

≤ ‖fn+1‖pn+1

n∏
1

‖fj‖pj =
n+1∏

1

‖fj‖pj .

�

Folland Exercise 6.32 Suppose that (X,M, µ) and (Y,N , ν) are σ -finite measure spaces
and K ∈ L2(µ × ν). If f ∈ L2(ν), the integral Tf(x) =

∫
K(x, y)f(y)dν(y) converges

absolutely for a.e. x ∈ X; moreover, Tf ∈ L2(µ) and ‖Tf‖2 ≤ ‖K‖2‖f‖2.

Proof. Converges absolutely: By an application of Hölder’s inequality,∫
|K(x, y)f(y)|dy ≤ ‖K(x, ·)‖2‖f(·)‖2 <∞

and this shows absolute convergence a.e. x since
∫
|K(x, y)|2dy converges for a.e. x by the

Fubini-Tonelli Theorem and K ∈ L2(µ× ν) and we had assumed f ∈ L2(ν).
Tf ∈ L2(µ) and ‖Tf‖2 ≤ ‖K‖2‖f‖2: We first justify the hypotheses of Minkowski’s

inequality for integrals. We need to show that y 7→ ‖K(·, y)f(y)‖2 is in L1(ν) and we note
that it is clearly measurable since K(·, y)f(y) is measurable, raising to the second power
doesn’t affect measurability, neither does integrating. For the hypothesis,∫
|‖K(·, y)f(y)‖2|dy =

∫ ∣∣∣∣∫ |K(x, y)f(y)|2dx
∣∣∣∣1/2 dy =

∫
‖K(·, y)‖2|f(y)|dy

≤
(∫
|‖K(·, y)‖2|2dy

)1/2(∫
|f(y)|2dy

)1/2

(Hölder’s Inequality)

=

(∫ ∣∣∣∣∫ |K(x, y)|2dx
∣∣∣∣ dy)1/2

‖f(·)‖L2(ν)

=

(∫ ∫
|K(x, y)|2dxdy

)1/2

‖f(·)‖L2(ν)

= ‖K(·, ·)‖L2(µ×ν)‖f(·)‖L2(ν) <∞ (Fubini-Tonelli).

The finiteness follows from the hypotheses of the problem. This shows that the hypothesis of
Minkowski’s Inequality is fulfilled. Then, if we use the above inequality for the last inequality
below,

‖Tf(·)‖L2(µ) =

∥∥∥∥∫ K(·, y)f(y)dy

∥∥∥∥
2

≤
∫
‖K(·, y)f(y)‖2dy (Minkowski’s Inequality)

≤ ‖f(·)‖L2(ν)‖K(·, ·)‖L2(µ×ν).
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This establishes ‖Tf‖2 ≤ ‖K‖2‖f‖2 and by the hypotheses, we know ‖K‖2 < ∞ and
‖f‖2 <∞ which implies ‖Tf‖2 <∞ so Tf ∈ L2(µ). Furthermore, this establishes ‖Tf‖2 ≤
‖K‖2‖f‖2.

�

Folland Exercise 6.38 f ∈ Lp iff
∑∞
−∞ 2kpλf

(
2k
)
<∞.

Professor Zlatos̆’s comments: Assume p ∈ (0,∞).

Proof. ( =⇒ ): Assume f ∈ Lp so that ‖f‖pp <∞. Then,

p

∞∑
k=−∞

2kpλf (2
k) = p

∞∑
k=−∞

2k2k(p−1)λf (2
k) = p

∞∑
k=−∞

(2k+1 − 2k)2k(p−1)λf (2
k)

≤ p

∞∑
k=−∞

∫
α∈[2k,2k+1]

αp−1λf (α)dα = p

∫ ∞
0

αp−1λf (α)dα

= ‖f‖pp <∞
where the last equality follows by Proposition 6.24. In case it is not obvious, the second
inequality follows by 2k+1 = 2k + 2k which means 2k+1 − 2k = 2k. The inequality follows
by definition of λf (2

k), the preceding fact, and just observing what the upper bound for the
summand is.

(⇐= ): Let Fk := {x : 2k < |f(x)| ≤ 2k+1}. Then, we deduce
∑∞
−∞ 2kpµ(Fk) <∞ since

µ(Fk) ≤ λf (2
k). Therefore, noting that the +1 shift in index does not affect convergence of

the sum,

‖f‖pp =

∫
X

|f |p =
∞∑

k=−∞

∫
Fn

|f |p ≤
∞∑

k=−∞

2(k+1)pµ(Fn) <∞.

�

Folland Exercise 6.40 (a,b,c,d) If f is a measurable function on X, its decreasing re-
arrangement is the function f ∗ : (0,∞)→ [0,∞] defined by

f ∗(t) = inf {α : λf (α) ≤ t} (where inf ∅ =∞)

a. f ∗ is decreasing. If f ∗(t) <∞ then λf (f ∗(t)) ≤ t, and if λf (α) <∞ then f ∗ (λf (α)) ≤
α

b. λf = λf∗ , where λf∗ is defined with respect to Lebesgue measure on (0,∞).
c. If λf (α) <∞ for all α > 0 and limα→∞ λf (α) = 0 (so that f ∗(t) <∞ for all t > 0 ),

and φ is a nonnegative measurable function on (0,∞), then
∫
X
φ ◦ |f |dµ =

∫∞
0
φ ◦ f ∗(t)dt.

In particular, ‖f‖p = ‖f ∗‖p for 0 < p <∞
d. If 0 < p <∞, [f ]p = supt>0 t

1/pf ∗(t).

Proof. a. f ∗ is decreasing: Assume s < t. Then we have

f ∗(s) = inf{α : λf (α) ≤ s} ≥ inf{α : λf (α) ≤ t} = f ∗(t)

because
{α : λf (α) ≤ s} ⊆ {α : λf (α) ≤ t}.

If f ∗(t) < ∞ then λf (f
∗(t)) ≤ t: Because f ∗(t) < ∞ we know {α : λf (α) ≤ t} 6= ∅.

Then,

λf (f
∗(t)) = µ({x : |f(x)| ≥ f ∗(t)}) = µ({x : |f(x)| ≥ inf{β : λf (β) ≤ t}) ≤ t
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if we just observe the definition of f ∗(t) and that the infimum is at most t.
If λf (α) < ∞, then f ∗(λf (α)) ≤ α: Because λf (α) < ∞, f ∗(λf (α)) is well-defined and

the set {β : λf (β) ≤ λf (α)} is nonempty and the infimum is well-defined. Then,

f ∗(λf (α)) = inf{β : λf (β) ≤ λf (α)} ≤ α

because clearly α ∈ {β : λf (β) ≤ λf (α)}.
b. First, we prove the result for characteristic functions, then for simple functions, and then
generalize to arbitrary measurable functions.

Case f is characteristic: Suppose f := χE for some measurable E ⊆ (0,∞). Then,

λf (α) = µ({x : χE(x) > α}) =

{
µ(E) if α < 1

0 if α ≥ 1

On the other hand,

λf∗(α) = m({x : |f ∗(x)| > α}) =

{
m((0, µ(E)) if α < 1

0 if α ≥ 1
=

{
µ(E) if α < 1

0 if α ≥ 1

This might be tricky to see so we provide some exposition.
Suppose α < 1. We claim that x ∈ (0, µ(E)) satisfies |f ∗(x)| > α. By definition,

f ∗(x) = inf{β : λf (β) ≤ x}. The only way for |f ∗(x)| > α when α < 1 is for the infimum
β to be bigger than α. We can use the above computation for λf (α). In this case, λf (β) ≤
x ∈ (0, µ(E)) iff β ≥ 1 and so the infimum is 1. This means |f ∗(x)| = 1 > α which is what
we wanted.

Suppose α ≥ 1. We claim there is no value of x that fulfills |f ∗(x)| > α. We want the
infimum β such that λf (β) ≤ x to be larger than α. If x ∈ (0, 1), then λf (β) ≤ x is fulfilled
with β = 1. But then |f ∗(x)| 6> α. Now if x ∈ [1,∞), then λf (β) ≤ x is fulfilled with β = 1
and possibly β = 0 if x large enough. But again, that means |f ∗(x)| 6> α.

Case f is simple: The case of f simple is complicated to write down, but it essentially
follows from the analysis we did above. We demonstrate determining the values for λf when

f :=
∑N

n=1 anχEn and |a1| ≤ |a2| ≤ · · · ≤ |aN |. We see λf (α) = µ(X \ (E1 ∪ · · · ∪Em)) when
α < |am|. It then readily follows that for the same α, we get λf∗(α) = m((0, µ(X \E1∪ · · ·∪
Em)) = λf (α).

General case of f measurable: Choose a sequence fn of simple functions such that fn → f
pointwise and |fn| increases to |f |. Proposition 6.22 shows that λfn → λf increasingly. But
then we know λf∗n → λf increasingly. All that remains is to show that λf∗n → λf pointwise
and increasingly.

First off, if |g| ≤ |h|, then Proposition 6.22c shows λg ≤ λh. But that means

{x : |g∗(x)| > α} ⊆ {x : |h∗(x)| > α}
because we can observe the definition of h∗ and g∗ and compare them using λg and λh. But
by the same argument as in Proposition 6.22, we deduce that λf∗n → λf∗ increasingly because
the above set containment shows we just have an increasing union of sets.
c. First statement: Notice that the hypotheses for the first statement fulfill the hypotheses
we need to apply Proposition 6.24 twice to get∫ ∞

0

φ ◦ f ∗(t)dt = −
∫ ∞

0

φ(α)dλf∗(α) = −
∫ ∞

0

φ(α)dλf∗(α) = −
∫ ∞

0

φ(α)dλf (α) =

∫
X

φ ◦ |f |dµ.

Second statement on inequality: We first must note that the p-norm that ‖f‖p refers to
is with regards to µ while the p-norm ‖f ∗‖p refers to is with the Lebesgue measure.
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Set φ(x) = xp and applying the preceding result we just proved. We obtain∫
X

|f |pdµ =

∫ ∞
0

(f ∗(t))pdt =

∫ ∞
0

|f ∗(t)|pdt

because f ∗(t) is nonnegative. Taking the pth root, we get ‖f‖p ≤ ‖f ∗‖p as desired.

d. First, we show for all t0 > 0, there exists α > 0 s.t. t
1/p
0 f ∗(t0) ≤ αλf (α)1/p. Given a fixed

t0 > 0.
Since f ∗(t0) = sup{β : λf (β) > t0}, for any ε > 0, there exists γ > 0 such that

f ∗(t0)− ε ≤ γ & λf (γ) > t0.

Hence,

t
1/p
0 f ∗(t0) ≤ λf (γ)1/p(γ + ε)

and letting ε → 0, we get the result. This establishes that supt>0 t
1/pf ∗(t) ≤ [f ]p. So, we

proceed to establish the reverse inequality.
For the reverse direction, we show that for every α0 > 0, there is an ε > 0 sufficiently

small s.t. [f ]p ≤ supt>0 t
1/pf ∗(t) + ε. First, assume λf (α0) 6= 0 because if it were zero, there

is nothing nontrivial to show. Choose the infimum possible δ > 0 in which we get

f ∗(λf (α0)− δ) ≥ α0.

Then, let ε > 0 be sufficiently small so that α0λf (α0)1/p − ε ≤ α0(λf (α0)− δ)1/p. We have

α0λf (α0)1/p − ε ≤ α0(λf (α0)− δ)1/p ≤ f ∗(λf (α0)− δ)(λf (α0)− δ)1/p ≤ sup
t>0

t1/pf ∗(t).

Taking the supremum over all α0 and as ε→ 0, we get [f ]p ≤ supt>0 t
1/pf ∗(t). �

Folland Exercise 6.41 Suppose 1 < p ≤ ∞ and p−1 + q−1 = 1. If T is a bounded operator
on Lp such that

∫
(Tf)g =

∫
f(Tg) for all f, g ∈ Lp ∩ Lq, then T extends uniquely to a

bounded operator on Lr for all r in [p, q] (if p < q) or [q, p] (if q < p).

Professor Zlatos̆’s comments: “bounded operator on Lp” means “bounded linear operator
from Lp(µ) to Lp(µ)” Also assume µ is semifinite if p =∞.

Proof. Assume WLOG that p < q and r ∈ [p, q]. The argument would be done with
p and q interchanged if p > q. Because the function 1

x
is strictly decreasing on (0,∞], we

know 1
q
< 1

r
< 1

p
so there exists t ∈ (0, 1) such that 1

r
= 1−t

p
+ t

q
by convexity of

[
1
q
, 1
p

]
. We

also note that T : Lp → Lp since it is stated to be a bounded operator on Lp.

Case where p ∈ (1,∞): First, we extend the domain of T to Lq. From the hypotheses, we
have ∣∣∣∣∫ (Tf)g

∣∣∣∣ ≤ ∫ |(Tf)||g| ≤ ‖Tf‖p‖g‖q ≤ ‖T‖‖f‖p‖g‖q

where we applied Hölder’s inequality for the second inequality. What the above shows is
that the linear functional f 7→

∫
(Tf)g is a bounded linear functional with operator norm

bounded above by ‖T‖‖g‖q. By Theorem 6.15, we know there is an g∗ ∈ Lq that corresponds
to the bounded linear functional as φg∗ . So, for all f ∈ Lp, we get

∫
fg∗ =

∫
(Tf)g =

∫
f(Tg)

and the second equality follows by the hypothesis if we use the fact that Lp ∩ Lq is dense in
Lq and Lp respectively so that we can pass the T through for any f ∈ Lp and g ∈ Lq. So,
we take Tg = g∗.
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Next, we make some trivial verifications. Namely, we check that T : Lq → Lq is linear and
well-defined. We check linearity because well-definedess follows by the fact that (Lp)∗ ∼= Lq

is an isometric isomorphism so the choice of g∗ is uniquely determined. For linearity, let
α, β ∈ C and g, h ∈ Lq. Then linearity follows immediately from the fact that

∫
f(αg+βh) =∫

α
∫
fg + β

∫
fh.

Then, we define T : Lp + Lq → Lp + Lq by T (f + g) = Tf + Tg for f ∈ Lp and
g ∈ Lq. Notice that Lr ⊆ Lp + Lq by Proposition 6.9. Next, if f + g = f ′ + g′, we know
f − f ′ + g − g′ = 0 and

0 = T (f−f ′+g−g′) = T (f)−T (f ′)+(g−g′)∗ = T (f)−T (f ′)+g∗−(g′)∗ =⇒ T (f)+g∗ = T (f ′)+(g′)∗

which implies T (f + g) = T (f ′ + g′). This shows T : Lp + Lq → Lp + Lq is well-defined.
Moving on, we employ Theorem 6.27 to show that T : Lr → Lr is actually bounded

linear. Checking the hypotheses, we know T : Lp + Lq → Lp + Lq is a linear map satisfying
‖Tf‖p ≤ Mp‖f‖p and ‖Tf‖q ≤ Mq‖f‖q and clearly p, q ∈ [1,∞]. For t ∈ (0, 1) and
1
r

= 1−t
p

+ t
q
, we have ‖Tf‖r ≤M1−t

p M t
q‖f‖r which shows T is a bounded linear operator on

Lr.
Now, we proceed to show that the extension T is unique. For clarity, suppose S were

another extension of T . Therefore, S : Lr → Lr and S|Lp = T . Let h ∈ Lr be arbitrary and
since Lr ⊂ Lp+Lq, write h := f+g for f ∈ Lp and g ∈ Lq and we show S(f+g) = T (f+g).
By linearity, we only need to show S(g) = T (g). Choose a sequence of simple functions gn
with finite support such that gn → g w.r.t the r-norm. Because of how simple functions
are defined, we also have gn → g w.r.t the p-norm and q-norm. Because S is a continuous
extension of T , we deduce that limn→∞ S(gn) = S(g). But for simple functions, we know
gn ∈ Lq and therefore, S(gn) = T (gn) and by continuity of T , we deduce limn→∞ T (gn) =
T (g). Hence, S(g) = T (g).
Case where p = ∞: In this case, we assume the measure is semifinite. If we scan through
our proof, there are two instances that we need the hypothesis. One was to employ Theorem
6.15 as we needed the measure to be at least σ-finite because if p = ∞, then q = 1. Two,
we needed semifiniteness for Proposition 6.13 to ensure ‖g∗‖q = ‖g‖q = ‖φg‖. Otherwise, we
could not apply Theorem 6.27 with our extension.

A few other things to note. To apply Theorem 6.27, notice that we do not need semifinite-
ness unless we have both p = ∞ and q = ∞. So our proof is still valid in this situation.
Furthermore, the remark on convergence of simple functions is still valid because our sim-
ple functions were required to have finite support. Additionally, the initial application of
Hölder’s inequality is valid for p =∞ because of Theorem 6.8.

�

Folland Exercise 6.42 Prove the Marcinkiewicz theorem in the case p0 = p1. (Setting
p = p0 = p1, we have λTf (α) ≤ (C0‖f‖p/α)q0 and λTf (α) ≤ (C1‖f‖p/α)q1 . Use whichever
estimate is better, depending on α, to majorize q

∫∞
0
αq−1λTf (α)dα.

)
Proof. Assume p0 = p1. Then clearly p = p0 = p1 by the hypotheses of the Marcinkiewicz

theorem. First step for us is to justify the hint and it folllows immediately from the weak
type estimates since T is weak type (p, q0) and (p, q1). With the estimates justified, we
proceed to bound ‖Tf‖qq. We have

‖Tf‖qq =

∫
|Tf |q = q

∫ ∞
0

αq−1λTf (α)dα ≤ qCq0
0 ‖f‖q0p

∫ A

0

αq−q0−1dα + qCq1
1 ‖f‖q1p

∫ ∞
A

αq−q1−1dα
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for A > 0. The inequality follows from splitting the integral in two, and then bounding
above by the estimates in the hint. WLOG assume q0 < q1. The reason we may assume
WLOG is because if q0 > q1, then we would just switch our choice of estimates above. Then
q0 ≤ q ≤ q1 which means 0 < q − q0 < q1 − q0 and q0 − q1 < q − q1 < 0. Note 0 < q1 − q as
well. Then, we evaluate the integrals (using the inequalities just stated to ensure they are
well-defined),∫ A

0

αq−q0−1dα =

[
αq−q0

q − q0

]A
0

=
Aq−q0

q − q0

&

∫ ∞
A

αq−q1−1dα =

[
αq−q1

q − q1

]∞
A

=
Aq−q1

q1 − q
.

Then from the bound on ‖Tf‖qq,

‖Tf‖qq ≤ qCq0
0 ‖f‖q0p

Aq−q0

q − q0

+ qCq1
1 ‖f‖q1p

Aq−q1

q1 − q
.

If we take A := ‖f‖p, then the above reduces to

‖Tf‖qq ≤
(
qCq0

0

1

q − q0

+ qCq1
1

1

q1 − q

)
‖f‖qp.

Taking the qth root, we see that the constant we wanted is Bp :=
(
qCq0

0
1

q−q0 + qCq1
1

1
q1−q

)1/q

.

Notice that this constant depends only on p, qj (since q is written in terms of qj and we
allowed to depend on t), C0, and C1. �

7. Radon Measures

Folland Exercise 7.1 Let X be an LCH space, Y a closed subset of X (which is an LCH
space in the relative topology), and µ a Radon measure on Y. Then I(f) =

∫
(f | Y )dµ is

a positive linear functional on Cc(X), and the induced Radon measure ν on X is given by
ν(E) = µ(E ∩ Y ).

Proof. 17 First, we check linearity. Let f, g ∈ Cc(X) and α, β ∈ C and so by linearity
of the integral,

I(αf + βg) =

∫
(αf + βg)|Y dµ =

∫
αf |Y + βg|Y dµ = α

∫
f |Y dµ+ β

∫
g|Y dµ = αI(f) + βI(g).

Next, if f ∈ Cc(X), then f |Y ∈ Cc(Y ) so that I(f) =
∫
f |Y dµ is well-defined. This is

because f |Y is definitely continuous and if supp(f) is compact, then supp(f |Y ) = supp(f)∩Y
is compact since Y is closed. Then, the comment proceeding Proposition 7.1 imply that I
mapping f ′ ∈ Cc(Y ) to

∫
f ′dµ is a positive linear functional. In particular, if f ≥ 0 and

f ∈ Cc(X), then f |Y ∈ Cc(Y ) and

I(f) =

∫
(f |Y )dµ =

∫
supp(f)

(f |Y )dµ =

∫
supp(f)∩Y

fdµ ≥ 0.

17NTS: Think about this some more. If we show I(f) =
∫
fdµY =

∫
fdν, then uniqueness of the Riesz

Representation Theorem implies µY = ν. What goes wrong is that µY may not be a Radon measure on X
itself even though it is a Radon measure on Y (inner regularity may fail).
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Define µY (E) := µ(E∩Y ) and it is a Borel measure by Exercise 1.10 as it is a restriction
of a Borel measure and Y is closed. To show ν = µY , we need to show ν(E) = µY (E) for all
E ∈ BX . Let us show µY is outer regular on BX . Let E ∈ BX . The inequality

µY (E) = µ(E ∩ Y ) ≤ inf{µ(U ∩ Y ) : E ∩ Y ⊆ U open in X} =: η

is immediate from monotonicity of measures. Now we show the other direction. By µ being
Radon on Y and definition of the subspace topology,

µ(E ∩ Y ) = inf{µ(W ) : E ∩ Y ⊆ W, W open in Y }

If W is open in Y , there is an open subset V ⊆ X s.t. W = V ∩ Y . In particular, we can
choose V = W ∪ Y c which is an open subset of X because

W ∪ Y c = (V ∩ Y ) ∪ Y c = V ∩ Y c = (Y ∩ V c)c

is the complement of Y ∩ V c which is open. Therefore,

µ(E ∩ Y ) = inf{µ((W ∪ Y c) ∩ Y ) : E ∩ Y ⊆ (W ∪ Y c) ∩ Y, W open in Y }.

But since W ∪ Y c is open in X, we deduce from bounding the RHS above from below,

µ(E ∩ Y ) ≥ inf{µ(U ∩ Y ) : E ∩ Y ⊆ U, U open in X}

Since µY and ν are outer regular BX , to show equality on BX , it suffices to show equality
on open sets.

Let U ⊆ X be open. Let ε > 0 and by Theorem 7.2, there exists an f ∈ Cc(X) s.t.
f ≺ U and ν(U)− ε ≤ I(f) and therefore,

ν(U)− ε ≤ I(f) =

∫
f |Y dµ ≤

∫
U

1|Y dµ = µ(U ∩ Y ).

Since ε > 0 was arbitrary, ν(U) ≤ µ(U ∩ Y ). For the other direction, suppose K ⊆ U ∩ Y
were a compact set and by Lemma 4.32, there exists a g ∈ Cc(X) s.t. g|K = 1 and g ≺ U .
Then by Theorem 7.2, we have

ν(U) = sup{I(f) : f ∈ Cc(X), f ≺ U} ≥ sup

{∫
χK |Y dµ : K ⊆ U ∩ Y, K compact

}
= sup{µ(K ∩ Y ) : K ⊆ U ∩ Y, K compact} = sup{µY (K) : K ⊆ U ∩ Y, K compact}
= µ(U ∩ Y ) = µY (U).

where the existence of g ∈ Cc(X) satisfying the stated conditions gives the inequality, the
equality in the second line follows from K∩Y being compact as Y is closed18 and the equality
from the second to third line follows from µ being Radon on Y and U ∩ Y ⊆ Y being an
open subset of Y . �

Folland Exercise 7.2 Let µ be a Radon measure on X.
a. Let N be the union of all open U ⊂ X such that µ(U) = 0. Then N is open and

µ(N) = 0. The complement of N is called the support of µ.
b. x ∈ supp(µ) iff

∫
fdµ > 0 for every f ∈ Cc(X, [0, 1]) such that f(x) > 0.

18While discussing this with James Wong, Y being closed is not necessarily needed here.
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Proof. a. Because N is a union of open sets, N is necessarily open as well.
If K ⊆ N is a compact subset of N , there is a finite subcover K ⊆

⋃n
k=1 Uk where

µ(Uk) = 0. Then,

µ(K) ≤ µ

(
n⋃
k=1

Uk

)
≤

n∑
k=1

µ(Uk) =
n∑
k=1

0 = 0.

That is, any compact subset K ⊆ N has measure zero. Because N is open, by definition, µ
is inner regular on N . Therefore,

µ(N) = sup{µ(K) : K ⊆ N, K compact} = 0.

We note that supp(µ) = N c.
b. ( =⇒ ): Assume x ∈ supp(µ). Let f ∈ Cc(X, [0, 1]) and assume f(x) > 0. Because

x ∈ supp(µ), there is an open V ⊆ X s.t. x ∈ V and µ(V ) > 0. Because f is continuous,
there is a W ⊆ V s.t. µ(W ) > 0 and f |W > 0. Then,∫

fdµ >

∫
W

fdµ > µ(W )δ > 0

where δ > 0 is sufficiently small so that f |W > δ > 0.
( ⇐= )19: Suppose not and x 6∈ supp(µ). Then there exists an open set U 3 x s.t.

µ(U) = 0. Because {x} is a compact subset and X Hausdorff, we know {x} is in particular,
closed. Let U be some open set containing x and by Urysohn’s Lemma 4.32, there exists a
continuous f s.t. f |{x} = 1, 0 ≤ f ≤ 1, and supp(f) ⊆ X. Then f(x) = 1 > 0 and since
x 6∈ supp(µ), we know µ({x}) = 0. By the Riesz-Representation Theorem (7.3), if I is given
by g 7→

∫
gdµ for g ∈ Cc(X), we know

0 = µ(U) = sup {I(f) : f ∈ Cc(X), f ≺ U} ≥
∫
fdµ > 0

where the last inequality follows by hypothesis. So 0 > 0 which is a contradiction.
�

Folland Exercise 7.3 Let X be the one-point compactification of a set with the discrete
topology. If µ is a Radon measure on X, then supp(µ) (see Exercise 2 ) is countable.

Proof. 20 Use Exercise 7.2b as needed.
For all x ∈ X \ {∞}, we have x ∈ supp(µ) iff µ({x}) > 0. If µ({x}) > 0, then for all

f ∈ Cc(X, [0, 1]), we know
∫
f ≥ f(x)µ(x) > 0 which implies x ∈ supp(µ). On the other

hand, if x ∈ supp(µ), consider h(y) defined by h(x) = 1 and h = 0 elsewhere. For any

19NTS: Another possible proof, but there might be an error somewhere.
( ⇐= ): Suppose not and x 6∈ supp(µ). So there is an open U s.t. x ∈ U where µ(U) = 0. By Proposition
4.30, there is a compact set x ∈ M ⊆ U . By Urysohn’s Lemma 4.32, there is an f ∈ C(X, [0, 1]) s.t. f = 1
on M and supp(f) ⊆ U . Then,∫

fdµ =

∫
supp(f)

fdµ ≤ (sup
y∈U

f(u))µ(supp(f)) = 0

since µ(supp(f)) ≤ µ(U) = 0 (note that supp(f) is compact and since X is Hausdorff, supp(f) is closed).
Therefore, from the hypothesis and f(x) = 1 > 0, we obtain

0 <

∫
fdµ = 0

which means 0 < 0. Contradiction.
20This is the correct proof provided by Yunyi Zhang for Math 200C.
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open set U ⊆ C, if 0 ∈ U and 1 6∈ U , h−1(U) = {x}c is open. If 1 ∈ U and 0 6∈ U , then
h−1(U) = {x} is open. If 0, 1 ∈ U , then h−1(U) = X is also open. Finally, if 0, 1 6∈ U , then
h−1(U) = ∅ is open. This means h is continuous. Also, it is clearly compactly supported.
But then 0 <

∫
hdµ = h(x)µ({x}) = µ({x}).

For all m ∈ N, ∞ > µ(X) ≥
∑

µ({x})≥ 1
m
µ({x}) implies that only finitely many x have

µ({x}) ≥ 1
m

. Also, supp(µ) ⊆ {∞} ∪
⋃
µ({x})> 1

m
{x} is countable. �

Folland Exercise 7.4 Let X be an LCH space.
a. If f ∈ Cc(X, [0,∞)), then f−1([a,∞)) is a compact Gδ set for all a > 0.
b. If K ⊂ X is a compact Gδ set, there exists f ∈ Cc(X, [0, 1]) such that K = f−1({1}).
c. The σ -algebra B0

X of Baire sets is the σ -algebra generated by the compact Gδ sets.

Proof. a. Set K := f−1([a,∞) which is a closed set because it is the preimage of a
closed set under a continuous function. First off, f−1([a,∞)) =

⋂∞
n=1 f

−1
((
a− 1

n
,∞
))
∈ Gδ

because f−1
((
a− 1

n
,∞
))

is the preimage of an open set and f is continuous. Also, K is
compact since a > 0 implies K ⊆ supp(f), and because K is closed and supp(f) is compact,
Proposition 4.22 shows K is compact..

b. Let K :=
⋂∞
n=1 Un be a countable intersection of open subsets Un ⊆ X. By replacing

Uk with
⋂k
i=1 Ui, we may assume Ui ⊇ Ui+1 for all i. By Proposition 4.31, there is a

precompact V ⊆ X s.t. K ⊆ V ⊆ V ⊆ U1. Set Vi := Ui ∩ V and then,
⋂∞
i=1 Vi =

⋂∞
i=1 Ui =

K. By Urysohn’s Lemma 4.32, we can find continuous fi s.t. fi|K = 1, 0 ≤ fi ≤ 1, and

supp(fi) ⊆ Vi. Define f(x) :=
∑∞

i=1
fi(x)

2i
and this is is a well-defined sum since

|f(x)| ≤
∞∑
i=1

1

2i
= 1

for all x ∈ X. Next, we claim f(x) is continuous. Indeed, the summands fi
2i

are bounded and
continuous and because BC(X, [0, 1]) is a Banach space w.r.t to the uniform norm ‖f‖u ≤∑∞

i=1
‖fi‖u

2i

∑∞
i=1

1
2i

= 1 shows
∑∞

i=1
‖fi‖u

2i
is an absolutely convergent series and therefore, the

series that defines f converges in BC(X, [0, 1]). Next, supp(f) ⊆
⋃∞
i=1 supp(fi) ⊆

⋃∞
i=1 Vi ⊆

V which means supp(f) is a closed subset of a compact set and therefore, it is compact.21

Therefore, f ∈ Cc(X).
Finally, we show K = f−1({1}). If x ∈ K, then f(x) =

∑∞
i=1

1
2i

= 1 by construction
of the fi. Conversely, if x ∈ f−1({1}), then we must have fi(x) = 1 for all i because the

summands fi(x)
2i

are nonnegative. But that means x ∈ supp(fi) ⊆ Vi for all i and hence,
x ∈

⋂∞
i=1 Vi = K. We conclude that K = f−1({1}) and that f is the desired function.

c. Note B0
X := M(E) is the σ-algebra generated by E := {f−1(E) : f ∈ Cc(X), E ⊆

C measurable}. The goal is to show B0
X = M(F) where F is the collection of compact Gδ

sets. We note that is suffices to restrict attention to real-valued functions f ∈ Cc(X,R) by
taking real and imaginary parts. Furthermore, we can restrict attention to the nonnegative
part by decomposing f = f+ − f− and noticing that if f ∈ Cc(X), then f+, f− ∈ Cc(X) as
well. So we reduce to assuming

E := {f−1(E) : f ∈ Cc(X, [0,∞), E ⊆ [0,∞) measurable}.

21This is the where the choice of V is important. Had we chosen fi s.t. fi ⊆ Ui instead, we would not be
able to deduce that supp(f) was indeed compact.
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Showing B0
X ⊆M(F): Since we want to show M(E) ⊆M(F), we can use Lemma 1.1

to reduce to showing E ⊆M(F).
Let f−1(E) ∈ E . Because B[0,∞) is generated22 by the half-open intervals of form [a,∞)

for a > 0, we reduce to showing f−1([a,∞)) ∈M(F). By part a., shows that f−1([a,∞) ∈ F
so f−1([a,∞)) ∈M(F).

Showing M(F) ⊆ B0
X: By Lemma 1.1, we show F ⊆ M(E). Let K ∈ F and by part

b., there exists f ∈ Cc(X, [0, 1]) s.t. K = f−1({1}). But {1} ⊆ [0,∞] is measurable so this
means K ∈ E . Hence, K ∈M(E). �

Folland Exercise 7.5 Let X be a second countable LCH space.
a. Every compact subset of X is a Gδ set.
b. BX = B0

X .

Proof. a. Let K be compact and {Bi}∞i=0 be a countable basis of the topology. For every
Bi ∩K = ∅, there exist disjoint open sets Ui ⊇ Bi and Vi ⊇ K.

We claim K =
⋂∞
i=0 Vi. Clearly, K ⊆

⋂∞
i=0 Vi. For the other direction, suppose not and

there was a v ∈
⋂∞
i=0 Vi s.t. v 6∈ K. Since {v} is a closed set, there are disjoint open sets

U ⊇ {v} and V ⊇ K. Then, there is a basis open set Bi s.t. {v} ⊆ Bi ⊆ V and Bi ∩K = ∅.
This means, there is an i s.t. we have disjoint open sets Ui ⊇ Bi and Vi ⊇ K. However, we
would have v ∈ Vi and v ∈ Ui which means they cannot be disjoint. Contradiction.
b. Clearly, BX ⊇ B0

X . For the other direction, we recall Folland Exercise 4.55 which says
every open set in a second countable LCH space is σ-compact. Therefore, if U is open in X,
we can write U =

⋃∞
n=1Kn as a union of compact sets. By a., we know the Kn are all Gδ sets

and by Folland Exercise 7.4c. we know the Kn are in the generating set of B0
X . Therefore,

U ∈ B0
X . Since the open sets generate BX , we deduce that BX ⊆ B0

X . �

Folland Exercise 7.6 Let X be an uncountable set with the discrete topology, or the
one-point compactification of such a set. Then BX 6= B0

X

Proof. [Incomplete]
Suppose X is an uncountable set with the discrete topology. We must show BX 6⊆ B0

X .
A Cc(X) function f(x) must be nonzero on a closed finite set. However, the set where f(x)
is zero is not a compact Gδ set and therefore, f(x) is not measurable. Take for example,
f := χX\{x} which is (BX , [0, 1]) measurable, but it is not (B0

X , [0, 1]) measurable since its
support is not compact.

The one-point compactification of X does not affect this fact. �

Folland Exercise 7.7 If µ is a σ -finite Radon measure on X and A ∈ BX , the Borel
measure µA defined by µA(E) = µ(E ∩ A) is a Radon measure. (See also Exercise 13.)

Proof. (1) First off, µA is a Borel measure on BX because A ∈ BX and by Exercise
1.10.

(2) Let K ⊆ A be a compact set. Since µ is a Radon measure, µA(K) = µ(K ∩ A) ≤
µ(K) <∞.

22First off, BR is generated by half-open intervals of form [a,∞) for a ∈ R. Restricting to B[0,∞) :=
{E ∩ [0,∞) : E ∈ BR} means that B[0,∞) is now generated by the half-open intervals [a,∞) ∩ [0,∞). So,
B[0,∞) is generated by the half-open intervals [a,∞) for a ≥ 0. We can require a > 0 because if a = 0, then
we just write [0,∞) = [a,∞)c ∪ [a,∞) so we do not need it in the generating set.
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(3) 23 24

Let E ∈ BX and then A ∩E is Borel. Let ε > 0. By outer regularity of µ, there
exists an open U ⊇ A ∩E s.t. µ(U) < µ(A ∩E) + ε. By Proposition 7.7, since µ is
σ-finite and Ac is Borel, there exists a closed F and open V s.t. F ⊆ Ac ⊆ V and
µ(V \ F ) < ε. Note that F ⊆ Ac implies A ⊆ F c. Then,

µA(U ∪ V ) = µ((A ∩ U) ∪ (A ∩ V )) ≤ µ(A ∩ U) + µ(A ∩ V ) ≤ µ(U) + µ(A ∩ V )

< µ(A ∩ E) + ε+ µ(V ∩ F c) = µ(A ∩ E) + ε+ µ(V \ F ) < µ(A ∩ E) + 2ε = µA(E) + 2ε.

Since U ∪ V is open, E ⊆ (E ∩ A) ∪ Ac ⊆ U ∪ V and ε > 0 was arbitrary, we are
done by definition of outer regularity.

(4) Let U ⊆ X be an open set. To prove inner regularity on U , we show two inequalities.
First,

µA(U) = µ(U ∩ A) = sup{µ(K) : K ⊆ U ∩ A, K compact} ≥ sup{µA(K) : K ⊆ U, K compact}
and the second equality is by Proposition 7.5 and the fact that µ is σ-finite while the
inequality is due to the fact that if K ⊆ U ∩A, then K ⊆ U and µ(K) ≥ µ(K ∩A)
by monotonicity.

Now, we show the other inequality. We split into two cases.
Case µA(U) < ∞: In this case, µ(U ∩ A) < ∞ by Proposition 7.5, there is a

compact set K ⊆ U ∩A s.t. µ(U ∩A) < µ(K) + ε. But then K ⊆ U ∩A ⊆ U so we
have a compact set K ⊆ U which has µA(U) < µA(K) + ε. So this establishes the
other inequality25.

Case µA(U) =∞: We show that there are compact subsets of U with arbitrarily
large µA measure.

Let U :=
⋃∞
n=1 Fn be a countable union of finite measure sets and assume the

Fn are disjoint. Let M ∈ N. We have∞ = µ(U ∩A) =
∑∞

n=1 µ(A∩Fn). So there is

an N ∈ N s.t.
∑N

n=1 µ(A∩ Fn) > M + 1. Since µ(A∩ Fn) is of finite measure, from
Proposition 7.5., there is a compact set Kn ⊆ A∩Fn s.t. µ(A∩Fn) < µ(Kn) + 1

N
=

µA(Kn) + 1
N

. Then
⋃N
n=1 Kn ⊆

⋃N
n=1A ∩ Fn ⊆ U ∩ A ⊆ U and the finite union of

compact sets is still compact. But we find that

µA

(
N⋃
n=1

Kn

)
=

N∑
n=1

µA(Kn) >
N∑
n=1

(
µ(A ∩ Fn)− 1

N

)
> M + 1− 1 = M.

This shows that there are compact subsets of U of arbitrarily large measure and
therefore, sup{µA(K) : U ⊇ K compact} =∞ = µA(U) as desired.

�

Folland Exercise 7.8 Suppose that µ is a Radon measure on X. If φ ∈ L1(µ) and φ ≥ 0,
then ν(E) =

∫
E
φdµ is a Radon measure. (Use Corollary 3.6.)

23NTS: I initially gave an incorrect argument using inequalities of infimums of sets. Try to be careful since
inequalities in those situations can easily go awry.
24James Wong pointed out a different approach using a ε

2n argument. It is essentially just a repeat of
Proposition 7.7: If E ∈ BX , let E :=

⋃∞
k=1Ek be a countable union of disjoint finite measure sets. For

each Ek, choose open Uk ⊇ Ek s.t. µ(Uk \ Ek) < ε
2k

by Proposition 7.5. Set U :=
⋃∞
k=1 Uk. Then,

µ(U) =
∑∞
k=1 µ(Uk) <

∑∞
k=1 µ(Ek) + ε

2k
= µ(E) + ε.

25This actually establishes equality as well. We could have gone without showing two inequalities.
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Proof. (1) First off, ν : BX → [0,∞] defines a Borel measure by Exercise 2.13.
(2) It suffices to show that ν is a finite measure since it implies finiteness on all compact

sets and indeed,

ν(X) =

∫
X

φdµ =

∫
X

|φ|dµ = ‖φ‖L1(µ) <∞.

(3) 26 To show inner regularity on open sets, it suffices to show inner regularity on
all Borel sets. Let E ∈ BX and ε > 0. Let δ > 0 be as in Corollary 3.6 with
ε > 0. The set φ−1((0,∞)) is σ-finite by Proposition 2.23 and nonnegativity. So,
let φ−1((0,∞)) =

⋃∞
k=1 Ek a countable union of finite measure sets and WLOG27,

assume that Ek ⊆ Ek+1 for all k. Because µ(Ek) < ∞, Proposition 7.5 tells us
that µ is inner regular on Ek. So, there exists a compact set Kk s.t. Kk ⊆ Ek
and µ(Ek \ Kk) < δ. Therefore, ν(Ek \ Kk) < ε. Since ν is a finite measure by
part 1., we know ν(

⋃∞
k=1Kk) < ∞. So there is an N ∈ N sufficiently large s.t.

ν(
⋃∞
k=N+1 Kk) < ε. Now,

ν

(
En \

N⋃
k=1

Kk

)
≤ ν

(
En \

(
∞⋃
k=1

Kk

))
+ ν

(
∞⋃

k=N+1

Kk

)
< ν(En \Kn) + ε < 2ε.

We want to compute that measure of E. We have

ν(E) =

∫
E

φdµ =

∫
E∩{φ>0}

φdµ =

∫
⋃∞
k=1 Ek

φdµ = ν

(
∞⋃
k=1

Ek

)
.

Since {Ek}∞k=1 is an ascending sequence of measurable sets, we know that ν(E) =

limk→∞ ν(Ek). From this fact, ν
(
E \

⋃N
k=1Kk

)
= limn→∞ ν

(
En \

⋃N
k=1Kk

)
≤ 2ε.

But
⋃N
k=1Kk is a finite union of compact sets and is therefore compact. This proves

that ν is inner regular on all Borel sets.
(4) Now for outer regularity on all Borel sets. Let E ∈ BX and let ε > 0. Since E

Borel, Ec is Borel and then there exists a compact set K s.t. ν(Ec \ K) < ε or
equivalently, ν(Ec) − ε < ν(K) since ν finite. Since K is compact, it is closed and
Kc is open. Since K ⊆ Ec, we get E ⊆ Kc. All that is left is the inequality, and we
use finiteness of ν,

ν(Kc) = ν(X)− ν(K) ≤ ν(X)− (ν(Ec)− ε) = ν(X)− ν(Ec) + ε = ν(X \ Ec) + ε = ν(E) + ε.

This last inequality implies that ν(E) := inf{ν(U) : E ⊆ U, open}.
�

Folland Exercise 7.9 Suppose that µ is a Radon measure on X and φ ∈ C(X, (0,∞)). Let
ν(E) =

∫
E
φdµ, and let ν ′ be the Radon measure associated to the functional f 7→

∫
fφdµ

on Cc(X).
a. If U is open, ν(U) = ν ′(U). (Apply Corollary 7.13 to φχU).
b. ν is outer regular on all Borel sets. (Hint: The open sets Vk =

{
x : 2k < φ(x) < 2k+2

}
, k ∈

Z, cover X.).
c. ν = ν ′, and hence ν is a Radon measure. (See also Exercise 13.)

26A hint was provided by James Wong. In particular, find a way to exploit σ-finiteness since φ ∈ L1(µ).
27In particular, one can take Ek := φ−1( 1

k ,∞)).
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Proof. a.28 Since φ is continuous and χU is LSC by Proposition 7.11, φχU is LSC. So by
Corollary 7.13, since φχU is nonnegative and LSC and µ is Radon,

ν(U) =

∫
φχU = sup

{∫
gdµ : g ∈ Cc(X), 0 ≤ g ≤ φχU

}
.

We also have sup
{∫

gdµ : g ∈ Cc(X), 0 ≤ g ≤ φχU
}

= sup
{∫

hφdµ : h ∈ Cc(X), 0 ≤ h ≤ χU
}

:
h ∈ Cc(X) iff hφ ∈ Cc(X) and this fact is just a consequence of the fact that supp(hφ) =
supp(h) by φ nonzero and 0 ≤ h ≤ χU iff 0 ≤ hφ ≤ φχU . Essentially, if g is in the LHS set,
then gφ is in the RHS set and conversely, if h is in the RHS set, then hφ is in the LHS set.

Since hφ ∈ Cc(X), we can use the definition ν ′ to deduce that
∫
hφdµ =

∫
hdν ′. So we

get

ν(U) = sup

{∫
hφdµ : h ∈ Cc(X), 0 ≤ h ≤ χU

}
= sup

{∫
hdν ′ : h ∈ Cc(X), 0 ≤ h ≤ χU

}
=

∫
χUdν

′ = ν ′(U)

and the second to last equality follows from Corollary 7.13 (ν ′ is Radon by hypothesis) and
the last equality is from definition.
b. Let E be a Borel set. First off, ν(E) ≤ inf{ν(U) : E ⊆ U, U ⊆ X open} is clear by
monotonicity of measures. We need to show the converse. Let Vk := φ−1((2k, 2k+2)) and
these sets cover X because

⋃
k∈Z Vk = φ−1((0,∞)) (note that we have k+2 which is crucial).

Suppose we showed that for all k ∈ Z, we could find a Uk ⊇ Vk ∩ E s.t. ν(Uk) <
ν(Vk ∩ E) + ε

2|k|
. Then we can take U :=

⋃
k∈Z Uk and then, U ⊇

⋃
z∈Z Vk ∩ E = E while

ν(U \ E) < 3ε because ν(
⋃
k∈Z Uk \ Vk ∩ E) ≤

∑
k∈Z

ε
2|k|

= 3ε.
By replacing Uk with the open set Uk ∩ Vk, we may assume Uk ⊆ Vk. Then that means

we want to find a Uk ⊆ Vk s.t. Uk ⊇ Vk ∩ E and Uk satisfies the condition above.
From the hint,

2kµ(Uk \ E ∩ Vk) ≤
∫
φχUk\E∩Vkdµ ≤ 2k+2µ(Uk \ E ∩ Vk)

and since ν(Uk \ E ∩ Vk) =
∫
φχUk\E∩Vkdµ, we need to choose µ(Uk \ E ∩ Vk) sufficiently

small. From µ Radon, we can find Uk ⊇ E ∩ Vk s.t. µ(Uk) < µ(E ∩ Vk) + ε
2k+22|k|

and this
means µ(Uk \ E ∩ Vk) < ε

2k+22|k|
. From the above inequality, this means

ν(Uk \ E ∩ Vk) ≤ 2k+2µ(Uk \ E ∩ Vk) <
ε

2|k|

as desired.
c. Since ν(U) = ν ′(U) for all open sets, ν ′ is outer regular on all Borel sets by definition,
and ν is outer regular on Borel sets by part b., we deduce that ν(E) = ν ′(E) for all Borel
sets and so ν = ν ′. Since ν ′ is a Radon measure, ν is Radon as well. �

Folland Exercise 7.10 If µ is a Radon measure and f ∈ L1(µ) is real-valued, for every ε > 0
there exist an LSC function g and a USC function h such that h ≤ f ≤ g and

∫
(g−h)dµ < ε.

Proof. Let us assume29 that f ≥ 0 first. Then by Proposition 2.23, {x : f(x) > 0} is
σ-finite and by hypothesis, f is Borel measurable. Then we can characterize

∫
fdµ by the

infimum and supremum in Proposition 7.14. Let ε > 0. Then there exists a USC function h

28NTS: A difficult and impossible to savlage proof I initially went with entailed using Lusin’s Theorem on
the cases where U was finite or nonfinite µ-measure. It worked for finite measured U , but is impossible to
work with when infinite measured because there is no “good” upper bound.
29This is not necessary, actually, but was a good starting point when working on the problem.
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s.t. 0 ≤ h ≤ f and
∫
hdµ + ε

2
> f and a LSC function g s.t.

∫
gdµ − ε

2
> f . Subtracting

from one another,∫
h− gdµ+ ε =

∫
hdµ+

ε

2
−
(∫

gdµ− ε

2

)
> f − f = 0 =⇒

∫
(g − h)dµ < ε.

Let ε > 0. Assume f is real-valued and by Proposition 2.23 again, {x : f+(x) > 0}
and {x : f−(x) < 0} are σ-finite where f = f+ − f− is the positive and negative parts
decomposition from Chapter 2. This enables us to apply Proposition 7.14 four times30: there
exists LSC functions g1, g2 s.t. g1 ≥ f+, g2 ≥ f−,

∫
g1 <

∫
f+ + ε, and

∫
g2 <

∫
f− + ε and

there exists USC functions h1, h2 s.t. h1 ≤ f+, h2 ≤ f−,
∫
h1 >

∫
f+−ε, and

∫
h2 >

∫
f−−ε.

Putting this together, we know

h1 − g2 ≤ f+ − f− ≤ g1 − h2

and in case it is not clear, the fact that −g2 ≤ −f− and −f− ≤ −h2 is used. Because
f = f+ − f−, we obtain h1 − g2 ≤ f ≤ g1 − h2. Since g2 is LSC, −g2 is USC and
h1 − g2 = h1 + (−g2) is the sum of USC continuous which is then USC. On the other hand,
h2 is USC implies −h2 is LSC and therefore, g1−h2 = g1 + (−h2) is a sum of LSC functions
meaning it is LSC. This gives the desired lower bound by a USC function and upper bound
by an LSC function. For the integral bound,∫

(g1 − h2)− (h1 − g2)dµ =

∫
g1dµ−

∫
h2dµ−

∫
h1dµ+

∫
g2dµ

<

∫
f+dµ+ ε−

∫
f−dµ+ ε+−

∫
f+dµ+ ε+

∫
f−dµ+ ε

= 4ε.

Since we can scale the our choice of ε to ε
4
, we are done. �

Folland Exercise 7.11 Suppose that µ is a Radon measure on X such that µ({x}) = 0 for
all x ∈ X, and A ∈ BX satisfies 0 < µ(A) < ∞. Then for any α such that 0 < α < µ(A)
there is a Borel set B ⊂ A such that µ(B) = α.

Proof. 31 Define a set S := {B ⊆ A : µ(B) ≤ α, U ∩ A = B with U ⊆ X open} which
partially order by inclusion i.e. B ≤ B′ whenever B ⊆ B′.

First, establish that S is nonempty. Because 0 < µ(A) < ∞ is nonempty and µ is zero
for all one point sets, we can choose a ∈ A, use outer regularity to find an open set U ⊇ {a}
s.t. µ(U) < α and take B := U ∩ A which then satisfies the conditions to be in S.

Now for the chain condition of Zorn’s Lemma. Let {Bi}i∈I be a chain inside S. We
claim the upper bound is

⋃
i∈I Bi. Certainly, if Bi = Ui ∩ A, then

⋃
i∈I Bi =

(⋃
i∈I Ui

)
∩ A

which is an intersection of an open set with A. Next, to compute µ(
⋃
i∈I Bi), we note that⋃

i∈I Bi ⊆ A which allows us to use Exercise 1.15 (the measure µ is semifinite on A since A
has finite measure). This means that µ(

⋃
i∈I Bi) = sup{µ(F ) : F ⊆

⋃
i∈I Bi, µ(F ) < ∞}

and since every F ⊆
⋃
i∈I Bi is in some Bj, we deduce that µ(

⋃
i∈I Bi) ≤ α. Invoking Zorn’s

Lemma, we know there exists such a set B ∈ S that is maximal w.r.t partial ordering.

30The hypotheses of Proposition 7.14 are fulfilled since f± are nonnegative and Borel measurable.
31NTS: Is it possible to do this construction without Zorn’s Lemma? It looks impossible to do without it
because there are possibly uncountably many measurable sets and we would need to choose a candidate.
However, it is likely possible if we had semifiniteness of measures.
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To establish that B is the set we want, show µ(B) = α. Suppose not and that we had
strict inequality µ(B) < α. Then 0 < α − µ(B) and then µ(A \ B) > 0. So, A \ B 6= ∅.
Choose an a ∈ A \ B which makes {a} a closed set. Since ∞ > µ(A \ B) > 0, the measure
µA\B is σ-finite and thereby a Radon measure. By outer regularity, there exists an open set
V s.t. V ⊇ {x} and µA\B(V ) < µA\B({x}) +α− µ(B) = α− µ(B) by hypothesis. Then, we
get

µ((V ∩ A) ∪B) ≤ µ((V ∩ A) ∪B) ≤ µ(B) + µ(V ∩ A) ≤ µ(B) + α− µ(B) = α.

Notice that B ( (V ∩ A) ∪ B because V contains the point x ∈ A \ B. To contradict
maximality of B, we must establish that (V ∩A)∪B ∈ S. Indeed, if B = U ∩A for U ⊆ X
open, then (V ∩ A) ∪B = (V ∪ U) ∩ A and is therefore in S. Contradiction. �

Folland Exercise 7.12 Let X = R × Rd, where Rd denotes R with the discrete topology.
If f is a function on X, let f y(x) = f(x, y); and if E ⊂ X, let Ey = {x : (x, y) ∈ E}

a. f ∈ Cc(X) iff f y ∈ Cc(R) for all y and f y = 0 for all but finitely many y.
b. Define a positive linear functional on Cc(X) by I(f) =

∑
y∈R
∫
f(x, y)dx and let µ

be the associated Radon measure on X. Then µ(E) = ∞ for any E such that Ey 6= ∅ for
uncountably many y.

c. Let E = {0} × Rd. Then µ(E) =∞ but µ(K) = 0 for all compact K ⊂ E.

Proof. a. ( =⇒ ): Suppose f ∈ Cc(X). If we fix y ∈ R and consider f y, then f y is certainly
continuous by definition of the product topology. Also, supp(f y) ⊆ supp(f) which means it
is a closed subset of a compact set and therefore, compact. For the last statement, suppose
not and that f y 6= 0 for infinitely many y. Let Y be the set of those y s.t. f y 6= 0. Then
(f y)−1(R)× {y} is open in X since (f y)−1(R) ⊆ R is open and by definition of the product
topology. But then supp(f) ⊆

⋃
y∈Y (f y)−1(R)× {y} and there is no finite subcover because

of our assumption. Contradiction. Therefore, |Y | <∞.
( ⇐= ): This direction is trickier32 so we are more detailed here. Suppose U ⊆ C were

an open set. If 0 ∈ U , then f−1(U) =
⋃
y∈Rd(f

y)−1(U)× {y} is a union of open sets with Y

being the set of y s.t. f y 6≡ 0. If 0 6∈ Y , then f−1(U) =
⋃
y∈Y (f y)−1(U)×{y} where Y is the

set of y s.t. f y 6= 0. Therefore, f−1(U) is open. To show that f has compact support, we
have

supp(f) =
⋃
y∈Y

(f y)−1(C \ {0}))× {y} =
⋃
y∈Y

(f y)−1(C \ {0}))× {y} =
⋃
y∈Y

supp(f y)× {y}

and the first equality is by definition of the support, the second equality is because the union
is finite and the closure of a product is the closure of the individual parts, and the last is by
definition of the support.

Because {y} is a compact set, Tychonoff’s Theorem shows that supp(f y)×{y} is compact.
The finite union of compact spaces is necessarily compact. Hence, supp(f) is compact.
b. First, we verify that I(f) is positive and a linear functional I : Cc(X) → C as claimed.
Certainly, I is linear because the integral and sum is linear and the sum is a finite sum
when f ∈ Cc(X) by part a.. For positivity, suppose f ≥ 0 and then, I(f) is a finite sum of

32Continuity of functions from product spaces can be tricky and we recall that it is not true that f(x, y) :
X ×Y → Z is continuous when fy(x) is continuous for all y and fx(y) is continuous for all x. The standard
counterexample is f(x, y) = xy

x2+y2 with f(0, 0) = 0.
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positive summands and is thereby positive. From the Riesz-Representation Theorem, there
is an associated Radon measure µ i.e. I(f) =

∫
fdµ for f ∈ Cc(X).

Let E be s.t. Ey 6= ∅ for uncountably many y. By outer regularity, µ(E) = inf{µ(U) :
E ⊆ U open}. It suffices to show that µ(U) =∞ for all E ⊆ U .

To compute µ(U), the Riesz Representation Theorem tells us that µ(U) = sup{I(f) :
f ∈ Cc(X), f ≺ U}. Since U ⊇ E, we know that Uy 6= ∅ for uncountably many y.

Define an fm ∈ Cc(X) as follows. First, choose a finite sequence y1, . . . , ym ∈ Y s.t.
Eyi 6= ∅. For each i, choose a point xi ∈ Eyi and apply Urysohn’s Lemma to find a function
gi ∈ Cc(R) s.t. gi(xi) = 1, supp(gi) ⊆ U i. Then, set fm := gi on R × {yi} and for all
y 6∈ {y1, . . . , ym}, set fm = 0 for R × {y}. From part a., we know fm ∈ Cc(X) and by
construction, fm ≺ U .

Now we integrate and note that by construction 33,
∫
fm(x, yi)dx > 0 for all i,

I(fm) =
∑
y∈R

∫
fm(x, y)dx =

∫
fm(x, y1)dx+· · ·

∫
fm(x, ym)dx.

Let F be defined by setting F y = g for y s.t. Ey 6= ∅ and g is obtained from Urysohn’s
Lemma by {xy} ⊆ Ey, g(xy) = 1, 0 ≤ g ≤ 1, and supp(g) ⊆ Uy. Now we take the supremum
when computing µ(U) and therefore, our µ(U) is greater than or equal to the supremum
over all I(fm). Therefore,

µ(U) ≥ sup{I(fm) : fm ∈ Cc(X) as above} =
∑
y∈R

∫
F (x, y)dx =∞.

The equality of the supremum with the uncountable sum follows from the fact that an
uncountable sum is defined34 as the supremum over the finite sums35. The last equality
follows since the RHS sum is an uncountable sum of positive values.
c. Let E := {0} × Rd. Then Ey 6= ∅ for all y ∈ Rd because Ey = {0} × {y}. Therefore,
by part b., µ(E) =∞. Now suppose K ⊆ E is compact and so K := {0} × {y1, . . . , yn} for
n ∈ N0 with n = 0 meaning K = {0}×∅. Notice that if K := {0}×∅, then the zero function
is in the set on the RHS so µ(K) = 0 is obvious. So assume n ∈ N. To show µ(K) = 0,
apply the Riesz-Representation Theorem to get µ(K) = inf{I(f) : f ∈ Cc(X), f ≥ χK}.

Let m ∈ N\{1}. Define fm(x, y) by setting f ykm (x) to be the function where f yk |[0,1/m2] =
1, supp(f yk) ⊆ (−1/m, 1/m), and f yk ∈ Cc(R) which is obtained from Urysohn’s Lemma
and then

fm(x, y) :=

{
f yk(x) yk, 1 ≤ k ≤ n,

0 y 6∈ {y1, . . . , yn}.

Then fm ∈ Cc(X), because of part a., fm ≥ χK , and fm ≥ 0. Moreover,

0 ≤ I(fm) =
∑
y∈R

∫
fm(x, y)dx =

n∑
k=1

∫
f ykm (x)dx ≤

n∑
k=1

2

m
=

2n

m
.

33We know fm(x, yi) = g(x). But we also know 0 ≤ g ≤ 1, g(x) is continuous, and g(xi) = 1. So there is an
open set W 3 xi on which g|W > 0. But every nonempty open set of R has positive Lebesgue measure so∫
fm(x, yi)dx > 0.

34See the remarks on p. 11 of Folland.
35In this case, finite subsets {y1, . . . , ym} in which Eyi 6= ∅.
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Since m ∈ N was arbitrary, we have a sequence {fm}∞m=1 s.t. fm ∈ Cc(X), fm ≥ χK , and
I(fm)→ 0. These are candidates for the infimum and so, µ(K) = 0. �

Folland Exercise 7.13 In the setting of Exercise 12, let A = (R\{0})×Rd and φ(x, y) = |x|.
Then the measures µA(E) = µ(A ∩ E) and ν(E) =

∫
E
φdµ are not Radon. (Thus, the

hypotheses that µ be σ -finite in Exercise 7 , that φ ∈ L1(µ) in Exercise 8 , and that φ > 0
in Exercise 9, cannot be dropped.

Proof. Failure of µA: 36 Let E := {0}×Rd. Then E∩A = ∅ and therefore, µA(E) = 0.
We claim that outer regularity fails. Let U ⊇ E be an open set containing E. By definition
of the product topology and by the basis of the topology on R, there exists an interval
(a, b) that contains 0 s.t. E ⊆ (a, b) × Rd ⊆ U . Now choose an element x ∈ (a, b) × Rd

which is not equal to 0. Then, {x} × Rd ⊆ (a, b)× Rd. From Exercise 7.12b, we know that
µ({x}×Rd) =∞. But {x}×Rd ⊆ A implies that µA({x}×Rd) =∞. But this implies that
µA(U) =∞ by monotonicity of measures.

Since U was an arbitrary open set, we deduce that every open set containing E has
µA(U) = ∞. But this means inf{µA(U) : E ⊆ U, open} = ∞ and hence, inf{µA(U) : E ⊆
U, open} 6= µA(E). So outer regularity on Borel sets fails.
Failure of ν: Let E := {0} ×Rd and E is Borel. We know µ(E) =∞ from Exercise 7.12c.
We also know that φ = 0 on E by definition. Therefore,

∫
E
φdµ = 0. Suppose we had an

open U ⊇ E and by taking n ∈ N sufficiently large, we have U ⊇ (−1/n, 1/n)× Rd ⊇ E.
Let Y := {y1, . . . , yN} ⊆ Rd be some arbitrary finite subset of Rd. From Corollary

7.13, since φ is lower semicontinuous, nonnegative, and µ is Radon, we can approximate
φ|(−1/n,1/n)×Rd ≥ h(x, y) where

h(x, y) :=


−x+ 1

(n+1)
1

2(n+1)
≤ x ≤ 1

n+1

x 0 ≤ x ≤ 1
2(n+1)

0 elsewhere

for y ∈ Y & h(x, y) = 0 for y 6∈ Y.

and note that h(x, y) ∈ Cc(X) because h(x, y) 6= 0 for only finitely many y and h(x, y) ∈
Cc(R) for those y in which it is nonzero. The support of h(x, y) in R when it is nonzero is
[0, 1

n+1
] and it is continuous because of how we defined it. Then,∫

U

φdµ ≥
∫

(−1
n
, 1
n)×Rd

φdµ ≥
∫

(−1
n
, 1
n)×Rd

h(x, y)dµ ≥
∫

[ −1
n+1

, 1
n+1 ]×Y

h(x, y)dµ

=
N∑
i=1

∫ 1/(n+1)

−1/(n+1)

h(x, y)dx = N

∫ 1/(n+1)

−1/(n+1)

h(x, y)dx.

The entirety of the first line is clear because of our approximation and the second inequality
is because we restricted to a smaller set. The first equality on the second line follows
from the definition in Exercise 7.12b and the fact that h(x, y) ∈ Cc(X). Note further that

36For this part of the proof, I discussed the material with Professor Ebenfelt, Frederick Rajasekaran, and
with Scotty Tilton and Jeb Runnoe.
NTS: I was under the impression that the problem statement was wrong, in part of reading a discussion
about why restrictions don’t work well with Radon measures. I wrote my own proof “falsifying” Folland’s
problem. However, I was not careful in writing the proof that “falsified” Folland’s statement. A crucial error
I made was in the my proof that µA was of outer regular on Borel sets. I used an ε > 0 argument which I
purported gave me the nontrivial inequality. However, that does not given the way I used it.
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−1/(n+1)
h(x, y)dx > 0. But our choice of N was arbitrary so if we let N → ∞, we deduce

that
∫
U
φdµ = ∞. This establishes µ(U) = ∞ whenever U ⊇ E. Since µ(E) = 0 and the

infimum of only infinite values is just infinity µ(E) cannot possibly be outer regular. �

Folland Exercise 7.14 Let µ be a Radon measure on X, and let µ0 be the semifinite part
of µ (see Exercise 15 in §1.3 ).

a. µ0 is inner regular on all Borel sets.
b. µ0 is outer regular on all Borel sets E such that µ(E) <∞.
c.
∫
fdµ =

∫
fdµ0 for all f ∈ Cc(X)

d. If µ is the measure of Exercise 12 and m is Lebesgue measure on R, then µ0(E) =∑
y∈Rm (Ey) for any Borel set E.

Proof. Let µ = µ0 + ν be the decomposition from Exercise 1.15.
a. Let E ∈ BX and ε > 0. The there exists a finite measure F ⊆ E s.t.

µ0(E)− ε < µ(F ).

Then, by inner regularity of µ on σ-finite sets, there is aK ⊆ F compact s.t. µ(F )−ε < µ(K).
Since µ(K) <∞, we know µ(K) = µ0(K). Then,

µ0(E)− 2ε < µ(F )− ε < µ(K) = µ0(K)

as desired.
b. Assume µ(E) < ∞. Let ε > 0 and choose U ⊇ E s.t. U is open and µ(U) < µ(E) + ε.
Then,

µ0(U) + ν(U) < µ0(E) + ν(E) + ε =⇒ µ0(U) < µ0(E) + ν(E)− ν(U) + ε ≤ µ0(E) + ε

which gives us what we wanted. Finiteness of µ(E) is needed since otherwise, ν(E) =∞.
c. [Incomplete]
d. Approximate χE by a Cc(X) function f . Then

∫
fdµ0 =

∫
fdµ =

∑
y∈R
∫
f(x, y)dy

implies that µ0(E) =
∑

y∈R
∫
χyEdx =

∑
y∈Rm(Ey). �

Folland Exercise 7.16 Suppose that I ∈ C0(X,R)∗ and I+, I− are the functionals con-
structed in the proof of Lemma 7.15. If µ is the signed Radon measure associated to I, then
the positive and negative variations of µ are the Radon measures associated to I+ and I−

Proof. By Theorem 3.4, choose P and N s.t. P ∩ N = ∅, P ∪ N = X, ν−(P ) = 0,
and ν+(N) = 0. Let f ∈ C0(X,R) and I+(f) = sup{I(g) : g ∈ C0(X,R), 0 ≤ g ≤ f} by
construction37. So, if we expand I(g) =

∫
gdµ =

∫
gdµ+ −

∫
gdµ−, and note

∫
gdµ− ≥ 0,

I+(f) = sup

{∫
gdµ+ −

∫
gdµ− : g ∈ C0(X,R), 0 ≤ g ≤ f

}
≤ sup

{∫
gµ+ : g ∈ C0(X,R), 0 ≤ g ≤ f

}
≤
∫
fµ+.

For the other inequality, let ε > 0. Also, fχP is38 a measurable function vanishing outside a
set of finite |µ|-measure. By Theorem 7.10, choose a φ ∈ Cc(X) s.t. φ = fχP except on a
set Eε s.t. |µ|(Eε) < ε and since f is bounded, assume ‖φ‖u ≤ ‖f‖u. WLOG, we may take
the positive part of the Re (φ) to get ‖φ‖u ≤ ‖f‖u and φ still differs from f on a set of < ε
measure. Since φ ∈ C0(X),

37See p. 221 of Folland
38Since f ∈ C0(X,R) it is a measurable function and the product of measurable functions is still measurable.
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I+(f) = sup{I(g) : g ∈ C0(X,R), 0 ≤ g ≤ f} ≥ I(φ) =

∫
φdµ =

∫
Ecε

φdµ+

∫
Eε

φdµ

=

∫
Ecε

φdµ+ +

∫
Eε

φdµ+ −
∫
Ecε

φdµ− −
∫
Eε

φdµ−

≥
∫
Ecε

φdµ+ −
∫
Ecε

φdµ− −
∫
Eε

φdµ−

≥
∫
Ecε

fχPdµ
+ −

∫
Ecε

fχPdµ
− −

∫
Eε

φdµ− (φ = fχE on Ec
ε )

≥
∫
Ecε

fχPdµ
+ −

∫
Ecε

fχPdµ
− −

∫
Eε

‖f‖udµ− (‖φ‖u ≤ ‖f‖u)

≥
∫
Ecε

fχPdµ
+ −

∫
Ecε

fχPχNdµ−
∫
Eε

‖f‖udµ− (def. of µ−)

=

∫
Ecε

fχPdµ
+ −

∫
Eε

‖f‖udµ− (P ∩N = ∅)

=

∫
Ecε

fχPdµ
+ +

∫
Eε

fχPdµ
+ −

∫
Eε

fχPdµ
+ −

∫
Eε

‖f‖udµ−

=

∫
X

fdµ+ −
∫
Eε

‖f‖udµ+ −
∫
Eε

‖f‖udµ− (def. of µ+ & ‖φ‖u ≤ ‖f‖u)

≥
∫
X

fdµ+ − ‖f‖u|µ|(Eε)− ‖f‖u|µ|(Eε) (µ− ≤ |µ|)

≥
∫
X

fdµ+ − 2‖f‖uε (|µ|(Eε) < ε).

Because f ∈ C0(X,R) was arbitrary and ε > 0 was arbitrary, we deduce that I+(f) ≥∫
fdµ+ for all f ∈ C0(X,R). So by the uniqueness part of Theorem 7.17, I+ has associated

Radon measure µ+.
On the other hand, for all f ∈ C0(X,R), we have

I−(f) = I(f)− I+(f) =

∫
fdµ−

∫
fdµ+ =

∫
fdµ−

and therefore, I− has associated Radon measure µ− the uniqueness part of by Theorem 7.17.
�

Folland Exercise 7.17 If µ is a positive Radon measure on X with µ(X) =∞, there exists
f ∈ C0(X) such that

∫
fdµ = ∞. Consequently, every positive linear functional on C0(X)

is bounded.

Proof. 39 By inner regularity, choose a compact subset K1 ⊆ X s.t. µ(K1) > 21 + 1.
Then X \K1 is open and µ(X \K1) =∞ so we can apply inner regularity to find a K2 s.t.

39There is an error in the construction which has not been fixed. I was deducted one point since my
construction cannot ensure the fn do not interfere outside the set Kn. Not too sure what the issue, maybe
th uniform convergence?
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µ(K2) > 22 +1 and K2 ⊆ X \K1. Inductively, we can find a compact Kn s.t. µ(Kn) > 2n+1
and Kn is disjoint from K1, . . . , Kn−1.

Define F :=
∑∞

n=1
fn
2n

. The sequence of partial sums FN :=
∑N

n=1 fn converge to F

because ‖F‖u ≤
∑∞

n=1
‖fn‖u

2n
≤
∑∞

n=1
1

2n
= 1. Furthermore, the partial sums are a fi-

nite sum of continuous functions and hence, continuous while the support supp(Fn) =⋃N
n=1{x ∈ X : fn(x) 6= 0} =

⋃N
n=1 supp(fn) is compact40 and therefore FN ∈ Cc(X). Since

FN → F w.r.t. the uniform norm and C0(X) is the closure of Cc(X) under ‖ · ‖u by Propo-
sition 4.35, we get F ∈ C0(X). Now, we show

∫
fdµ = ∞ by estimating from below. By

Theorem 2.15,∫
fdµ =

∞∑
n=1

∫
X

fn
2n
dµ ≥

∞∑
n=1

∫
K

fn
2n
dµ ≥

∞∑
n=1

µ(K)

2n
>

∞∑
n=1

2n + 1

2n
=∞

since the RHS sum has nonnegative terms that converge to 1 as n→∞.
Suppose I were a positive linear functional on C0(X) that was unbounded. Restricting I

to I|Cc(X) gives a positive linear functional on Cc(X) and then ICc(X) is given by integration
against a positive Radon measure µ on X by Theorem 7.2. Furthermore, µ(X) < ∞.
Suppose not and µ(X) = ∞ so there exists a sequence of FN as the one above. Let GN :=
FN
‖FN‖u

and note that ‖FN‖u ≤ ‖F‖u = 1. Then,

ICc(X)(GN) =
I(FN)

‖FN‖u
≥ I(FN)

1
= I(FN)

and as N → ∞, we get ICc(X)(GN) → ∞. This implies that ‖ICc(X)‖ = sup{I(f) : f ∈
Cc(X), ‖f‖u = 1} = ∞ and so, ICc(X) is unbounded. From the remarks on p. 221, this
means ICc(X) cannot be extended continuously to a functional on C0(X). However, I itself
is an extension of ICc(X) that is continuous which is a contradiction. We conclude that
µ(X) <∞. By requiring µ(X) <∞, we deduce that I itself is bounded because |

∫
fdµ| ≤

‖f‖uµ(X) = ‖f‖u‖µ‖ for all f ∈ C0(X). �

Folland Exercise 7.18 If µ is a σ-finite Radon measure on X and ν ∈M(X), let ν = ν1+ν2

be the Lebesgue decomposition of ν with respect to µ. Then ν1 and ν2 are Radon. (Use
Exercise 8.)

Proof. The Lebesgue Decomposition of ν = ν1 + ν2 is obtained from the Lebesgue-
Radon-Nikodym Theorem and WLOG, there is an f ∈ L1(µ) s.t. dν = dν1 + fdµ and
dν2 = fdµ and ν1 ⊥ λ.

First Approach:41 By the Lebesgue-Radon-Nikodym Theorem, there is an f ∈ L1(µ)
s.t. dν = dν1 + fdµ, dν2 = fdµ, and ν1 ⊥ µ.

We know ν2 is Radon iff |ν2| is Radon and since dν2 = fdµ, we know d|ν2| = |f |dµ. From
Exercise 7.8, we know |ν2| is Radon since |ν2|(E) =

∫
E
|f |dµ, µ is Radon, |f | ∈ L1(µ), and

|f | ≥ 0.
Since M(X) is a vector space, the difference of Radon measures is also a Radon measure.

Since ν is Radon, we see that ν2 = ν − ν1 must also be Radon.
Second Approach: Since ν1 is a complex measure, ν1 = ν1,r + iν1,i can be split into its

real and imaginary parts. Decompose ν1,r = ν+
1,r−ν−1,r into its positive and negative variations

40The finite union of compact sets is compact and the closure distributes over finite unions.
41This first approach was suggested by Jeb which is fast while the second approach was my original (longer)
approach.
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which are just restrictions ν1,r,P , ν1,r,N of ν1,r to a positive and negative set P,N respectively
s.t. P ∩N = ∅ and P ∪N = X from the Hahn-Jordan Decomposition. Since ν was σ-finite,
so are νr and νi as well as their positive and negative variations. Since ν+

1,r = ν1,r,P , Exercise

7.7 tells us that ν+
1,r is Radon as well. Repeating the same argument for ν−1,r, ν

+
1,i, and ν−1,i,

we know ν1 is a Radon measure.
Deal with the case f ≥ 0 and f ∈ L1(µ) first. In this situation, fdµ is a Radon measure

by Exercise 7.8. Because dν2 = fdµ = frdµ + fidµ = f+
r dµ − f−r dµ + (f+

i dµ − f−i dµ)i, we
can apply this to each part to deduce that f+

r dµ, f−r dµ, f+
i , and f−i are Radon measures.

But these are the positive and negative variations of the real and imaginary parts of ν2

respectively. Hence, frdµ and fidµ are Radon measures which implies ν2 is a Radon measure
as well.

�

Folland Exercise 7.22 A sequence {fn} in C0(X) converges weakly to f ∈ C0(X) iff sup
‖fn‖u <∞ and fn → f pointwise.

Proof. ( =⇒ ): For fn → f pointwise, let x ∈ X and let µx be the point-mass measure
at x ∈ X and this is a Radon measure 42. Also,

∫
gdµx = g(x) for any g ∈ C0(X). Then,

fn → f weakly in C0(X) implies fn(x) =
∫
fndµx →

∫
fdµx = f(x) and since x was

arbitrary, fn → f pointwise on X.
To show sup ‖fn‖u < ∞, we use the Uniform Boundedness Principle. Since fn → f

weakly, we know f̂n ◦ I → f̂ ◦ I for every I ∈ C0(X)∗. Therefore, supn ‖fn ◦ I‖ <∞ for all

I ∈ C0(X)∗ and the Uniform Boundedness Principle implies supn ‖fn‖u = supn ‖f̂n‖ <∞.
Alternatively, to show sup ‖fn‖u < ∞, we directly use Exercise 5.47b. We know C0(X)

is a Banach space w.r.t the uniform norm and therefore, every weakly convergent sequence
is norm bounded. That means ‖fn‖u <∞ for all n ∈ N and hence, sup ‖fn‖u <∞.

(⇐= ): Let I ∈ C0(X)∗ and by the Riesz-Representation Theorem, there is a µ ∈M(X)
s.t. I = Iµ. We need to show Iµ(fn) → Iµ(f). Let g := supn ‖fn‖u and notice that
g ∈ L1(µ) = L1(|µ|) because |µ| is a finite measure and g is bounded and by applying
Proposition 3.13c. Since fn → f pointwise, we certainly have fn → f a.e.. Also, |fn| ≤ g
a.e. and for all n from the definition of g. By the Dominated Convergence Theorem,

lim
n→∞

I(fn) = lim
n→∞

∫
fndµ =

∫
lim
n→∞

fn(x)dµ(x) =

∫
f(x)dµ(x) = I(f)

as desired. Hence, fn → f weakly. �

Folland Exercise 7.26 If {µn} ⊂M(X), µn → µ vaguely, and ‖µn‖ → ‖µ‖, then
∫
fdµn →∫

fdµ for every f ∈ BC(X). (If µ = 0 the result is trivial. Otherwise, there exists g ∈ Cc(X)
with ‖g‖u ≤ 1 such that

∫
gdµ > ‖µ‖−ε, and

∫
gfdµn →

∫
gfdµ for f ∈ BC(X).) Moreover,

the hypothesis ‖µn‖ → ‖µ‖ cannot be omitted.

42Clearly, it is finite on compact sets because it is a finite measure. It is also outer regular because if x 6∈ E,
then µx(E) = 0 and the infimum measure of open sets containing E is zero. If x ∈ E, then µx is outer
regular on E. If U is an open set and it contains x, there is a compact set {x} ⊆ V ⊆ U by Proposition
4.31 and µx(V ) = 1 which shows inner regularity in this case. If x 6∈ U , then compact sets in U all have µx
measure zero and µx(U) = 0 and inner regularity still holds.
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Proof. 43 Suppose µ = 0. Let f ∈ BC(X) and so
∫
fdµ = 0. Then

∣∣∫ fdµn∣∣ ≤∫
|f |d|µn| ≤ ‖f‖u‖µn‖ → ‖f‖u · 0 = 0 and we are done in this case.

Suppose µ 6= 0. We show44 there exists a compact set K ⊆ X and an n ∈ N s.t. for all
n ≥ N , one has µn(X \K) < ε. Assuming ‖µ‖ > 0, we can find a g ∈ Cc(X) s.t. ‖g‖u ≤ 1
and |

∫
gdµ| > ‖µ‖ − ε which is equivalent to ε > ‖µ‖ − |

∫
gdµ|. Since ‖µn‖ → ‖µ‖ and

µn → µ vaguely, for large enough n ∈ N, we have |‖µ‖ − ‖µn‖| < ε and so ‖µ‖ < ε + ‖µn‖
as well as ||

∫
gdµ| − |

∫
gdµn|| < ε and so |

∫
gdµ| − ε < |

∫
gdµn|. These estimates give,

‖µn‖ −
∣∣∣∣∫ gdµn

∣∣∣∣ = ‖µn‖ − ‖µ‖+ ‖µ‖ −
∣∣∣∣∫ gdµn

∣∣∣∣ < ε+ ‖µ‖ −
∣∣∣∣∫ gdµn

∣∣∣∣ < ε+ ‖µ‖ −
∣∣∣∣∫ gdµ

∣∣∣∣+ ε < 3ε.

Then, writing ‖µn‖ =
∫

1d|µn| and using the fact that |
∫
gdµn| ≤

∫
|g|d|µn| since g ∈ L1(µn),

∫
1− |g|d|µn| = ‖µn‖ −

∫
|g|d|µn| ≤ ‖µn‖ −

∣∣∣∣∫ gdµn

∣∣∣∣ < 3ε.

Since g ∈ Cc(X), we know g ∈ C0(X) and the set K := {x ∈ X : |g(x)| ≥ 1/3} is compact.
Next, Kc = {x ∈ X : |g(x)| < 1/3} = {x ∈ X : 2/3 < 1− |g(x)|}. Then, for n large enough,

||µn|(X \K)| =
∣∣∣∣32
∫
Kc

2

3
dµn

∣∣∣∣ < ∣∣∣∣32
∫
Kc

(1− |g|)dµn
∣∣∣∣ ≤ 3

2

∫
Kc

|1− |g||d|µn|

=
3

2

∫
X\K

(1− |g|)d|µn|

≤ 3

2

∫
X

(1− |g|)d|µn| <
9

2
ε.

So the set K is our desired set to get µn(X \ K) < ε (after scaling our ε)) provided n is
sufficiently large, say n ≥ N . Since there are only finite many n s.t. 1 ≤ n ≤ N , and inner
regularity allows us to always find a choice of Kn for each of those values, µn(X \Kn) < ε
for 1 ≤ n ≤ N , and so we can increase the size of the set K so that µn(X \K) < ε holds for
all n ∈ N by taking the union of our choices of compact sets and using the fact that a finite
union of compact sets is still finite.

Let f ∈ BC(X). Now, choose a K as above, since it exists, s.t. µn(X \K) < ε for all
n ∈ N. Then, by inner regularity on open sets, choose a compact set J s.t. µ(X \J) < ε. Set
L := J ∪K so that the estimates |µn|(X \L) < ε holds for all n and for µ in place of µn. By
Urysohn’s Lemma, choose a g ∈ Cc(X) s.t. g = 1 on L. Then by vague convergence, since
supp(fg) ⊆ supp(g) and g continuous means fg ∈ Cc(X), choose an N s.t. for all n ≥ N ,

43NTS: You had an argument where you split f = (1 − g)f + gf . The argument you wrote failed because
your choice of a Cc(X) function for the approximation is not actually Cc(X).
44A hint was provided by James Wong.
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|
∫
gfdµn −

∫
gfdµ| < ε. Then, we have estimates for n large,∣∣∣∣∫ fdµn −

∫
fdµ

∣∣∣∣ ≤ ∣∣∣∣∫
L

fdµn −
∫
L

fdµ

∣∣∣∣+

∣∣∣∣∫
Lc
fdµn −

∫
Lc
fdµ

∣∣∣∣
=

∣∣∣∣∫
L

gfdµn −
∫
L

gfdµ

∣∣∣∣+

∣∣∣∣∫
Lc
fdµn −

∫
Lc
fdµ

∣∣∣∣
< ε+

∣∣∣∣∫
Lc
fdµn −

∫
Lc
fdµ

∣∣∣∣ ≤ ε+ ‖f‖u
∣∣∣∣∫
Lc
dµn −

∫
Lc
dµ

∣∣∣∣ ≤ ε+ ‖f‖u(|µn|(Lc)|+ |µ|(Lc)|

≤ ε+ ‖f‖u(|µn|(Lc) + |µ|(Lc)) ≤ ε+ ‖f‖u(2ε) < ε(1 + 2‖f‖u).

Necessity of hypothesis: We show that hypothesis ‖µn‖ → ‖µ‖ cannot be dropped.
Let X := R and µn = δ−n be the point mass at −n ∈ R. Then ‖µn‖ = 1 for all n and
µn → 0 =: µ vaguely because

∫
f(x)dµn = f(−n)→ 0 for all f ∈ C0(X) and

∫
f(x)dµ = 0.

Now, let f(x) := 1 the constant function which is bounded and continuous. However,∫
fdµn = f(−n) = 1 for all n which means

∫
fdµn 6→

∫
fdµ since

∫
fdµ = 0.

�

Folland Exercise 7.30 Let µ and ν be Radon measures on X and Y , not necessarily σ
-finite. If f is a nonnegative LSC function on X × Y , then x 7→

∫
fxdν and y 7→

∫
f ydµ are

Borel measurable and
∫
fd(µ×̂ν) =

∫∫
fdµdν =

∫∫
fdνdµ

Proof. Borel measurability: We establish Borel measurability of Φ(x) =
∫
fxdν

and Ψ(y) =
∫
f ydµ. Since f is nonnegative and LSC on X × Y , we know fx and f y are

nonnegative and LSC functions on Y and X respectively.
By Corollary 7.13,

Φ(x) =

∫
fxdν = sup

{∫
gdν : g ∈ Cc(Y ), 0 ≤ g ≤ fx

}
= sup

{∫
gxdν : g ∈ Cc(X × Y ), 0 ≤ gx ≤ fx

}
,

and it is clear that the set on the RHS is contained in the set on the LHS, so we at least
have ≥, but it is necessary to show the other inequality to establish equality above. Let C1

be the supremum on the LHS while C2 is the supremum on the RHS and we have C1 ≥ C2.
Let ε > 0. There exists a g ∈ Cc(Y ) s.t. 0 ≤ g ≤ fx and C1−ε ≤

∫
gdν. Since g ∈ Cc(Y ),

we know supp(g) is compact so g ∈ C({x} × supp(g)) if we define g(x, y) = g(y) as is. By
the Tietze Extension Theorem 4.34, we may extend g to a G ∈ CC(X×Y ) s.t. G|{x}×Y = g.
Then, G is in the set on the RHS since Gx = g means 0 ≤ Gx ≤ fx and G ∈ Cc(X × Y ).
But

∫
gdν =

∫
Gxdν so that means C1 − ε ≤

∫
gdν ≤ C2. Since ε > 0 was arbitrary, we get

C1 ≤ C2 and we already know C1 ≥ C2 which means C1 = C2.
Choose a sequence gn ∈ Cc(X × Y ) s.t.

∫
gn,xdν → C2 increasingly. Define Φn(x) =∫

gn,xdν and Φn(x) is Borel measurable for each n because Lemma 7.24 establishes that
they are continuous and continuous functions are necessarily Borel measurable. But then
Φ(x) = supn Φn(x) = limn→∞Φn(x) which implies that Φ(x) is also Borel measurable by
Corollary 2.9.

The result for Ψ(y) follows by switching x with y, X with Y , fx with f y and modifying
the above proof in the obvious way. Thus, Φ(x) and Ψ(y) are Borel measurable functions on
X and Y respectively.

Iterated Integrals: Since f is a nonnegative LSC function, Corollary 7.13 can be
applied. If g were a Cc(X × Y ) function, we know f ∈ L1(µ× ν) by Proposition 7.22 since
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µ and ν are Radon measures. So, g ∈ L1(µ × ν). But by definition of the Radon product,∫
gd(µ×̂ν) =

∫
gd(µ× ν). Putting this all together∫
fd(µ×̂ν) = sup

{∫
gd(µ×̂ν) : g ∈ Cc(X × Y ), 0 ≤ g ≤ f

}
= sup

{∫
gd(µ× ν) : g ∈ Cc(X × Y ), 0 ≤ g ≤ f

}
= sup

{∫∫
gdµdν : g ∈ Cc(X × Y ), 0 ≤ g ≤ f

}
=

∫
sup

{∫
gydµ : g ∈ Cc(X × Y ), 0 ≤ g ≤ f

}
dν

=

∫∫
fdµdν

and to reiterate, the first equality is by Corollary 7.13, the second is by definition of µ×̂ν,
the third is by Proposition 7.22, and the fourth is by an application of Proposition 7.12. The
last equality then follows since the supremum is just equal to the integral

∫
fdµ. Changing

which iteration we took in the third equality,
∫
fd(µ×̂ν) =

∫∫
fdµdν =

∫∫
fdνdµ as desired.

�

8. Elements of Fourier Analysis

Folland Exercise 8.1 Prove the product rule for partial derivatives as stated in the text.
Deduce that

∂α
(
xβf

)
= xβ∂αf +

∑
cγδx

δ∂γf, xβ∂αf = ∂α
(
xβf

)
+
∑

c′γδ∂
γ
(
xδf
)

for some constants cγδ and c′γδ with cγδ = c′γδ = 0 unless |γ| < |α| and |δ| < |β|.

Proof. Recall the product rule is ∂α =
∑

β+γ=α
α!
β!γ!

(∂βf)(∂γg). It is easier to observe

the rule inductively on n α = (α1, . . . , αn) i.e. show the result WLOG for one coordinate
being nonzero. Certainly when α1 6= 0 and αi = 0 for i 6= 1 one has

∂1(fg) =
∑

β1+γ1=α

α1!

β1!γ1!
∂β1(f)∂γ1(g)

from the usual Leibniz Rule45 The result just carries over by noting that we need to differ-
entiate in each coordinate.

The first equation follow from applying this rule directly and considering the term where
β = 0 and γ = α. [Incomplete] �

Folland Exercise 8.2 Observe that the binomial theorem can be written as follows:

(x1 + x2)k =
∑
|α|=k

k!

α!
xα (x = (x1, x2) , α = (α1, α2))

45See this page for instance.

https://en.wikipedia.org/wiki/General_Leibniz_rule
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Prove the following generalizations: a. The multinomial theorem: If x ∈ Rn,

(x1 + · · ·+ xn)k =
∑
|α|=k

k!

α!
xα.

b. The n -dimensional binomial theorem: If x, y ∈ Rn,

(x+ y)α =
∑

β+γ=α

α!

β!γ!
xβyγ.

Proof. a. The multinomial theorem is an easy consequence of induction and in fact,
one can deduce the result quite efficiently by use of combinatorial techniques.

b. This generalization follows by consider the binomial theorem in each coordinate. �

Folland Exercise 8.4 If f ∈ L∞ and ‖τyf − f‖∞ → 0 as y → 0, then f agrees a.e. with
a uniformly continuous function. (Let Arf be as in Theorem 3.18. Then Arf is uniformly
continuous for r > 0 and uniformly Cauchy as r → 0.)

9. Elements of Distribution Theory
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