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CHAPTER 1

Real Analysis: Modern Techniques and Their Applications

ABSTRACT. This document consists of my study notes for Math 240ABC taken during the
2020-2021 academic school year at UCSD. Sprinkled across these notes include my own bits
of exposition for myself and also an “appendix course notes” which detailed some problem
solving strategies for myself. I do not expect these notes to be useful for anyone other than
myself. These notes are likely riddled with mistakes (including some that I am aware of)
and they are all my own fault.

1. Measures

1.1. Introduction.

Theorem 1.1. There does not exist a set function p : R™ — [0, o] that is countablly additive
over disjoint sets, preserved by translations, rotations, and reflections, and u(Q) = 1 for @
being the unit cube.

PROOF. Assume n = 1 and the construction easily generalizes. Define x ~ y on [0, 1)
when r — y € Q and this is an equivalence relation. Let N be the subset consisting of one
representative form each equivalence class. Define

N.:={z+r:zeNn[0,1=r)}U{z+r—1:ze NN[l—-r1)}

and these sets are disjoint i.e. N, N Ny = () when r # s. Also, u(N) = up(NN[0,1—7r)) +
p(NN[L—=7r7)) = pu(N;). Then, 1 = pu([0,1)) = > . u(N;) can never be satisfied. O

1.2. o-algebras.

Definition 1.2. Fix X nonempty. An algebra of sets on X is a nonempty collection A
of subsets of X closed under finite unions and complements. A c-algebra is an algebra
that is also closed under countable unions. If & C P(X), then M(E) is the o-algebra
generated by £ which is the intersection of all o-algebras containing £ (since intersections
of o-algebras are still o-algebras). Clearly, € C F — M(E) C M(F). If X is a
topological space, the Borel o-algebra By is the o-algebra generated by the open sets. The
G5 sets are countable intersections of open sets while F, are countable unions of closed
sets. In the case of X := R, Bg can generated by the collection of open intervals, of closed
intervals, of half-open intervals, of open rays, and of closed rays. On a product space,
the product o-algebra is the o-algebra generated by {7, '(E,) : E, € M,,a € A} for
To * [[oea Xa = Xo projections. An elementary family is a collection &€ C P(X) that
contains the empty set, is closed under finite intersections, and complements of elements are
disjoint unions of members in the family. A technical lemma is that the collection of finite
disjoint unions of members of £ form an algebra.

5



1. MEASURES 6
1.3. Measures.

Definition 1.3. A measure on a measurable space (X, M) is a set function p : M —
[0,00] s.t. w(@) = 0 and it is countably additive. The triple (X, M, u) is a measure
space. A few properties that are useful of measures are “o-finite”, “semifinite”, and “finite”
which are omitted here. A result that holds true except on a set of measure zero is said to
hold almost everywhere (a.e.). A set of p-measure zero is called p-null. A measure is
complete if y(E) = 0 implies pu(F) =0 when F C E.

Theorem 1.4. A measure is monotonic, subadditive, continuous from below, and continuous
from above.

Theorem 1.5 (Completion of measures). Let N denote the set of measurable sets of measure
zero. Define M :={EFUF:E € M, IN € M st. F C N}. Then M is a o-algebra and
there is a unique extension g of p onto M.

1.4. Outer Measures.

Definition 1.6. An outer measure on a nonempty set X is a set function p* : P(X) —
[0, 0] that is zero for the emptyset, monotonic, and subadditive.

Theorem 1.7. Let £ C P(X) and p: £ — [0, 00] be such that @ € £, X € £, and p(&) = 0.
For any A C X, define

w(A) = inf{Zu(Ej) cEjefand AC UEJ}
1 1

Then p* is an outer measure.
Definition 1.8. If 4* is an outer measure, a p*-measurable set E is a set s.t. for all A,
p(A) =p (AN E) + p" (AN E°).

Theorem 1.9 (Carathéodory’s Theorem). If * is an outer measure, the collection M p*-
measurable sets forms a o-algebra and p* restricted to M is a complete measure.

Definition 1.10. A premeasure satisfies the same conditions as a measure except the
domain is only required to be an algebra.

Theorem 1.11. If pg is a premeasure on A and p* is defined by

w(E) :inf{z,uo (A;): A, e A E C UAJ}’
1 1

then a. p*| A= pp; b. every set in A is u* measurable.

Theorem 1.12. Let A C P(X) be an algebra, py a premeasure on A, and M the o -
algebra generated by A. There exists a measure pu on M whose restriction to A is py.
Namely, = p* | M where p* is given above. If v is another measure on M that extends
o, then v(F) < p(E) for all E € M, with equality when pu(E) < oo. If ug is o -finite, then
1 is the unique extension of g to a measure on M.
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1.5. Borel Measures on R.

Theorem 1.13. If F' : R — R is an increasing, right continuous function, then there is a
unique Borel measure pup : Bg — [0,00] s.t. prp((a,b]) = F(b) — F(a) and pp is unique up
to a sum of a constant i.e. pupy. = pp for c € R.
Conversely, any finite Borel measure p that is finite on bounded Borel sets has y = up
where
(0, 2]) if x >0,
F(""C)_{ 0 ifz=0—u((z0]) ifz<O0,

and F'is increasing and right continuous.

Remark 1. This is a sort of representation theorem for Borel measures on R. Given a right
continuous increasing F', we can consider pup and then take the completion uz and np is
called the Lebesgue-Stieltjes measure associated to F'.

The Lebesgue measure is defined to be the Lebesgue-Stieltjes measure associated to
F(x) ==.

Lemma 1.14. For any E € M,,, u(E) = inf {> 7" p((a;,b;)) : E C U7 (a5,b;)}-

Theorem 1.15. If £ € M,,, then E is both inner regular and outer regular. Furthermore,
E C R satisfies £ € M, iff E =V \ Ny for some Gs set V and p(N,) =0iff E = HU N,
where H is an F,-set and p(N2) = 0.

Furthermore, if u(E) < oo, then for any € > 0, there is a set A which is a finite union of
open intervals s.t. p(EAA) < e.

Theorem 1.16. The Lebesgue measure is translation invariant and preserves scaling for all
Lebesgue measurable sets.

Theorem 1.17. Let C' be the Cantor middle-thirds set. Then C' is compact, nowhere
dense, and totally disconnected and has no isolated points. Further, m(C) = 0 and C has
the cardinality of the continuum.

Example 1.18. The Cantor-Lebesgue function is defined on p. 39. It is a continuous
function that is not absolutely continuous. Furthermore, it is differentiable a.e. and its
derivative is equal to 0 a.e. while it increases from zero to one.

2. Integration
2.1. Measurable Functions.

Definition 2.1. A mapping between two measure spaces is measurable if the preimage of
every measurable set is measurable. This makes measure spaces into a category. It suffices
to check measurability on a generating set if there exists such a set.

A Lebesgue measurable function f : R — C is (£, B¢)-measurable.

A function is measurable on a set E if f|g is M g-measurable. The o-algebra generated
by {fa : X — Y}aca is the smallest o-algebra s.t. all f, are measurable.

Proposition 2.2. A function mapping into a product measure space is measurable iff its
coordinates are measurable functions. Therefore, f : X — C is measurable iff Re f and Im f
are measurable. The sum and product of measurable functions f, g : X — C are measurable.
For f; : X — R measurable, the supremum, infimum, limit superior, limit inferior, and limit
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(if it exists) are all measurable. The max and min of two such functions are also measurable.
This result holds readily for C under appropriate generalizations.

Theorem 2.3. (1) For every f € L%, the set of positive measurable functions, there
exists a sequence 0 < ¢; < ¢9 < --- < f of simple functions that converge pointwise
to f and uniformly on any set on which f is bounded.

(2) For f: X — C measurable, there is a sequence of simple functions s.t. 0 < |¢;]| <
- < |f|l, ¢ — f pointwise, and ¢, — f uniformly on any set on which f is
bounded.

Theorem 2.4. If X is a measure space, let X be the completion, and f on X is measurable
iff there exists g measurable on X s.t. f = g p-a.e..

2.2. Integration of Nonnegative Functions.

Theorem 2.5 (Monotone Convergence Theorem). If {f;} C L* is a monotonically increas-
ing a.e. sequence and f = lim; f; = sup; f,j, then [ f=1lim; [ f;. Consequently, finite and
countable sums of L™ functions commute with the integral.

Proposition 2.6. If f € L*, then [ f = 0 iff f = 0 a.e. and so, f, increases to f a.e.
implies [ f =lim [ f,.

Lemma 2.7 (Fatou’s Lemma). If {f,} € L™, then

/(lim inf f,,) < lim inf/fn.
2.3. Integration of Complex Functions.

Theorem 2.8 (Dominated Convergence Theorem). Let {f,} be a sequence in L' s.t. f, — f
a.e. and there exists g € L'NL* s.t. |f,| < gae. foralln. Then f € L' and [ f = lim, [ f,.

Theorem 2.9. The set of integrable simple functions are dense in L'(u). If u is Lebesgue-
Stieltjes measure on R, the sets in the definition of the simple function can be taken to
be finite unions of open intervals. In the same situation, there is a continuous g vanishing
outside a bounded interval s..t [ |f — g|du < e.

2.4. Modes of Convergence.

Proposition 2.10. (1) Convergence in L' implies convergence in measure.
(2) A Cauchy in measure sequence {f,} converges to some measurable function f in
measure and there is a subsequence f,;, — f a.e.. If f, — g in measure as well, then

g= [ ae.
(3) If f, — f in L', then some subsequence converges a.e. to f.
(4) (Egorov’s Theorem). On a finite measure space, if fi, fa,..., f : X — C are mea-

surable and f,, — f a.e., then for ¢ > 0, there exists £ C X s.t. u(F) < € and
fn — f uniformly on E°. That is, f, — f almost uniformly.

2.5. Product Measures.

Theorem 2.11 (Fubini-Tonelli Theorem). Suppose that (X, M, ) and (Y, N, v) are o-finite
measture spaces.
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a. (Tomelli) If f € LT(X x Y, then the functions g(z) = [ f,dv and h(y) = [ fYdu are
in LT(X) and LT (Y), respectively, and

/fduxy /foydu )]du /Ufa:ydu )}du()

b. (Fubini) If f € L'(u x v), then fr € L*(v) for ae. z € X, fY € L'(u) for ae.
y €Y, the a.e.-defined functions g(z) = [ fidv and h(z) = [ fYdv are in L'(n) and L*(v),
respectlvely, and the equation above holds

Theorem 2.12 (Fubini-Tonelli for Completed Measures). Let (X, M, ) and (Y, N,v) be
complete, o-finite measure spaces, and let (X x Y, £, \) be the completion of (X x Y, M ®
N, uxv). If f is £ -measurable and either (a)f > 0 or (b)f € L'()), then f, is N -measurable
for a.e. x and fY is M -measurable for a.e. y, and in case (b) f, and fY are also integrable
for a.e. x and y. Moreover, z + [ f,dv and y — [ fYdu are measurable, and in case (b) also

integrable, and
/fd)\ //f:cydu Ydv(y //fxydi/ Ydp(x).

2.6. The n-dimensional Lebesgue Integral. The outer regularity and inner regular-
ity of the one dimensional Lebesgue measure translates well to m := m™ on R"”. One can
also approximate finite measure sets by collections of disjoint rectangles.

Theorem 2.13. The Lebesgue measure is translation invariant. If f € L'(m) or f > 0,
then [ for,dm = [ fdm where 7,(z) = = + a.

Theorem 2.14 (Invariance under Linear Maps). Suppose that €2 is an open set in R™ and
G : Q — R"is a C! diffeomorphism. a. If f is a Lebesgue measurable function on G(2),
then f o G is Lebesgue measurable on Q. If f > 0 or f € L'(G(Q2),m), then

f(z)dx = / foG(zx)|det D,G|dx
G(Q) Q

b. If EC Qand E € L", then G(E) € L" and m(G(F)) = [, |det D, G| dz.

c. As a consequence, the Lebesgue measure is invariant under rotation.

Theorem 2.15 (Invariance under Differetiable Maps). Suppose that 2 is an open set in R"
and G : Q — R" is a C! diffeomorphism. a. If f is a Lebesgue measurable function on G(2),
then f o G is Lebesgue measurable on Q. If f >0 or f € L'(G(Q2), m), then

f(x)dx = / foG(z)|det D,G|dx
G(Q) Q

b. If EC Qand E € L, then G(E) € L" and m(G(F)) = [, |det D, G| dx.

2.7. Integration in Polar Coordinates.

3. Signed Measures and Differentiation

3.1. Signed Measures.
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Definition 3.1. A signed measure on (X, M) is a function v : M — R s.t. v(0) =0, v
assumes at most one of oo, and if {E;} is a disjoint sequence, then
v(UJE) =) v(E)
1 1

and the sum converges absolutely if [v(|J;® E;)| < co. In particular, every measure is a signed
measure. If pq, o are measures on (X, M) where one of them is finite, then v = p1 — po
is a signed measure on X. If y is a measure on M and f : X — R, and one of | f*du or
[ fdp is finite (such f is called extended p-integrable, then v(E) = [, fdu for E € M
defines a signed measure on X.

Definition 3.2. Let v be a signed measure. A set E' € M is positive for v if v(F) > 0 for
all ' C F and F € M. Similarly for negative and null are similar.

Example 3.3. If v(E) = [, fdpu, then v is positive, negative, and null for E'if f >0, f <0,
f =0 p-a.e. on E respectively.

Theorem 3.4 (Hahn-Decomposition). If v is a signed measure, there exists positive and
negative sets P, N respectively s.t. PUN = X, PN N = () and it is unique up to symmetric
difference i.e. if P’ N’ is another pair, PAP’ and NAN’ are v-null.

Definition 3.5. If u, v are signed measures, then they are mutually singular if there exists
E,FeMst. EUF =X, ENF =0, and u(F) = v(F) = 0. Denote p L v for this relation.

Theorem 3.6 (Jordan Decomposition). If v is a signed measure, there exist unique positive
measures v v~ (called positive and negative variations of v) s.t. v = vt — v~ and
vt L v™. Wecall [v] = vt + v~ the total variation of v.

Definition 3.7. A signed measure v is finite or o-finite if |v| is finite or o-finite.
3.2. Lebesgue Radon-Nikodym Theorem.

Definition 3.8. We say v is absolutely continuous w.r.t ; where v is signed and p is
positive when u(E) = 0 = v(F) = 0. This relation is denoted v < p. If v L p and
v < p, then v = 0.

Theorem 3.9. If v is a finite signed measure and p a positive measure, then v < p iff for
all € > 0, there exists 6 > 0 s.t. [v(F)| < e when u(E) < 6.

Lemma 3.10. Let v and p be finite measures on (X, M). Either v L p or there exists € > 0
and F € M s.t. u(E) >0and v > epon E.

Theorem 3.11 (Lebesgue-Radon-Nikodym Theorem). All measures are on (X, M). Let
v be a o-finite signed measure, p a o-finite positive measure. Then there exists a unique
o-finite signed A, p s.t.
ALy, pgp, &v=A+p.
Also, there exists an extended p-integrable function f : X — R s.t. dp = fdu and
any such f are equal p-a.e..

Definition 3.12. In the preceding theorem, v = A + p where A L p and p < p is the
Lebesgue decomposition of v w.r.t pu.

If v < p, then dv = fdu for some f. We call f the Radon-Nikodym derivative of v
w.r.t p and often written le—Z = f since dv = %du.
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Proposition 3.13. Assume v is a o-finite signed measure and u, A are o-finite measures on
(X, M) s.t. v < pand o < A
a. If g € L'(v), then g(dv/du) € L' (i) an

d
d
/gdu—/ Vd,u

A\ dpdr

SKETCH. For a., show we can assume v > 0. Then, show that the result holds for
characteristic functions and extend to general g € L'(v) by approximations. For b., use a.

with g = xg(dv/du).

b. We have v < A and

U
Corollary 3.13.1. If u < X and A\ < p, then (d\/du)(du/dN) =1 a.e. w.r.t. either A or pu.

Example 3.14. Let p be the Lebesgue measure and v the point mass at 0 on (R, Bg). Then
v L p. However, there is no Radon-Nikodym Derivative.

Proposition 3.15. If {y;}"; are measures, then there is a measure p s.t. pu; < p for all ¢,
namely > 7 pi;.

3.3. Complex Measures.

Definition 3.16. A complex measure on (X, M)isav: M — C s.t.
e v(0)=0
o if {E;} is a sequence of disjoint sets in M, then v(|J;” E;) = > v(£;) and the
series converges absolutely.

Remark 2. Infinite values are not allowed for complex measures. Then, a positive measure
is a complex measure iff it is a finite positive measure.

If v is a complex measure, the real and imaginary parts are v, and v; respectively and
these are signed measures taking on finite values only. If y is a complex measure, then we
say v L piff v, L py for a,b=1i,r

If f € LY(u), then dv = fdu defines a complex measure.

Theorem 3.17 (Lebesgue-Radon-Nikodym Theorem). If v is a complex measure and y is
a o -finite positive measure on (X, M), there exist a complex measure X and an f € L'(p)
such that A L g and dv = d\ + fdu. If also N L pand dv = dN + f'du then A = X and

f=fu-ae.

Definition 3.18. The total variation of a complex measure v is the defined by d|v| = | f|du
where dv = fdu and p is a positive measure. This is independent of 1 and f chosen.

Take 1 = |v.| + || and then the Lebesgue-Radon-Nikodym Theorem asserts there is an
f € LY(p) s..t dv = fdu and then set d|v| = | f|dpu.

Remark 3. This agrees with the definition for signed measures v when v is finite. Just take
dv = (xp — xn)d|v| where P, N are a Hahn-Decomposition and |xp — xn| = 1.

Proposition 3.19. Let v be a complex measure.

(1) [(E)| < [v|(E) for E € M,
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(2) v < |v| and d” has absolute value 1 v-a.e.,
(3) LY(v) = Ll(]y]) and if f € L'(v), then ]ffdy| < [1fldlv].

Proposition 3.20. If v, v, are complex measures, then |1y 4+ o] < |v1| + |12l
3.4. Differentiation on Euclidean Space. We work with (R", £, m) in this section.

Lemma 3.21 (Vitali Covering Lemma). Suppose U is a union of open balls in a set C of
open balls of R™. If ¢ < m(U), then there exists finitely many disjoint balls B; in C s.t.

k c
21 m(Bj) > g
PROOF. Since ¢ < m(U), choose a compact K C U s.t m(K) > ¢ and K < U. Then
there is a finite subcover of K by Ay,..., A, from C. Let By be the ball with largest radius
from among the A;. Then choose By to be the ball with largest radius disjoint from B
and Bj with largest radius disjoint from By, By. Repeat this until the list is exhausted. By

construction, if A; is not one of the B;’s, then there is a j in which A; N B; = () and A; has
radius at most that of B;. Then A; C B} were B; is the ball with center that of the center

of B; except with radius three times larger than B;. Then K C U’f B;. But then,

k

c<m(K Z —3”Zm

1

0

Definition 3.22. A measurable f : R" — C is locally integrable if [ |f(z)|dz < oo
for all bounded measurable sets K C R™. Let L} denote the space of locally integrable
functions and

1
Af@) = [ fdy fe L
m(B.(z)) Jp, () :
The Hardy-Littlewood maximal function is

Hf (@) = sup A, f|().

r>0

Theorem 3.23. There exists C' > 0 s.t. for all f € L' and a > 0,

C
hag(a) = mi{o s Hiw) > a}) < ¢ [ 1f()lde
This is an example of a weak-type estimate.
Theorem 3.24. If f € L}, then lim, ,o A, f(x) = f(x) for a.e. x € R".

Definition 3.25. A family {E, },~o of Borel subets of R"” shrinks nicely to z if E,. C B,.(z)
and there is an o > 0 s.t. m(E,) > am(B,(x)) and this is independent of r.

Theorem 3.26 (Lebesgue Differentiation Theorem). Given f € Lj,.. Then for all f € Ly,

all E,. shrinks nicely to x, and so a.e. x,

lim ——— / |f(y x)|dy =0 & lim ——— / fly (x).
r—0 m r—0 m
Remark 4. A little slogan: “ L}

loc

loc*

functions have full measure Lebesgue sets”.
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Definition 3.27. A Borel measure v on R" is regular if it is finite on compact sets and
outer regular on Borel sets. A signed or complex Borel measure v is regular if |v/| is.
Example: f € L*T(R"™) yields fdm regular iff f € L]

loc*

Theorem 3.28. If v is a regular signed or complex Borel measure on R" and dv = d\+ fdm
its Lebesgue-Radon-Nikodym decomposition, then for m-a.e. x € R™,

o VB
ll—I}(l) m(E,) f(z)

for every family £, shrinking nicely to z.

Remark 5. This is the most crucial differentiation result of the section. In particular, it
generalizes the usual differentiation rules of undergraduate analysis. Slogan: “differentiation
can be viewed as differentiation of measures fdm w.r.t to sets that shrink nicely”.

3.5. Functions of Bounded Variation.

Theorem 3.29. If F': R — R is increasing, then its set of discontinuities is countable and
F'(x) exists for a.e. © € R and F'(x) = G'(z) for a.e. x € R where G(x) := F(x+) for all .
Also, we have

F(b) — F(a) > /bF’(x)dx Va < b.

PROOF. (a) As F' is increasing, the intervals (F(z—), F(z+)) are disjoint and for |z| < N,
they lie in the interval (F(—N), F(N)). So,

> [F(z+) — F(z—)] < F(N+) — F(=N) < o0

|z|<N
which shows that the set points of discontinuity with € (=N, N) is countable. Since this
is true for all N, this holds for all R.

(b) Observe G is increasing and right continuous and G = F except where F' is discontinuous.
Also,

_ MG((mv‘T—’_hD h >0
Glz+h) - Glz) = {—pg((x +h,z]) h<0
and the families of intervals {(z — r,z]} and {(z,z + r]} shrink nicely as r = |h| — 0. We
know p¢ is regular and applying Theorem 3.22 of Folland, G'(z) exists for a.e. x.

Next, we show if H = G — F, then H' exists and equals zero a.e.. Enumerate the points
at which H # 0 as {z;}. Then H(z;) > 0 and there are countably many such points. Set
p = >_; H(z;)d; where d; is the point mass at z;. Then y is finite on compact sets and
regular.

Also, p L m since m(E) = pu(E£°) = 0 where E = {z;}. Then,

H(z+h)—H(x)|  H(z+h)+ H(x) < 4dp((z — 2|h|, x + 2|h))
h - |h - 4lh|

as h — 0 for a.e. x by Theorem 3.22. So H' = 0 a.e. and we are done.

(c) Then Va < b,

b b b
/ F'(z)dx = / G'(z)dx = / (gL—mde < pg((a,b)) = G(b—) — G(a) < F(b) — F(a).

a

—0

O
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Remark 6. Positive measures on R are related to increasing functions and complex measures
are related to functions of bounded relations.

Definition 3.30. The total variation of /' : R — C is
N
Tr(x) :=sup {Z |F(xn) — F(xp—1)| | NeENzg <2y < -+ <2y = x}V:c.
n=1

If Tr(oo) := lim, oo Tr(x) < oo, then F has bounded variation, and the class of all such
Fis BV (or BV(R)) If Fxjop € BV, then I € BV (a,b) and Trx, , (b) — Try,, (@) is the
total variation of F' on [a, b].

Example 3.31. (1) If F: R — R is bounded and increasing, then F' € BV.
(2) If F,G € BV, then aF + bG € BV for a,b € C.
(3) If F is differentiable and F” is bounded, then F' € BV ([a,b]) by the MVT.
(4) If F(z) =sinz, then F' € BV]a,b] from the above.
(5) If F(z) = zsin(z™!) and F(0) = 0, then F' ¢ BV ([a,b]) for if 0 € [a, b].

Lemma 3.32. If F': R — R is BV, then T £ F' are both increasing (nondecreasing).

Theorem 3.33. a. FF€ BV iff ReF' € BV and Im F € BV.

b. If F: R — R, then F' € BV iff I is the difference of two bounded increasing functions;
for F € BV these functions may be taken to be 5 (Tp + F) and 3 (Tr — F).

c. If F e BV, then F(z+) = lim, F(y) and F(z—) = lim, », F'(y) exist for all € R,
as do F(+o0) = lim, 1 F(y).

d. If F € BV, the set of points at which F' is discontinuous is countable.

e. If F € BV and G(z) = F(2+), then F’" and G’ exist and are equal a.e.

Proor. We prove c., d., and e., as the others are proven in Folland. From here on, take
the real and imaginary parts of F' to assume F' is real valued. Now, F/(z+) = lim,\ , F(y)
is clear since F' is a sum of two increasing functions. Similarly for the statement regarding
F(x—). The statements for F'(£o00) follows from the fact that the function is increasing and
bounded.

d. If F BV, assuming F' is real-valued, then the fact that F' can be written as a difference of
increasing functions means its points of discontinuity is the union of the set of discontinuities
of the summands which are countable. So, the set of discontinuities of F' is also.

e. This is immediate from writing F' as a sum of increasing functions and applying the first
theorem. U

Remark 7. Part a. and b. lead to a connection between BV and the space of complex
Borel measures on R which we soon discuss. Notice the similarity with the Hahn-Jordan
Decomposition of a complex measure.

Definition 3.34. If ' : R — R, then ; (Tr + F) are the positive/negative variation
function of F and F = 1 (Tp + F) — 5 (T — F) is the Jordan decomposition of F.

* = L(|lz| £ z), for any F € BV and F : R — R, we have Vo € R

Remark 8. Since z

N= NI

%(TF:I:F)(w):sup{Z[F(mn)—F(xn_l)]i|m0<x1<...<xN:x}j:%F(—oo)

n=1

(because the formula for Tr(z) can require xy = —00.)
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Definition 3.35. The normalized bounded variation is given by
NBYV :={F € BV | F right-continuous and F'(—o0) = 0}

Remark. If ' € BV, then G(z) := F(z+) — F(—o00) € NBV and G' = F’ ae. by
theorem 3.27(a, b, d) (because if F' = F; — Fy and F}, F, are increasing and bounded, then
G(z) = Fi(z+) — F(—0o0) — Fy(z+)) By theorem 3.27, G # F — F(—00) at countably many
points.

Lemma 3.36. If I’ € BV, then Tp(—o00) = 0. If F is also right continuous, then so is Tp

Theorem 3.37. If 1 is a complex Borel measure on R and F(z) = pu((—o0,z]), then F €
NBV. Conversely, if ' € NBV, there is a unique complex Borel measure pp such that

F(x) = pp((—o0, x]); moreover, |pr| = pir,

Remark 9. The theorem essentially gives a correspondence between NBV and complex
Borel measures on R and the total variation function gives the total variation of the complex
Borel measure.

PROOF. ( = ) Decompose into positive and negative parts of the real and imaginary
part. Then Fji(x) = uj:((—oo,x]) satisfies Fji(—oo) = 0, and Fji(oo) = uf(R) < 00
where j = 1,2 in u = pf — py +i(ug — py ). Applying Theorem 3.27(a,b) of Folland,
F=F'—F +i(Fy —F;)isin NBV.

( < ): By Theorem 3.27 and Lemma 3.28 of Folland, any F' € NBV is in the de-
composition Fji. Theorem 1.16 of Folland tells us each F ji gives rise to measures uj»i and
F(z) = pr((—o0, z]) where pup = pif — py +i(uy — p13). O

The next question we answer is “which N BV functions correspond to p s.t. u L m and
<< m?” since we want to apply the Lebesgue-Radon-Nikodym Theorem.

Proposition 3. 38 If Fe NBV, then F’ € L'(m). Moreover, pur L m iff F' =0 a.e., and
HE < m if F f F/

Definition 3.39. A function F' : R — C is called absolutely continuous if for ¢ > 0,
there exists § > 0 s.t. for any finite set of disjoint intervals (aj, b;), one has
N
d(bj—a)<s = Z]F F(aj)| <e.
1

One says F' is absolutely continuous on |[a, b] if this holds when the intervals are contained
in [a, b].

The above condition obviously implies uniform continuity when N = 1. Conversely, if
F' is everywhere differentiable and F” is bounded, then F' is absolutely continuous since

|F(bj) — F(a;)| < (max |F'|)(b; — a;) by the MVT.
Proposition 3.40. If F' € NBV, then I is absolutely continuous iff ur < m.

Corollary 3.40.1. If f € L'(m), then the function F(z) = [*_ f(t)dt is in NBV and is
absolutely continuous, and f=Fa. e Conversely, if F G N BV is absolutely continuous,
then F' € L'(m )andF = [T F(t

PROOF. Proposition 3.30 and 3.32 are from Folland. If f € L*(m), then F(z) is in NBV
by Proposition 3.30 since ur << m by definition. Meanwhile, it is absolutely continuous by
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Proposition 3.32 and f = F’ a.e. by Proposition 3.30. The second follows from the “iff”
aspect of the propositions. 0

Lemma 3.41. If F is absolutely continuous on [a, b], then F' € BV ([a, b])

Theorem 3.42 (The Fundamental Theorem of Calculus for Lebesgue Integrals.). If —oco <
a<b<ooand F:[a,b — C, TTFAE:

a. Fis absolutely continuous on |a, b].

b. F(x) = [ f(t)dt for some f € L*([a,b], m).

c. Fis dlfferentlable a.e. on [a,b], F" € L*([a,b],m), and F(z) = [TF(t

PROOF. (a) = (c): Assuming WLOG that F'(a) = 0 by subtractmg by a constant, we
then set F(x) = 0 for z < a and F(x) = F(b) for > b. This means F' € NBV by the
preceding lemma and (c) follows from Corollary 3.33 of Folland.

(c) = (Db) is trivial.

(b) = ( ) Set f(t) =0 on [a,b] and then apply Corollary 3.33 of Folland to deduce
that F(z) = [T _f)yde— [°_f(t)dt = [T f(¢) O

Remark 10. The Cantor-Lebesgue function F' is an example of a continuous a.e. differ-
entiable function with F” = 0 a.e. that is not absolutely continuous on [a,b]. Hence, c.
fails for F since the integral is zero while F(1) — F'(0) = 1. This shows that the condition
F(z) = [ F'(t)dt is essential for absolute continuity and vice-versa.

Definition 3.43. If F' € NBV, denote the integral of a function g with respect to the mea-
sure up by [ gdF or [ g(x)dF(z). Such integrals are called Lebesgue-Stieltjes integrals.

Theorem 3.44. If F' and G are in NBV and at least one of them is continuous, then for
—oco<a<b<oo

/ FdG + / GdF = F()G(b) — F(a)G(a).
(a,b] (a,b]

PROOF. Since F,G are linear combinations of increasing N BV functions, it suffices to
assume F' and G are increasing. Suppose G is continuous and let Q@ = {(z,y) : a < z <
y < b}. Apply Fubini-Tonelli to compute pr X p1e(2) in two ways and we get, the second
equality uses the fact that G(x r—),

e % () /( b / AF (2)dG(y / | FUG— F@[GO) ~ Glo)
i X 1(S) = /( ,, /[ AGWF@) = GOIFE) ~ (@) - | car

(a,b]
Subtracting the two equations gives the desired result. U

4. Point-Set Topology
4.1. Topological Spaces and Continuous Maps.

Definition 4.1. Let X be a nonempty set. A topology on X is a family 7 of subsets of
X that contains () and X that is closed under finite intersection and arbitrary unions. The
pair (X, 7T) is called a topological space. The elements of 7 are called open sets. The
complements of open sets are closed sets. We summarize the key definitions.

(1) The interior of a set A C X is the union A° of all open sets contained in A.
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(2) The closure A is the intersection of all closed sets containing A.

(3) The boundary of a set A is 9A = A\ A°.

(4) A set A is dense if A = X.

(5) A set A is nowhere dense if A” = ().

(6) A neighborhood of a point x is a set A s.t. x € A°.

(7) A point z is an accumulation point of A if AN (U \ {z}) # 0 for all neighborhoods

U of z.

(8) If 71 C Tz, we say T; is courser than 75 and 7y is finer than 7; (also resp. weaker
and stronger).

(9) The topology generated by a subset &€ C P(X) is the unique weakest topology
containing the set.

(10) A neighborhood base for T at z € X isa family N C T s.t. z € Vforall V e N
and if x € U € T, then there exists V € N s.t. V C U.

(11) A base for T is a family B C T that contains a neighborhood base for T for each
x e X.

(12) A topological space (TS) is first countable if there is a countable neighborhood
base for T at every point.

(13) A TS is second countable if it has a countable base.

(14) A TS is separable if X has a countable dense subset.

(15) A sequence {z;} in a TS converges to z if for all neighborhoods U > z, there exists
N s.t. for all j > N, we have z; € U.

(16) A function f between two topological spaces is continuous iff the preimage of an
open set is open. It is continuous at a point x iff every neighborhood of f(z) has
preimage that is the neighborhood of x.

(17) A function f between topological spaces is a homeomorphism if f is bijective, f is
continuous, and f~! is continuous.

(18) Given a family f, : X — Y,, the weak topology is the weakest topology on X
that makes the functions in the family {f,} continuous.

(19) A function between topological spaces f is an embedding if f is injective and it is

a homeomorphism onto its image which is given the relative topology.

Proposition 4.2. We summarize some standard facts about topological spaces.

(1) If T is a topology on X and & C T, then £ is a base for T iff every nonempty
U € T is a union of members of €.
(2) If £ C P(X), in order for £ to be a base for a topology on X it is necessary and
sufficient that the following two conditions be satisfied:
a. each x € X is contained in some V € &;
b. if U,V € £ and z € UNV, there exists W € £ withx € W C (UNV).
(3) If £ C P(X), the topology T (£) generated by & consists of @, X, and all unions of
finite intersections of members of €.

Theorem 4.3. Every subspace of a second countable space is also second countable.

PROOF. Let X be second countable and Y C X a subspace. Let B be a countable basis
for X. Then define C := {BNY | B € B} and since B is countable, C is also countable.
Every open set in X is the union of finite intersections of elements of B. Suppose V C Y
were open. Then by definition, V' := UNY for some open set U C X. So, U := |, ;e Bi
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with B; € B. Then, UNY := (U, Nier, Bi) NY = U, Nicr, (BiNY) which shows that Y is
the union of finite intersections of elements of C. O

Theorem 4.4. A subspace of a separable metric space is separable.

PROOF. A metric space is separable iff it is second countable. A subspace of a second
countable space is necessarily second countable. So, a subspace of a metric is necessarily
separable. 0

Theorem 4.5. Every second countable space is separable.

PRrROOF. There is a countable basis and choosing a point from each set in the basis, we
get a countable dense set. O

Theorem 4.6. If X is first countable and A C X, then € A iff there is a sequence in A
converging to .

PROOF. For the forward direction, use the definition of first countability to construct
the sequence. For the converse, if © € A, then we have a contradiction since the sequence is
in A and converges. O

Definition 4.7. Let X be a topological space and we say X is T; for i = 1, 2, 3, 4 respectively
when

(1) ¢ = 0 if for points = # y, there exists an open set containing = but not y or vice

versa.

(2) i = 1if for z # y, there is an open set containing = but not y.

(3) i = 2 if we can separate distinct points by disjoint open sets.

(4) i = 3 if we can separate closed sets from points by open sets and X is 7}.

(5) i = 4 if we can separate disjoint closed sets by open sets and X is Tj.

Theorem 4.8. A space is T} iff {x} is closed for any point x in the space.
Remark 11. The importance of this fact is that it shows Ty = T3 and T3 = T5.

Theorem 4.9. If X, and T are topological spaces, X = [[, Xq, then f : X — Y is
continuous iff 7, o f is continuous for all a.

Proposition 4.10. If X is a topological space, A is a nonempty set, and { f,,} is a sequence
in X4, then f, — f in the product topology iff f, — f pointwise.

Proposition 4.11. If X is a topological space, BC(X) is a closed subspace of B(X) in the
uniform metric; in particular, BC(X) is complete.

Definition 4.12. We write BC(X, F'), C(X, F') for the space of bounded continuous and
continuous functions from X to F' where F' € {R,C}. The uniform norm on B(X) is defined

by [[fllw = sup{[f(2)| : # € X}.

Lemma 4.13 (Urysohn’s Lemma). Let X be normal, and A and B disjoint closed subsets
of X. There exists f € C(X,[0,1]) s.t. f=0o0on Aand f=1on B.

Lemma 4.14 (Tietze Extension Theorem). Let X be a normal space. If A is a closed subset
of Aand f € C(A,a,b]), there exists F' € C(X, [a,b]) s.t. F|a = f.

Corollary 4.14.1. If X is normal and A C X is closed with f € C(A), then there exists
Fe C(X) S.t. F|A = f.
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Corollary 4.14.2. A metric space is compact iff all continuous real-valued functions on it
are bounded.

PROOF. The forward direct follows from how compact sets are preserved by continuous
functions and compacts subsets of R are bounded.

For the other direction, we prove the contrapositive. Suppose X is a noncompact metric
space. So, it is not sequentially compact and there is a sequence {z, },en With no convergent
subsequence. Let S := {x1, 29,3, ... } and we claim S is closed in X. Indeed, any convergent
sequence in § must be eventually constant and hence, has limit inside §. Let f: X — R
be defined on § by f(x,) = n and since S is discrete, f is continuous on S. Since X is
normal, the Tietze Extension Theorem gives an F' : X — R continuous s.t. F|s = f. But
that means F' is unbounded on X as desired. 0

Remark 12. It is useful to note that metric spaces are always normal. Therefore, it is always
possible to apply the conclusions of these theorems to spaces such as LP for 1 < p < oo.

4.2. Nets.

Definition 4.15. A directed set is a set A with a binary relation < s.t.
(1) YVa € A, a < a;
(2) Ya,b,ce Ast. a<band b<c¢, a<c;
(3) Va,be A, dc€ Ast. a<cand b <c.

Definition 4.16. A net in a set X is a mapping a — z, from a directed set A into X.
Denote such mappings by (x,)aca for ease.

Example 4.17. Here are some examples of nets.

(1) Nwith j <k iff j < k in the usual sense.

(2) R\ {a} with z <y iff |z — a| > |y — a] in the usual sense.

(3) The set of all partitions of [a,b] ordered by {z;} < {y;} iff max(z; — ;1) >
max (Yr — Yr—1)-

(4) The set of N of neighborhoods of x € X with U <V iff U DO V which is said to be
ordered by reverse inclusion.

(5) The product A x B has (a,b) < (a/,V') iff a < @’ and b < b'. This is the standard
way to form a directed set A x B from two directed sets.

Definition 4.18. If X is a topological space, E C X, then a net (z,) is eventually in E
if z, € E for all a > ag for some ay. A point x € X is the limit point of (z,) iff for every
neighborhood U 3 x, (z,) is eventually in U. A net is frequently in FE if for all a, there
is a b > a for which z;, € E. A cluster point x is a point s.t. for all neighborhood U > =,
(x4) is frequently in U.

Proposition 4.19. If F C X is a topological space with x € X, then x is an accumulation
point of E iff there is a net E \ {x} that converges to x and x € E iff there is a net in E
that converges to x.

Definition 4.20. A subnet of a net (x,) is a net (yz) with map  — az from B to A s.t.
(1) Vag € A, 35y s.t. ag > ap whenever > So;
(2) Ys = Tay-
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4.3. Compact Spaces.

Definition 4.21. A precompact set is a subset of a TS whose closure is compact. A set
is compact if every open cover of the set has a finite subcover. The finite intersection
property of a family of subsets means the finite intersections sets in the family are always
nonempty.

Proposition 4.22. The following is a brief recollection of standard and useful results.

(1) Closed subsets of compact spaces are compact.

(2) Compact subsets of Hausdorff spaces are necessarily closed.

(3) Continuous image of compact sets are compact i.f. if X is compact, then f(X) is
compact when f: X — Y is continuous.

(4) BC(X) = C(X) whenever X is compact.

Theorem 4.23. A topological space is compact iff every family of closed sets satisfying the
finite intersection property has nonempty intersection.

PRrRoOOF. Take the complement and use the definitions. O
Theorem 4.24. In a Hausdorff space, one can separate compact sets and points.
Theorem 4.25. Every compact Hausdorff space is normal.

Theorem 4.26. Every second countable space is a Lindelof space.

PROOF. Let {U;}ic; be an open cover. For each basis B, let V,, be any U; containing
B, if such a B, exists. If not, choose nothing. This gives a countable subcollection {V,,} of
the cover. We claim this countable subcollection covers X.

Assume not and there is an x € X \ V,, for all n. Since the U;’s cover X, x € U; for
some j € I. Then, there is an € B,, C U; by definition of the basis. Since B, C Uj;, it was
already selected among the V,, and hence, z € V,, for some n. Contradiction. U

Proposition 4.27. A second countable, regular space is normal.

PRrOOF. Let A, B be disjoint closed sets. For each a € A, choose a neighborhood U of x
that does not intersect V' by regularity. With a € A and A\ U closed, choose a neighborhood
V of as.t. V does not intersect A\U. Then, V' C U and the closure of V' is actually contained
in U. Then, choose an element of the basis W s.t. a € W C V. Do this for every a € A
to get a covering {U,}sca. Since the space is second countable, it is Lindelof so there is a
countable subcover say {U,}.

Do the same with B to get a countable cover {V,,}. Set U := |J,,cjy Un and V' := {J,,cy Var-
These sets may not be disjoint, but clearly U O A and V' O B. To make these sets disjoint,
define U/, := U, \ Ui_, V; and V! := V,, \ U, U,. In this way, V! does not intersect any of
the U] and clearly, U] and V| are open since they are the set difference of an open set by a
closed set. These the U], form a covering for A because every z € U, for some n and z is in
none of the V,, by construction. This completes the proof. [l

Theorem 4.28. Any continuous bijection from a compact space to a Hausdorff space is a
homeomorphism.

PROOF. Use the fact that the continuous image of a compact set is compact (this gives
that the inverse map is continuous). O]
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Theorem 4.29. TFAE for any topological space:
(1) X is compact,
(2) every net in X has a convergent subnet,
(3) every net has a cluster point.

Definition 4.30. A TS is countably compact if every countable open cover has a finite
subcover. A TS is sequentially compact if every sequence has a convergent subsequence.

4.4. Locally Compact Hausdorff Spaces.

Definition 4.31. A locally compact space is one in which every point has a compact
neighborhood. Let LCH mean locally compact Hausdorft.

Proposition 4.32. If X is an LCH space, U C X open, and x € U, there is a compact
neighborhood N of x s.t. N C U.

PrOOF. ! First, assume U is compact since we can always choose a compact neighborhood
K > z and then replace U by (U N K)°.

Second, since the space is Hausdorff, we can separate compact sets and points. In par-
ticular, there open sets V' 3 x and W 3 QU that are disjoint. Therefore, V' C U. Taking the
closure V, since V C U is now a closed subset of a compact set, V is compact. 0

Proposition 4.33. If X is an LCH space, K C U C X with K compact and U open, then
there is a precompact open V s.t. K CcV CcV CU.

ProoOF. Cover K by taking a compact neighborhood V,, for every x € X. Then V7 forms
a open cover of K so there is a finite subcover K C (J7 V,?. Then, the closure is a finite
union of compact sets in U so the closure is compact. This completes the proof. 0

Theorem 4.34 (Urysohn’s Lemma for LCH Spaces). If X is an LCH space, K C U C X
where K is compact and U open, then 3f € C(X,[0,1]) s.t. f =1 on K and f = 0 outside
a compact subset of U.

Corollary 4.34.1. An LCH space is completely regular.

ProoFr. Clearly LCH implies 77. Let A C X be closed and z ¢ A. The point x has
a compact neighborhood K disjoint from A. Apply Urysohn’s Lemma on that compact
neighborhood so we have an f(x) =1 and f = 0 outside a compact subset of an open set of
K. O

Theorem 4.35 (Tietze Extension Theorm for LCH Spaces). If X is an LCH space, K C X
is compact and f € C(K), there exists an F € C(X) s.t. F|x = f and f may be taken to
vanish outside a compact subset of X.

_ PROOF. There exists an open precompact V' 2 K. Define f on 8l/ by fley = 0. Since
V' is normal, the usual Tietze Extension shows there exists F' € C(V) s.t. F|x = f and
Flay = 0. Define F|ye = 0 and this is the desired F' € C.(X). O

! An incorrect proof: Let z € U € X. Choose a compact neighborhood M 3> z and consider (M NU)°. Then
there is an open set B C (M NU)° that contains z. Taking the closure B =: N, which is a closed subset of
the compact set M, this means x € N C U is our desired subset.
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Definition 4.36. The support of a function f € C'(X) is the closure over the set f~({0}¢) =:
supp(f). If supp(f) is compact, we say [ is compactly supported. The space of f € C(X)
that are compactly supported is denoted C.(X). If Ve > 0, {z : | f(z)| > €} is compact, then
f vanishes at infinity. Let Cy(X) be the space of f € C'(X) that vanishing at infinity.

Remark 13. If X is Hausdorff, C.(X) C Cy(X) C BC(X). Compactness gives the reverse.

Proposition 4.37. If X is an LCH space, then Cy(X) is the closure of C.(X) in the supre-
mum metric.

Proor. If f,, — f uniformly on X and f € C.(X), thenif e > 0, let n be s.t. || fr— f|l. <
€. Then, f=1(B(0)¢) C f1({0}¢) and compact. Therefore, f,, € Co(X).

If f e Cy(X)and n €N, then K, := f~}(B1(0)°) is compact. Choose g, € Ce(X) s.t.
gn =1on K, and 0 < g, <1 by Urysohn’s Lemma. So then, fg, € C.(X) and equals f on
K,. Hence, || fgn — fllu < +. Hence, f € C.(X). O

Theorem 4.38. If X is LCH and £ C X, then FE is closed iff £ N K is closed for every
compact set K C X.

PROOF. ( = ): Is immediate since £ N K is an intersection of closed sets.

(<= ): If E is not closed, there is an z € E'\ E. Then, there is a compact neighborhood
K > x. Then, z is an accumulation point for the intersection K N E (because € E and K
compact so z € ENK), but z ¢ KN E since x ¢ E. 0

Definition 4.39. Let X be a noncompact LCH space. Let co be a point that is not in X
and X* := X U{oco} with 7 being the collection of subsets U of X* s.t. either U is an open
subset of X or oo € U and U¢ is a compact subset of X.

The space X* is called the one-point compactification or Alexandroff compactifi-
cation of X.

Proposition 4.40. If X, X* and 7 are as above, then (X* 7) is a compact Hausdorff
space, and the inclusion map i : X — X* is an embedding. Moreover, if f € C(X), then f
extends continuously to X* iff f = g+ ¢ where g € Cy(X) and ¢ is a constant, in which case
the continuous extension is given by f(oc0) = c.

Definition 4.41. The topology of uniform convergence on C¥X is generated by sets
{g cC¥: Slel)}? lg(x) — f(x)] < n_l} (neN, feC").
The topology of uniform convergence on compact sets is generated by the sets
{g €C*: su£|g(x) — fl2)] < n_l} (neN, feC¥ K CX compact ).
Te
Definition 4.42. A TS is o-compact if it is a countable union of compact sets.

Proposition 4.43. If X is a o -compact LCH space, there is a sequence {U, } of precompact
open sets such that U, C U, for all n and X = UTO U,.

Proposition 4.44. If X is a o -compact LCH space and {U,} is as in the preceding propo-
sition, then for each f € CX the sets

J?GUn

{g cC¥: sup |g(z) — f(z)] < ml} (m,n € N)
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form a neighborhood base for f in the topology of uniform convergence on compact sets.
Hence this topology is first countable, and f; — f uniformly on compact sets iff f; — f
uniformly on each U,,.

Definition 4.45. If X is a TS and F C X, a partition of unity on F is a collection of
functions h, € C(X,[0,1]) s.t. each x € X has a neighborhood on which only finitely many
hq are nonzero and ) ., ho(z) = 1.

A POU is subordinate to an open cover of E if for each «, there is an open set U in
the cover s.t. supp(h,) C U.

Theorem 4.46. If X is an LCH space, K compact subset of X, and {U;}}_, an open cover
for K, then there is a POU on K subordinate to the open cover consisting of compactly
supported functions.

4.5. Two Compactness Theorems.

4.6. Stone-Weierstrass Theorem.

Definition 4.47. Let X be a topological space and A C BC(X,R) or BC(X). Then A is
an algebra if it is a real/complex vector subspace of BC(X,R)/BC(X) s.t. fg € A when
f,g € A. In particular, if A is an algebra, so is A.

It separates points if for all x,y distinct, there exists f € A s.t. f(x) # f(y).

Theorem 4.48 (Stone-Weierstrass). Let X be a compact Hausdorff space and A C C(X,R)
a closed subalgebra. Then either A = C(X,R) or A= {f € C(X,R) : f(x¢) = 0} for some
To € X.

PRrooOF. We need a few lemmas.

Lemma 4.49. The only subalgebras of C({z,y}, R) = R? are {(0,0)}, and linear spans of
(a,0), (0,b), (¢,c) where a,b,c € R.

Next, we need to approximate certain functions well.

Lemma 4.50. Ve > 0,3P. € R[z] s.t. P.(0) =0 and |||z|— P(z)||, < € where the supremum
norm is over [—1,1].

Lemma 4.51. Assume X is a compact Hausdorff space. If A C C(X,R) is a closed subal-
gebra of C'(X,R), then |f], min{f, g}, and max{f, g} are in A for all f, g € A.

Lemma 4.52. Assume X is a compact Hausdorff space. If A is a closed subalgebra f €
C(X,R) s.t. for all z,y € X, there exists g,, € As.t. f =g, at x and y, then f € A.

The proof is immediate from these lemmas. Consider A,, = {(f(z), f(y)) : f € A} and
notice A,, is a subalgebra of R?. There are five cases by the first lemma. If A,, = R?,
then A = C(X,R) by the last lemma above. Otherwise, there is an zp € X s.t. A, =
{(0,a) : a € R} for some y € R since A separates points (this rules out one case in the first
lemma and our current case is essential the same as another case in the lemma). Then every

function f € A has f(z9) = 0 and z is unique. Then, A :={f € C(X,R) : f(xy) =0}. O

Theorem 4.53. Let X be a compact Hausdorff space and A C C(X) be a closed subalgebra
of C'(X) that separates points and closed under complex conjugation. Then either A = C'(X)
or there exists xg s.t. A:={f € C(X): f(xy) = 0}.
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PrOOF. Apply the real version using the fact that if Ag is the set of real valued parts
of f € A, then Ag is also the set of imaginary valued parts and A = Ag + i.A. O

Example 4.54. All polynomials in ¢ form a subalgebra of C([—m,n]) where —7 ~ .
However, its closure does not contain e,

n=

Example 4.55. One can apply the preceding theorem to A := {ZN _n €™ N €Na, € C}.
Then A is a closed subalgebra and is in C([—n,7]) where —7 ~ 7 are identified. Then, this

is dense in L?[—7, 7] and then {e"* : n € Z} forms an orthonormal basis of L*[—7, 7] with
inner product (f,g) = o= [ fgdz.

There is one more “general” version of the SW Theorem where the space is noncompact
and locally compact Hausdorff. However, we omit this and refer to [1].

Example 4.56. The SW Theorem in the usual sense for X = R can be applied with poly-
nomials. That is, one can approximate continuous functions using polynomials (including
constant polynomials) and even better, approximate general L functions on R since contin-
uous functions in L” are dense in LP.

Theorem 4.57 (Standard Version of SW). Suppose B is a subalgebra of C(X,R) separating
points which contains the constant functions. Then B is dense in C'(X,R).

5. Elements of Functional Analysis

5.1. Normed Vector Spaces. Throughout, fix K as either R or C and X a vector
space over K.

Definition 5.1. A seminorm |- || : X — [0,00) on K satisfies the first two conditions and
a seminorm is a norm if it satisfies the third condition:

(1) flz +yll < [lz] + lly]
(2) Azl = [A[l]]
(3) if ||z|| = 0, then = = 0.

The space (X, -|) with a norm is a normed vector space (NVS). The function
p(x,y) = ||z — y|| naturally defines a metric and hence, a topology on X called the norm
topology. Two norms | - ||; and || - ||2 are equivalent iff they generate the same norm
topology. That is, iff there exists C, Cy > 0 s.t.

Cillzlly < flefls < Collzlly
A complete normed vector space is called a Banach space (BS).
Theorem 5.2. A NVS X is complete iff every absolutely convergent series in X converges.
PROOF. See Theorem 5.1 of [1]. O

Definition 5.3. Let L(X,Y) denote the space of bounded linear maps 7': X — Y. A
bounded linear map 7': X — Y is a linear map s.t. 3C' > 0 s.t. Vo € X, ||[Tz|| < C||z].
The space L(X,Y') has an operator norm defined by

|T|| = sup{||Tz] : ||z|]| =1} = inf{C : | Tz| < C||x| for all x}.

If T € L(X,Y), T is invertible, or an isomorphism, if 7" is bijective and 7! is bounded.
If |Tz|| = ||x| for all z € X, then T is called an isometry.
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Theorem 5.4. If X and Y are NVS and T': X — Y are linear maps, TFAE:

(1) T is continuous;
(2) T is continuous at 0;
(3) T is bounded.

Example 5.5. Consider (*(N) and the operator 7' : ((N) — ¢*(N) defined by Te, = Le,,.
This is a bounded operator because ||T'|| = 1. However, its inverse 7! which is defined by
en —> ney, is not bounded because ||Te,|| = nlle,|| and as n — oo, it becomes clear that this
linear operator is not bounded.

Theorem 5.6. If Y is complete, so is L(X,Y).
PRrROOF. Let {f,} be Cauchy in L(X,Y). Then {f,z} is Cauchy in Y for every x since
1t = fmll < 1o — Fulllz] < el
Thereforem, {f,z} converges. Define f(z) = lim, f,(x). Then,
flax +by) = alim f(z) + blim f(y) = af(x) + bf (y)
for all a,b € C and z,y € X so f: X — Y is linear. For all x, we have
_ 1 <1
#@)] = lim £} < lim (1]
and lim,,_, || fu]| < 0o because

shows || f,,|| is Cauchy in C and hence, converges. O

Theorem 5.7. The closed unit ball of a normed linear space X is compact iff X is finite
dimensional.

PROOF. The closed unit ball in a finite dimensional linear space is compact by a HW
in 240B. We show that B := B;(0) fails to be compact in infinite dimensional space. If
dim X = oo, we can find a sequence {z, }neny C B satisfying ||z, — 2, || > 5 when n # m
and this sequence has no convergent subsequence. Therefore, B would fail to be compact.

Choose an x; € B. For an n € N, suppose we chose {x1,...,z,} already. Then, we choose
an x,.1 by letting M := span(zy,...,z,) and choose z, 1 to be the unit vector s.t.
1 1
T M >1—=-=-=
|41 + M| > 5= 75
because M is a proper closed subspace of X. 0]

5.2. Linear Functionals. Fix X to be a vector space and K € {C,R}.

Definition 5.8. A linear functional is a linear map f : X — K. If X is a NVS, then
L(X, K) is the space of bounded linear functionals which is called the dual space of X. It
is a Banach space with the operator norm.

Proposition 5.9. Let X be over C and f a complex linear functional on X and u := Re f.
Then w is a real linear functional and f(z) = u(z) — iu(iz) for z € X.

Conversely, if u is a real linear functional on X and f : X — C is defined by f(z) =
u(z) —iu(iz), then f is complex linear. Furthermore, if X is normed, |lu|l = || f]|.
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PRrROOF. If f is complex linear, then w is real linear and Im (f) = —Re [if(z)] = —u(iz).
Hence, f(z) = u(z) — iu(iz).
Conversely, if u is real linear and f(z) = u(x) — iu(iz), then f is linear over R. Also,
fliz) = u(iz) — iu(—x) = u(iz) + iu(z) = if(z)

so f is linear over C.
Suppose X were normed. Then |u(z)| < |Re f| < |f(x)| which means ||u| < ||f]|. For

the other inequality, if f(z) # 0, let « = sgn(f). Then,
|f(x)] = af(z) = f(ax) = u(az) since f(ax) is real.
Hence, [f(z)| < ||lullllax]| = lulllz]]. Hence, || f[| < [lul] N

Definition 5.10. If X is a vector space on R, a sublinear functionalon X isap: X — R
s.t.

plz+y) <p@)+ply) &  plir) = Ap(z)
for x,y € X and A > 0.

Theorem 5.11 (Hahn-Banach). If X is a vector space over R, p a sublinear functional on
X, M a subspace of X, and f a linear functional on M s.t. f(x) < p(x) for z € M, then
there exists a linear functional F' on X s.t. F(x) < p(z) for all x € X and F|y = f.

PROOF. First, we extend f to a linear functional g on M + Rz for z € X \ M s.t.
9(y) < ply) on M +Ra. If yy,y, € M,

Fyn) + Fly2) = fl +y2) < plys +y2) < plyr — @) + pla + 1)
and so,
fly) —pyr — 2) < ple+42) — f(ya)-
Hence,
sup{f(y) —ply —=):y € M} < a <inf{p(z +y) - f(y) : y € M}
and where we chose a to be any number satisfying the inequality. Define g : M + Rx — R

by g(y + Az) = f(y) + Aa. Then g is linear and g|y = f. Also, g(y) < p(y) for y € M. If
A >0 and y € M, one has

9y + Az) = Alf(y/A) + o] <A[f(y/A) +p(z + (y/N) — f(y/N)] = ply + Az)
and if A < 0, one has

gy +Ar) = pulf(y/p) — o] < plf(y/n) — fly/p) +p((y/n) — )] = ply + Ax).

Hence, g(z) < p(z) for z € M + Rx. Note that the inequality follows form the definition of
a.

The same reasoning can be applied to any linear extension F' of f with F' < p on its
domain. The domain of a maximal linear extension F' s.t. F' < p must be the whole space.
The family of linear extensions F' of f satisfying F' < p can be partially ordered by inclusion.

The union of any increasing family of subspaces is again a subspace and the relation
I < pis preserved. Invoke Zorn’s lemma to complete the proof. [l

Remark 14. In the case of a finite dimensional or even countable dimensional vector space
over R, it is possible to not rely on the Axiom of Choice. However, in the general case where
the dimension is far too large to work with, the Axiom of Choice is necessary.
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Theorem 5.12 (Complex Hahn-Banach). Let X be a complex vector space, p a seminorm
on X, M a subspace of X, and f a complex linear functional on M s.t. |f(x)| < p(x) for
x € M. Then there exist a complex linear functional F' on X s.t. |F(x)| < p(z) for z € X
and F|y = f.

PRrOOF. Let u = Re f. Apply the preceding theorem to get a real linear extension U of
uto X s.t. |U(z)| < p(x) for x € X. Let F(z) = U(x) —iU(ixz). Then F is a complex linear
extension of f and if o = sgn F'(z), we have

|F(x)] = aF (z) = F(ar) = Ulax) < plax) = p(z)
where we use the seminorm condition p for the last equality. 0

Example 5.13. The normed vector space ?(R) does not have a countable basis. In fact,
it has an “uncountable dimension”. On the other hand, L?*(R) has countable dimension
because it has a countable orthonormal basis. See here.

Theorem 5.14. Let X be a normed vector space.

a. If M is a closed subspace of X and x € X\ M, there exists f € X* such that f(z) # 0
and f | M = 0. In fact, if 6 = inf e/ ||z —y||, f can be taken to satisfy || f|| = 1 and f(z) =0
b. If z # 0 € X, there exists f € X* such that || f|| =1 and f(z) = ||z|.

c. The bounded linear functionals on X separate points.

d. If x € X, define ¥ : X** — C by Z(f) = f(x). Then the map x — 7 is a linear isometry
from X into X** (the dual of X* ).

PROOF. a. Define f(y+Az) = Ad on M +Czx. Then f(z) =6 and f|y = 0 and |f(y+Az)| =
A0 < MIIA 'y + z|| = |ly + Az|. Apply the Hahn-Banach theorem with p(z) = ||z|| and
M + Czx in place of M.

b. Apply a. with M = {0}

c. f x #y, thereisan f € X*st. f(z —y) #0.

d. 7 is immediately a linear functional by definition and x + z is linear. Also,

2N = [f @) <[ fll=] — 2] < |||
and applying (b)
2]l = [ f(2)] = [2(N)] < (2] f]] = 2]

which means ||z|| < ||z]]. O

Remark 15. (1) There are enough bounded linear functionals to separate points and

closed subspaces.

(2) One can require the linear functional to take a center at its norm and be bounded
above in the operator norm by 1.

(3) There are enough bounded linear functionals to separate points. So we can distin-
guish points using functionals.

(4) One can identify the space with its image in X** under the™-map. So studying a
space can just entail that we study the dual space.

Proposition 5.15. Let X be a NVS and z € X s.t. Z(f) =0 for all f € X*. Then = = 0.

ProoF. If z # 0, then we can find a bounded linear functional s.t. f(z) # f(0). Then,
Tf = f(x) # 0 which is a contradiction. O


https://math.stackexchange.com/questions/2787602/explicit-countable-orthonormal-basis-for-l2-mathbbr
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Proposition 5.16. Let X be a nonempty normed vector space. Suppose there does not
exist two distinct points s.t. there is a bounded linear functional that separates them. Then,
X is a single-point space.

PROOF. If there existed two distinct points, then the preceding theorem yields a contra-
diction. 0

Example 5.17. It is true (but not obvious, see Exercise 5.17 of [1]) that a linear functional
on a NVS f: X — C is continuous iff f~1({0}).

An example of such a linear functional is f : C([0,1]) — C defined by f(g9) = g(3)
where C([0,1]) has the L'-norm. The space f~!({0}) is not closed because it is possible to
construct a convergent sequence of functions g, s.t. f(g,) = 0 but g, does not have converge
in f~1({0}).

Furthermore, C'([0,1]) with the L'-norm is an example of a NVS that is not a Banach
Space.

Example 5.18. If X = ¢°(C), then there is an L € X* s.t. ||L|| = 1 and if z € X s.t.
lim, o z, = x, then L(z) = a.
First, define Y C X by

Y :={x = (21,29,23,...) € X : lim z, exists in X}.

n—oo

Clearly, Y is a subspace. Now define a linear functional f : Y — C by
f(@) = lim zn.

It is clearly linear and continuous. Then f(z) is dominated by the sublinear functional
p(z) = limsup,,_, . ©,. If x = (a,a,a,) is a constant sequence, we have f(z) = a so that
means |f(z)] = a = sup,, x,. This implies || f|| > 1. Also, || f(z)] = |lim, 00 | < sup,, z,
which means || f]| < 1. Altogether, ||f] = 1.

Applying the Hahn-Banach Theorem, there is a linear functional L : X — Cs.t. L= f
on Y and [|L][ = [[f]| = 1.

5.3. The Baire Category Theorem and its Consequences.

Definition 5.19. A set F C X is of the first category if F is a countable union of nowhere
dense sets. We say F is of the second category otherwise.

In modern terms, F is meager if it is of the first category. The complement of a meager
set is called residual.

Remark 16. There exist meagre sets whose complement has Lebesgue measure zero. Hint:
Construct the set of Lebesgue measure zero first and then show the complement is meagre.
Take E to be the intersection of sets | J,—, (rx — ﬁ, T+ ﬁ) where one enumerates over the
rationals {r}.

Theorem 5.20 (The Baire Category Theorem). Let X be a complete metric space.
a. If {U,}7° is a sequence of open dense subsets of X, then ()° U, is dense in X.
b. X is not a countable union of nowhere dense” sets.

2A set A is nowhere dense if A~ = (.
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PRrROOF. a. It suffices to show

V nonempty and open V C X, V N ﬂ U, # 0.

n=1

Since V' is open, there exists an z; € X and r; € (0,1) s.t. B,,(z) C Uy NV. Then,

dze € X,ry € (0,1/2) s.t. B,,(z3) C B, (z) N Uy and inductively, we construct a sequence
{x,} that is Cauchy (since r, — 0). Then, there exists a limit x := limx,, € [ _; By, () C
(N>_,U,) NV. This completes the first claim.

b. If E, is a sequence of nowhere dense sets in X, then {E_nc} is a sequence of open dense

sets. Then, (1°2, E° # ) which means |J°°, B, € 22, E, # X. O
Remark 17. It is useful to know that X \ A= X\ A° and (X \ A4)° = X \ 4 so,
X\E' =X < (X\E)=X <= X\ Fisdensein X.

Remark 18. The theorem is purely topological and hence, applies to any space that is
homeomorphic to a complete metric space.

Remark 19. The theorem can be used to prove existence results. First, one shows that
objects having a certain property exist by showing that the set of objects not having the
property is meager.

Definition 5.21. If X and Y are TS, then f: X — Y is open if YU open in X, f(U) open
inY.

Remark 20. If XY are normed vector spaces, then a linear map f : X — Y is open iff
Ir > 0s.t. f(B1(0) 2 B, (0).

Check: Let U be open in X and we show f(U) is open in Y. It suffices to show every point
f(z) :=y € f(U) is contained in a ball inside f(U). By linearity, we can translate f(U) so
that the point f(x) = 0. Then, x = 0. Since U is open, there is a ball B;(0) C U and by
scaling, we want to show f(B;(0)) contains a ball about the origin. Altogether, it suffices to
show there is an r > 0 s.t. B,.(0) C f(B1(0)).

Theorem 5.22 (The Open Mapping Theorem). If X and Y are Banach spaces, and
T € L(X,Y) is surjective, then 7' is open.

PRrOOF. It suffices to show T'(B;(0) contains a ball about 0 in Y. Write X :=J -, B, (0)
and since T is surjective, Y = (J 2, T(B,(0)). Since Y is complete and y — ny is a
homeomorphism which sends 7'(B1(0)) to T(B,(0)), Baire’s Theorem implies T'(B;(0)) is
not nowhere dense?

So, there is a By.(yo) C T(B1(0)). Then pick y; = Tz € T(B1(0)) s.t. |ly1 — vol| < 2r.
Then,

B(2r,y1) C B(4r,y0) C T(B1(0)
so if ||y|| < 2r, we get

y=—-Tx;+ (y+y) € T(—z + B1(0)) C T'(B2(0)).

Dividing by two, we conclude that there is an r > 0 s.t. if ||y|| < r, then y € T'(B;(0)). The

issue is that T'(B1(0)) is not the set we want to be contained in. The next part of the proof
deals with that.

3Joke: somewhere dense.
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Since T' commutes with dilations, it follows that if ||y|| < r27", then y € T(By-n).
Suppose ||y|| < r/2. Then we can find x1 € By s.t. ||y — Tx1]| < r/4. Repeat this process
to get |ly — D7 Tz;]| < 27" and since X is complete, the series Y 1° x,, converges to some
z. But then ||z|] < >27°27" =1 and y = Tz which means x € B;(0) and y € T(B;(0)).
Hence, T'(B1(0)) contains all y s.t. ||y|| <r/21ie. B,/2(0) C T(B1(0)) and we are done. [
Corollary 5.22.1. If X and Y are Banach spaces and T € L(X,Y) is bijective, then T is
an isomorphism i.e. 77! € L(X,Y).

Proor. If T is bijective, the continuity of T~ is equivalent to 7" being an open map.
The Open Mapping Theorem gives us the result in this case. 0

Corollary 5.22.2. Let X be a Banach space and let X, X5 C X be two closed linear
subspaces such that X = X; @& X5. Then there exists a constant ¢ > 0 such that

@1 ]| + fl22ll < cllzr + 22
for all z; € X; and all z5 € X5.
PROOF. Define a map T : X; X Xy — X by (21, 29) — 21 + 25 and X; X X5 has norm

defined by |[(x1,z2)|| = ||z1]| + ||z2||. Then T is clearly linear and bounded. Proving the
inequality entails that we show T~ is bounded. By our hypotheses, the map 7 is bijective.
Therefore, the preceding corollary implies 77! € L(X,Y). O

Definition 5.23. If X and Y are normed spaces and T is a linear map from X to Y, then
the graph of T is the subspace

T(T) = {(z,y) X xY :Te =y} CX x YV
We say T : X — Y is closed if T'(T) is a closed subspace of X x Y.

Remark 21. This definition is not the same as the definition of a closed map in topology.
A closed map in topology requires no structure on the map. In our current context, 7' is a
linear map.

Theorem 5.24 (Closed Graph Theorem). If X and Y are Banach spacesand T': X — Y
is a closed linear map, then 7' € L(X,Y) i.e. T is bounded.

PROOF. Let mx, my be the projection maps of I'(T") onto X and Y. Then nx € L(I'(T), X)
and my € L(I'(T),Y).

Because X and Y are complete, so is X x Y. Therefore, I'(T") is complete because it
is closed in X x Y by hypothesis. The map 7x is a bijection from I'(T") to X (this is an
obvious bijection by definition of I'(T)) and by the preceding corollary 7" is bounded.

But then 7' = 7y o 3" is bounded. ]

Remark 22. The continuity of a linear map of Banach spaces T': X — Y means if z,, — =,
then T'z,, — Tx (sequential definition of continuity). On the other hand, closedness means
if x,, — z, and Tx,, — y, then y = T'x. Therefore, the Closed Graph Theorem says

“to show continuity, assume 7Tz,, — y and show y = T'x where z,, — x”.
Failure of the conclusion occurs if completeness of X and Y are dropped.

Theorem 5.25 (Uniform Boundedness Principle). Suppose X and Y are normed vector
spaces and A C L(X,Y).
a. If suppey ||Tz]| < oo for all z in some nonmeager subset of X, then sup,c 4 |77 < oo.
b. If X is a Banach space and suppcy || 7z| < oo for all x € X, then suppcy [|T]| < oo.
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PrROOF. We frequently use b. so we do not prove a.. Let
E, ={x € X :sup||Tz|]| <n} = ﬂ {r e X :|Tx| <n}.
TeA TeA

The RHS shows that F, is the intersection of closed sets so F, is closed. By the Baire
Category Theorem, there is some FE, that is not nowhere dense. Then, there is an z € X

and r > 0 s.t. B.(z) C E,. Then for 2’ € B,(0) and for all T' € A,
|T2'|| < || T2+ Tx|| + ||Tz|| < 2n

Dividing by 7, we have ||T2/|| < 22 for all ||| = 1. Since T was arbitrary, suppe 4 [|T]] < 22
as desired. ]

Remark 23. The results can be summarized or categorized as results which show when a
linear map is bounded. The Open Mapping Theorem can be used to show that the inverse
map is bounded, the Closed Graph Theorem can be used to show when the map itself is
bounded, and the Uniform Boundedness Principle can be used to show that some collection
of linear maps is uniformly bounded. It is crucial that we notice that we actually uniformly
bound the operators in the Uniform Boundedness Principle. The value is in knowing that
we can bound all of the linear maps in A with a single constant.

5.4. Hilbert Spaces.

Definition 5.26. Let H be a complex vector space and an inner product (-,-) on H is a

map H x H — C s.t. it is linear in the first coordinate, complex symmetric (z,y) = (y, x),
and (x,x) € (0,00) for all nonzero x € H. The conditions show that the inner product
is conjugate linear in the second coordinate. We call H with an inner product an inner
product space. There is a norm defined by ||z|| = 1/(-, ) for any inner product space.

Example 5.27. If one considers the space of sequences of scalars in C, then for a € Z, we
have an inner product

{au}. (b)) = Y na,b,

Theorem 5.28 (Schwarz Inequality). |(x,y)| < ||z||||y| for all z,y and equality occurs iff =
and y are linearly dependent.

Theorem 5.29. The function x +— ||z|| is a norm on H.

Definition 5.30. An inner product space complete w.r.t its induced norm is a Hilbert
space.Fix H a Hilbert space.

Theorem 5.31. If x,, — z,y, — vy, then (x,,y,) — (x,y).
ProOOF. First, notice
(T, yn) = (0 — 2+ 2, 9n) = (@, y0) + (20 — 2, 4n).
This means we can write
0 < [zn, yn) — (&, 9} = {2, yn) + (@0 — 2, 4n) — (2, 9)| = (&0 — 2, Yn) + (2,50 — )]
< llzn = zlllynll + Iy — yllllzll — 0

as n — oo because ||y,|| = [|y|| < oo. O
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Theorem 5.32. For z,y € H,
2+ ylI* + llz — ylI* = 2(|=[I* + [lyl])-

PROOF. Add ||z £ y|* = ||z||* £ 2Re (z,y) + |ly|]>. O
Theorem 5.33 (Pythagorean Theorem). If 24, ..., x, € H are pairwise orthogonal elements
for j # k,

n 2 n
\zxj S
1 1

Theorem 5.34. If M is a closed subspace of H, then H = M & M+ and € H can always
be uniquely written as x = y + z where y and z have minimal distance to x. The element
z = Px is often defined as the projection of x onto M.

Remark 24. This result gives us the orthogonal projection onto M. See Exercise 5.58.
It is crucial to recognize that this uniqueness part allows one to quickly determine the
orthogonal projection of an element.

Theorem 5.35 (Riesz-Fréchet). If f € H*, there is a unique y € H s.t. f(z) = (z,y) for
all x € X. In particular, Hilbert spaces are reflexive and are naturally isomorphic to H*.

PRrOOF. Uniqueness of y is immediate.

Given f € H* and assume f # 0. Then, M := {x € H : f(z) = 0} is a closed subspace
of H. Apply the preceding theorem to find H = M @& M=*. Then, let 2 € M+ s.t. ||z|| = 1.
For any u = zf(z) — f(2)x € M, we have

0= (u,z) = [|z]*f(2) = f(2)(z, 2) = f(z) = (z, f(2)z).
) .

So, f(z)z is our desired y € H. Notice that we can write x := Z;((Z) e

f(z) = (, f(2)z). O

Definition 5.36. An orthonormal subset of H is a set of linearly independent vectors
with norm 1.

Any linearly independent set of vectors can be made into an orthonormal set by the
Gram-Schmidt process.

) and this means

Theorem 5.37 (Gram-Schmidt Process). Refer to any standard linear algebra text for more.
Given a sequence {z,}. Set u; = Hi_ill Then, set ve := x5 — (z1,u1)uy and let uy = ”5—2”

Inductively, let u,, be the normalization of z, — 71‘_1(951-, i)y .

Example 5.38. Consider L*([—1,1]). Apply the Gram-Schmidt procedure on 1, z, 2% Then

the orthonormal basis is \/Li, %m, \/g(ﬁ — %)

Theorem 5.39 (Bessel’s Inequality). If {u,} is an orthonormal set in H, then for any

r e H,
D N ua) P < .

acA
In particular, {a : (z,u,) # 0} is countable.
Theorem 5.40. If {u,}aca is an orthonormal set in H, TTFAE:
(1) If (z,uq) = 0 for all a, then z = 0.
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(2) (Parseval’s Identity) ||z||* = > c4 [{z, ua)|? for all z € H.
(3) For each x € H, x = ) _(x, uq)u, where the sum on the right has countably many
nonzero terms and converges in the norm independent of the ordering of the terms.

PROOF. (2) implies (1) is obvious.
(1) implies (3) follows by letting ay be an enumeration for which (x,u,) # 0. Then, Bessel’s
inequality shows > (%, uq,| < ||lz[|* converges and the Pythagorean theorem says

m m
1D (@ taytia ]l = D 1w, ua, )| =0
n n

as m,n — oo. Or in particular, letting m — oo first and then letting n — oo. We
deduce that the series is absolutely convergent and converges by completeness of H. If
y=x— > (T, Uq, )Ua,, then (y,u,) =0 for all a. Hence, y = 0.

(3) implies (2) by Bessl’s inequality, we have the obvious inequality. So, we show the other
inequality. The other inequality is immediate by consider ||z||* = (z,z) and (3) shows us
that x is just the sum. Use the Dirac d-function to simplify the work. Alternatively,

n n
Izl =D e, wa,)? = llz = D (@, uayua |* = 0
1 1

as n — 00. [l

Definition 5.41. An orthonormal set satisfying any of the preceding three equivalent con-
ditions is called an orthonormal basis. This is not the same notion as a basis of a vector
space.

Example 5.42. For example, let H = (?(A) for some set A. For every a € A, let e, € (*(A)
be defined by e,(3) = 0 when 8 # « and e,(a) = 1. Then {e,}aca is orthonormal and it is
certainly complete because (f,e,) = f(a).

Theorem 5.43. Every Hilbert space has an orthonormal basis.

Theorem 5.44. A Hilbert space H is separable iff it has a countable orthonormal basis. In
which case, every orthonormal basis for H is countable.

Example 5.45. If {f,,} C L?[0,1] s.t. for all g € L?[0, 1], we have lim,, fol fo(2)g(z)dx =
0, then lim, . ||fo||* = 0. Indeed, L?0,1] has an inner product defined by (f,g) =
fol f(x)g(x)dt and so, the condition implies that lim, . f, = 0 for all n (just replace f
by f. and g by elements in the orthonormal basis and use continuity of the inner product).
Therefore, by continuity of the norm, lim,, . || f»||2 = 0.

Definition 5.46. A map U : H; — Hs of two Hilbert spaces is a unitary map H; — H»
if it is an invertible linear map that preserves inner product i.e. (Uz,Uy)s = (z,y); for all
T,y € Hl.

Proposition 5.47. If {e,} is an orthonormal basis for X, then the correspondence = +— =
defined by T = (x,u,) is a unitary map from H to ¢*(A).
Example 5.48. Define T : L?(R) — L?*(R) by T'f(x) = f(|z]). Tt is easy to see that this is

a well-defined linear operator:

ITf ()2 = / T (2) P = / ()P = / T f(@)Pdz < o0
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so T'f(z) € L*(R). Next, it is continuous because

IWT®W2=<AW2H@NﬁUQSVQUM

which means ||T|| < v/2. This is actually an equality because when f(z) is taken to be
zero for all z < 0, the inequality above is an equality. This means ||Tf(z)|ls = v/2|| |2 for
f(z) = 0 when = < 0 which means ||T|| > v/2. The kernel consists of functions that are
a.e. zero on R and are measurable square-integrable functions. The range is the space of
square-integrable even functions on R. One can also compute the adjoint for the operator:

Tt.9) = [ Tr@@s = [ (el dx—/f d:c+/f

_ / " f(a) (9 + g(—2)) de = L(.T")

That is,

. Jal@)+g(-z) x>0
Tg_{ 0 r <0

5.5. Topological Vector Spaces.

Definition 5.49. A topological vector space (TVS) is a vector space over K which is
endowed with a topology s.t. the maps (z,y) — = +y and (A, x) — Ax are continuous from
X x X and K x X to X respectively.

Definition 5.50. A TVS is locally convex if there is a base for the topology consisting of
convex sets.

Theorem 5.51. Let {ps}aca be a family of seminorms on a vector space X. If x € X,
a€ A, and € > 0, let
U:voee = {y € X: pa(y - J]) < 6}7

and let 7 be the topology generated by the sets U,q.

a. For each # € X, the finite intersections of the sets Uyac(a € Aje > 0) form a
neighborhood base at z.

b. If (%;),c; is a net in X, then x; — x iff p, (v; —x) — 0 for all o € A.

c. (X, 7T) is alocally convex topological vector space.

Theorem 5.52. Suppose X and y are vector spaces with topologies defined, respectively,
by the families {pa},c4 and {gs} s p of seminorms, and 7": x — y is a linear map. Then T

is continuous iff for each 5 € B there exist ay,...,q € A and C > 0 such that gz(Tz) <
C 3 Pay (o).
Proposition 5.53. Let X be a vector space equipped with the topology defined by a family
{Pat,ea of seminorms.

a. X is Hausdorft iff for each x # 0 there exists a € A such that p,(z) # 0.

b. If X is Hausdorff and A is countable, then X is metrizable with a translation-invariant
metric (i.e., p(x,y) = p(x + z,y + 2) for all z,y,z € X).

Definition 5.54. A net (z;);c; in a topological vector space X is Cauchy if (x; — ;) j)crxs
converges to zero.
In this situation, X is called complete if every Cauchy net converges.
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Definition 5.55. A complete Hausdorff topological vector space whose topology is defined
by a countable family of seminorms is called a Fréchet space.

Example 5.56. Let X be an LCH space. Then C¥ with the topology of uniform convergence
is defined by the family of seminorms py(z) := sup,cx | f(z)| where K ranges over compact
sets.

If X is o-compact, we can take this to be a countable family of seminorms by choosing
the compact sets U,.

Example 5.57. The space L}, (R") with the countable family of seminorms py(f) = flw|<k |f(x)|dx

Example 5.58. The seminorms pi(f) = sup,ej |f®)| makes C>([0,1]) into a Fréchet
space.

Definition 5.59. Let X be a normed vector space. The weak topology generated by X*
is called the weak topology on X. Convergence w.r.t to the weak topology is known as
weak convergence. That is, (z,) — x weakly in X iff f(x,) — f(x) for all f € X*.

The basis of the weak topology on X is given by

Uv,.fi = mf;1<‘/i) ViCC, fie X"
i=1

The weak topology on X* is generated by X C X™** which is called the weak* topology.

Example 5.60. In an infinite dimensional Hilbert space, any orthonormal sequence con-
verges weakly to zero. Indeed, a sequence in a Hilbert space {z,} converges weakly to z iff
for all z € H,

(T, 2) = (x, 2).

Example 5.61. Consider the basis e, of 2. Then it converges weakly, but it does not
converge strongly.

Remark 25. A few basic properties can be immediately derived.

(1) The weak limit of a sequence or net is necessarily unique.

(2) Subsequences of weakly convergent sequences also converge weakly to the same limit.

(3) For sequences, convergence in the norm topology implies weak convergence and to
the same limit. This is an immediate consequence of the fact that the weak topology
is weaker than the norm topology.

(4) In finite dimensions, weak convergence is the same as strong convergence (see next
remark).

(5) Weak convergence respects sums, scalar multiplication, bounded linear operators,
and weakly closed subspaces contain weak limits of its sequences.

Remark 26. Our usual notion of convergence in a normed space is referred to as strong
convergence.

Definition 5.62. If XY are Banach spaces, then the topology on L(X,Y’) generated by
evaluation maps T+ Tz is called the strong operator topology.
In this case, T,, — T strongly iff T,x — Tx in the norm topology of Y for each z € X.
The basis of the strong operator topology is given by sets of the form, for T" €
L(X,)Y),
U(T):={T" € L(X,)Y) : |[T'x — Tx| < €}.
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Definition 5.63. If X,Y are Banach spaces, then the topology on L(X,Y’) generated by
linear functionals T' — f(T'z) for x € X, f € Y* is called the weak operator topology on
L(X,Y).

In this case, T,, — T weakly iff T,x — Tz in the weak topology of Y for each z € X.

The basis for the weak operator topology is given by sets of the form, for T' €
L(X.)Y),

Uppofue(T) = {T" € L(X,)Y) : || fiT'z — fiTz|| <e,1 <i<n}.

Remark 27. There is a hierarchy in terms of the topologies defined on L(X,Y'):
norm topology 2O strong topology O weak topology
Similarly, on X*,
norm topology 2 strong topology O weak topology O weak”™ topology.

Example 5.64. We consider examples with ¢*(N) and with elements denoted by a :=
(al, az, . .. )

The operators T,a := (Gp, py1, - .. ) converge strongly to some operator 7' and we note
that T is not zero.

On the other hand, the operators S,a := (01, ...,0,,x1,Z2,...) do not converge strongly
to some S. However, they do converge weakly to some S. See Exercise 5.64 of [1] to see
these examples in more detail.

Proposition 5.65. Let {7,,}7°, C L(X,Y), sup, || 1.]| < oo, and T' € L(X,Y). If
T,z —Tz|| -0  Vx e D,D dense subset of X,
then T,, — T strongly.

Theorem 5.66 (Alaoglu’s Theorem). If X is a normed vector space, the closed unit ball
B*={fe X*:||f|]| <1}in X* is compact in the weak* topology.

Remark 28. “On a bounded subset of X*, the weak*-topology can be generated by count-
ably many seminorms if it is separable. Therefore, it is metrizable.” Zlatos’s proof / hint: De-
fine seminorms p,(f) = | f(z)| on X*. One can show that f, — f pointwise iff p,(f,—f) — 0
for each x. Now use this fact to show the result for separable case above.

Remark 29. The theorem does not show X* is locally compact in the weak* topology.

Corollary 5.66.1. If X is a NVS, then there exists a compact Hausdorff K s.t. X is linearly
isomorphic to a linear subspace normed by the maximum norm.

PROOF. Let K be closed unit ball with weak*-topology. Then K compact by Alaoglu’s
Theorem and Hausdorff by the Hahn-Banach Theorem. Now, define ® : X — C(K) by K|x
where JLX — X** defined by x +— Z. It is an isometry (clearly). O

Corollary 5.66.2. If X is a reflexive Banach space, then every sequence in X has a weakly
convergence subsequence.

6. LP-spaces

6.1. Basic Theory of L”-spaces.



6. LP-SPACES 37

Definition 6.1. Let LP(X, M, u) denote the space of measurable f : X — C with || f||, < oco.
We always take 0 < p < oo and the case of p = 0o has norm defined by

1£llo := inf{C": u(|f]7((C, 00)) = 0}.

It follows that for every € > 0 the set E. := {x € X : |||f]loc — €| < |f(z)|} has nonzero
measure.

Remark 30. The infinity norm coincides with the supremum norm under certain condi-
tions. The key difference is dependent on the underlying vector space. For example, if the
underlying vector space consists of continuous functions, then they are the same.

Theorem 6.2 (Young’s Inequality). If a,b > 0 and 0 < A < 1, then
a*b' ™ < Aa+ (1 —\b)
with equality iff a = .

Theorem 6.3 (Holder’s Inequality). If 1 < p < oo and %—i—% = 1 (calling p and ¢ conjugates),
and if f,g: X — C are measurable, then

gl = I f1lpllglls-

If f€ LP and g € LY, then fg € L' and equality occurs iff a|f|P = b|g|? for some constants
a,b not both equal to zero.

Theorem 6.4 (Minkowski’s Inequality). If 1 < p < oo and f,g € LP, then
If+9llp < 1fllp + llglly-

In particular, L? is a Banach space.

Corollary 6.4.1. Let p~! + ¢ ' = 1. Let {f,} C L? and {g,} C L? where f, — f and
gn — g w.r.t the respective norms. Then, f,g, — fg € L'.

PROOF. By Holder’s inequality, {f.g.} C L'. To show f,g, — fg in L', let € > 0.
Then,

angn - ng1 S angn - fngH1 + ”fng - ngl S anHpHgn - g”q + ”fn - prHqu
and as n — oo, notice || fu|l, = || f]| < oo, [|gn — gl = 0, and || f, — f]l, = 0. O

Theorem 6.5. The set of simple functions is dense in LP(u) for 1 < p < oo. In particular,
we require the simple functions to have characteristic functions on sets with finite measures.

Theorem 6.6. “If 0 < p < ¢ <r < 0o, then LP N L™ C L% and || fl|lg < [[fIDIIf]IF* where
A € (0,1) is defined as the convex conjugate: é = )\117 + (1 =X)L The inequality is actually
an equality when r = oo if | f| = || f]|cc a.e.. The inequality is actually an equality if Holder’s
inequality holds for £l < /1yl 1

Theorem 6.7. f 0<p<g<r < R,then LY C LP+ L".
PROOF. If f € L4, then let f = fxg + fxr where E := |f|7}(1,00) and F = E*. O
Theorem 6.8. If 0 < p < ¢ <1 < oo, then LN L" C L? where | f|lq < || fII}] f]l}~* and

-1 1

A= pq—_l : :_1 & ¢ lt= "+ 1=k
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Theorem 6.9. If Aisaset and 0 <p < g < oo, then IP(A) C 19(A) and ||f|l, < || f]l,-
Theorem 6.10. If p(X) < co and 0 < p < ¢ < oo, then LP(p) D L(p) and || f]|, <

11

1 fllgre )7~

6.2. Examples of LP-spaces.

Example 6.11. The space ¢?(N) has orthonormal basis e; := (0,...,1,0,...) with 1 in the
1th coordinate.

Example 6.12. For p > 1, we have —logz € LP((0,1)) but —logz ¢ L*>((0,1)).
Example 6.13. Let f:]0,00) — R be given by f(x) = e *. Then

<1 —e P 1
/ |ep:”\dx/ Cdr =S oo = —.
(0,00) o e D D

Therefore, it is in LP for 1 < p < oo.

Example 6.14. An obvious example of a Cauchy sequence in L™ is just a sequence f,(z) = =
with L>(m).

Example 6.15. For what values of p is ﬁ and /P sequence? Notice that we need
gn

o0

1
2 (g <>

n=2

We can use the integral comparison test.
6.3. The Dual of LP. We assume p, q are conjugate exponents in this entire section.

Definition 6.16. If g € L9(u), let ¢4(f) = [ fgdu and this is a bounded linear functional
due to Holder’s inequality and ||¢,]] < ||g]l4-

In the case of p = ¢ = 2, then L?(p) is a Hilbert space and every bounded linear function
is of the form (-, g) = [ -gdu. So in this situation, identify g — ¢7 as the natural identification
of L2(u) and (L3(y1))""

Proposition 6.17. If p, ¢ are conjugate exponents and 1 < ¢ < co and if g € L9, then

lglle = 1]l = sura{‘/fg Ml = 1}

If 1 is semifinite, this result holds also for ¢ = oo.
Theorem 6.18. Let p, ¢ be conjugate. Let g be a measurable function on X and fg € L*
for all f € 3, the space of simple functions that vanish outside sets of finite measure. Then

M,(g) =Sup{‘/fg‘ Fes & |fll, = 1}

is finite.
Also, if either S, = {z : g(x) # 0} is o-finite or p is semifinite, then ¢ € L? and
Mqy(g) = llgllq-
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PROOF. The case for ¢ < oo is dealt with in [1]. If ¢ = oo, for all € > 0, let E, :=

g HC\ B (g)+¢(0)). If u(E.) > 0, by o-finiteness or semifiniteness, we can choose a subset
Ast. u(A) € (0,00). Then

Meo(g) > / SEgXAgdulSETGX A > 1(A) - (Maolg) + ) A) ™ = Mo(g) + €

which is a contradiction. Therefore, ||g||.c < My (g) and Hélder’s inequality gives the oppo-
site inequality. 0

Remark 31. We'll show in the next result that (LF(u))" = L%(p) if p € (1,00) orif p =1
and the measure is o-finite. See p. 191 of [1] for examples p = 1 and p not being o-finite
does not yield the equality. If p = oo, then L!(u) is clearly isometrically embedded into
(L*®(w))*. In particular, by Proposition 6.13. In Problem 3 on Midterm, one shows that
(L®(R™))* # L*(R™) when 4 is the Lebesgue measure. If one takes ¢(f) := [ fdX for all
f € C.(R™) (where A is a complex Borel measure on R"), then the Hahn-Banach Theorem
extends this to a bounded linear functional on all of L>(R"). Taking A = dy (the Dirac-§
measure at zero) shows the above.

Theorem 6.19. Let p, g be conjugate exponents. If 1 < p < oo for all ¢ € (LP)*, there
exists g € L7 s.t. ¢(f) = [ fg for all f € LP. Hence, L9 is isometrically isomorphic to (LP)*.
The same conclusion is true when p = 1 so long as p is o-finite.

ProoF. We already know that L? — (L?)* defined by g — ¢, is injective by one of the
preceding results. So, we need to show surjectivity i.e. give any bounded linear functional,
there is a g in which ¢, is precisely that given bounded linear functional.

Case 1: Suppose p is finite so all simple functions are in LP(u). Given ¢ € (LP)* and E a
measurable set. Define v(E) := ¢(xg). For any disjoint sequence | J° E; = E, we have

n 00 1/p
XE_ZXEj :M<UEJ'> — 0 n — oo
1 P

n+1
where we use p < oco. So, ¢ is linear and continuous and therefore v(E) = Y ¢(xg;) =
Y- v(Ej). Clearly v(0) = 0. Altogether, this shows v is a complex measure.
If u(E) =0, then xg = 0 as an element of LP(u) so v(E) = 0. Therefore, v < p.
Apply the Radon-Nikodym Theorem to deduce that

B9 € L) st 6(xe) = o(B) = [ gdu VE.

Therefore, ¢(f) = [ fgdu for all simple functions f. Also, | [ fg| < |[phi|l||f]l, since it is
a bounded linear functional so g € LY by the preceding theorem. At last, we deduce from
density of simple functions that ¢(f) = fg for all f € LP.

Case 2: Assume p is o-finite and F, is an increasing sequence of finite nonzero measure sets
and X = J,7, E,. The preceding argument shows

Vi, 3g, € LUE,), st.Vf € IX(E,), (f) = / 79 & llgalla < NS EDN < 161

The function ¢ is unique modulo null sets so g, = ¢,,, a.e. on E,, when n < m. Set g = g,
on E,. By MCT, [|glly < lim[|gnly < [Iphil[ so g € L.
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Also, if f € L?, the DCT applied to fxg, — f in the L” norm shows ¢(f) = lim [, fg =
[ fg.

This shows the result when p is o-finite and p € [1, 00).
Case 3: Let arbitrary and p > 1 and ¢ < co. For each o-finite set F, there is an a.e.-unique
ge € LP(E) s.t. ¢(f) = [ fgg for all f € LP(E) and ||gplly < ||phil|.

If F o-finite and contains F, then gr = gp a.e. on E so that ||gr|l, > |lgr|l,- Let M be
the supremum of ||gg||, ranging over all o-finite sets E. Note M < ||¢|| by this.

Choose E, sequence s.t. |lgg,|l;, =& M. Set FF = |J” E,. Then F is o-finite and
9]y > gz, ll- Whence, [lgrll, = M

If A is o-finite and contains F', we have

/|9F\q /|9A\F|q_/’9A\q<Mq /IQF\q

so ga\r = 0 and ga = gp a.e. (using fact ¢ < 00).

If felLP, weknow A= FU{x: f(z) # 0} is o-finite (it is a union of two o-finite sets
and the latter set is o-finite since [1flP < o) so ¢(f) = [ fga = [ fgr. This means we
just take g = gp.

Thus, ¢ = ¢, as desired. 0

Corollary 6.19.1. If 1 < p < oo, then LP is reflexive.
6.4. Some Useful Inequalities.

Theorem 6.20 (Chebyshev’s Inequality). If f € LP(0 < p < o0), then for any a > 0,

p({z: |f(z)] > a}) < {@r

Corollary 6.20.1. If f € LP, then the set {z : |f| # 0} is o-finite.

ProOF. This is an immediate consequence of a similar result in Chapter 2 of [1]. How-
ever, we can derive this from Chebyshev’s inequality. Define E, = {z : [f(z)| > n} and
n € Ny. Then,

p(En) < W%

S

for all n and therefore, {z : [f[ # 0} ==, cp, En- O
Theorem 6.21. Let (X, M,u) and (Y, N,v) be o -finite measure spaces, and let K be
an (M ® N)-measurable function on X x Y. Suppose that there exists C' > 0 such that

J 1K (z,y)|dp(z) < C for ae. y € Y and [ |K(z,y)|dv(y) < C for a.e. € X, and that
1 <p<oo If fe LP(v), the integral

:/meﬂwww

converges absolutely for a.e. z € X, the function T'f thus defined is in L”(u), and ||Tf||, <
ClI Al

PRrROOF. We prove the result for p € (1,00). Let ¢ = -£5. Apply Hélder’s inequality to

K (2, ) f ()| = |K (@, )9 K (z,9)"?| f(w)]) — /!K z,y) f(y)|dv(y) < CV9 UIK(x,y)Hf
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for a.e. x € X. Apply Tonelli’s Theorem when integrating w.r.t to x to obtain

[ 1G] ae <o [ [ikwlirawie <o,

The last integral is finite so K(z,-)f € L'(v) for a.e. x so that Tf is well-defined a.e. and
taking pth roots, we get the desired inequality from above.
Assume p = 1. Checking well-definedness and absolutely convergent a.e. is easy. Then,

/ deu\ < [ [ikGolwladn = [150)] [ 1K@ g)duar < )],

by an application of Fubini’s Theorem. We used [ |K (z,y)|du(z) < C a.e. y € Y here.
Similarly for p = oo, it is easy to check well-definedness and absolutely convergent a.e..
< [[fllsollClloc = CI| floo-

Then,
170 < /11 ' [t

We used the second inequality with < C' in the theorem statement here. 0

Theorem 6.22 (Minkowski’s Inequality for Integrals). Suppose that (X, M, u) and (Y, N, v)
are o -finite measure spaces, and let f be an (M ® N')-measurable function on X x Y.
a. If f>0and 1< p < oo, then

([ seva) an] " < [ ][ svpin] " ato

b. If 1 <p < oo, f(,y) € LP(u) for a.e. y, and the function y — ||f(-,y)|, is in L'(v), then
f(z,-) € L'(v) for a.e. z, the function x — [ f(x,y)dv(y) is in LP(u), and

H/f i) < [ 150 lavto)

PROOF. (a) If p = 1, then we get equahty from Tonelli’s Theorem. For p € (1,00), let
q = ;57 and g € L7. By Tonelli’s and Holder’s,

/foydu )]!g ) dp(x //f:cyyg \dﬂdyq\g”q/[/fxypdul 0

Apply Theorem 6.14 of [1] to finish off the proof.
(b) For p < oo, the assertion follows from (a) and Fubini’s Theorem (replace f with |f]).
For p = 0o, use monotonicity of the integral. O

Theorem 6.23. Let K : (0,00)? — C be a measurable function s.t. K(Az,\y) = A" K(z,y)
for all A > 0 (this is called (—1)-homogeneity) and [ |K (z,1)|z~/Pdz = C' < oo for some
p € [1,00], and let g be the conjugate exponent to p. For f € LP and g € L9, let

/K:Uy x, /Ka:y

Then T'f and Sg are defined a.e. and ||T'f||, < C| fl, and [|Sg|l, < C|gll4-

Remark 32. This theorem is not as valuable as it may appear. The theorem shows that K
induces a linear operator I — LP and LY — L4,
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Remark 33. Some easy examples of K (z,y) satisfying the hypothesis of (—1)-homogeneity
are%—i—i, x—iy,and%—i—i%—y%.

Corollary 6.23.1. Let

Yy 0
1r) =y [ e o) = [y oy
0 T
Then for 1 <p<oocand 1< g < oo
p
1T fll, < FHprv 15glq < allgllq-

This result is a special case of Hardy’s Inequality.

PROOF. Define K(z,y) = ;jXE($7y) where F = {(z,y) : < y}. Then apply the
preceding result. 0

6.5. Distribution Functions and Weak LP.

Definition 6.24. If f is a measurable function on (X, M, ), we define its distribution
function

Ay (0,00) = [0, 5] by As(@) = u({z < [ (2)] > a}).

Proposition 6.25. a. \s is decreasing and right continuous.
b. If | f| < g, then Ay < A,.
c. If | f| increases to |f], then Ay, increases to As.

d. If f =g+ h, then A\f(a) < A, (%04) + A (%a).

Remark 34. Since )y is decreasing but right continuous, it defines a negative Borel measure
on (0,00) by v((a,b]) = A¢(b) — As(a).

The following theorem gives the relationship between integrals of |f| on X to Borel
measures defined by distribution functions.

Theorem 6.26. If A\f(«) < oo for all @ > 0 and ¢ is a nonnegative Borel measurable
function on (0, 00), then

Joolian=— [ " da)dr(a).

Remark 35. The important aspect of the preceding theorem is when applied to ¢(a) = a?.

It gives,
Jitpdn=— [~ aana)
X 0

If we integrate by parts for the RHS then we obtain the following result. We need to
verify that a?As(a) — 0 as @ — 0 and o — oo, however. The key point of the preceding
result is that it converts integrals over arbitrary measure spaces to one with signed Lebesgue
measures. The following result gives a way to show that a function is in L? provided we have
a strong bound on the distribution function.

Proposition 6.27. If 0 < p < oo, then

1= [~ artas(ayda.
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PROOF. Professor Zlatos’s has a proof that does not use integration by parts. To inte-
grate by parts, we would still need to check some hypotheses. Nonetheless,

| @rdrsta) = @tk = @3,00) = [T Astada =~ [ (o,

Multiplying by —1 gives the result. All that is left is to show lim,_,o oPAf(a) = 0 since
we cannot evaluate at infinity. This part of the argument follows by dealing with simple
functions by proving the result when A;(a) = oo for some o > 0 and then the case where
this does not occur. Apply the MCT with Proposition 6.22c. O

Definition 6.28. If f : X — C measurable and 0 < p < oo, define

[ﬂp:(wpwuﬂm)up

a>0

and define weak LP to be the set of all f s.t. [f], < oo. However, [-], is not a norm.
However, it is a topological vector space.

Remark 36. The condition [f], < oo is equivalent to requiring there exists C' > 0 s.t.
Ar(t) < (C/t)P for all t. In this case, the best possible constant that can be obtained is [f],.
The following inequality which is a consequence of Chebyshev’s is often very useful

[l
Ar(a) < o
Remark 37. We first have
e weak & [fl, < |fll

On the other hand, if As(e) is replaced by ([f],/@)? in the integral p [° o? ' Af(a)da,
we obtain [ o do.

Example 6.29. The function 27'/? is weak LP but not in L? (on (0,00) with Lebesgue
measure). In some sense, weak LP is almost LP and the case of 71/ is a border case.

Theorem 6.30. If f is a measurable function and A > 0, let F(A) = {z : |f(x)| > A}, and
set

ha = fxx\pw) + Alsgn f)xew),  9a=[f—ha=(sgn /)(|f] — A)xew
Then

A(a) ifa< A
M) =Mt ) () ={ 3@ 05

6.6. Interpolation of LP-spaces.

Lemma 6.31 (The Three Lines Lemma.). Let ¢ be a bounded continuous function on the
strip 0 < Rez < 1 that is holomorphic on the interior of the strip. If |¢(z)| < M, for
Rez =0 and |¢(2)| < M, for Rez = 1, then |¢(2)] < My 'M} for Rez =t 0<t <1

Theorem 6.32 (The Riesz-Thorin Interpolation Theorem). Suppose that (X, M, u) and
(Y, N, v) are measure spaces and po, p1, o, q1 € [1,00]. If g9 = ¢1 = oo, suppose also that v
is semifinite. For 0 < t < 1, define p; and ¢; by

1 1—-t ¢t 1 1—-t ¢t
p— + —

o P P % G @
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If T is a linear map from LP°(u) + LP*(u) into L9 (v) + L9 (v) such that ||Tf |, < Mol flp
for f & () and [T < My fllp, for £ € L7 (1), then

1T fllgs < My~ My fllp, for f € LP(p),0 <t < 1.

Example 6.33. If T : L'(—m,m)) — (><(Z) is the Fourier series operator (T'f)(n) =
o~ [T e f(x)dz, then we know that ||| = 1 = [|T||r22. So, we obtain an infi-
nite family of bounds

1T ||p—sea <1

when p € [1,2] and ¢ = p/(p — 1) € [2,00]. This latter inequality is called the (Hausdorff-
Young inequality).
When applying the theorem, the easiest cases are to apply it with 1,2, co.

Remark 38. If M(t) := ||T|| et (u)— L (), then theorem says M (t) < M(0)'~*M(1)" for all
te(0,1).

The log statement of the M(t) is the key point of the theorem so we state this as a
separate result. See p. 202 of [1].

Definition 6.34. Let T be a map from some vector space D of measurable functions on
(X, M, 1) to the space of all measurable functions on (Y, N, v)

- T is called sublinear if |T'(f + g)| < |T'f| + |Tg| and |T'(cf)| = ¢|T f| for all f,g € D
and ¢ > 0

- A sublinear map T is strong type (p,q)(1 < p,q < oc0) if LP(u) C D, T maps LP ()
into L9(v), and there exists C' > 0 such that ||Tf]|, < C| f], for all f € LP(u)

- A sublinear map 7' is weak type (p,¢)(1 < p < 00,1 < g < o) if LP(u) C
D, T maps LP(p1) into weak L?(v), and there exists C' > 0 such that [T'f], < C| f||, for
all f € LP(u). Also, we shall say that 7" is weak type (p, 00) iff T is strong type (p, c0)

Theorem 6.35 (The Marcinkiewicz Interpolation Theorem). Suppose that (X, M, ) and
(Y,N,v) are measure spaces; po, p1, o, g1 are elements of [1,00] such that pg < g0 p1 < q1,
and gy # ¢1; and
1 1—1¢ t 1 1—1 t

= + — and — = + —, where 0 <t <1.
p Po P1 q do q1

If T is a sublinear map from L (u) + LP*(u) to the space of measurable functions on Y
that is weak types (po,qo) and (p1,q1), then T is strong type (p,q). More precisely, if
[T'flq, < Cjllfllp, for j = 0,1, then ||Tf||; < Byl f||, where B, depends only on pj, g;,C; in
addition to p; and for j = 0,1, B, |p — p;| (resp. B,) remains bounded as p — p; if p; < 00
(resp. p; = 00).

Corollary 6.35.1. Suppose 1 < p < r < g < oco. Let T be a sublinear operator defined on
LP 4+ LA,

(1) If T is of weak-type (p,p) and T is a bounded operator on L, then T is a bounded
operator on L".

(2) If ¢ < 00, T is of weak-type (p,p), and T is of weak-type g — ¢, then T is a bounded
operator on L".

Corollary 6.35.2. There is a constant C' > 0 such that if 1 < p < co and f € LP (R") then

p
Hfl, < Cm”fﬂp-
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Remark 39. It is useful to note that H f is not a bounded linear operator on L! so this is
the reason we require 1 < p in the theorem.

Theorem 6.36. Suppose (X, M, ) and (Y,N,v) are o -finite measure spaces, and 1 <
g < oo. Let K be a measurable function on X x Y such that, for some C > 0 we have
[K(z,-)]y < Cforae ze€X and [K(,y),<Cforae yeY. If1<p<ooand fe LP(v),
the integral

Tf(z) = / K (2, 9)f (3)dv(y)

converges absolutely for a.e. z € X, and the operator T' thus defined is weak type (1,q)
and strong type (p,r) for all p,r such that 1 < p <r < oo and p~' + ¢! = r~! + 1. More
precisely, there exist constants B, independent of K such that

[Tflg < BCI SN, ITfll < BClIfll, (p>1r =p +¢7 —1>0).

Remark 40. We make some additional remarks about the relation of the two interpolation
theorems. First off, the Riesz-Thorin has better estimates, requires less hypotheses on the
estimates, but more from the operator 7. On the other hand, the Marcinkiewics Theorem
requires less hypotheses on the operator, but the estimates are weak-type estimates which
are stronger and also, the estimates obtained are not as good as the one in the Riesz-Thorin
Theorem.

7. Radon Measures

7.1. Positive Linear Functionals on C.(X). Throughout this whole section, we will
fix X an LCH space.

Definition 7.1. If I : C.(X) — C is a linear functional. then [ is positive if I(f) > 0
whenever f > 0.

Proposition 7.2. If I is a positive linear functional on C.(X), for each K C X compact,
there is a constant Cx s.t. [I(f)| < Ckl|fl|. for all f € C.(X) s.t. supp(f) C K.

Definition 7.3. Let p be a Borel measure on X and E a Borel subset of X. Then p is
outer regular on F if
w(E) :=1inf{u(U) : U D E,U is open}

and inner regular on F if

pu(E) :=sup{pu(K) : K C E, K is compact}.
We say p is regular when p is outer and inner regular on all Borel sets.
Remark 41. The Lebesgue measure is regular on Bg. The measure p defined by u(@) = 0,
u(R) = oo, and pu({x}) = 0 is outer regular, but not inner regular. The measure v defined

by u(0) =0, u({1}) =0, u({A}) = oo for A € P(R) \ {{1}} is inner regular, but not outer
regular.

Definition 7.4. A Radon measure on X is a Borel measure finite on all compact sets,
outer regular on all Borel sets, and inner regular on all open sets.

Remark 42. The Lebesgue and Dirac measures are Radon on R but the counting measure
is not.
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Definition 7.5. Write f < U, where f € C.(X) and U C X is open, to mean 0 < f <1
and supp(f) C U.

Theorem 7.6 (Riesz Representation Theorem). If I is a positive linear functional on C,(X),
there is a unique Radon measure y on X such that I(f) = [ fdu for all f € C.(X). Moreover,
1 satisfies

p(U) = sup {I(f) : f € Ce(X), f < U}
for all open U C X and

p(K) =inf{I(f): f € C(X), f = xx}
for all compact K C X.

Remark 43. This is known as the Riesz—Markov-Kakutani representation theorem. The
theorem also gives a way to construct new Radon measures. Let me demonstrate this with p
being the Lebesgue measure on R. If we define I by f + [ fgdu for some g > 0, the theorem
asserts that there is a unique Radon measure v s.t. I(f) = [ fdv for all f € C.(X) with v
characterized by the two equations in the theorem. Note the representation I(f) = [ fdu
only applies to f € C.(X).

Definition 7.7. Let B% denote the o-algebra generated by C,(X) i.e. the smallest o-algebra
s.t. every f € C.(X) is measurable. Elements of BY are called Baire sets.

7.2. Regularity and Approximation Theorems.
Proposition 7.8. Radon measures are inner regular on o-finite sets.

PROOF. Prove for finite measure sets first, say p(E) < oco. Choose open set U 2 E s.t.
w(U) < u(E) + €. Then choose compact set K s.t. pu(K) > p(U) —e and K C U. Then,
w(K) > p(E)—e. Now, u(U\ E) < € so choose an open set V 2O U\ E s.t. (V) < 2e. Then
set K := F'\ V. Then,

p(K) = p(F) = p(FNV) > p(E) —e—pu(V) > p(E) — € — 26 = u(E) — 3e

and this gives inner regularity:.

Suppose p(E) = oo. From o-finiteness, choose a sequence of E; s.t. u(E;) — oo (just
take the sequence of finite unions). Then for all N € N, there exists a j s.t. u(E;) > N.
Then, there exists a compact set K; C E; s.t. u(E;) —e < u(Kj). Therefore, N —e < p(Kj).
For N large and € > 0 small, we obtain a sequence of K; C E; C E s.t. u(K;) — oco. So
w(E) is inner regular. O

Corollary 7.8.1. Every o-finite Radon measure is regular. If X is o-compact, then every
Radon measure is regular.

Proposition 7.9. Let p be a o-finite Radon measure on X and E € By.

(1) For € > 0, there exists an open U and closed F's.t. ' C E CU and u(U \ F) <e.
(2) There exists a Fy-set A and Gs-set B s.t. AC E C B and u(B\ A) =0.

PrOOF. (1) Let E = |J;° E,, be a union of disjoint finite measure sets. Choose U; O E;
open s.t. pu(U;) < pu(E;)+ 5;. Set U as the union of the U; and so, u(U) < p(E)+e€. Choose
an open V 2 E¢s.t. u(V) < p(E) + €. Then,

pUNVE) = u(U\E) + p(BE\VE) < e+ p(E\VS) = e+ u(V\ E) < 2e
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(2) Choose open and closed U; and W; s.t. W; € E C U; and u(U; \ E;) < % Let
B:=NU; and A :=J°W;. Then B is G5 and A is F, while for all j € N,

H(B\A) < U7\ 4) < U\ W) <

So u(B '\ A) = 0. Furthermore, A C E C B. O

Remark 44. Every finite positive Borel measure v is Radon iff for all F € Bx and € > 0,
there is an open set U and compact K s.t. K C E C U and v(U \ K) < e. This from the
two preceding propositions.

Theorem 7.10. If X is an LCH space where every open set is o-compact, then every Borel
measure on X that is finite on compact sets is regular and hence, Radon.

Remark 45. The space R" is second countable and LCH. The theorem says that the only
thing preventing a Borel measure from being a Radon measure is whether or not it is finite
on compact sets. By definition, Radon measures are Borel measures and finite on compact
sets. So the theorem says, under some assumptions on X, a measure is a Radon measure iff
it is Borel and finite on compact sets.

Proposition 7.11. If p is a Radon measure, then C.(X) is dense in LP(u) for 1 < p < oc.

PROOF. Suffices to show for any Borel set E of finite measure, xg can be approximated
by C.(X) (since simple functions are dense in L?). Let ¢ > 0. Since E is of finite measure,
there is are compact and open K, U st. K C E C U s.t. u(U\ K) < e. Then apply
Urysohn’s Lemma to find an f € C.(X) s.t. f|x =1 and supp(f) € U. Then, |[xg — f|F =
JxIxe = fPdp < p(U\K) <e. O
Theorem 7.12 (Lusin’s Theorem). Let p be a Radon measure on X and f : X — C a
measurable function with vanishing outside a set of finite measure. Then for any € > 0,
there exists ¢ € C.(X) s.t. ¢ = f except on a set of measure < e. If f is bounded, ¢ can be
assumed to satisty ||¢]l, < ||f||w-

Definition 7.13. Let f : X — (—o0,00] and f is lower semi-continuous if f~((a, oc])
is open for all a € R.

Let g : X — [—00,00) and g is upper semi-continuous if f~!([—o00,a)) is open for all
a € R.

Proposition 7.14. Let X be a topological space.
a. If U is open in X, then yy is LSC.
b. If f is LSC and ¢ € [0, 00), then cf is LSC.
c. If G is a family of LSC functions and f(x) = sup{g(x) : g € 9}, then f is LSC.
d. If f; and f5 are LSC, sois f1 + fo
e. If X isan LCH space and f is LSC and nonnegative, then f(x) = sup{g(z): g € C.(X),0< g < f}.

Proposition 7.15. Let G be a family of nonnegative LSC functions on an LCH space X that
is directed by < (that is, for every ¢;, g2 € G there exists g € G such that g; < g and g2 < g).
Let f =sup{g: g € G}. If p is any Radon measure on X, then [ fdu = sup {f gdu : g € g}

Corollary 7.15.1. If xis Radon and f is nonnegative and LSC, then [ fdu =sup { [ gdu : g € C.(X),0 <

Proposition 7.16. If i is a Radon measure and f is a nonnegative Borel measurable func-
tion, then [ fdu = inf{[gdu:g > f and gis LSC}. If {z : f(x) > 0} is o -finite, then
[ fdp=sup{[gdn:0<g< fandgisUSC}.
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7.3. The Dual of Cy(X).

Remark 46. Recall for an LCH space X, Cy(X) is the uniform closure of C.(X). Any
function I(f) = [ fdu with p Radon defined on C' — ¢(X) extends to Cp(X) continuously iff
it is bounded w.r.t. the uniform norm. Because

M(X):SUP{/fdﬂifECc(X)> Oéfél},

and | [ fdu| < [|f|du, this happens when p(X) < oo and this also gives |u(X)| = ||I]|.
Essentially, positive bounded linear functionals on Cy(X) are given by integration against
finite Radon measures.

Lemma 7.17. If I € Cy(X,R)*, there exist positive functionals I* € Cy(X,R)* such that
I=1"—-1

Definition 7.18. Any I € Cy(X)* is uniquely determined by its restriction to C(X,RR) and
the restriction J has J = J; +1Js for real linear functionals J;. Then, there are finite Radon
measures p; fori =1,2,3,4s.t. I(f) = [ fdpand p = py —po+i(ps—pa). A signed Radon
measure is a signed Borel measure whose posiutive and negative variations are Radon. A
complex Radon measure is a complex Borel measure whose real and imaginary parts
are signed Radon measures. Let M(X) be the space of complex Radon measures and
||l = || (X) defines a norm on M (X) by the next result.

Proposition 7.19. If p is a complex Borel measure, then p is Radon iff |u| is Radon.
Moreover, M (X) is a vector space and p +— ||| is a norm on it.

PROOF. Let € > 0 and E Borel. Suppose K C E C K and |p|(U \ K) < e. Then
v;(U\K) < eforall j =1,2,3,4 in the decomposition pt = p; — pg + (13 — 1a). Conversely,
if there are 11;(U; \ K;) < €, then taking ﬂ?zl U, and U?:l K;, we get p(U \ K) < 4e. The
same idea shows M (X) is closed under addition and scalar multiplication. Also, || - || being
a norm follows from Proposition 3.14 of Folland. 0

Theorem 7.20 (The Riesz Representation Theorem.). Let X be an LCH space, and for p €
M(X) and f € Co(X) let I,(f) = [ fdu. Then the map p +— I, is an isometric isomorphism
from M(X) to Co(X)*.

PROOF. Suppose p € M(X). We know | [ fdu| < [|f|d|u] < [[f]lulli]] so I, € Co(X)*
and [|1,]] < ||p||. By the Radon-Nikodym Theorem, h := dyu/d|p| exists and |h| = 1. By

Lusin’s Theorem there exists f € C.(X) s.t. [[f]l. = 1 and f = h except on some set E
with |u|(E) < €. Then,

Il = [ il = [T =1 [ gaul+ [ 7=~ Todul <1 [ sl +20l(B) < | [ faul + e <) + e

O

Corollary 7.20.1. If X is a compact Hausdorff space, then C'(X)* is isometrically isomor-
phic to M (X)

Remark 47. One can embed L'(u) into M(X) by f — vy where dvy = fdu. Then
vl = || f]|1 and the range consists of those v € M(X) s.t. v < p. The most important
example of this is L'(m) C M(R").
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Definition 7.21. The vague topology on M(X) is the weak®* topology on M(X) =
Co(X)*. This means pio, — p in weak® iff [ fdp, — [ fdp for all f € Co(X). So po — p
weakly iff [ fdu, — [ fdu for all f € Cy(X).

Remark 48. Every f € L'(u) defines a Radon measure dv; = fdu. This yields an isometric
embedding of L'(u) into M (X) whose range are those v € M (X) s.t. v < p.

Proposition 7.22. Suppose p, fi1, pio, . .. € M(R), and let F,,(z) = p,((—o00,z]) and F(z) =
:U’((_OO’ LE])

a. If sup, ||un|| < oo and F,(z) — F(x) for every = at which F' is continuous, then
L — 1 vaguely.

b. If u, — p vaguely, then sup,, ||| < oco. If; in addition, the u, ’s are positive, then
F,(z) — F(z) at every x at which F is continuous.

7.4. Products of Radon Measure.

Theorem 7.23. a. Bx ® By C Bxxy

b. If X and Y are second countable, then Bx ® By = Bxxy

c. If X and Y are second countable and p and v are Radon measures on X and Y, then
i x v is a Radon measure on X x Y.

Proposition 7.24. Let P be the vector space spanned by the functions g ® h with g €
C.(X),h € C.(Y). Then P is dense in C.(X ®Y") in the uniform norm. More precisely, given
f € C(X xY),e> 0, and precompact open sets U C X and V' C Y containing 7x (supp(f))
and 7y (supp(f)), there exists F' € P such that ||F — f|l, < € and supp(F) C U x V.

Proposition 7.25. Every f € C.(X x Y) is By ® By -measurable. Moreover, if y and v
are Radon measures on X and Y, then C.(X x Y) C L'(u x v), and

[t = [[ anav= [[ gavin (€ c.xxv)

Lemma 7.26. a. If £ € Bxyy, then E, € By for all z € X and EY € Bx forall y € Y.
b. If f: X xY — C is Bxxy -measurable, then f, is By -measurable for all x € X and
fY is Bx -measurable for all y € Y.

Proposition 7.27. Let ;4 and v be Radon measures on X and Y. If U is open in X X Y,
then the functions x — v (U,) and y — p (UY) are Borel measurable on X and Y, and

WS = / v (U) du(x) = / w () do(y).

Lemma 7.28. If f € C.(X xY) and p, v are Radon measures on X, Y, then the functions
z+ [ fodvand y — [ fYdu are continuous.

PROOF. Prove the result for f, and the one for fY follows similarly. It suffices to show
for any xy € X and € > 0, there exists a neighborhood U > zg s.t. ||fo — fuollu < € for x € U

/fx = Jao| dv < || fe = faolv(my (supp(f))) < ev(my (supp(f)))

For each y € my (supp(f)), there exist neighborhoods U,V of xg,y s.t. if (x,2) € U, x V,,
we have |f(xg,y) — f(z,2)| < %e. Since the V,, must cover my (supp(f)), we may choose a
finite subcover V,, for i = 1,...,n and then set U := (", U,,. Now we verify that U is the
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desired set. Clearly, o € U since Uy, are neighborhoods of xy. Next, if € U, then with
z € V,, for some 7 and our estimate,

[ fz = faollu = sup{|fz(y) — fuo (¥)| : y € 7y (supp(f))} = sup{|f(z,y) — f(z0,y)| 1 v € UVyi}

< sup{|f(z,y) — f(z0.2)] : y € Vi } +sup{| f (w0, 2) — flao,m)| sy € | J Vi) <e.
=1

=1

O

Theorem 7.29. Suppose that p and v are o -finite Radon measures on X and Y. If F €
Bxxy, then the functions z — v (F,) and y — p (EY) (which make sense by Lemma 7.23)
are Borel measurable on X and Y, and

i) = [v(E)dnto) = [ () anty

Moreover, the restriction of ,u§<\1/ to Bx ® By is u X v.

Theorem 7.30 (The Fubini-Tonelli Theorem for Radon Products.). Let x and v be o -finite
Radon measures on X and Y, and let f be a Borel measurable function on X x Y. Then f,
and f¥ are Borel measurable for every x and y. If f > 0, then z — [ f.dv and y — [ f¥du
are Borel measurable on X and Y. If f € L'(uzv), then f, € L'(v) for a.e. z, f¥ € L'(p) for
ae. y, and x — [ fodv and y — [ fYdp are in L'(p) and L'(v). In both cases, we have

/fd(;&y)://fdudy://fdudu.

Theorem 7.31. Suppose that, for each a € A, u, is a Radon measure on the compact
Hausdorff space X, such that u, (X,) = 1. Then there is a unique Radon measure p on
X =]],c4 Xa such that for any oy, ..., o, € A and any Borel set E in [[} X,

X fta,) (B).

~

(7 (B)) = (110,
8. Elements of Fourier Analysis

We follow Chapter 8 of [1]. The lecture notes here are also helpful. This whole section
works over R™ and omissions of the ambient space should be assumed to be in R and n is
fixed as the dimension of the space.

8.1. Preliminaries. For this entire section, we work on R", any measures are assumed
to be the Lebesgue measure, the LP spaces are w.r.t to the measurable subsets of R™ and
the Lebesgue measures and

voy=Y oy bl =VEE
1

are the dot products and Euclidean norm on R™.
The multi-index notation o = (ay, ... ,an) is used for convenience. For example,
laf = > aj and 9% = 97" ... 99" where 0; = . For x € R", we write 2 R
The space C°(U) is usually referred to the space of test functions over U and C°(U) is

the space of smooth functions whose support is compact and contained in U.
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Lemma 8.1. There exists ¢ € C° s.t. 0 < ¢ < 1 and supp(¢) = B, the closed unit ball in
R™.

PROOF. One defines 1(x) = n(1 — |z|*) which is exp[(]z| — 1)7')] whne |z] < 1 and 0

when |z| > 1. More details are in Exercise 8.3. O

Definition 8.2. The Schawrtz space S is the vector space of f € C* s.t. || f||(va) < 00
for all (V, o) € Zxo x Z%, endowed with a family of seminorms,

Iﬁmmn=i$ﬂ+¢mNWVﬂ@L

Example 8.3. For all o, f.(z) = 2% € S.
Example 8.4. If f € S, then 0°f € L for all @ and all p € [1, o0].

Theorem 8.5. S is a complete space i.e. a Fréchet space wit its topology induced by its
seminorms.

Definition 8.6. We define 7, f(z) = f(z—y) as the translation operator and f is uniformly
continuous if ||7,f — f|, = 0 as y — 0.

Lemma 8.7. If f € C.(R"), then f is uniformly continuous.
Lemma 8.8. If 1 < p < oo, then translation is continuous in the L” norm.

Definition 8.9. We say f : R" — C is periodic if f(x + k) = f(x) for x € R" and k € Z".
Every periodic function is determined by its value on ) = [—%, .

Periodic functions can be viewed as functions on the torus T" = (R/Z)" = R"/Z". Note
that T" is a compact Hausdorff space and is identifiable with the unit sphere in C".

We regard m(T™) = 1 by identifying T" with the unit cube.

8.2. Convolutions.

Definition 8.10. If f, g are measurable functions on R”, then

- / f(x — y)g(y)dy

where the integral exists. It is not guaranteed that the integral exists for all x, but one can
guarantee that it does exist a.e. under certain conditions.

Theorem 8.11 (Young’s Convolution Inequality). Assume 1 < p < oo. Let f € L', g € LP.
Then, f*xg € LP and

1f * gll, < 11111l

PRrROOF. The proof is an easy consequence of Minkowski’s Inequality, but we provide a
proof using Holder’s inequality here.
The case of p = 0o is clear. For the general case, first, let ¢ s.t. % + 1% = 1 and then,

f*gla)] < / (@ — y)g(y)ldy = / @ — )1 (e — )] V7]g(y)|dy

<1£51, </|f (e~ )ty >|pdy)
— 118 ([ 176~ lats |”dy) .
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because f € L' and g € LP Next,

ireath < ([ ([ e - lstla) ac) R (1o [1s = wlstra) ”
118 ([ [ 1560 = gty ) ”
117 ([ 19l [ 176 - pldsay) ”
— 11 ([ o1y ”

1 1
= 11N LI Mgl = 1 1Ll gl

Theorem 8.12. Assume all integrals exists. Then,

(1) fxg=gx*f,

(2) (f*xg)*xh=fx(gxh),

(3) for z € R", 7.(f * g) = (1.f) x g = f * (7.9),

(4) f A={z+y:x €supp(f),y € supp(g)}, then supp(f *x g) C A.

Proposition 8.13. If p, ¢ are conjugate exponents, f € LP, and g € L9, then f x g(x) exists
for every x, f % ¢ is bounded and uniformly continuous, and

(1) 1f * gllu < [Ifll5llgllq-
If 1 <p<oo,then fxge Cy(R™).
Proposition 8.14. Suppose 1 < p,q,r < oo and % + % = % +1.

(1) (Young’s Inequality, General Form) if f € [P, g € L% then f*xg € L" and

(2) 1 * glle < I fllpllgllq-
(2) Let p,g>1and r <oo. If f € LP and g € weak L4, then f g € L" and
(3) I * gllr < Cpgll fllnl9]q

where (), is independent of f, g.
(3) Letp=1landr=¢>1 If fe€ L' and g € weak L9, then f*g € weak L7 and
[f % glg < Cyl| fll1 where Cj is independent of f and g.

Proposition 8.15. If f € L', g € C*, and 0%g is bounded for |a| < K, then f*g € C* and
0*(f xg) = [ *(0%) for |a| < k.

Proposition 8.16. If f,g € S, then fxg € S.
Definition 8.17. If ¢ is any function R™ and ¢ > 0, we set
(4) bu(z) =t "p(t ).
Observe that if ¢ € L', then

(5) [oi=[oteropran= [owiy= [ o

Furthermore, the mass of ¢; becomes concentrated at the origin as ¢t — 0.
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Theorem 8.18. Suppose ¢ € L' and [ ¢(z)dz = a.
(1) if feL”? (1 <p<o0),then fx¢, = af in LP ast — 0;
(2) if f is bounded and uniformly continuous, then f % ¢; — af uniformly as t — 0;
(3) if f € L*> and f is continuous on an open set U, then f % ¢; — af uniformly on
compact subsets of U as t — 0.

Theorem 8.19. Let |¢(z)| < C(1+ |z|)~" ¢ for some C, e > 0 and [ ¢(x)dx =a. If f € LP
(1 < p < ), then f* ¢i(x) — af(z) as t — 0 for every x in the Lebesgue set of f. In
particular, for a.e. z, and for all x at which f is continuous.

Theorem 8.20. C2° (and also S) is dense in LP for 1 < o < oo and in C.

Theorem 8.21 (C* Urysohn Lemma). If K C R" is compact and U is an open set con-
taining K, then there exists f € C°s.t. 0 < f <1, f =1 on K, and supp(f) C U.

8.3. The Fourier Transform.

Theorem 8.22. If ¢ : R® — C (resp. T") is measurable s.t. ¢(z + y) = ¢(z)p(y) and
|p| = 1, there exists £ € R™ (resp. T") s.t. ¢(z) = ™2,

Theorem 8.23. Let E.(z) := €™ Then {E, : k € Z"} forms an orthonormal basis for
L*(T™).

Definition 8.24. If f € L*(T"), its Fourier transform J?is a function on Z" defined by
(6) f(r)=(f, E.) = f(z)e 2™ dy

’]Tn
and the series

(7) > f(wE

is the Fourier series of f.

Theorem 8.25 (Hausdorft- Young 1nequahty) If 1 <p < 2and qis the conjugate exponent
topand f € L*(T"), then f € (4(2") and ||f]l, < || £Ilp-

Theorem 8.26. Let f, g € L'(R").
(1)

(2

3
(4
(5

\_/\_/\_/\_/\_/

(6
Corollary 8.26.1. F maps the Schwartz class S continuous into itself.
Proposition 8.27. If f(z) = e~ for a > 0, then f(£) = a~"/2e~1*/a,
Definition 8.28. If f € L!, define

(®) (@) = Flea) = / F(&)emier .

Lemma 8.29. If f g € L, then f]?g = [ fg.
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Theorem 8.30 (Fourier inversion). If f € L' and f € L', thne f agrees a.e. with a

~ —

continuous function fo and ()Y = (fY) = fo.

Corollary 8.30.1. If f € L' and f: 0, then f = 0 a.e.. Also, F is an isomorphism of S
onto itself.

Theorem 8.31 (Plancherel Theorem). If f € L' N L62, then ferL?and F |12 extends
uniquely to a unitary isomorphism on L2

Theorem 8.32 (Hausdorff-Young inequality). Let 1 < p < 2 and ¢ be a conjugate exponent
top. If f € LP(R™), then f € LYR") and || f||, < || fll,-

Theorem 8.33.
Theorem 8.34 (Poisson summation formula). If f € C(R") satisfies | f(z)| < C(1+|z|)~" ¢

-~

and |f(§)] < C(1+ [£]) "¢ for some C, e > 0. Then,
(9) Yo fla+k) =" fr)em

kezn KEL™
where both series converge absolutely and uniformly on T". Taking x = 0,

(10) Yo k)= flw).

kezn KEZ™

8.4. Summation of Fourier Integrals and Series.
8.5. Pointwise Convergence of Fourier Series.
8.6. Fourier Analysis of Measure.

8.7. Applications to Partial Differential Equations.

9. Elements of Distribution Theory
9.1. Distributions.
9.2. Compactly supported, Tempered, and Periodic Distributions.
9.3. Sobolev Spaces.

10. Topics in Probability Theory
10.1. Basic Concepts.
10.2. The Law of Large Numbers.
10.3. The Central Limit Theorem.
10.4. Construction of Sample Spaces.

10.5. The Wiener Process.

11. More Measures and Integrals
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12. Appendix Course Notes for UCSD Math 240

Approximate: It is easier to prove results for simpler classes of objects. Here is a list of
approximation results to consider.

(1) Theorem 2.26 of [1] - L' functions can be approximated using simple functions and
if working on R, one can approximate L' functions using C.(R) functions.

(2) Theorem 2.40 of [1] - Lebesgue measure is inner regular and outer regular and can
approximated using rectangles.

(3) Proposition 6.7 of [1] - simple functions with finite support are dense in L? for
1 <p<oo.

(4) Theorem 3.14 of [2] - for LCH spaces, C.(X) is dense in L? for 1 < p < oo.

(5) Theorem 5.27 and Proposition 5.28 of [1] - Hilbert spaces have an orthonormal basis
and every element of the space is a countable sum.

(6) Section 5.3 of [1] - the big four theorems of Functional Analysis are Baire’s Category
Theorem, Closed Graph, Open Mapping, and Uniform Boundedness.

(7) Use the epsilon of room technique - for example, to show that z < y, it is sufficient
to show for all € > 0, one has x <y + € and let ¢ — 0. This is a dumb example, of
course.

(8) Exercise 5.12 of [1] - The Riesz Lemma allows one to find an unit vector x s.t.
|z + M| > 1— ¢ for M a proper closed subspace. It is a fundamental result that
is needed to show that the unit ball is not compact in infinite dimensional normed
vector spaces.

(9) Chapter 4 of [1] - Whenever you need to define a continuous function on a space,
especially a metric space, one of the extension theorems will certainly be helpful.

(10) Section 5.2 of [1] - The Hahn-Banach Theorem is invaluable for defining linear
functionals fulfilling certain properties. For example, creating bounded linear func-
tionals.

(11) Proposition 5.17 of [1] - A useful result to show T,, — T strongly.

(12) Stone-Weierstrass is often useful to show that some general subclass of functions can
approximate another class of functions very well. Be careful int he complex case.

(13) If a function vanishes outside some finite measure set, then one can always approx-
imate it by a C.(X) function. See Lusin’s Theorem 7.10.

(14) Theorem 1.14 is a useful reduction tool for results about measures. For example,
the Lebesgue measure.

Epsilon and Inequality Tricks: There are a number of “tricks” in analysis that are
standard techniques. Stuff like the €/3 proof are rather easy to recognize, but others are not
so much.

(1) € of room - The idea is to prove the result for all € > 0. For example, |z — y| < € for
all € > 0 implies z = y for real numbers. If || f||« < 00, then the set of x such that
| fllo — € < f(x) is of positive measure. An € of room often gives enough room to
approximate stuff.

(2) limsup tactics - Limits may not exist in general and writing lim willy-nilly might
break the inequality. It often safer to write limsup or liminf because those are
guaranteed to exist.
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(3) General inequalities to always smash - whenever there is an assumption of a function
f being in LP for p € [1,00] and you have an integral, just try smashing through it
with Hoélder’s inequality.

Similarly, triangle inequality, Schwarz inequality, Minkowski’s inequality, Cheby-
shev’s inequality, and etc. It is easier to just apply them and see what you get. If
it gets you what you need, check the hypotheses and you are good to go.

(4) Advice for Minkowski’s Inequality - It is most useful in showing boundedness of
integral operators.

(5) Advice for L? inequalities - the assumption on p are often very helpful. For example,
if p = oo, then it might be a good idea to bound |f| above by || f]l«- If p € [1, 0],
then Holder’s inequality might be helpful for an upper bound.

(6) If one wants to adjust a function to get, say equality in the triangle inequality, it
never hurts to see if one multiply by sgn of the function to normalize.

(7) Suppose one has a function |f(z)|. One can decompose |f(z)| as [5° Xy<|f@)dy =
| f(x)]. The spirit of his is in Section 6.3.

(8) Two of the best estimates one has on Hilbert spaces are Bessel’s Inequality and the
Schwarz Inequality:.

Constructions: There are many result which shows when one can “construct” a certain
object. Some results do not seem “obvious” to employ in this way so we describe a few
methods.

(1) A few obvious choices for constructing continuous functions are the Tietze and
Urysohn Theorems.

(2) For constructing bounded linear functionals, the Hahn-Banach is the most useful.

(3) For constructing functions in an LP space, it is possible to define a bounded linear
functional and use (LP)* = L9 for ¢ conjugate to p.

(4) To extend a bounded linear functional on a normed vector space, the Hahn-Banach
Theorem can be used and the extended bounded linear functional will have the same
norm.

(5) Suppose X is a topological vector space with topology defined by a family of semi-
norms. If X is Hausdorff and the collection of seminorms is countable, it is possible
to metrize the space. See Section 5.4 of [1].

(6) For constructing extensions of linear operators on L, it may be more possible to
construct an extension on the simple functions and then extend linearly and taking
limits.

(7) The Riesz-Fischer Theorem is a valuable tool for constructing vectors satisfying a
given criterion in a Hilbert Space.

(8) It is possible to construct bounded linear functionals on C, or Cy using the Riesz-
Representation Theorems. The first in Chapter 7 finds Radon measures satisfying
a relation with a bounded linear functional while the second can be used to find
complex measures and/or the desired bounded linear functional on C.

Specific:

(1) To check if a Borel measure on R™ is Radon (or any LCH second countable space),
just check finiteness on compact sets as in Theorem 7.8 of Folland.

(2) If you have to “generalize” or “modify” a specific result in the book for your needs
on the qualifying exam, it is likely not the way to go about doing it.



12. APPENDIX COURSE NOTES FOR UCSD MATH 240 57

(3) Try to write out the measure of sets as the integral over some characteristic function.
It opens up measure theory to integration theory.
(4) For showing well-definedness everywhere for integral operators, note that sets of
measure zero do not matter.
(5) When trying to evaluate integrals, it does not hurt to draw the region one is inte-
grating over. Sometimes, differences of integrals can cancel out.
(6) Given a signed measure, always decompose into positive and negative parts for ease.
(7) Integrating a given integral may open up the door to the Fubini-Tonelli Theorem.
(8) Use sequences as often as possible to avoid issues with measures and countability
conditions.
(9) limsup E, is set where z in infinitely many E,, while liminf is where x is in all but
finitely many.
(10) Split up integrals whenever possible to deal with the different situations that can
occur for the integrand. Divide and conquer.
(11) To show the weak convergence of some sequence, proof by contradiction may work.
(12) Draw pictures!

Nontrivial Facts to be Aware of

(1) A convex bounded closed subset of a reflexive space is weakly compact. This follows
from Alaoglu’s Theorem, Hahn-Banach, and the fact that convex closed sets are
weakly closed.

(2) Any open subset of R is a countable union of open intervals.

(3) Over R, one can write m(E) = m(E N A°) + m(E N A) when A, E measurable.

(4) A standard trick is as follows. Suppose we know m(E) > 0. Then one can choose
an r large enough s.t. m(E N B,(0)) > 0 as well. Even better, one can always
decompose the range of a measurable function.

Examples and Counterexamples

(1) Any of the Cantor set or Cantor-(insert) example. For example, the Cantor-Lebesgue
function is has derivative a.e. equal to zero, but it increases from zero to one.

(2) e, converges weakly to zero in £(N), but it does not converge in the norm.

(3) When working on LP[0,1], then function f(z) = 1/2" is in L? iff pr < 1. For
example, f = 1/y/x is in L? for all [1,2) but not in L? for p € [2,00).

(4) The function —logx belongs to LP((0,1)) for p > 1, but is not in L.

(5) Exercise 5.6 of [1] gives examples of functions that are in L? spaces for certain values
of p.

(6) Consider L*(R). Some basic examples of functions in this space are —z for r > 3,
any simple functions with finite support, 6%, and continuous functions with compact
support.

(7) The subspace of polynomials of L?*([—1,1]) has an orthonormal basis given by

fol@) = &5, flw) = \ /30, hi@) = /2@ - 1/3).

(8) There can exist functions in L*(m) which satisfy strange properties. For example,
lim,_,o f(x) # 0 or even the fact that s, (o) > 0 for all @ and all intervals of I of
R.



CHAPTER 2

Exercises: Real Analysis - Modern Techniques and Their
Applications by Folland

1. Measures

Folland Exercise 1.1 A family of sets R C P(X) is called a ring if it is closed under finite
unions and differences (i.e., if Ey,...,E, € R, then U] E; € R, and if E,F € R, then
E\F € R). A ring that is closed under countable unions is called a ¢ -ring.

a. Rings (resp. o -rings) are closed under finite (resp. countable) intersections.

b. If R is a ring (resp. o -ring), then R is an algebra (resp. o -algebra) iff X € R.

c. f Risao-ring, then {E C X : E € R or E° € R} is a o -algebra.

d. If Risa o -ring, then {E C X : ENF € R for all ' € R} is a ¢ -algebra.

PRrOOF. (a) This is immediate from the fact that AN B = (AUB)\ [(B\A)U(A\ B)] for
any sets A, B C X.

(b) This follows immediately from the definitions of an algebra and part a..

(c) The latter collection is clearly a o-algebra since we only need to see that it is closed
under complements.

(d) Follows from the definition. O
Folland Exercise 1.2 Complete the proof of Proposition 1.2 .

ProOF. This is a trivial verification. 0
Folland Exercise 1.3

PRrROOF. (a) Since M is nonempty, choose a nonempty F; C M. Then, consider
the o-algebra Mp, = {ENE{: E € M and E; # E}. Checking that this is a
o-algebra is easy.

We can assume that Mpg, contains infinitely many sets. For if not, then we
can take EY in place of Ey. Then, Mpge contains infinitely many sets because only
finitely many intersect E; and there are infinitely many elements in M.

Now repeat the process and choose an Ey € Mp,. Then, consider Mg, =
{ENES: EC Mg, and E # Ey}. If Mg, contains only finitely many sets, we can
take EY in place of 5. So Mg, has infinitely many elements. Repeating this process
inductively gives a sequence of nonempty sets {E£,}>° ;. The sequence is disjoint
because at each stage, we made sure that E, was disjoint to all F; for i < n.

(b) By (a), choose an infinite sequence {E,}22 | of disjoint sets. Consider indexing sets
I C N. Because M is a g-algebra, the sets Uz‘e] E; are in M. Because the E;’s are
disjoint, U;e; Ei # Uy Ej if J # I for every indexing set J. Thus, M contains a

58
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collection of sets and such a collection has cardinality card P(N). So, the cardinality
of M is at least that of card P(N). Thus, card M > ¢.
O

Folland Exercise 1.4 An algebra A is a o -algebra iff A is closed under countable increasing
unions (i.e., if {E;}]° C Aand By C B, C ---, then J]° E; € A)

PROOF. ( = ): Is immediate from definition.

( <= ): One only needs to show A is closed under countable unions and since A is closed
under finite unions, just take the countable increasing unions over N with the finite unions
UY E;. O

Folland Exercise 1.5 If M is the o-algebra generated by £, then M is the union of the o
-algebras generated by F as F ranges over all countable subsets of £. (Hint: Show that the
latter object is a o -algebra.)

PRroOOF. The latter object is clearly a o-algebra because it is clearly closed under com-
plements and countable unions (take £ to be the collection of sets F, and then U(l)o E, is
clearly in the latter object).

Clearly, the latter object is contained in £. The other containment follows since every
element of M is contained in the latter object by definition of a “o-algebra generated by a
collection”. 0

Folland Exercise 1.6 Complete the proof of Theorem 1.9.
PRrROOF. Relatively straightforward. O
Folland Exercise 1.7

PRrROOF. First,
> ai(®) = 0=0.
1 1

Second, let {E)} be a sequence of disjoint sets. Then,

> (UG ED) =Y a; > (u(E)) =YY a;ju(Er).

1

Note that we can interchange the sums for the last inequality because we have a finite sum
and an infinite sum as well as the fact that the indices don’t depend on each other. U

Folland Exercise 1.8 If (X, M, ;1) is a measure space and { E;};° C M, then p (liminf E;) <
liminf p (E;) . Also, u (limsup E;) > limsup p (E;) provided that u (" E;) < oo.

PROOF. First,

liminf F;) < su E, | =supinf u(E,).
1 i) kPM <n|2k| ) kp nzkﬂ( )
Second,

p(limsup E;) > i%fu (U En> > iréf sup u(E,) = limsup u(E,)

n>k nzk
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and the first inequality is permitted because of the hypothesis p(|J;" E;) < 0. O

Folland Exercise 1.9 If (X, M, u) is a measure space and FE, F € M, then u(E) +
u(F) = p(EUF)+ p(ENF).

PROOF. First off,
wE) =p(EUF)\F)U(ENF))=p(EUF)\ F)+u(ENF)
> WEUF) = pu(F)+p(ENF)
which implies
w(E) + p(F) 2 pf(EUF)+u(ENFE).
Secondly,

u(E) + pu(F) = p(EUF) < p((ENFYU(ENF)) + u(F) — p(EUF)
SWENF)+p(ENF) + pu(F) — n(EUF)
<SuENF)
where the last inequality follows by

w(ENF) + u(F) < p(EUF).
O
Folland Exercise 1.10

PROOF. First, pup(@) = w(@ N E) = 0. Second, let {E;} be a disjoint sequence of
measurable sets. Then the F; N E are disjoint and

ME(LJE%)ZlMLJf%VWE)::EZlKE%VWE)::EZAUﬂE%)

O

Folland Exercise 1.11 A finitely additive measure p is a measure iff it is continuous from

below as in Theorem 1.8c. If p(X) < oo, i is a measure iff it is continuous from above as in
Theorem 1.8 d.

PROOF. For the first statement, it is necessary to show that a measure preserves count-
able unions of disjoint sets. If { £, } is a disjoint sequence of measurable sets, then one applies
continuity from below with F} := Zlf E,.

The method of proof for the second is similar given that p(X) < oco. O
Folland Exercise 1.13 Every o -finite measure is semifinite.

PROOF. O
Folland Exercise 1.12

PROOF. (a) Assume E,F € M and u(EAF) = 0. Then,

W(E) = n(EAF)\ F)U(ENF)) = p((EAF)\ F) + W(ENF) = n(EN F).

The second equality is true because the sets are disjoint and last equality is because
u(EAF) = 0. By a dual argument, u(F) = u(E N F). Hence, u(E) = u(F).
(b) We verify the definition of an equivalence relation.
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i. First, E ~ E is clear since u(FAE) = p(0) = 0.
ii. Suppose F ~ F. Then F ~ E since EAF = FAE.

iii. Suppose E ~ F and F' ~ (G. By properties of symmetric difference, FAG =
(EAF)A(FAG). So,
W(EAG) = pn((EAF)A(FAG)) < W(EAF) + u(FAG) =0
where the inequality follows by monotonicity.
(c) Certainly, p(E, E) = 0 because EAE = () and so, u(EAE) = 0. Similarly, since
EAF = FAE, we have p(E, F) = p(F, E). We have
p(E,G) = n(EAG) < W(EAF) + ((FAG) = p(E, F) + p(F,G)
as desired.
O

Folland Exercise 1.14 If y is a semifinite measure and p(E) = oo, for any C' > 0 there
exists F' C E with C < p(F) < oo

PROOF. O

PROOF. Assume p is semifinite and p(F) = co. Consider the set
K :={D | there exists F C E s.t. D < u(F) < oo}.

The set is nonempty since it contains 0 due to the semifinitness of u. It suffices to show that
sup K = oo because if C' > 0 is given, there is some B > C and B € K. Hence, there exists
FCEst. B<u(F)<ooandso, C < pu(F)<oo.

Proceed by contradiction and let sup K = ¢ for some ¢ < co. We can partially order K
by < and because ¢ < 0o, there is an upper bound for each chain. Indeed, given a chain

Dy <Dy <.,

we get a sequence of F; s.t. D; < pu(F;) < oo and we can take ¢ s.t. ¢ < u(C) < oo for some
C to be the upper bound. By Zorn’s Lemma, there exists a maximal value b and an F' s.t.
b< u(F)<ooand F C E. Then, u(E N F°) = oo. So, we can choose a G C F N F° s.t.
0 < u(G) < oo. Choose an € s.t. 0 < e < u(G). Because u(FUG) = u(F) + pu(G), we have

b+e< u(FUG) < o0.
Since F'U G C FE, this contradicts the maximality of b. Contradiction. O
Folland Exercise 1.15

PROOF. (a) We show that g is a measure. First, po(0). Given a sequence of disjoint
sets {E,}. Then,

Ho(32, ) = sup{u(F) : F C U2, E, and p(F) < oo}

= sup{z w(FNE,):FCUZ E,and u(F) < oo} = Zuo(En).
n=1 n=1
Suppose not and that pg is not a semifinite measure. Let po(E) = oo. Then
there won’t exist any subset F' C E s.t. 0 < u(F) < co. Thus, either u(F') = 0 for
all F C E or pu(F) = oo for all F C E. In the first case, we get uo(F) = 0 which is
a contradiction. In the second case, po(F') = 0 since there are no nonempty subsets
of finite measure and so, we have a contradiction.
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(b) Assume p is semifinite.

Let F be a set and assume p(F) is finite. Then, ug(E) = pu(E) by the definition
of pp. The nontrivial case is when u(E) = oo. By Exercise 1.14, for any C' > 0,
we can find a F C E s.t. C < p(F) < oo. In this case, puo(E) = oo since the least
upper bound cannot be finite. Thus, u(F) = po(E).

(c) We construct a v: M — {0,000} s.t. u = po + v. We define v as follows.

If £ € M is a o-finite set w.r.t p, then we take v(E) = 0. If £ € M is not
o-finite w.r.t u, then v(E) = oo. This is certainly well-defined.

We check that v is a measure. Certainly, v(f)) = 0 since () is not o-finite. Also,
given a disjoint sequence of sets £, we have two cases. The first case is where
U2, B is o-finite. In which case, v(U32, E;) = 0 and since each E; will be o-finite,
v(E;) = 0. Thus, v(U2,E;) = > 22, v(E;). The second case is where U3, E; is
not o-finite. Then v(U32, Ej) = oo and there is some E; which can’t be written as
a union of sets of finite measure. So, v(E;) = oo. Thus, (U2, E;) = > 2, v(E))
since both sides are equal to infinity.

We now verify that © = o + v. Given £ € M. We have two cases: the case
where F is o-finite and the case where E is not. If E is o-finite, then we can write
E = Ux, E; where p(E;) < oo. By out definition, we get v(E) = 0. WLOG, we
can assume the union is disjoint. Thus,

(k) = ZM(EJ') = ZMO(EJ') = uo(E) +v(E).

For the case where E is not o-finite, we get u(E) = oo and v(F) = 0o and so,
p(E) = po(E) + v(E)

since we use the convention that co 4+ co = oo.

O

Folland Exercise 1.16 Let (X, M, ) be a measure space. A set F C X is called locally
measurable if ENA € M for all A € M such that u(A) < co. Let M be the collection of
all locally measurable sets. Clearly M C M; if M = M, then p is called saturated.

a. If u is o -finite, then p is saturated.

b. M is a o -algebra.

c. Define i on M by ji(E) = u(E) if E € M and ji(E) = oo otherwise. Then /i is a
saturated measure on M, called the saturation of y.

d. If p is complete, so is fi.

e. Suppose that u is semifinite. For E € M, define u(E) = sup{u(A) : A € M and
A C E}. Then p is a saturated measure on M that extends p.

f. Let X7, X5 be disjoint uncountable sets, X = X; U X5, and M the o -algebra of
countable or co-countable sets in X. Let py be counting measure on P (X;), and define y on
M by w(E) = o (EN X;). Then p is a measure on M M = P(X), and in the notation of
parts (c) and (e), i # p.

ProOOF. Omitted. The exercise itself is not too valuable to do and is relatively straight-
forward. 0

Folland Exercise 1.17
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PROOF. By subadditivity, we have p*(E N (U2, 4;)) < 3277, p*(E'N Aj). So it suffices
to prove the other inequality.
Let ¢ > 0. Choose a sequence of sets {B;} in the algebra s.t. A; C |2, B;, and so

EN (U;; Aj) C U, B;. We can choose the sequence of sets {B;} so that

w* (Eﬂ (UA])> +e>u* <UBj> .
j=1 j=1
So, we have

(o 00)) o 30) o o (00) e

where the second inequality follows from monotonicity and the last follows from subadditiv-
ity. Since € > 0 was arbitrary, we get the desired inequality. O

Folland Exercise 1.18

(a) This follows from the definition. We can choose sets A; in the algebra s.t. E C
U2 4 and po(U52,45) < p*(E) + e Then, p* (U2 A;) < p*(E) + e Thus,
A= U2, A is our desired set.

(b) (= ): We can find covering B, € A, where B,, = U2 B, and B, € A s.t.
E C B, and p*(B,) < p*(E) + . Let B = N2, B,,. Since E is p*-measurable, we
have

p(B) = (BOE) + p(B\ E) = p*(E) + (B \ E)
and so, u*(B \ E) = p*(B) — p*(E). Since p*(B) — p*(E) < + for every n € N, we
have p*(B \ E) = 0 as desired.

( <= ): Suppose there exists a B € A,5 where £ C B and p*(B\ £) = 0. To
see that E' is p*-measurable, notice that since p*(B\ E) = 0, we know that B\ F is
p*-measurable. Hence, B is py*-measurable. Because M* is g-algebra, B\ (B \ F)
is also p*-measurable. But B\ (B \ E)) is just E.

(c) If po is o-finite, we take X = U2, Ey s.t. uo(Ex) < oo for all k. Applying (b) for
the case with FE replaced by EN E), we know that E'N Ej, is p*-measurable iff there
exists By € A,5 with ENE, C B and p* (B, \ (ENEg)) =0. Thus, E = U2 Ey is
p*-measurable iff there exists B = U2, By s.t. p*(B\ E) = 0.

Folland Exercise 1.19

PROOF. (= ): Assume FE is p*-measurable. We have
pr(X)=p(ENX)+p(XNE) andso  p"(X)=p"(E)+ pu"(E).
Since X is in the algebra, we know that uo(X) = p*(X). From the above, u.(E) = p*(E)
as desired.

( <= ): We take the approach hinted at by Folland and make use of Exercise 18.
Suppose p*(E) = p.(F). This implies that uo(X) = p*(E) + p*(E°). So, we can always
write p*(E¢) = puo(X) — p*(F). In particular, if we have an element B in the algebra A, we
can always write

4 (E) = w*(E 0\ B) + (B0 B°),
This fact will be used repeatedly.
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By Exercise 18.b, it suffices to show that there exists some B € A,s s.t. £ C B and
p(B\ E) =0.
By Exercise 18.a, we find sets B; € A, s.t. E C B and p*(B;) < p*(E) + % So,

(BS) = it (B° (1 By) + (B 0 BY) = o (B° 1 By) + " (BS) = " (B E) + " (BY)
and
pH(ES) = po(X) — p(E) = @ (B)) + " (Bj) — p'(E).
Using the above equations we have
P (B\E)+p*(Bj) = " (B)) + 1 (B)j°) — " (E).
Rewriting the above equation, we have p*(B; \ E) = p*(B;) — p*(E). Because of the choice

of Bj, we have

W (B;\ E) < ~.

<

Let B = N2, B;, we have B € Ay and p*(B \ E) = 0. By Exercise 18.b, E is p*-
measurable. 0

Folland Exercise 1.22

PROOF. (a) Proposition 1.10, 1.11, and 1.13 show that p coincides with the completion

7t on the domain of the fi. Let F' C E where p*(E) = 0 and F is u*-measurable. By Exercise
18.b, choose a B € A,5 s.t. u*(B\ E) =0 and E C B. Then,

W (B\ F) = p*((B\ E) U (E\ F))
< 1'(B\ E) + u*(E\ F)
< 1'(B\ E) + ' (E)
=0.

By Exercise 18.b once more, F' is p*-measurable. Hence, 1 is the completion of p.
(b) Omitted.
(¢) Omitted. O

Folland Exercise 1.23 Let A be the collection of finite unions of sets of the form (a, b NQ
where —co < a < b < o0

a. A is an algebra on Q. (Use Proposition 1.7.)

b. The o -algebra generated by A is P(Q).

c. Define g on A by po(2) = 0 and po(A) = oo for A # @. Then gy is a premeasure on
A, and there is more than one measure on P(Q) whose restriction to A is pp.

PROOF. a. Clearly, A forms an elementary family. Checking the remaining re-
quirements to apply Proposition 1.17 is trivial.

b. The containment £(A) C P(Q) is trivial so we show the other containment. Indeed,
any element of P(Q) is a countable union of countable intersections of elements of
form (a,b] N Q.

c. Verifying that pg is a premeasure is trivial. To see that there are more than one
extensions on P(Q), just notice that the counting measure is a possible extension
and the measure p defined by u(E) = oo if E # () and p(FE) = 0 if E = ) is another
possible extension.

O
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Folland Exercise 1.24

PROOF. (a) We have two set equalities where we use ANE =BNE
ANB‘NE=BNB°NE=1
BNANE=ANANE=0.

From the first, equation, we know that (A \ B) C E° and so, (A \ B)° D E. From
the second, (B\ A) C E€ and so, (B\ A)° D E.

Using the above conclusions, the fact that p*(E) = p*(X), and monotonicty, we
have two equalities

pH(X) = p(A\ B) + p((A\ B)Y) = (AN B) + i (E) = p(A\ B) + p*(X)

W(X) = u(B\ A) + (B AY) > (B A) + () = p(B\ A) + i (X).

The first line gives us 0 > pu(A\ B) and the second line gives us 0 > p(B\ A). Thus,
W(A\ B) = 0p(B \ A)

At last, we can use the preceding fact to get u(A) = pu(B). Using addivity of
measures,

p(A) = p(A) + n(B\ A) = p(AU B) = u(B) + n(A\ B) = p(B)
and so, we conclude that u(A) = u(B).
(b) First, we show that Mg is a o-algebra.

Suppose { £} is a countable sequence of sets in Mg. Let E; = A; N E for some
Aj € M. Then, U, E; = U2 A;NE = (U2, A4;) N E, and since U2, A; € M, we
conclude that U2, E; € Mp as desired.

Next, we show that v is a measure on Mpg. By (a), this is well-defined so we
just check the definition. Clearly, v() = 0 since () = 0. Now, suppose {E;} is a
disjoint sequence of sets in Mpg. Then, E; = A; N E for A; € M. We may assume
the A; are disjoint because U2 A; N E = U2 F; N E where Fj, = A \ Uf;llAk and

(a). Thus,
(05) -0 (Un) = Soa - X a)
J=1 j=1 j=1 j=1
as desired.
OJ
Folland Exercise 1.25 Complete the proof of Theorem 1.19 .
PRrROOF. Relatively straightforward. 0

Folland Exercise 1.26 Prove Proposition 1.20. (Use Theorem 1.18.)
PROOF. By Theorem 1.18, choose an open set U s.t. £ C U and pu(U) < pu(E)+ 5. Note

that this means p(U \ E) < §. Then, U = |J;, I is a union of disjoint open intervals.

Next, let N € N be sufficiently large s.t. u <U \ Ufj:l Ik) < 5. Then take A := Ufj:l I}, and

we have
W(EAA) < (BN A) + p(A\ E) < (BN A)+p(U\ E)
< UE\A) +e<pU\A) +5 <e
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O

Proor. By Theorem 1.18, choose an open set U which we can write as a union of disjoint
open intervals U = (o, Iy s.t. £ C U and p(U) < u(E) + 5.
Since p is a measure,

= €
> ulle) < p(E) + 5
k=1
Additionally, we have
> €
S uI\E) = p(U\ B) < 5.
k=1

Since the infinite series is finite, choose N € N sufficiently large s.t.
o0

p(l) <
k=N

DO ™

Let A=} L. So,
w(EAA) = p(E\ A) + p(A\ E) < u(U\ A) + pu(A) — u(E)

=y }:h>+uwﬁ—u@0<§+uMJ—ME)

So, W(EAA) < e as desired. O
Folland Exercise 1.28

PROOF. There are four equalities we need to check. We use the fact that F' is right

continuous and increasing to conclude that ug((a,b]) = pp(b) — pr(a). Lastly, we use
continuity from above and so, pup(M52;(a — L,b]) = lim, o (@ — £, b]) repeatedly.
(1) First,
1
pr((a— +.a)) = Fla) - F(a-)
and letting n — oo gives up({a}) = F(a) — F(a—).
(2) Second,
1 1 1 1
——b—=))=F0b——-)—F(a——
prla— b= H) = Fb— )~ Fla~ )
and letting n — oo gives up(([a,b)) = F(b—) — F(a—)
(3) Third,
1 1
—=b)=F(b)—F(a——
prl(a = .8) = F(5) - Fa— )

and letting n — oo gives F'(b) — F(a—).



1. MEASURES 67

(4) Lastly,
1 1
b—)=F(b—-)—F
pl(a,b— ) = F(b— ) ~ F(a)
and letting n — oo gives F'(b—) — F(a).

O

Folland Exercise 1.30 If £ € £ and m(E) > 0, for any o < 1 there is an open interval [
such that m(ENI) > am(])

PRroOF. It suffices to assume m(E) < oo by semifiniteness of the Lebesgue measure.
Suppose not and that there exists a € (0,1) such that m(E N 1) > am(I) for all open
intervals I.

By Theorem 1.18, choose an open set U s.t U D E and m(U) < m(E) + € where € > 0.
So, m(U \ E) < e. Assume |J;, Iy = U where the I;’s are disjoint open intervals since U is
an open set. Using the fact that F N [} is disjoint from E° N I and the hypothesis,

Subtracting am(I;) from both sides and dividing by 1 — a,
1

Now,

m(E) <m(U) =m ( Ik> <> ml) <) ! m(I, \ E)

k=

1 - 1 €
= I\ E| = U\E) <
l—am<kL:J1 A ) 1—am( \B) 1—a’
where we used subadditivity, our hypothesis, additivity of m, and our choice of U. So,

m(E) < . Since € > 0 arbitrary, we have m(E) <0 . Contradiction.

O

Folland Exercise 1.31 If F € £ and m(E) > 0, theset £ — F = {x —y : z,y € E}
contains an interval centered at 0. (If I is as in Exercise 30 with a > %, then F/ — E contains

(=gm(I), 3m(1)) )

ProOF. The proof is actually easier to do with knowledge of convolutions and so, we
take this approach instead. This assumes the results of Chapter 2 and Chapter 8 for those
who are unfamiliar with convolutions.

Define

X xp(e) = [ xelo)so -~ y)dy = 1.
R
We know that f(x) is continuous (see Chapter 8) and

f(0) = /RXE(ZJ)XE(—?J)CZ?J = /RXE(y)Qdy = m(E)? > 0.

By continuity, there is an interval (—e,€) for ¢ > 0 sufficiently small in which [ := (—¢,¢€) C
£7((0, 00)) which is an open set. We claim I C F — E.
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Let x € I. Because f(x) € (0,00) and

f(z) = /RXE(ZJ)XE(—Z/)dy =m({yeR:ye E,x—ye—-E}) >0.

So, thereisay € {y e R:y € E,x —y € —FE} since the set cannot be nonempty. This
means y —x € F and therefore,

r=y—(y—x)e E—-E.
We conclude that I C E — F. O

Folland Exercise 1.32 Suppose {a;}° C (0,1)

a. [[77 (1 —ay) > 0iff Y27 a; < oo. (Compare Y °log (1 — o) to Y ay.

b. Given § € (0,1), exhibit a sequence {a;} such that [[]° (1 — ay) = B.

PROOF. Omitted. The proof itself is not very insightful and requires only knowledge of
undergraduate analysis. O

Folland Exercise 1.33 There exists a Borel set A C [0, 1] such that 0 < m(AN 1) < m(I)
for every subinterval I of [0,1]. (Hint: Every subinterval of [0,1] contains Cantor-type sets
of positive measure.)

PROOF. Enumerate all intervals (¢,r) where ¢, € Q N[0, 1] and form the Fat Cantor
set by removing the middle thirds, then the middle ninths of the remaining intervals, then
the middle 27ths of the remaining intervals, and so forth. Then, let A be the union all of
those Fat Cantor sets that are obtained intersected with [0, 1].

1

It is clear that m(A N 1) > 0 because I contains some interval (g, — 2%,% + 5w) and

therefore, one of the Fat Cantor sets we constructed, but m(I) > m(ANI). O

2. Integration

Folland 2.1 Let f : X — R and Y = f~}(R). Then f is measurable iff f~!({—o00}) € M,
f71({oc}) € M, and f is measurable on Y.

PROOF. The only if direction is easy so suppose f~'({—oc}), f!({c}) € M and f

measurable on Y. Then f is measurable because measurable subset of R is in the o-algebra
generated by Bg U {£o00}. O

Folland Exercise 2.2

PRrROOF. Throughout this proof, we make use of Exercise 1 to show measurability.
(a) We show fg is measurable. Let Y = (fg)"'(R). Certainly, fg is measurable on YV’
by Proposition 2.6. Next,
(f9)™H(o0) = (f7H(o0) N g™ (00)) U (fH(00) g™ (R)) U (fH(R) N g~ (c0)) € M.
Then, set
M, = f(=00) N g~ '((0,00]) € M,
My = [f71((0,00]) N g™} (~00)] € M,
My = 7 (c0) N g™ ([~00,0) € M,
My = f7}(=00,0)) Ug~'(~00) € M
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and we are able to conclude that each of the sets are measurable since they are the
intersection or union of measurable sets.
So, (fg) ' (—o0) = My U My U M3 U My which is measurable since it is the union

of measurable sets. This completes the proof.

(b) Let
o a if f(z) =g(z) = xo0
hw) = { £(@) + g(2) if not.
Certainly, h™*(R) € M since h'(R) = (f + g)"'(R) € M. The last two cases
follow as so,
h™(00) = (f 7' (00) N g™ (=00, 00]) U (f (00, 00]) N g~ (00)) € M
and
h™(=00) = (f ! (=00) N g~ ([~00,00)) U (f'([~00,00)) N g~} (~00)) € M.

We are able to conclude that h~!(cc) is measurable since each of the sets involved
are measurable. Simiarly, h~!(—o0) is measurable since it is the union of sets which
are intersections of measurable functions.

OJ
Folland Exercise 2.3

PROOF. Let {f,} be a sequence of measurable functions on X. We show that the set
L ={x :lim f,(x) exists}

is a measurable set.

Note that lim f,(z) exists iff limsup f,,(z) = liminf f,(x) and neither are equal to +oo.
Both the the limit superior and limit inferior of measurable functions are measurable by
Proposition 2.7. Define,

hz) = {lim sup fn(z) 1—lim inf f,,(z) if limsup f,(x) zlf—ngin inf f,(z) # too

and h is a measurable function by the preceding exercise. Since {0} is in the o-algebra of R,
and L = h=1(0) we know L is a measurable set. O

Folland Exercise 2.4

PrOOF. If a € R, then choose r,, < a rational s.t. r, — a. Then, (a, 0] = () _,(rn,o0].
Then use Proposition 1.2, Proposition 2.3, and Exercise 2.1. 0

Folland Exercise 2.5

PROOF. We know f measurable on X iff every f~!(E) is measurable when E is mea-
surable iff (f~*(E)N A)U f~1(E) N B is measurable for F measurable iff f~*(E) N A and
f~Y(E) N B measurable for £ measurable iff f|4 and f|z are measurable. O

Folland Exercise 2.6

ProOF. Consider the family {x, }.cn of functions from R to R where N is the Lebesgue
nonmeasurable set described in Section 1.1. Then, sup{x.} = xn which is not a measurable
function since x5'({1}) = N is not measurable. O

Folland Exercise 2.7
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PrOOF. We define f(z) as follows:

f(l‘) T re@l,nsnfeEr "
where the infimum is taken over all possible values of r € Q satisfying the condition that
x € E,. By the completeness of R, such an infimum exists and so, our function is well-defined.

First, we show that f(z) < a for all z € E,. Let v € E,. Because E, C Ejz for any
B > « by the hypothesis, and since © € E,, we conclude that x € E, for any s € Q s.t.
s > a. So, we know that f(z) < s for any s > «. Letting s — «, we conclude that f(z) < a.

Second, we show that f(z) > « for all x € ES. Since E, C Ejg for any § > a, we know
that £ C B, for any 8 > a. By the definition of f(z), since x € EY, and we know that
x € Ef for any 8 > «, we know that f(z) > 8 for any 8 > «a. Letting 8 — «, we have
f(z) > a for all x € EX.

Third, we check that f(z) never attains the values +o0o or —oo. Certainly, f(z) # oo since
there is no point that lies in every E, as r — oo. Secondly, f(x) # —oo since [, cg Fa =0
and so, there is not point that lies in the intersection of every E,.

Finally, we will show that f(z) is measurable. To do this, note that we do not need to
consider (r, oo] when using Exercise 2.4. Since f : X — R, we can use Exercise 2.1 and con-
clude that it suffices to show that f~'((r,00)) is measurable for each r € Q. Because (r, 00)
is measurable iff (—oo, r| is measurable, it suffices to show that f~!((—oo,r]) is measurable
for every r € Q. By the definition of f(z), we have f~((—o0o,r]) = E, for every r € Q. We
show this explicitly. The inclusion E, C f~!((—oc,r]) follows from the fact that f(z) < r
for every x € E, and the other inclusion follows from the fact that if s < r, then FE, C FE,
and hence, f~!((—o0,s]) C E, for every s <r and s € Q. Then,

oo = | S (o) | (BICE

s<r,s€Q s<r,8€Q

Thus, f~!((—o0,7]) = E, and since for each r € Q, E, is measurable, we conclude that f(x)
is a measurable function.

O
Folland Exercise 2.8 If f : R — R is monotone, then f is Borel measurable.

ProOF. WLOG, assume f : R — R is monotonically increasing. Then, f~'((a,b))
is always an interval (possibly open, half-open, or closed) of R which are all measurable.
Since the open intervals (a,b) for a,b € R generate Bg, we deduce that f is (Bg,Bg)-
measurable. 0J

Folland Exercise 2.9 Let f : [0,1] — [0, 1] be the Cantor function (§1.5), and let g(z) =
flx)+z.

a. ¢ is a bijection from [0,1] to [0,2], and h = g~! is continuous from [0,2] to [0, 1].

b. If C is the Cantor set, m(g(C)) =1

c. By Exercise 29 of Chapter 1,¢(C) contains a Lebesgue nonmeasurable set A. Let
B = g '(A). Then B is Lebesgue measurable but not Borel.

d. There exist a Lebesgue measurable function F' and a continuous function GG on R such
that F' o G is not Lebesgue measurable.

PRrROOF. (a) We show that g is a bijection from [0, 1] to [0, 2].
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Suppose g(x) = g(y). Using the fact that f is monotonically increasing, we must have
x = y. If not, we may assume WLOG that = < y. Then, we get f(z) < f(y) and so,

f@)+o<fly)+y

which contradicts g(x) = g(y).

To show surjectivity, we note that f is a surjection We will use the Intermediate Value
Theorem to show surjectivity. The domain of g(z) is [0,1]. Evaluating the functions, we
know ¢g(0) = f(0) +0 = f(0) = 0 and ¢g(1) = f(1) + 1 = 2. Lastly, we know f(x) is
continuous and so, g(x) is continuous. Thus, the Intermediate Value Theorem shows that if
w € [0,2] there is a y € [0,1] s.t. g(y) = w. Thus, g(z) is a surjection from [0, 1] to [0, 2].

Now, h := g~ ! is continuous since the inverse of an increasing, bijective, and continuous
function exists and is always continuous. Alternatively, we apply Theorem 4.17 of Baby
Rudin’ since [0, 1] is compact, g is bijective and continuous.

(b) To show that m(g(C)) = 1, notice that m(g([0,1])) = m([0,2]) = 2 and that
m(g((0,1]/C)) = m([1,2]). Then,

m(g(C)) =m(g([0,1])) —m(g([0,1J\ C)) =2 -1 =1.

(c) From the assumptions, g(B) = A C C. Since m(C) = 0, we have that m(A) = 0. By
the completeness of the Lebesgue measure, B is Lebesgue measurable

Additionally, B is not Borel measurable. For if B is Borel measurable, g continuous,
and g7'(A) = B implies that A is a Borel measurable set. So, A Lebesgue measurable.
Contradiction.

(d) Let F:= xp and G = g~ ! on [0, 2] and extend G to all of R by zero. These functions

satisfy the conditions since g~ ! is continuous and B is Lebesgue measurable by (c). We have,

(FoG)'({1}) = G (F'({1})) = G"H(B) = 9(B) = A.
However, {1} is measurable meanwhile A is not and so, F'oG is not Lebesgue measurable. [

Folland Exercise 2.10

PROOF.

(a) Assume p complete. Let f be measurable, ¢ = f a.e. and we claim that g is
measurable.
Let E ={x: f(x) # g(x)} which has measure zero. For any a € [0, o],

9" ((a,00]) = f7H((a,00)) UF

where F is the subset £ N g~((a,00]). Then F is a subset of measure zero and by
completeness, it is measurable. Since g~!((a,00]) is a union of measurable sets, it
is measurable. Since a was arbitrary, g is measurable.

For the converse, let E € M. Suppose pu(E) =0 and F C E. We wish to show
that ' € M. Let f := xg and g := xr. Then, g7 *([1,00]) € M because f = g a.e.
and by the assumption, g is measurable. But g~!([1, oc]) is just F. So, F € M and
1 is complete.

IThe theorem states that a continuous 1 — 1 mapping of a compact metric space X onto a metric space Y
has a continuous inverse.
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(b) Assume p is a complete measure, f,, measurable for all n € N, and f,, — f p-a.e..
By Proposition 2.7, f* := limsup,,_,., fn(z) is measurable. Since f, — f p-a.e.,
f* = f p-a.e.. Since f* is measurable and f* = f p-a.e., part (a) shows that f is
measurable.
For the converse, suppose statement (b) is true. Let I C F where E has measure
zero. Define a sequence by f,, := 0 for all n € N. Let f := xr and so, f, — f
p-a.e. since f is nonzero on a subset of measure zero. By (b), f is measurable and
so, f71({1}) = A is measurable as desired.

O

Folland Exercise 2.11
Folland Exercise 2.12

PROOF. For the first statement, if the set E := {x : f(x) = oo} had a non-null measure,
then the integral [ f would not be finite. Indeed, if it had a non-null measure,

/sz[Efzpc(E»oo:oo-

For the second statement, consider measurable sets of the form f~((n—1,n]) for n € N.
Then, the set {x : f(z) > 0} is just J,—, f~*((n — 1,n]). Each f~'((n — 1,n]) is of finite
measure because we had [ f < co. Indeed, we have that

(n—l)u(f‘l((n—lan])S/f_l(( ) ])fS/Xf<oo

and so, u(f~'((n — 1,n])) is finite. Hence {x : f(x) > 0} is o-finite. O
Folland Exercise 2.13
PROOF. Let £ € M. Throughout, when we write [, g, we mean [, gxpdu. By Fatou’s

Lemma,
/f:/liminffngliminf/fn.
E E E

So, it suffices that we show
limsup/ fn < / f
E E

/Efghmmf/Efnsnmsup[Efns/Ef

implies that f g =1lim f 5 Jn
We have the following inequalities,

/Ef:/xf_/xvsf:/xf_/X\Ehmmffn
g/Xf—hmmf X\Efnzlimsup (/an—/X\Efn)

> limsup/ fn-
E

since
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Thus, [, f > limsup [, f as desired.
The result is not necessarily true if [ f =lim [ f,, = co. Let us work with the Lebesgue
measure and X = R. Let, f, := X(0,00) T X (_1 o) for n € N. Then, f, — f where f = X(0,00)

and
frox w fae

Let E = (—00,0) (which is a measurable set). Then,

1
/f /X(°°° - /f"_/ X(0,00) F P X~ 101:/”X<—1,01:”—=1-
E " n

So fEfn =1 for all n and hmn_mefn =1. So, fEf:07é 1 =1lim, fEfn

Folland Exercise 2.14

ProOOF. We check that A is a measure on M. First,

D) = /wfdu = /X Fxodp < p(@)sup f =0

zeX

and so A(#) = 0. Suppose we have a disjoint sequence of sets {E,}>° ;. Let E = J~ | E
Then,

:/Efdﬂz/)(fXEdN:/)(ngEndﬂ
:nio;/XfXEndu=§;/XfxEndu=§;A(E

where we used Theorem 2.15 to justify the interchange of the integral with the infinite sum.
Now for the second statement that | gdA = [ gfu. Consider the case when g is simple
and g =Y anxg,. Then [ gd\ = [ gfdu follows by linearity of the integral;

/gd)\ = /ia/nXEnd)\ = i/aannd)\ = ian)\(E
n=1 n=1 n=1
-, [E fau= [ >~ o, fiu= [ ot
n=1 n n=1

For the statement when g € L™, choose an sequence of increasing simple functions {¢,}>°,
whose pointwise limit is g. We may make such a choice by Theorem 2.10. By what we have

shown,
[ ouar= [ 6.5an

Since ¢,, f € LT, the product ¢,f is in L. Also, ¢,f — ¢f pointwise. Applying the
Monotone Convergence Theorem to the sequence {gzﬁn fiee,,

[ o=t [ ousdn



2. INTEGRATION 74

By what we have shown, the right hand side is equal to lim, . [ gdA. Thus,

[ osan= [ gix

as desired. O

Folland Exercise 2.15 If {f,,} C L™, f, decreases pointwise to f, and [ f; < oo, then
[ f=1lm [ f,.

PROOF. The sequence {f; — f,} is a monotonically increasing sequence and so, applying
MCT to get lim,, [ f1 — f, = [ fi — lim, f, gives the desired result given that [ f; < co. O

Folland Exercise 2.16

PROOF. Since f € LT, Theorem 2.10 says we can choose an increasing sequence of simple
function {¢,}22, s.t. 0 < ¢, < f and ¢, — f a.e.. There exists an N € N sufficiently large
s.t. [ f—e < [ ¢n. This follows from the fact that we can choose ¢ so that | [ ¢y — [ f| <€
by using Corollary 2.17.

Let o = > 0" anXg,- Let E =J._, E,. In this case, E is measurable. Also, we show
u(E) < oo. Suppose not, and then we have

/¢N=/E¢NZGMM(E):OO

where aj; := maxj<,<m, a,. But this contradicts the assumption that f f < oo since

0<on<f = OO§/¢N§/f<OO~

We conclude that pu(FE) < co.
[ove 1
be X

Because 0 < ¢ < f, we have
Aj—wiém:KﬁNséﬁ

as desired. O

So,

Folland Exercise 2.17 Assume Fatou’s lemma and deduce the monotone convergence the-
orem from it.

PRrROOF. The proof is more or less immediate. Given the fact that
/f:/liminffn gliminf/fn Slimsup/fn < /limsupfn:/f.

Folland Exercise 2.18 Fatou’s lemma remains valid if the hypothesis that f, € L% is
replaced by the hypothesis that f, is measurable and f,, > —g where g € LT N L'. What is
the analogue of Fatou’s lemma for nonpositive functions?

O
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PrOOF. First, f, + g > 0 so applying Fatou’s lemma,

/liyllgg}f(fn—l—g):liminf/(fn—i-g) = /liminffn+/g§1iminf/fn+/g.

Subtracting both sides by [ g, since it is finite, gives the desired inequality. The analogue
for Fatou’s lemma for {f,} € —L™ is given by

/limsupfn = /—liminf(—fn) = —/liminf(—fn) > —liminf/—fn zlimsup/fn

where we apply Fatou’s lemma and use properties of lim inf and lim sup as needed. Therefore,

if {fn} g _L+7 we get
lirnsup/fn < /limsupfn.

Folland Exercise 2.19

PROOF. (a) Let € > 0. Suppose u(X) < oo and that f, — f uniformly where f,, € L*(p).
For n sufficiently large, we have |f(z) — fu(x)| < € for all x € X. So, since u(X) < oo,
2.22)

(
an_/Xf—fn < /X\f—fn]<u(X)6<oo.

Since € > 0 was arbitrary, we have [, f, — [, f as n — oo.

Then,
Jisi=[iren=sni< [1r=n1+ [inl< [ e [Inl<o

and we conclude that f € L*(p).

(b) Both conclusions can fail if ;(X) = oo.

To see that the first Conclusion fails, for X = R and p the Lebesgue measure, let f, :=
_X[On Also, f, —> f where f = —X[Ooo We show that f, — f uniformly. Let ¢ > 0 and
take N € Ns.t. &+ <e. Suppose n > N and let x € R. Then we have

mm—ﬂmzf ! !

- n) -~ o) < = <e
where we get the second to last inequality by considering the case where x > n and x <
n separately and noting that we still have a term less than or equal to % Notice that

fR fn = fon %dw < oo where we can evaluate the integral using the Riemann integral. So,
{fu} C L'(11). On the other hand, Riemann integration shows that [, f = [7° 1 = co and

so, | & L (1).

To see that the second conclusion fails, for X = R and p the Lesbesgue measure, we
consider f, = =X[0,,). We show that f, is unlformly convergent. Let e > 0 and let N € N
s.t. % <e. Let n > N. Then for any x € R, we have

1
o) = £ = [0 < 5 <

We have [y f, = 1p([0,n)) =1 for all n € N. So, lim,, o [ fn = 1. However f,, — 0
which implies [ + lim f, = 0.



2. INTEGRATION 76
0

Folland Exercise 2.20 (A generalized Dominated Convergence Theorem) If f,, gn, f, g €
L' f, — fand g, — g a.e., | fu| < gn, and [ g, — [ g, then [ f, — [ f. (Rework the proof
of the dominated convergence theorem.)

PRrROOF. The proof can be found within the proof of Folland Exercise 6.10. 0J

Folland Exercise 2.21 Suppose f,,f € L' and f, — f a.e. Then [|f, — f] — 0 iff
[ 1fal = [1f]- (Use Exercise 20.)

PROOF. For the forward direction, apply Folland Exercise 2.20 with | f,| < |f. — f|+|f]-
For the other direction, apply Folland Exercise 2.20 with |f, — f| < |fal + |f]- O

Folland Exercise 2.22 Let 1 be counting measure on N. Interpret Fatou’s lemma and the
monotone and dominated convergence theorems as statements about infinite series.

PRrROOF. Fatou’s lemma says ) liminf,, a,, <liminf,, >° _y @y . The statement is
similar for the Monotone Convergence Theorem and the Dominated Convergence Theorem.
The DCT is more or less a comparison test. 0]

Folland Exercise 2.24 Let (X, M,u) be a measure space with p(X) < oo, and let
(X, M, i) be its completion. Suppose f : X — R is bounded. Then f is M -measurable

(and hence in L'(jz) ) iff there exist sequences {¢,} and {t,} of M -measurable simple
functions such that ¢, < f < ¢, and [ (¢, — ¢,)dp < n~t. In this case, lim [ ¢,du =

lim [ Ypdp = [ fdp.

ProoF. Fix a bounded function f : X — R on a measure space (X, M, ) where u(X) <
oo and consider the completion (X, M, f). Let M = sup,.x f(z).

(=) We may also prove the result for the case where f : X — [0, 00) since we can split
f into its positive and negative parts. Since f is M-measurable, there is a M-measurable
function g such that f = g p-a.e.. Define

22n—1 22n—1
Gn= > K27"Xm +O0xp, & Gn= > (k+1)27"xp + Mxp,.
k=0 k=0

where
Bf =g (k2 (k4 1)277) & Fy =g (2%, M)).

Certainly, ¢, < g < 1, from this construction and these functions are M-measurable.
We now define

22n71 22”’71
b= k2w + Mxmny & Gu= D (k+1)2 "y + Mxa -
k=0 k=0

where N is the p-null where f differs from ¢g. This ensures that gz;n < f< &n occurs by
removing the set where f differs from g and where ¢,, > f or ¥,, < f occurs. Since N is a
p-null set, the simple functions b and ¥, are M-measurable.

We now show that f@an — Gpdp < % It suffices to show that [ [ty — én| — 0 because

we can then choose a subsequence of {w~n — gz;n} so that [ U — dndp < %
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We have
R R 22n 1 22n 1
(11) / [V — bul :/ Z 2" XEER\N = Z / 2™ XEE\N
X
22n_1 22n_

12 - > HEAN 5O

where we used the definition and the fact ¥, > ¢, for the first equality, interchanged the
integral with the sum by linearity for the second equality, and used monotonicity for the
final inequality. Now, since pu(X) < oo and letting n — oo implies that the RHS approaches
zero, we have our desired conclusion.

( <= ) Assume there exists sequences {¢n} and {¢,} of M-measurable simple functions
st. ¢ < f <, and [(Yn — ¢n)dp < . For each ¢, = 3" | apxg, we may replace any
terms a, > M with M.

We claim that f is M-measurable. Let ¢ = lim,_,oo ¥, and ¢ = lim, .. ¢,. In this
case, since ¢ is bounded above by M and is limits of L'(x) functions, we know that ¢ is in
L'(p) € LY (). Now,

[t naus [ =owdn= [ =1+ 70 = [0 = owdu—0

and so, ¢ and ¢ differ from f on a p-null set. Also from the above, 1 and ¢ differ on a
p-null set. So, ¢ € L'(u) as well. Also, we have [ |4, — fldu = [(¢, — f)dp — 0 and
[1f = ¢nldp = [(f — ¢n)dp — 0. Thus, we know [ |[¢p — fldu = 0 and [ |¢ — fl|du = 0.
Because ¢,1, f € L'(u) C L'(m), Proposition 2.23 says that f = ¢ p-a.e.. In particular,

f = ¢ p-a.e. and since ¢ is p-measurable, Proposition 2.11 shows that f is z-measurable.
O

Exercise 2.25 Let f(z) = 7 /2if 0 < x < 1, f(z) = 0 otherwise. Let {r,};° be an
enumeration of the rationals, and set g(x) = > 7" 27" f (v — )

a. g € L'(m), and in particular g < co a.e.

b. g is discontinuous at every point and unbounded on every interval, and it remains so
after any modification on a Lebesgue null set.

c. g*> < 0o a.e., but ¢g? is not integrable on any interval.

PROOF. Fix f(r) = 272 for 0 < 2 < 1 and f(z) = 0 otherwise. Fix {r,}>2, an

enumeration of the rationals and let g(x) :== > 27" f(z —ry).

(a) We justify the an interchange of the sum and integral by showing that the conditions
of Theorem 2.25 are fulfilled. The functions f(x —r,) are in L' since

rn+1 rn+1 1
/Rf(:c—rn):/m flx—ry) = 5 —x——TnZQ

where we used the Riemann integral to evaluate the last integral and the first equal-
ity follows from the definition of f(z).
Next, we verify that Y 1° [ |f.] < co. We have

B A B R N N

2_
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where we use the fact that the f(z) is zero when = ¢ (0, 1) to simplify the evaluation
of the integral in the second equality and evaluated the integral as a Riemann
integral in the third equality.

Now, g < 00 a.e. is certainly true by Exercise 2.12 which states that {z : g(z) =
oo} is a null set when the integral is finite.

(b) We show that g(z) is unbounded on every interval. WLOG, let us assume that we
have an open interval I. Let M > 0. Choose y € [ irrational and r,, € I rational so
that

1

< ——.

9M222n
The choice above is possible for if y irrational, then there is always a rational 7,
sufficiently close to it. Now,

O<y—rmrn

gy) > 27" f(y —rp) =27 "VIM?22n = 27" (3M2") = 3M > M.

Since M can be arbitrarily large, the RHS is arbitrarily large. Note that we can
still make our choice of r,, so that we have 0 <y —r, < m. Thus, we conclude
that g(x) is unbounded on every interval.

Let y € R be arbitrary. To show discontinuity, fix e = 1. Let 6 > 0. Let y
be a given point and consider the interval I = (y — 0,y + §). It suffices to show
discontinuity at y in this interval because our choice of 6 > 0 and y € R were
arbitrary.

Then for any x € I, we can take M to be sufficiently large, say M := g(y) + 1.
Thus,

9(x) — g(y)| > [M —g(y)| =lg(y) + 1 —g(y)| = 1.

Since y and § > 0 were arbitrary, we see that g(z) is discontinuous at every point
for which g(z) < oc.

We now show that g(x) is still unbounded and discontinuous at every point even
after a modification of a Lebesgue null set. Indeed, if we make a modification of
g(x) by a Lebesgue null set, we can still always find an irrational point y in (13).
This is because in any interval, the set of irrational numbers is uncountable and the
set of irrational numbers on any interval (a,b) has measure

m((a,0) N (R\ Q) = m((a, b)) —m((a,b) NQ) = m((a,b)).

Thus, after a change of Lebesgue null set, we can still find irrational points so that
we can repeat the proof as above.
(c) We know that g < oo a.e. and so, except on the same set of measure zero, g? < oc.
To see that ¢? is not integrable on any interval, it suffices to show it is not
integrable on (0,1). This is because we can prove the result for any interval by
taking an appropriate change of coordinates. From here on, we redefine g as gxgr\n
where N is the set of measure zero on which ¢? is not finite. We have,

g = (Z 27" f(z — Tn)) 2 Z 272" f(x — 1)
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since the RHS has less terms than ¢? and all terms in the series is positive. Then,

(1) [1swia= [ iZ‘Q”f(x
(15) = /01 i 272" f(x — 1,)%dx
(16) = i 272 /1 flz —r,)dx

(17) > o / e

(18) 4M i da:>oo

We got (16) by using Theorem 2.15 and linearity of the integral. We got (17)
considering M € N for which r,; = 0.

Then, (18) follows evaluating the integral as a Riemann integral lim, o+ frl Ldx
and we are allowed to do so because }5 is continuous every except at 0. Indeed, {0}
is a set of Lebesgue measure zero and we use Theorem 2.28b.

Thus, we have shown that g* is not an L'((0,1)) function and hence, it is not
integrable on any interval.

O
Exercise 2.26 If f € L'(m) and F(x f f(t)dt, then F is continuous on R.

PROOF. The following proof uses a well-known fact that if f € L'(u), then for € > 0,
there exists a § > 0 s.t. | [, fdu| < e whenever p(E) < .

Given € > 0 and x € R. Choose § > 0 according to the above. Then, for all y s.t.
|z —y| < 0, we find that |F(z) — F(y)| < dx‘ < €. This means F' is continuous on

R. U

Exercise 2.27 Let fn( ) = ae "% — be~™* where 0 < a < b.
a. 21 fo | fn(2)| d2x =
b. >°7° fo fo(z)dr = 0
c. Y. fn€ Ll([O o0) , and fo Y7 falz)dx =log(b/a).

PROOF. O

Exercise 2.28 Compute the following limits and justify the calculations:

a. limy, o [5 (1 + (z/n)) " sin(z/n)dz.

b. lim,, fol (1+n2?) (1 +2%) " dz.

c. limy oo [ nsin(z/n) [z (1 +22)] " da.

d. lim, e [ n(1 +n%22) ' dz. (The answer depends on whether a > 0, a = 0, or
a < 0. How does thls accord with the various convergence theorems?)

PROOF. (a) First, we will show that f,(z) = sin(2) € L'

(1+ "
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Fix an integer n > 2 (note we can still apply the DCT later since we can just
take {fn+1(2)}nen as our sequence). We will show that [ | f,(z)|dz < co.
Then we use the Binomial Theorem to get

1) = g )] < ey = I
B G
< 1 - 1 < 1
IR e O R
1
_1—1—}1952'

Now, integrating both sides gives

o0 o0 1 T 1
/o |fn(x)|dx§/0 —dr = lim —

1+Zx2 r—oo [y 1+Z:1:’2

r

r—00

} x
= lim arctan (—)
2

= lim arctan(i) — arctan(0)
0 7o 2

=7 < 00.

1
1+122
mann integration techniques are applicable. Because n was arbitrary, we conclude
that f,(z) € L' for all n € N.

Set g(x) := —+—. What we have done above shows that g(z) is in L!. Next,

1+%x2 ’

lim,, 00 fn(z) = 0 for all = because

We could integrate the latter function because is continuous and hence, Rie-

lim f,(z) = lim

1 . (T . 1 .. (T 1
—sm(—) = lim ——— <hm sm(—)) =—-0=0.
Since g(x) is integrable, |f,| < g, and f, — 0 a.e., we can apply the Dominated
Convergence Theorem. So,

oo 1 o0 [e.e]
nh_>no10 i Wsin <%> dx:/o an;ofn(x)dx:/o Odx = 0.

(b) Let fu(x) = Eiigf;? We show that f,(x) € L'([0,1]). Let n € N. We use Bernoulli’s

Inequality, which states

(I1+2)">14+nz

for x > —1 and n € N and it is an immediate consequence of the Binomial Theorem.
Then,

1 + na?
e

So, fol |fu(z)] < fol 1 < oo and f,(z) € L'(]0,1]) for all n € N,

Set g(x) := 1. Then |f,(z)| < g(x) and we apply the Dominated Convergence
Theorem. We compute the limit. Because 1 < 1 + 2 and since the exponential is
in the denominator and grows faster than the numerator which grows linearly, we
conclude that

1+ nz?
|1+ na?
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Thus,
1 1
lim [ (14 n2?)(1 +2%) "dr = / 0dx = 0.
(c) We have
1 x 1 1
: R S _

nsm(x/n)x(l +a?) — nnx(l +22) 1422

and

el | |
/ d:c:/ dx—f—/ d:c</1da:—|—/ —d:z:<oo
0 1+x2 0 1+x2 1

By the Dominated Convergence Theorem, we can interchange the integral with the
limit. Doing so, we see that the integral is equal to

™

/OOO lim 7 sin(z/n)[z(1 + 2°)]"de = / LI u

n 1+[E2

because lim,_,o + sin(nz) = lim,_,« nsin(z/n) = .
(d) Omitted.
U
Folland Exercise 2.29 Show that fooo x"e *dx = n! by differentiating the equation fooo e dy =
1/t. Similarly, show that [~ z®"e ~*dr = (2n)ly/m/4"n! by differentiating the equation

e ~t2% dx = /7 /t( see Proposition 2.53).
PrROOF. Omitted. B

Folland Exercise 2.30 Show that limj_, fok 2" (1 — /{:_lx)k dxr =nl.
PROOF. Omitted. U

Folland Exercise 2.31 Derive the following formulas by expanding part of the integrand
into an infinite series and justifying the term-by-term integration. Exercise 29 may be useful.
(Note: In (d) and (e), term-by-term integration works, and the resulting series converges,
only for a > 1, but the formulas as stated are actually valid for all a > 0.)

a. For a >0, [* e~ cos axd:c = /e 714,

b. For a > —1 fo 110gxdx—zl (a+ k)2

c. Fora>1, ["x el“ 1)"'dz = I'(a)¢(a), where C(a):ZCl’On*

d. Fora >1 fo e~ x~!sin zdr = arctan (a™!).

e. Fora > 1, [T e Jy(x)dx = (s* + 1)"% where Jo(z) = S20°(—1)"a2" /4" (n!)? is the
Bessel function of order zero.

PROOF. Omitted. O

Folland Exercise 2.32 Suppose u(X) < oco. If f and g are complex-valued measurable

functions on X, define
1/ — gl
p(f,9) = / — A
L+1f -yl
Then p is a metric on the space of measurable functions if we identify functions that are
equal a.e., and f,, — f with respect to this metric iff f,, — f in measure.
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PRrROOF. Checking that it is a metric is straightforward.

If f, — f w.r.t the metric, then we have [ |f, — f| < p(f.f) — 0 which means f,, — f
in L' and Proposition 2.29 shows f,, — f in measure.

Suppose f, — f in measure. Then,

o — f] € €
n ) < (B, +/ —d Su(Epm,e) + p(X)—— < €+
plfns ) < 1By € p L1 (B €) + pl(X) 7 < ml(X) 1T e
since 14 is increasing on [0, o). O

Folland Exercise 2.33 If f, > 0 and f, — f in measure, then [ f <liminf [ f,.

ProOF. Consider how liminf, o [ f, = limy_e inf,>y [ fn. We can choose a subse-
quence { [ f,, } converging to liminf, o [ f,. Thus,

(19) lim [ f,, = lim inf / fn
j—00 n—00

Next, since f,, — f in measure, we know that f,, — f in measure and this follows by the
definition of convergence in measure. By Theorem 2.30, we choose a subsequence f,, — f
s.t. fn; — [ almost everywhere. Apply Fatou’s Lemma at (%) (since f,, > 0 our sequences
are in L™) to get

(20) / /= / lim f,, = / fim inf £,,, < lim inf / fur

i—00
(21) = lim inf/fn hm 1nf/fn,

J—00

where we have (because pointwise limits are unique)

lll'Il fn]‘i = f7
1—»00

and
lim inf [ f,, = lim inf / In,-
1—00 j—o00
O
Exercise 2.34 Suppose |f,| < g € L' and f, — f in measure.
a. [ f=lm [ f,,
b. f, — fin L.
Proor.

(a) We wish to apply the Dominated Convergence Theorem. We first pass to a subse-
quence f,, such that f Jn;, — limy, o0 f fn- Because f,, — f in measure, we know
Jn;, — [ in measure as well. By the last part of Theorem 2.30, we can find a
subsequence f,; — f a.e.. Since | f%l < g, we apply the Dominated Convergence

Theorem on f,,, to conclude that [ f=lm [ fn;,- But then,

[r=tm [ 5, =t [ £, = 1w [
1—»00 g j—00 n—00
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(b) We first show that |f, — f| — 0 in measure. This is clear because

p{z [ fu(z) = f(@)] = 0] = €} = p({z : [fulz) — f(x)] = €}) = 0
as n — oo by the hypothesis.

Now, because | f, — f| = 0 in measure, we may choose a subsequence s.t. [ |f,, —
fl = lim [|f, — f|. Because |f,, — f| is a subsequence of |f, — f| which converges
in measure to 0, we conclude that |f,, — f| converges to 0 in measure as well. By
Theorem 2.30, we can choose a subsequence | frg, = f | which converges to zero a.e..
Apply the Dominated Convergence Theorem with |f,, — f| < 2g (29 € L' since

g € L' and using the triangle inequality for the bound). By the DCT, we conclude
that lim; e [ | fu;, = fl = J 0 =0. But then, we have

(2) 0= lims [ Ifu, ~ f1= i [ 1fo, = f1= lim [ 1f. 11

The second equality follows since |f,, — f| is a subsequence of [f,, — f| which
converges a.c. to the same limit as |f,, — f|. The third equality is by the definition

of ’fn] - fl
U

Exercise 2.35 f, — f in measure iff for every ¢ > 0 there exists N € N such that p({z :
|fu(z) — f(x)] > €}) <eforn>N

PROOF. ( = ) Suppose f, — f in measure. Then for every € > 0,

pl{e [ fuz) — f2)] = €}) =0

as n — o0o. Then, we let € > 0, we can choose an N € N s.t. n > N implies

[u{z = | fu(x) = f2) = e})| <€

(<= ) Let € > 0. Let k > 0. Suppose k < €. Choose an N € N sufficiently large s.t. for all
n > N, we get
p{z : [fu(z) = f(2)] = K}) <k
Then,
p{a s | fu(@) = f(2)] = €}) < p({z - | fulz) = f(2)] 2 k}) <&
since the set being measured on the left is contained in the set on the right and we use
monotonicity. Now, if € < k,

p{z : [fu(z) — f2)] = €}) <€ <k,
We conclude that f,, — f in measure. O

Exercise 2.36 If u(E,) < co for n € N and xg, — f in L', then f is (a.e. equal to) the
characteristic function of a measurable set.

PROOF. Since g, — f in L', we have a subsequence that converges a.e. XE,, = f ae.
But then if £ is s.t. lim;_,o XE,, = XE then f is a.e. equal to xg. U

Exercise 2.37

PROOF. a. Omitted.
b. Omitted.
c. Omitted. ]
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Exercise 2.38 Suppose f, — f in measure and g, — ¢g in measure. a. f, +g¢g, — f + g in
measure.
b. fungn — fg in measure if pu(X) < oo, but not necessarily if u(X) = oc.

PROOF.

()

We have

pl{e | futgn = (F+9)| 2 ) < pl{ 1o = £ 2 S+ al{ low — gl = 51 = 0

(23)

(24)

(25)

(26)

as n — o0 because
€ €
wilfutg—f-gzac{aslfi-f1z 5 u{etlg -9 = 5}
and the sets on the right have measure approaching zero as n — oo by hypothesis.
So, fn+ 9. — [+ ¢ in measure.
Let us justify the set containment we used. Suppose

ZUG{SUi’fn—i-gn—f—g\Zﬁ}-

Then, we have

[fa(y) = F + 19n(y) — gW)| 2 | fo(y) + gn(y) — f(y) — 9(y)| > €

and we must | f,(y) — f(y)| = 5 or |gn(y) — g9(y)| = €. Otherwise, we would have a
contradiction. So, we get the set containment in (23).
Suppose f, — f and g, — g in measure. Let ¢ > 0 and & > 0.

Note,

Now consider the sets {x : |f| > n}. These sets are decreasing and (_{z : |f| >
n} = (. Since the measure space is finite by continuity above we can choose a
M > 0 sufficiently large s.t. p({x : |f| > M}) < k. Similarly, we choose an L > 0
sufficiently large s.t. u({z : |g| > L}) < k. We set K := max{M, L}.

We get a set containment

{x3|fn|ZK}Q{wi|fn—f|Z§}U{x:|f|Z§}

because if not, we would have a contradiction by the fact that |f,(x)| + |f(x) —
ful) > K.

Next, we choose K sufficiently large and N; € N sufficiently large so that for all
n > Np, we get

plfe = [fol =2 K}) < .

Such a choice is possible since f, — f in measure and we can always get p{(z :
| /1 > £} to be very small by taking K to be be very big. Using these two facts, we
can bound the measure of (25) above by § + & and that gives us (26).

By f. — f in measure, choose an Ny s.t. for all n > No,

p({zilh—r1z52)) <w



(28)

(29)

(31)

(32)
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Since g, — ¢ in measure, choose an Nj s.t. for all n > N3, we get

€
: —q| > — .
n({o sl =0l = g }) <
We have,

pla: 1fuga = fol = D < p({a s hallgn =9l = 5 1)+ ({z:lallf =112 5 ).

We obtain the above using monotonicty and the fact that the set on the LHS is
contained in the union of the two sets on the RHS. The containment comes from
how at least one term on the RHS of (24) must be greater than or equal to 5. For
if neither were greater than or equal to §, we would get from (24)

Eglfngn_fg|<€

which is a contradiction.
We wish to bound the terms in (29). For all n > Ny,

p({o: 1llgn =9l 2 5}) <nllashl 2 KD +p ({219,912 552 }) < 2w

We justify this; first we have a set containment

{z:1fllgn =gl = 5} Haslful 2 K3 U {o i lgn =gl 2 5}

This is true because if not we have an x s.t. |f,| < K and |g,—g| < 5% which implies
5 < |fallgn —gl < % = 5 and this is absurd. With the desired set containment, we
use the monotonicity of measures to get the first inequality of (30). Then we use
(26) and (28) for the last inequality.

Also, we have

pelgllfa = £12 51 < ulle gl = KD+ o ({o: 1= fl2 55 }) <20
This follows from the set containment
{elolfa— 1125} S loclgl 2 Kyu{a: =112 5%}

The set containment is justified because if not, we would have § < |g||f, — f| <

2
% = 5 which is absurd.
Now, let N = max{Ny, Ny, N3}. Then for all n > N, we have
p{z = [fagn — fgl = €} < 26+ 2k = 4.

which follows from (29), (30), and (31).

A more efficient proof for the statement above is as follows. Suppose not. Then
there exists € > 0 and a subsequence [, gy, s.t.

p{: | f; () gy () — fz)g(2)| > €}) > €

But it must then have a subsequence that converges to fg pointwise a.e. which is a
contradiction. The existence of such a subsequence follows from the convergence of
{f.} and {g,} in measure and Theorem 2.30.
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Now we provide a counterexample for the case where ,u(X ) = 0o. Take the case
where X = R. Consider the functions f,(z) = gn(z) = 2 + X (nnt1). We certainly
have that f, — f and g, — g where f = g = x. Next, we check that these functions
are convergent in measure. It suffices to check f,(z). Let € > 0. Then,

w{ = 1fule) — f@)] > e} = 4 ({ 1 > }) S0

ﬁX(n,N—f—l)
as n — oo since we can take N > 0 large enough so that * = < e whenn > N. Now,
we check that the product f,(x)g,(x) does not converge in measure. Take ¢ = 1.

We have
> 6}) ;

w2 : | ful@)gala)—F(@)g(a)] =) = ({

and notice the RHS is always at least equal to 1 the set always contains (n,n + 1).
Indeed, if = € (n,n + 1), then |f,(z)g.(x) — f(x)g(x)] > 1. So, the measure does
not converge to 0 as n — oo. Thus, f,(x)g,(z) does not converge to f(z)g(z) in
measure.

! - 1,
1 Xnt1) T AT X (1) T 5 Xnnt)

O
Folland 2.39 If f,, — f almost uniformly, then f, — f a.e. and in measure.

PRroor. f, — f a.e.: To show that f, — f a.e., let m € N. Then there is an F),, such
that w(E1)m) < + and f, — f uniformly on EY),,- Then let B := Mimen E1//m and we see
that f, — f on E°. Notice that

w(X) = p(E) = (U E1/m> f/m):M(X)—i-

meN

Since this holds for all m € N, we deduce that p(E¢) = u(X).
fa — f in measure: Given € > 0 and § > 0. There is a set Es s.t. u(Es) < d and f, — f
uniformly on E§. Then by definition, for n sufficiently large,

{2 [fulx) = f(2)] = €} C Es.
Therefore, u({x : |fu(z) — f(z)| > €}) < 6. Since this holds for all § > 0, we deduce
limy, o0 p({2 = | fu(x) = f(2)| = €}) = 0. 0

Folland 2.40 In Egoroff’s theorem, the hypothesis “ p(X) < oo 7 can be replaced by
|fn| < g for all n, where g € L'(11).”

PROOF. Let B, (k) = Upp{z : [fm(z) — f(2)] = k77}.

In proof of Egorov’s Theorem, we needed u(X) < oo to get pu(Ey(k)) < oo to use
continuity from above. So, it sufﬁces that we show p(F;(k)) < oo under the new hypothesis.
Note

= U{z: 1fml@) = f@)] = k7).

Now, we have |f,,(z) — f(x)| < 2¢(z) using the hypothesis that | f,| < g for all n and hence,
|f| < g. So, for every m

{z [ fu(2) = f@)] = K7} S {z:29(x) 2 K71}
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Therefore, Ey(k) C {z : 2g9(x) > k~'}. Tt suffices to show that p({z : 2¢g(z) > k™'} < oo.
Suppose not. Then, we get

cnziyaxnm@zkl}s/

gla)du= [ l9(2)|dps < o0
{:2g(z)>k~1} {z:2g(z)>k~1}
contradiction.

We can then repeat the proof of Egorov’s Theorem. By (', E,(k) = 0 and what we
showed, pu(E,(k)) — 0 as n — oo. We may take ny, large enough s.t. u(E,, (k)) < e27% and
let E =J,—, En, (k). By subadditivty,

=L <UEnk(k)> <22—€k =e.

Also, f, — f uniformly on X \ E since |f,(z) — f(2)| < ¢ for every z € X \ E if we take

n > ng.
0

Exercise 2.41 If u is o-finite and f, — f a.e., there exist measurable Ey, Fs,... C X such
that p ((U°E;)°) = 0 and f,, — f uniformly on each E;.

PROOF. Let X = U;’;l F; where p(Fj) < oo. WLOG, we assume that F; C Fjiq by
possibly Writing E; ‘ 1 Fi and using F; in place of F;. Applying Egorov’s Theorem on
F; with € : ] we can ﬁnd a subset Fj. s.t. pu(Fj.) < € and f, = f uniformly on F; \ F;

Then,
M((Gﬂ\ﬂ) ) —u(ﬁ(F \ Fje) )—u(ﬂ FCUF}E>

C (& (& 1
= u(Fy U Fj o) < p(Fy) + p(Fye) = p(Fy) + I
We have that ,u(FjC) — 0 as 7 — oo because Fj is increasing and increases to X. Because

the inequality holds for all j, we conclude that

(@) -

Since f, — f uniformly on each F} \ Fj., our desired sets are E; := F; \ Fj.. O

Folland 2.42 Let p be counting measure on N. Then f, — f in measure iff f, — f
uniformly.

PROOF. Assume f, — f in measure. That is,
(33) (Ene) = p({z € X | |fulz) = f(z)| 2 €}) = 0

as n — oo for all € > 0. Therefore, as i is the counting measure, there is some N sufficiently
large for which p(E, ) = 0 for all n > N. But this is precisely the definition of uniform
continuity.

Assume f, — f uniformly. Let € > 0. Choose an N € N sufficiently large s.t. n > N
implies |f,(z) — f(x)| < € for all z € X. Therefore, p(E,.) = 0 for n > N. But this is
precisely the definition of convergence in measure. O
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Folland 2.43 Suppose that p(X) < oo and f: X x[0,1] — C is a function such that f(-,y)
is measurable for each y € [0, 1] and f(z,-) is continuous for each x € X.

a. If 0 <€ 6 <1then E.s={x:|f(z,y) — f(x,0)] <eforall y<d} is measurable.

b. For any € > 0 there is a set F C X such that u(F) < e and f(-,y) — f(-,0) uniformly
on E°asy— 0.

PROOF.

(a) Enumerate the set QN [0,0) as {r,}. Define sets

(34) Eyi=A{x:[f(z,ra) — f(z,0)] < e}
Then, E,, is measurable because
(35) By =1f(ra) = f( 0 ({[0,6)})
and | f(-,r,)— f(-,0)| is measurable because f(-,y) is measurable for every y € [0, 1].
But then,
(36) E.s =) En
n=1

(b) For this exercise, we repeat the proof of Egorov’s Theorem with modification. Let
e > 0. Let {y,} be a sequence converging to 0. Consider the sets

(37) Bl i= { |fCoan) = (.00 2 3 |

Then,
(38) ﬁ E.(k)=10

because f(x, ) is continuous. Also, u(E;(k)) < oo because pu(X) < oo and therefore,
there exists an N € N s.t. u(En(k)) < e. By definition of Ey(k), that means
f(z,y) — f(x,0) uniformly on Ey (k) as desired.

O

Folland 2.44 (Lusin’s Theorem) If f : [a,b] — C is Lebesgue measurable and € > 0, there
is a compact set E C [a,b] such that p(E€) < e and f | E is continuous. (Use Egoroff’s
theorem and Theorem 2.26.)

[Replace p with m]

PROOF. To apply Theorem 2.26, we show that f € L'([a,b]). Consider sets {z : |f| > N}
which decrease to the emptyset because the complement is {z : |f| < N} and m([a,b]) < co.
From continuity from above, we deduce the | f| is bounded a.e.. Hence, [ |f|dm < Mm([a,b)])
where |f| < M a.e.. This shows f € L'([a, b]).

By Theorem 2.26, choose a sequence of continuous functions {f,} s.t. [ |fn — fldu < =
for each n and f, vanishes outside some bounded interval I C [a,b]. Note that continuous
functions are Lebesgue measurable. Since f, — f pointwise a.e., we conclude that f is
measurable.
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Because m([a,b]) = b—a < oo, f, — [ ae., and f, and f are measurable, we use
Egorov’s Theorem and choose a set I C [a,b] s.t. m([a,b] \ F)) < § and f, — f uniformly
on F.

Because f, — f uniformly on F, f is continuous.? Then, by Theorem 1.18, we use inner
regularity and take a compact subset & C F's.t. m(F \ E) < §. In this case,

m(E) =m([a,b] \ E) = m(([a,b] \ F) U(F\ E)) =m(F)4+m(F\E)<e+e=ce.
Because £ C F, we know that f|E is continuous. So, the theorem has been proven. [
Folland 2.45 If (X;, M,) is a measurable space for j = 1,2, 3, then @} M; = (M) ® My) ®
M. Moreover, if p1; is a o -finite measure on (X;, M), then p; X po X g = (1 X p2) X pi3.
PrRoOOF. We prove the first statement. We have

3
QR M; = {m (E;) : E; € M;,i =1,2,3}
j=1

= {77 (E}) : By € M1 ® My, By € M3, 17 (E}) = (n7 ' (E1), w3 (E2))}
= (M, ® My) ® Ms.

We prove the second statement. Suppose X; = U, A;; with ;(A;;) < oo. By the
remarks of the chapter, we have uniqueness. We have

1 X pip X p3(Ay x Ag x Az) = pr(Ar) pa(Az)ps(As)
= (1 X p2)(Ar X Ag) x pz(As)
= (1 X p2) X piz((Ar x Az) x A3))
since A; x Ay € M; ® M. O
Folland 2.46 Let X =Y = [0,1], M = N = By 1}, t = Lebesgue measure, and v = counting
measure. If D = {(z,z) : x € [0,1]} is the diagonal in X x Y, then [[ xpdudv [[ xpdvdu,

and [ xpd(p x v) are all unequal. (To compute [ xpd(p X v) = pu x v(D), go back to the
definition of u x v.)

PRrRoOOF. We have

// Xpdudv = /M(Dy)dv(y) - /u({y})dv(y) _ /Odv _0
// Xpdvdp = /V(Dx)du(iﬂ) = /u({x})du(:v) = /du(x) — 1.

Finally, [ xpd(u x v) = u x v(D) . Let A; x B; be a sequence of rectangles covering D
. So, (z,z) € A; x Bj implies = € A;, Bj so the sets A; N B; cover [0,1] . Since it covers
[0,1] , we have » 7%, m(A; N Bj) > 1 which implies that at least one of the A; N B; has
positive Lebesgue Measure. So, it is has infinite ¥ measure. Hence, u(A;)v(B;) = oo since
v(B;j) =00 . So, [ xpd(u x v) = 0.

and

O

2This is a standard undergraduate analysis result.
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Folland 2.47 Let X =Y be an uncountable linearly ordered set such that for each z € X,
{y € X : y < x} is countable. (Example: the set of countable ordinals.) Let M = N be the
o -algebra of countable or co-countable sets, and let 1 = v be defined on M by u(A) =0if A
is countable and p(A) = 1 if A is co-countable. Let E = {(z,y) € X x X : y < z}. Then E,
and EY are measurable for all z,y and [[ xpdudv and [[ xpdvdu exist but are not equal.
(If one believes in the continuum hypothesis, one can take X = [0, 1] [with a nonstandard
ordering] and thus obtain a set E C [0, 1] such that E, is countable and EY is co-countable
[in particular, Borel| for all x,y, but E is not Lebesgue measurable.)

PROOF. Let x € X. We show that E, is measurable. First, £, ={y € Y : (z,y) € E}
and by hypothesis, this is a countable collection. Thus, E, is measurable.

Let y € Y. Then, EY = {z € X : (z,y) € E} and this collection is co-countable since it
is the complement of (EY)¢ = {z € X : (z,y) € E}. Indeed,

(39) (BY) ={zeX:(zy) gL} ={veX y>u}
(40) ={reX:o<y}={reX:z<y}lU{y}

and the final set above is countable because the hypothesis tells us that {z € X : 2 <y} is
countable.
We compute [ [ xpdudy which will also show existence. We get

(41) / / ndpdy = / [ / XEd,L} dy — / W(EY)dy
(42) :/hw:L

We compute [ [ xgdvdp. We get

(43) [ [ xevin = [ { / xEdu} du= [ v(E)dn
(44) :/mmzo

Thus, the two integrals are not equal. 0

Folland 2.48 Let X =Y = NNM = N = P(N),u = v = counting measure. Define
f(m,n) = 1if m =n, f(mn) = =1 if m =n+ 1, and f(m,n) = 0 otherwise. Then
[ 1fld(p x v) = oo, and [[ fdudv and [[ fdvdu exist and are unequal.

ProOOF. We have the following computations

//fdudvzzzf(m’”) => (fLn)+ f2n)+...)=0

/ Fdvdp =55 Flmn) = S (Fm 1) + Fm,2)+ )

m n n

=14 (f(m.2)+ f(m,3)+...)=1+0=1.

m
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So, the two sums are unequal. Note that we interpret the counting measure on N as
summation. On the other hand, we know

(45) [ 1kt xv) =

because |f| is constant equal to 1 and p X v(X X Y) = oo by definition of the product
measure. U

Folland 2.49 Prove Theorem 2.39 by using Theorem 2.37 and Proposition 2.12 together
with the following lemmas.

a. f E€e M@N and p x v(E) =0, then v (E,) = u(EY) =0 for a.e. x and y.

b. If f is £ -measurable and f = 0 X -a.e., then f, and fY are integrable for a.e. x and
y, and [ fydv = [ f¥dp =0 for a.e. x and y. (Here the completeness of p and v is needed. )

PROOF. Assume (X, M, 1) and (X, NV, v) are complete o-finite measure spaces and (X x
Y, L, ) is the completion of the product measure space.
We prove the aforementioned lemmas.

(a) Let E € M ®N and assume pu x v(E) = 0. Now, (xg): = xg, and (xg)? = Xpgv.
Because of the assumptions and pu X v(E) = 0, we may apply Fubini’s Theorem.
Then,

(46) 0=uxv(E)= /M(Ey)dy

which implies that u(EY) = 0 a.e. y € Y. Similarly,

(47) 0=pxv(E)= /V(Ex)du

implies that v(F,) =0 a.e x € X.
(b) Suppose f is A-measurable a.e. and f =0 X a.e.. Then, f € L*(u x v) because

(48) /fd(uxy)—/Nfd(uxy)Jr/NCOd(uxy)—/cOd(,uxz/)—O

where N is the set of measure zero on which f # 0. Hence, f € L'(u x v). We
apply Fubini’s Theorem to conclude that f, € L'(v) and f¥ € L'(u) for a.e. y €Y
and a.e. x € X. This proves the first part of (b).

Because p x v(N) = 0, we conclude that v(N,) = p(NY) = 0 a.e. x and y by
part (a). By completeness of v and p, we conclude that N, and N¥ are measurable.
Hence, NS and (NY)¢ are measurable as well.

Using the final part of Fubini’s Theorem,

(49) O—/fXchuxu //fy )X e dpdy

which implies [ f¥(z)du = 0 for a.e. y € Y. Similarly,

(50) 0= /fdu (X ) //f Xvwyedpdy

which implies [ f,(y)dv =0 for a.e. x € X.
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We now prove Theorem 2.49.

Suppose f > 0. Then f, is N-measurable and f, is M-measurable because f € LT()) and
Theorem 2.37. Additionally, Theorem 2.37 shows that [ f,dv € LT(X) and [ f,dp € LT(Y).

Suppose f € L*()\). Apply Theorem 2.37b to see that f, and f¥ are integrable a.e. x and
y. Also, [ f.dv and [ fYdu are measurable by Theorem 2.37. By Proposition 2.12, choose a
gst. f=g (uxv)ae. and gis M x N-measurable. Let N be the set of measure zero s.t.
f # g. By part (a), we know that v(NN,) = u(N,) = 0. By Theorem 2.37, we get

(51) /fd)\:/gd)\ (Definition)
(52) :/ gd)\—i—/ gdA (Definition)
e N
(53) © / gdA
N¢
(54) = / gxnedvdp (Fubini-Tonelli Theorem)

(55) ://f(m,y)dyd,u(Deﬁnition of N°)

(56) /fd)\:/gd/\ (Definition)
(57) :/ gd)\—i—/ gdA (Definition)

e N

(x)

(58) ) / gd)

NC
(59) = / gxnedudy (Fubini-Tonelli Theorem)
(60) ://f(x,y)d,udy. (Definition of N°)
We must justify the steps at © Because we assumed ¢ is M ® N-measurable, we know

that ¢ is £L-measurable and by definition, gxx = 0 A-a.e.. By part (b), this implies [ g,dv =
[ ¢¥dp = 0 for a.e. x and y. But that means, by the Fubini-Tonelli Theorem,

/gd)\://gXdeudl/:/OdV:O.
N

This justifies both © Thus,
(61) [tix=[ [ sepina = [ [ e g)avan

Folland 2.50 Suppose (X, M, u) is a o -finite measure space and f € L*(X). Let

Gr={(z,y) € X x[0,00] : y < f(2)}.
Then Gy is M ® Bg -measurable and g x m (Gy) = [ fdu; the same is also true if the
inequality y < f(z) in the definition of G is replaced by y < f(x). (To show measurability
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of Gy, note that the map (x,y) — f(x) — y is the composition of (z,y) — (f(z),y) and
(z,y) — z —y.) This is the definitive statement of the familiar theorem from calculus, “the
integral of a function is the area under its graph.”

[You can replace y < f(z) by y < f(x) if you want]

ProoF. We will assume y < f(z) in the definition of Gy.
To see that G ¢ is M ® Bg-measurable, we will use the hint. Define

Y X x [0, 00] — [0, 00]?
by (z,y) = (f(x),y), and
0 :[0,00]* — [0, ]
by (z,y) — z —y. Then, define
¢: X x[0,00] = [0, 0]

by ¢ := 60 o). Then, G; = ¢((0,00]) by the definition of G; and the construction of ¢. It
suffices to show that ¢ is (M ® Bg)-measurable. Since ¢ = 6 o 1), it suffices to show 6 and
1) are measurable.

First, 0 is (Bgz, Bg)-measurable because it is continuous. Second, ¥ is (M ® Bg, Bg2)-
measurable because f(x) is M-measurable and the map on the second coordinate is the
identity.

Thus, for E € B, we have

(62) ¢~ =y (07N (E))

where 071(F) is Bgz-measurable and hence, ¥~ (07(F)) is M ® Bg-measurable.
Now that G is M ® Bg-measurable, we can prove the second statement. By Theorem
2.36,

pxm(Gy) = [ m((Gp)du= [ fa)dn
The last equality follows from how

(Grla={y €Y 1y < flz)}
which means m((Gy),) = m((0, f(z)) = f(x). O

Folland 2.51 Let (X, M, u) and (Y, N, v) be arbitrary measure spaces (not necessarily o
finite).

a. If f: X — Cis M -measurable, g : Y — C is N -measurable, and h(z,y) = f(z)g(y),
then h is M ® N -measurable.

b. If f € L*(p) and g € L*(v), then h € L'(u x v) and [hd(p x v) = [[ fdu] [[ gdv].

Proor. WLOG, we may take our functions f, g to have codomain [0, c0) because we can
use the result and prove it for real and imaginary parts as well as for positive and negative
parts.

(a) Let h(x,y) = f(2)g(y). We show that h(x,y) is M®N measurable. For a € (0, 00),

(63) h'((a,00)) = |~ ((a,00) x g~ (GOO))} . [9_1(("’ ) x [ ((é“))}

which is certainly M ® N-measurable because f and g are M-measurable and
N-measurable respectively.
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For a = 0,

(64) h™'((a,00)) = f((a,00)) x g~ ((a, 00))

which is M ® N-measurable since f, g are M and N measurable respectively.

(b) Suppose f € L'(u) and g € L'(v). By Theorem 2.10, choose increasing sequences
of simple functions ¢, and 1, which increase to f and g respectively and s.t. 0 <
¢n < fand 0 <4, < g.

Set ¢, = > 1L, ajxp, and ¥, = S bixe.
Then,

(65) /wwwﬂuxwz/ﬁam%wmwxm
m !
(66) = / Zaijj Z bixrd(p x v)

(67) = ZZ/a] iXE;xFd( X V) Theorem 2.15

]111

(68) = Z Z a;bip(E;)v(F;) Def. of Product

j=1 i=1

(69) = <Z ajp(E ) (Zb (E)) Rewrite Sum

(70) — [ i [ v

Thus, [ |¢pnld(n x v) = [ ¢ndu [ pdv. Applying the Monotone Convergence
Theorem, we conclude that [ hd(uxv) = [ fdu [ gdv. Because f and g are L' and
we showed the equality, we conclude that h € L'(u x v). Indeed,

[t v) = [ 1s1du [ lgldv < o000 = .

Folland Exercise 2.52 The Fubini-Tonelli theorem is valid when (X, M, i) is an arbitrary
measure space and Y is a countable set, N' = P(Y), and v is counting measure on Y.(Cf.
Theorems 2.15 and 2.25.)

O

PROOF. Just as in the proof of the Fubini-Tonelli Theorem, we will prove Fubini’s part
and then derive Tonelli immediately

Let f € LT (X xY) and set g(x) = [ fodv and h(y) = [ fYdu. Because v is the counting
measure, we have g(z) = »_ fm( ) and so, g(z) € LT due to f being measurable and ¢
being a sum of measurable functions. Indeed, f, is measurable by Proposition 2.34. Also,
h(y) is measurable because all subsets of Y™ are in the o-algebra and hence, the inverse image
of any measurable set under h is measurable.

Next, we show that we can interchange the order of integration. To do this, we first show

[ fd(p xv) = [ [ f(z,y)dpdv. It suffices to show [ fd(pu x v) = [h(y)dv. By Theorem
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2.10a, choose a sequence of simple functions 0 < ¢,, < f increasing to f. Such a sequence
defines a sequence h,(y) increasing to h(y). Then,

(71) /hdu = hm/hndy = lim/fnd(,u X V) = /fd(p X V)

by the Monotone Convergence Theorem.

We have
(72) [ titx) = [ [ swwivin= |3 gy
(73) =Y [swwdn= [ [ sedpar

yey

where we interchanged the sum and the integral by Theorem 2.15.

With the above results, Tonelli’s Theorem follows by considering the positive and negative
parts of the real and imaginary parts of f. The equality above also allows us to conclude
that if [|f|d(u x v) < oo, then we must have [ |h(y)|dv < oo for a.e. y and [ |g(z)|du < oo
for a.e. x. This complete’s the Tonelli part of the theorem. 0

Folland Exercise 2.53 Fill in the details of the proof of Theorem 2.41.

Proor. Following the approach in the proof of Theorem 2.41 is relatively straightfor-
ward. A more general approach is to generalize Lusin’s Theorem to R" for n € N and use
that result. See [2]. O

Folland Exercise 2.54 How much of Theorem 2.44 remains valid if 71" is not invertible?

PROOF. Only some facts remain true. In the sequel, when we write T as an n X n matrix,
we are viewing T : R” — R" defined by Tx = y where z € R" is a column vector.

(a) We will show that the first statement is in general false: “if f is Lebesgue measurable
and T is a linear transformation, then f o T is Lebesgue measurable”.
Define T': R? — R? to be the linear transformation that projects onto the first
coordinate. That is, (z,y) — (z,0).
Next, let N be a Lebesgue nonmeasurable set (which exists by constructions in
Chapter 1). Define f : R* — [0, 00) by
2 ify#0
74 zy) =4 =Y
(7 fa = { T L7
Then, f(x,y) is Lebesgue measurable since N x {0} C R? is Lebesgue measurable

(as it is measure zero and by completeness) and %Iyl is Lebesgue measurable.

Then, f~1({1}) = Nx {0} and T7'(N x {0}) = N xR. Hence, T~ (f~*({1})) =
N xR. But N xR is not Lebesgue measurable since IV is not Lebesgue measurable.

For the second statement: “if f > 0or f € L'(R), then [ f(z)dx =|detT| [ fo
T(x)dx”.

Let f(z) = |z| and so f > 0. Let T = (0) be the zero matrix. Then, [, f(z)dz =
oo. However, |det T'| [ f o T'(x)|dz = 0 because | det T'| = 0.

Let f(z) = 752 and so, f € L'(R). Let T = (0) be the zero matrix. Then,

|detT| [ |f o T(x)dx = 0 however, [ f(z)dz # 0.
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(b) We show the first statement is true in general: “If £ € L£" then T(E) € L.
Let T" be a linear transformation and E an Lebesgue measurable set. We show
T(F) is Lebesgue measurable too. Let £ = F'U N where F' is an F,-set and N is a
null-measure set. Then, T'(E) is F,, as well because linear transformations are con-
tinuous. So, it suffices to show that T'(N) has measure zero. Linear transformations
are Lipschitz and so,

T (u) = T(v)| < cfu -]

for u,v € R" and ¢ depends only on T. So, m(T(I)) < em(I) for any I a product
of intervals. Let € > 0. Then, cover N C U2, I} by I;’s which are products of
intervals. We may assume m (U2 I)) < € is of small measure because N is measure
zero. Obviously, the T'(Ii)’s cover T(N) because N is covered by the I;’s. By
properties of measures,

(75) m(T(N)) <> m(T(Ix)) <> em(Iy) < ce.

k=1

Letting € — 0, we conclude that m(T'(N)) = 0 as desired.

We show the second statement is true in general: “if F is Lebesgue measurable,
then m(T(E)) = |det T|m(E)”.

Let T' be a noninvertible matrix i.e. | det(T") = 0|. Then, |det T|m(E) = 0 so we
need to show m(7T'(E)) = 0. Because T is noninvertible, we have T'(E) C T(R™) C S
where S is some vector subspace of R™ with dimension less than R"™. However,
m(S) = 0 because S is isomorphic to R™ where m < n and so, m(S) = m(R™) =
m(R™ x {0}--- x {0}) = 0 where R™ x {0}...{0} € R". By completeness, we
deduce that T'(F) is a subset of a null set and hence, T'(E) is measurable. Therefore
m(T(F)) =0 and so, m(T(F)) = |det T'|m(FE) as desired.

O

Folland 2.56 If f is Lebesgue 1ntegrable on (0,a) and g(z) = [ t7' f(t)dt, then g is inte-
grable on (0,a) and [ g(z)dz = [} f(

PROOF. Apply the Fubini part of the Fubini-Tonelli Theorem and use f € L'((0,a)) to
get

/|g |dx<// 1 (1) |dtdx_// 1| (1) | dwdt = /|f )|t = /|f J|dz < o

which shows that g(z) is Lebesgue integrable. Note that to get the second equality, we
changed the order of mtegratlon using Fubini’s Theorem with ¢t~|f(¢)| € L*([0, oc]).

Now, to prove the equality we just use the Tonelli part of the Fubini-Tonelli Theorem.
Indeed, by a similar changing of the order of integration.,

(77) /Oag(x)dx:/oa[t1f(t)dtdx:/0a/ott1f(t)da:dt=/Oaf(t)dt:/oaf(x)dx

Folland 2.58 Show that f “strlsin? adr = %‘log(l +4s72) for s > 0 by integrating
e~ % sin 2xy with respect to x and Y.
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PRrROOF. Consider the double integral

/ / ?sin(2zy)dydz.

We will justify changing the order of integration. Indeed,

/ / le™** sin(2zy)|dydx < / / ?(2zy)dydx (use |sin(z)| < z)

= / re *dx (Riemann Integration)
0

1 . . .

=g <™ (Riemann Integration)

for s > 0. Thus the hypothesis of the Fubini-Tonelli Theorem are fulfilled and we can change
the order of integration. Now,

(78) / / T sin(2zy)dydr = / 62_ (1 — cos(2x))dx (Integrate)
0

x

(79) :/ 62x (2sin® v)dx (Trig. Identity)
0
o] ST G312

(80) :/ %dw (Simplify)
0

We now evaluate fol Jo” e sin(2zy)dady. Let usset I := [[° e sin(2xy)dedy. We will
use integration by parts twice because the integrand is Riemann integrable by the Lebesgue

Criterion for Riemann integration. Indeed, e™** sin(2xy) is nowhere discontinuous.
We have

(81) /O " e sin(2my)do = (— 6_:0 sin(2xy)>

—/ L 2y cos(2zy)dx
0 0 s

(82) :/ es 2y cos(2zy)dx
0

(83) = (—6: 2y COS(2wy))

2 42
(84) = S—g — Si? i e " sin(2xy)dx.

0 o] —sx
—/ +4 —4y? sin(2zy)da
0 0 §

The first equality follows by integration by parts, the second by evaluating the term and
simplifying, the third by a second integration by parts, and the last equality follows by
simplifying the terms.

Recall the definition of I and notice that the above shows

2 4
(85) =24

and therefore,

(86) [=—=
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Thus, I = SQi—in after rewriting the above. Now, we determine fol Ldy,

: b2y SN 1,1 L,
(87) /o[dy:/o md9_4log($ +4y)|0:Z(s +4)—L—llog(s):zlog(l+4s ).

Equating the two integrals in (78) and (87) by the Fubini-Tonelli Theorem, we conclude that
o0 —8T 12 1
/ € M Ty = 1 log(1 + 4572).
0

X

Folland 2.59 Let f(z) =z 'sinx
a. Show that [~ |f(x |dx =

b. Show that limy ., fo x)dr = —7r by integrating e~"¥ sin x with respect to x and y.
(In view of part (a), some care is needed in passing to the limit as b — 00.)

PROOF. (a) To show [7|f(x)|dx = oo, we estimate the integral from below and
show that [°|f(z)|dz > oo using the estimate.
Let F := {x €[0,00] : |sin(z)| > 5}. By definition of sin(z), we know that
F =", [ +mn,2r+mn]. Also, by definition of sin(z), we know F # [0, oc].
So, we can bound the integral from below [° f(z)dz > [, f(z)dx > [, 5=dx.
It would unwise to compute |,. ﬁd:c because the integral f (= trn, Smmn] 2 xda: does

not yield a result for which the series obviously converges. So, we do one more

estimate.
On [T+ mn, 37 + mn], we get L > ﬂim — W(Bi%) > ﬂ(nlﬂ). Therefore, we get
1 1 1
(88) / LIPS / 1 4
[%-l—ﬂn,%w-‘rwn] 2z [%-‘rwn,%w-ﬁ-wn] 2 ﬂ-(n + 1)
5+ 6n 1+6n
89 = _
(89) 12(n+1) 12(n+1)
1

90 - -
(90) 3(n+1)

Therefore,
(91) / —dx >= Z/ —dx

7r+7rn 7r+7rn

(92) > Z 311 (From Above)

(93) _%Zn—irl

and the series on the RHS diverges because that is just the harmonic series. There-
fore,

(94) / T @)z = oo
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(b) Let g(x,y) = e *¥sinz. Consider how

b poo b
(95) // |g|dydx:/ x| sin z|dx
o Jo 0

because

00 . 1
(96) / lg|dy = —e™ ™ —| sin(z)|
0 x

We show that the RHS of (95) is finite. We have

T ol <_|Sin(fc)|) _ |sin(z)]

T T

0

b 1 b
/ oY sinx|dr < / x| sin z|dx +/ 7 sinz|dr <1+ Inb| < oo
0 0 1

by using |sinz| < 1 to bound the second integral above by In|b| and the fact that
7! sinz| <1 on (0,1) to bound the first integral.

So, f € L' on [a,b] x [0,00). Applying Fubini’s Theorem to change the order of
integration, we have

b 00 00 b
(97) / / gdydx = / / gdxdy.
0 Jo o Jo

The antiderivative is, by calculus, [ e sinxdy = —e WYLARIEOSL G

y?+1

[e's) b [e's) oo _—b :
1 e ysinb + cosb
/ /gdmdy:/ 5 dy—/ 5 dy.
o Jo o Yy +1 0 y?+1

It suffices to show that [;° WC@ — 0 as b — oo since [ y2_1+1 =%
We have
e % (ysinb + cosb) du < T oy tl dy < h My = !
5 Y= € 2 y= © W .
0 y?+1 0 y 1 0 ’

Letting b — oo, the RHS goes to zero.

We conclude that limy o [ fob gdaedy = 5.
This with (97) completes the proof.

3. Signed Measures and Differentiation

Folland Exercise 3.1 Prove Proposition 3.1.

PROOF. Repeat the proof of Theorem 1.8 with appropriate changes. The only nontrivial
checks one has to make is that if one side attains the value of +o0, then the other side must
always attain d+oo as well. 0

Folland Exercise 3.2 If v is a signed measure, E is v-null iff |v|(E) = 0. Also, if v and u
are signed measures, v | p iff |v| L piff vt L pand v~ L p.
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PRrROOF. If F is v-null, then v"(E) = v~ (E) = 0 which means |[v|(E) = 0. The other
direction is obvious since v and v~ are positive measures.

We have v L pu iff there exist disjoint measurable F, F' s.t. EUF = X, v(F) = 0 and
w(E) = 0 iff with the same E, F' we have |v|(E) = 0 and u(E) = 0 uff |v| L p which occurs
iff v7(E)=v"(F)=0sothisisiff v* L pand v~ L pu. O

Folland Exercise 3.3 Let v be a signed measure on (X, M).
a. Li(v) = Ll(IVI)
b. If fe L' (v ffdu}<f|f]d|u|
c. IfE€M|V| ) =sup {| [, fdv|:|f] < 1}.
PROOF. (a): Since v < |v|, L*(Jv|) € L'(v) is obvious. If f € L'(v), we know that

f € L*vt)N LY (v~) which means [ |f|d|v| = [|fldvt + [|fldv™ < oo so f € L'(|v]).
(b): Suppose f € L'(v). We have,

(98) / Fdv| = ’ / Fdvt / Fdv (f € L'(v))
(99) < ‘ / fdvt|+ ‘ / fdv~ (Triangle Inequality)
(100) < / fldvt + / \fldv (Proposition 2.22)
(101) _ / |Fldlv]. (Total Variation)

(c): Let E € /\/l and |f] < 1. Tt is clear that if f & L'(v), then we have |v|(F) = oo
implies that |v|(E) = [, 4 d” 47 = 0o which means the the supremum on the right is infinite

as well. We have, for fe Ll( ),

(102) / fdv| < / fdvt| + / fdv~
E E E
(103) < [ 1sdvi < [ 1dv) = 1B,
E E
Therefore,
(104) sup{ | [ fav]s151 <1} < e
E
We now prove the other direction. Choose a Hahn decomposition P, N for v. Then,
(105) V|(E) = |vT(E)+v (E)|=|v(ENP)+v(ENN)|
(106) X pdv +/ xndv
E E
(107) _ / xp + xndv|.
E
Notice that since P, N are disjoint, |xp + xn| < 1. But that means
(108) WIE) < | [ xo x| €| [ g 15121}
E E
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/Efdy

and therefore,

(109) v(E) < sup{

:|f|§1}

as desired.
O

Folland Exercise 3.4 If v is a signed measure and A, u are positive measures such that
v=\—p, then A\> vt and p > v~

PROOF. Suppose not and that vt > X or v~ > . Suppose v > X occurs. Then
A—pu=v—v- >\A—v" — Vo> .
A similar argument shows that if v~ > p occurs, then v > X must also occur. But then,
vi—p<A—pu=vt—v-<vt—pu
which is a contradiction. 0]

Folland 3.5 If vy, are signed measures that both omit the value +o0o or —oo, then
|1 + o] < |n| + |12 . (Use Exercise 4.)

PRroOF. By definition,
v+ = (1 )"+ (1 +12)”
vl = v + vy
lvo| = vg + vy .

Let A\ = v + vy and p = vy +v5. Then v; + vy = A — u. By Exercise 3.4, v + v5 >

(11 + 12)T and vy + vy > (11 + v2)”. Thus,

(110) lvr + ] = (1 + )t + (1 + o)~
(111) <v+vy +u +uy
(112) < || + |1l

We note that we used the hypothesis of omitting both 400 and —oo to write the above
inequalities. For if not, then we would ([

Folland 3.6 Suppose v(E) = [ & fdp where p is a positive measure and f is an extended p
-integrable function. Describe the Hahn decompositions of v and the positive, negative, and
total variations of v in terms of f and p.

PROOF. Suppose v(E) = [, fdpu for ju a positive measure and f an extended pi-integrable
function.
A possible Hahn Decomposition is given by

P={xeFE: f(x) >0} and N={zeE: f(z) <0}

Thus, [, f(x)dp > 0 and [, f(x)dp < 0. Also, by the remarks on p. 86 of Folland, we know
P and N are positive and negative sets respectively. Also, PUN = X and PN N = ().
The other possible Hahn Decompositions are P’, N’ for which PAP’ is p-null and NAN' is
p-null.
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Next,

(113) v(E) = /5de = . f(z)dp — . f(z)du

where only one of the integrals is infinite.
The positive variation is given by

(114) ) =rEnP) = [ gau= [ |fide
ENP ENP
and the negative variation is given by
(115) v (B) = (BN == [ fdu= [ |fide
ENN ENN

The total variation is then
(116) VIE) = v (B) 4 v (B) = [ i+ [ (fldu= [ I7idn

ENP ENN E

Notice that in describing the positive, negative, and total variation, we could have used
another Hahn Decomposition P’, N’ and the values would have been unchanged. Indeed,

(117) fdu = / fd/L—i—/ fdu (P\ P'is y— null)
ENP EN(PNP) ENP\P'
(118) = / fdu—l—/ fdu (P'\ P is g — null)
EN(PNP) EN(P'\P)
(19) [ i
ENP’

and by similar reasoning, fEmN fdu = fEmN, fdv. Because vt and v~ does not depend on the

choice of Hahn Decomposition, |v| also does not depend on choice of Hahn Decomposition.
O

Folland 3.7 Suppose that v is a signed measure on (X, M) and E € M.
a. vT(E)=sup{v(F): E€ M,F C E} and v~ (F) = —inf{v(F) : F € M,F C E}.
b. [V|(E) =sup{>_ ] |v(E;)| :n € N,Ey,..., E, are disjoint, and | J] E; = E}.

ProoF. a. We do the proof of the first statement and the second is similar. Let P be the
positive set in the Hahn-Jordan Decomposition of v. Then, v (E) = v(P N E) and since
PNE C E, we know v" is at most the supremum. For the other direction, let € > 0 and
there exists an ' C F s.t.

sup{v(F): E € M,F C E} —e < u(F)

and because v(F) = vT(F) — v (F) < v (F) < vT(E), letting ¢ — 0, we have the other
inequality.

b. For one direction, if P, N is as in Theorem 3.3 and Theorem 3.4, then |v(E)| = v(EN
P)y+v(ENN)=|v(ENP)|+ |v(ENN)| and the RHS is a candidate for the supremum so
v(FE) is bounded above by the supremum.
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Let € > 0 and C :=sup{d> [ |v(E;)| : n € N,E\,..., E, are disjoint, and |J| E; = E}.
Then there exist Ey, ..., E, disjoint s.t. |J] E; = E and

C—e< Z lv(E;)| < Z |Vt (E)|+v (E;)| = Zu+(Ej)+V_(Ej) = ZV(Ej) =v (U Ej> <v(E

1

Since € > 0 was arbitrary, we get C' < v(FE) and this establishes equality. 0
Folland 3.8 v < p iff [v| < p iff vt < pand v~ < p.

PrOOF. If v < p, then |v| < p is clear since v < |v|.
If |v| < p, then because |v|(E) = 0iff v (E) = v (E) =0, we get v < pand v~ < p.
If vt < pand v~ < p, then vt — v~ < p which implies v < p by Proposition 3.11. [

Folland 3.9 Suppose {v;} is a sequence of positive measures. If v; L p for all j, then
YU v; Lo and if v; < pfor all j, then > % v < p.

PROOF. Let § := ZJ 1 V;. Assume v; L p for each j. Then, there exist sets Ej, I for
which E; U Fj = X and u(E;) = v(Fy) = 0. Let £ =2, Ej and F' = ()2, Fj. Therefore,
d(F') = 0 because
(120) 5(F) = Z

[e.9]

=2.0-

=1

o0
where we use monotonicity to get v;(F) < v;(F;) for the 1nequahty Also,
[e.e]

(121) p(E ( ) Z 0=0.
Now suppose v; < p for all j. Suppose p(E Then v;j(E) =0 for all j. Therefore,
6(E) = 0. By definition, } 7%, v; < p. O

Folland Exercise 3.10 Theorem 3.5 may fail when v is not finite. (Consider dv(x) = dx/x

and du(z) = dx on (0,1), or ¥ = counting measure and p(£) =) 27" on N.)

PRrROOF. Let v be the counting measure and g the sum as stated. Then y < v is clear.
Take ¢ = 3 and let § > 0. Let n be large enough s.t. 5 < 6 and set £ := {n}. Then
u(E) < 4, but we have [v(E)| =1> e O
Folland Exercise 3.11 Let ;1 be a positive measure. A collection of functions {f,},c4 C
L*(p) is called uniformly integrable if for every ¢ > 0 there exists § > 0 such that ‘ Iz fadu‘ <
e for all & € A whenever u(E) < 9.

a. Any finite subset of L'(x) is uniformly integrable.

b. If {f,} is a sequence in L'(p) that converges in the L' metric to f € L'(u), then {f,}
is uniformly integrable.

PRrROOF. a. If we have a finite subset, then we just choose the minimum of all the §; we
obtain from Corollary 3.6.

b. Choose N large enough s.t. n > N implies [ |f, — fldu < %. Then choose §;
for each of f, fi, f2,..., fv—1. Then, we have | [ fodu| < | [ fdu|+ [|f0 — fldp < € if we
choose &y for f so that | [ fdu| < $ when integrating over a set of < dy measure. Then take
0= min{éo,él,...,(sN_l}. ]
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Folland Exercise 3.12 For j = 1,2, let i, v; be o -finite measures on (X, M) such that
v; < pj Then vy X vy < g X po and

d d
S () 22

dpn dpiz

d(l/l X VQ)
d(p1 X fiz)
PROOF. For 1y X v < 1 X pg, notice that

pa X pa(E) = /ﬂl(Em)d,UQ =0

by the Fubini-Tonelli Theorem. Then, p; (E*?) = 0 for us-a.e.. Because v; <y, we deduce
v (E*) =0 for re-a.e.. So,

(z2) -

(z1,22) =

v X VQ(E) = /1/1<Ex2)dV2 = 0.

For the next part, the trick is to use the Fubini-Tonelli theorem to relate the product measure
to the measures separately.
diy

Consider o and j—zz and they are unique by the Radon-Nikodym Theorem. From the

definition of the product measure and Proposition 1.3, it suffices to reduce to the case where
E = El X E2 where El € Ml and E2 S MQ,

d d
(i X ) (E) = v (E)va(By) = / d”1 / i d,m
B, Q1 Eg

dl/1 dVQ
——dud
/]51/]52 dpiy dpi T

since the two integrals do not depend on each other.
Applying the Fubini-Tonelli theorem shows that the above is equal to

dl/l dl/g
d,LLl d,ug
In which case, the uniqueness of the Radon-Nikodym Theorem gives the equality

Rewrite the RHS, as

——d(f11 X pta).

dV1 dl/2 . d(Vl X 1/2)

122 =
(122) dpy dps — d(py X pa)

O

Folland 3.13 Let X = [0, 1], M = Bjy1j, m = Lebesgue measure, and p = counting measure

on M.
a. m < u but dm # fdu for any f.
b. p has no Lebesgue decomposition with respect to m.

PROOF.

(a) Suppose p(E) = 0. Since p is the counting measure, this shows E = (). But then
m(F) = 0 and therefore, m < p.
Suppose the Radon-Nikodym derivative exists. Now, m(E) = [, fdu =", f(x)
since p is the counting measure. Now,

(123) m({z}) = > fx) = f(a).

ze{x}
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for any x € X. Therefore, f must be the constant zero function. However,

(124) L=m(X)=> f(z)=0.

rzeX

is a contradiction. So, there does not exist a function f for which dm = fdu.
(b) We claim g has no Lebesgue Decomposition w.r.t m. Suppose it did and we have A
and pst. p=A+p, A L m, and p < m.
Then, for all {z} C [0, 1], we have m({z}) = 0 and since p < m , p({z}) = 0.
Therefore,

(125) 1= p({z}) = A({z}) + p({z}) = A({z})

Because A\(E) = 1 for any singleton set E, we deduce that A\(F) # 0 for any
nonempty F' C [0,1[]. But since A\ L m, and A(F) # 0 for all F' C [0, 1], we are
forced to have m(F') = 0 for all F' C [0, 1]. But this contradicts the definition of m
(for example, m([0,0.5]) = 0.5 # 0).

O

Folland 3.14 If v is an arbitrary signed measure and pu is a o -finite measure on (X, M)
such that v < p, there exists an extended p -integrable function f : X — [—o0, 00] such
that dv = fdu.

Hints:

a. It suffices to assume that p is finite and v is positive.

b. With these assumptions, there exists £ € M that is o -finite for v such that u(E) >
wu(F) for all sets F' that are o -finite for v.

c. The Radon-Nikodym theorem applies on E. If FNE = &, then either v(F) = pu(F) =0
or u(F) >0 and |v(F)| = oo.

ProoOF. We follow the hints and break the proof into parts.

(a) We justify assuming p is finite and v is positive.
Suppose the result held true when v is positive. Then, if v is a general signed
measure, we write v = v* — v~ and choose extended p-integrable function s.t.
dvt = fdp and dv— = gdu. Therefore,

(126) dv=dv" —v ) =dv" —dv™ = fdu—gu=(f — g)dp.

Now because v assumes at most one of £0o, we deduce that only one of [ + Jdp and
| « 9dp assumes value oo. Therefore, f — g is extended p-integrable and it is the
function we wanted.

Now, we justify assuming p is finite. Suppose the result held true when p is finite.
We show the result for when p is o-finite. Let X = (J~ | E,, where pu(E,) < oo.
WLOG, we may assume that X is a disjoint union of E,’s by possibly replacing
it with U2, F,, where F,, := E, \ UZ;; E;.. Now, apply the result to find f, s.t
dv = f,dp on E,. That is, v(G) = fG faudp for every measurable G C E,,. Define
f =3, fn Todefine f, on X, set f,(z) =0forallz € X\ E,. Then, if E C X,
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we get
(127) v(E)=v (G (EN En)>
(128) = f: v(ENE,)

(129) = ; /E . Fadp
(130) 5&;hw=éwu

as desired. Now we check that f is extended p-integrable. On E,,,

(131) dv = fdp— frdu=(f; — f;)dp

where fF — f- = f,. Because of the way we constructed f, we have f* =15 f*,
fm=>"f,and f = f* — f~. Furthermore, dv = f*dp — f~du. Because v is a
signed measure, only one of [ « fTdp and Il « J 7 dp assumes the value co. Therefore,
f is extended p-integrable.

(b) Assume p finite and v positive for the rest of this proof. Suppose not and that for
all E € M o-finite for v, there exists an F' o-finite for v s.t. u(E) < pu(F). Then,

we get a chain of sets
(132) p(0) < p(F) < p(F) < p(Fs) < ...

where each Fj is o-finite for v. We claim that this chain does not terminate i.e.
p(F;) — oo as ¢ — 0o. Suppose not and there is a C' > 0 chose to be the infimum
value for which p(F;) < C for all i. Then let F := |J)_, F},, and since each F;
is o-finite for v, F' is also o-finite for pu. Also, by choice of C' and finiteness of
w, w(F) = C. But by hypothesis, there is some G which is o-finite for v s.t.
pu(F) < u(G). And so, C' < (@) which contradicts the choice of C.

(c) Now we apply the Radon-Nikodym Theorem on E. This gives a v-extended inte-
grable function f : E — R s.t. dv = fdu and any two such functions are equal a.e..
Now we extend to all of X. Suppose FF C X and FNE = (. If u(F) = 0, absolute
continuity of v w.r.t u gives v(F') = 0. So, suppose pu(F') > 0.

Since p(F) > 0, we claim that |v(F')| < oo cannot occur. Indeed, if it did,
then that means E U F is o-finite w.r.t v and u(EF U F) = p(E) + u(F). But this
contradicts the maximality of E.

Now we extend the domain of v when we define dv = fdu. If B is measurable,
then we get

(133) v(B)=v(BNE)+v(B\E)= fdu+v(B\E)= fdpu.
BNE BNE
by having set f = oo on B\ E and assuming v(B \ E) = 0 for the case where
uw(B\ E) =v(B\ E) = 0. In the other case, the equality is immediate. Since B
was an arbitrary measurable set, we take f = oo on X \ E and f = 0 and by the
above, this is our desired function. Note that f is obviously extended pu-integrable
by v positive.
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O

Folland 3.16 Suppose that u, v are measures on (X, M) with v < p, and let A = p+ v. If
f=dv/d\, then 0 < f < 1p -a.e. and dv/du = f/(1 — f).

PROOF. We note that since v < p, we must have A < p (since A is the sum of p and v
so u(E) = 0 implies v¥(E) = 0 and so, A(F) = 0). Certainly, we have

d\ _dp  d d
podv_ v

134 —=——4+—=1
(134) dp  du * du du
by considering how
dv
(135) / —dp = MNE) =uE)+v(E)= / 1+ —dp.
E dp

Therefore, because % = f and the chain rule in the text, we can write

d/\

i dv dv d) i
! AR B @A
(136) R P W P by

Therefore, 1 = (1 — f)%.
It suffices to show that the sets Ey := {z : f(x) < 0} and E; := {x : f(x) > 0} are

p-null. For Fy, we have

(137) 0<v(Ey) = [ fdr<0.

Ey

Therefore, v(FEy) = 0. Furthermore, A(Ey) = 0 because f # A a.e. in the above. Because
A Eo) — v(Ey) = u(Ep), we conclude that u(Ep) = 0 as desired.
Now for the set ;. On E;, we have

assuming that both A\ and v are finite to write the equality. In the general case, we use
the fact that for us to even write f = dv/d\, we had to assume \ was o-finite. We could
write By = (J;o, F; N Ey where (o, F; = X in which A\(F;) < co. But then pu(E;) <
Yooy w(Ey N Fy). Now the above argument showed that p(Ey N F;) = 0 for each ¢ and
therefore, u(E;) = 0. So, we conclude that f <1 p-a.e..

Let f = dv/dX\. Then, [, fd\ = v(E) for E € M. Because v < p, v < A, and p < A,

we have % = Z—Z . 3—’;. By hypothesis, Zi f and so, f = —Z . fil—‘;. It suffices to show

d,
du . f,
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We have
(139) u(E) = AE) - v(E)
(140) / ld\ — v(E)

(141) / 1dA — / FdA (f = dv/d)

(142) /Ea -

Therefore, & 2% as desired and d” = % O

Folland 3.17 Let (X, M, u) be a finite measure space, N' a sub-o -algebra of M, and
v=up| N If f e LYu), there exists g € L'(v) (thus ¢ is N -measurable) such that
Jp fdp = [, gdv for all E € N if ¢’ is another such function then g = ¢'v -a.e. (In
probability theory, g is called the conditional expectation of f on N.)

PROOF. Since p is finite, the restriction v is also finite. Define dp = fdu on N and
notice that p < v because if v(E) = 0, then v(E) = u(E) implies that [, fdu = 0 and
hence, p(E) = 0. By Theorem 3.8, there exists a g € L'(v) s.t. p(E) = [, gdv when E € N.
But by definition of p(E), we get [, fdu = [, gdv. Furthermore, Theorem 3.8 asserts that
any g satisfying the condition is unique v-a.e.. 0

Folland 3.18 Prove Proposition 3.13c.

PROOF. A function f is in L'(v) iff its real and negative parts are in L'(v,.) and L'(v;)
which is iff f € L'(|v]) so the first statement is done.

For the second statement, take p = || + |v;| and find an g € L'(u) s.t. dv = gdu.
Then, dv| = |g|dp. If f € L*(v), then Proposition 3.9 (we refer to the generalization which
Folland hints at on p. 93) tells us

[ra]=|] fgdu‘ [ 5ot = [ \slgla = [ 151a

Folland 3.19 If v, are complex measures and A is a positive measure, then v L p iff
lv| L |p|, and v < N iff ] < A

0

PRrROOF. We see that v L p iff there exists F, F' disjoint s.t. EUF = X with E,F being
w, v-null respectively iff the same sets hold but are |u|, |v|-null respectively. The second iff
follows from Proposition 3.13a using Exercise 3.2.

For the second statement, || < A = v < A is immediate. On the other hand, v < A
iff v, < A and v; < A iff |[v] < A by decomposing f into real and imaginary parts where
dv = fdu for p a positive measure. 0J

Folland 3.20 If v is a complex measure on (X, M) and v(X) = |v|(X), then v = |v|.

PROOF. Let f : X — C be measurable with |f| = 1 on X and dv = fd|v|. Then we
have 0 = [v|(X) —v(X) = [(1 — f)d|v|, so f =1 a.e. because Re(1 — f) > 0. This implies
dv =d|v| and so v = |v|. O
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Folland Exercise 3.21 Let v be a complex measure on (X, M). If E € M, define

p(E) =sup{> ] |v(E;)| :n € N,E,..., E, disjoint, E = J] E;},
po(E) =sup {d " |v(E))| : E1, Es, ... disjoint, E = |J° E;},
p3(E) = sup {| [y fdv| : |f| < 1}

Then py = py = pg = |v|. (First show that p; < ps < ps. To see that pug = |v], let

f = dv/d|v| and apply Proposition 3.13. To see that ps < pi, approximate f by simple
functions.)

ProOF. Note that there is a typo in Folland. The definition of u3 should have a v im
place of the pu.
For simplicity, define

(143) T, = {Z v (E;)|:neN,Ey, ..., E, disjoint, E = UE]}
1 1
(144) Ty = {Z v (E;)| : By, B, ... disjoint, E = UEJ}
1 1
(145) ngz{/fdu :|f\§1}.
E

By the definition of pq, 2, and u3, we immediately have puq(E) < po(E) < us(E) for all
E € M and hence, 1 < po < ps. In more detail, we show g1 < po and po < ps.
For p; < o, let B2 be measurable. We get,

(146) DoWEN <D Iv(F)]

by setting F; = E; for 1 < j <n and F; = () when j > n. Taking the supremum over both
sides all possible {E;} disjoint covering E, we get 1 (E) < po(E).

For p15 < pgs, let E be measurable and E = [ J{° E; be a disjoint union. Because |v| < v,
choose an f s.t. fd|v| = dv. Therefore,

Y e = Z\V<Ej>|| (positive)
(149 SN RLE (v = fdlv)
(149) <3 [ v (F = dvdl)

(150) _Is [ av

(151) = /Edz/

(152) < us(E) (Definition of ug3)
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Now we move on to show us = u; which completes the proof since all of inequalities u; <
o < 3 become equalities.
First, we show p3 = |v|. Because v < |v/|, there exists an f equal to d‘ 7~ By Proposition

3.13, |f| = 1. Assuming f € L'(v) (because the case where f ¢ L'(v) gives equality

immediately),
< [ 1sdvi < [ 1dv = 1B,
E E

Taking the supremum over all functions ¢ s.t. |g| < 1 on the LHS, we get u3(E) < |v|(F)
for all E € M. Therefore, us3 < |V|

For other inequality, let f :=

fdv
E

dl E By Proposition 3.13, f =
to 1 and ff = |f|?> = 1. Therefore, for any E measurable,

pI(B) = | [ dv
- / Frdv

dv dv —
= definition of f & f
[ ( )

dv
= —d
/d|u| )
B / dv
g d|V|

< u3(E) (use [f] <1)

d‘ | has absolute value equal

(using |v| positive)

(Proposition 3.9)

Now that pg = |v| is established, we show u3 < uy by approximating f by simple functions.
Choose simple functions ¢, s.t. | [, fdv| — 1 < | [, ¢pdv| and |¢,| < |f|. Then,

1
——< /qbndz/
n E

(154) = /EZanEjdy
(155) = |>_ av(E))

N

(156) <Y layllv(E))|

j=1

(157) = > B

for E € M and where F; C F so that F = U;VZI E;. Taking the supremum over all simple
functions ¢, on the RHS and letting n — oo on the RHS, we get UE fdu’ < i (E). But

(153) fdv
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by definition of f, the LHS is greater than [, fd|v| and hence, greater than |v|(E). Hence,
|V|(E) < pi(E) which means u3(E) < ui(E). Since E was arbitrary, pug < pp as desired.
We now have v < vy < v3 = |v] < 1y so we have equality throughout. O

Folland Exercise 3.22 If f € L' (R"), f # 0, there exist C, R > 0 such that Hf(z) >
Clz|™ for |z| > R. Hence m({z : Hf(z) > a}) > C'/a when « is small, so the estimate in

the maximal theorem is essentially sharp.

PROOF. Because f # 0 a.e. and, there is a nonnull set on which |f(z)| > 0 we can choose
an R > 0 sufficiently large so that

(158) / F@ldy > D >0
B(R,0)

for some D. Now suppose |z| > R. Then,

(159)  Hf(x) :sggm /B Iy (Definition)
(160) > Ri e /B o I (Deﬁnition of i‘i}?)
1oy ~ BT SO )
(162) > e E o [Ty (BOR.0) S B sl )
(163) > ST o (la] > R)
(164) > 2’x|)nm1<B IR (Apply (158) above)
(165) > % (C = m)

We justify the step above labeled (*). At that step, we used the fact that m(B(S,0)) =
S"m(B(1,0)) for S > 0. This is a corollary of Theorem 2.44b. The ball B(1,0) is certainly
measurable in R” (with the Borel-measure). To transform B(1,0) to B(S,0), we use the
linear transformation defined by SI where I is the identity matrix. Then Theorem 2.44b
says that m(B(S,0)) = det(S1)m(B(1,0)) = S"m(B(1,0)) as desired.

We now show the second statement. To get the bound, we will show that the set {z :
Hf(z) > a} has a subset whose measure is bounded below by % We will also determine
C" (which must not depend on « since it is constant).

First, we determine all x for which Hf(z) > & > a and |z| > R. Now, % > o is

Jal™

equivalent to requiring € > |z|". Furthermore,

C
(166) R<|z| < { -
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Therefore, we have

(167) K::{x:R<\:r;]<@}Q{x:}[f(x)>a}.

We now determine m(K). We will use invariance properties of the Lebesgue measures for
the computation. Notice that K = B (@ , O) — B(R,0) is just an anuulus centered at the

origin.

Therefore,
(168) m(K)=m (B (" g, O> — B(R, 0)) (Definition)
(169) =m (B ( \ g, O)) —m(B(R,0)) (Properties of measure)
(170) = g (B(1,0)) — R"m(B(1,0)) (Invariance of L. Measure)
(171) Gl aRan(B(l’ 0) (Simplify)
(172) = %/ (C":=(C — aR™m(B(1,0)) )

If we do not want C” to depend on «, we could have required « to be small enough i.e.
R" < é Then in the above,

(C —aR")m(B(1,0)) _ (C—1)m(B(1,0))

(173) >
a a
and we take C' = (C' — 1)m(B(1,0)).
By monotonicity and (167), we conclude
(174) % <m({x: Hf(z) > a})

as desired.

Folland Exercise 3.23 A useful variant of the Hardy-Littlewood maximal function is

1
H f(x :sup{—/ d :BisaballandxeB}
f(2) (B Blf(y)l y
Show that Hf < H*f <2"Hf.

Proor. The fact that Hf < H*f is obvious because of the fact that the set in the
definition of H f is contained in the set defining H f*. That is, any ball centered at x is

certainly a ball containing z.
Let B 5 z be a ball with radius r, then B C B(2r, z) and hence,

m(B(2r,x)) m(B(2r,x)) 1
7 [ 1y < M [ 110) BB Ju, T

- /B (m)lf(y)\dys H ().
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Folland Exercise 3.24 If f € L] . and f is continuous at z, then z is in the Lebesgue set
of f.

PROOF. Since f is continuous at z, choose a d > 0s.t. |y—z| < ¢ implies |f(y)—f(z)| < e.
Let r > 0 be s.t. r < . Therefore,
| @ty s [
_ y)— flo)|ldy < ————— edy = €
m(B(Tv I)) B(r,x) m(B(r, Jf)) B(r,x)
and since € > 0 was arbitrary, lim, g m fB(T 2) |f(y) — f(z)|dy = 0. This means = €
Ly. O
PROOF. Assume f is continuous at xy. First off, xg € Ly iff lim, o A, f(z0) = f(z0) by
definition. But since A, f(z) is jointly continuous in both variables, we know
f(xo) = m}}g}m f(xn) = I}Llfgo }}_r)% A f(zn) = }g% x}}{gjo A f(zn) = l% Ap(zo)
where we take a sequence of points x,, — x with z,, € Ly since Ly is a set of full measure in
R™. 0
Folland Exercise 3.25 If £ is a Borel set in R”, the density Dg(z) of E at z is defined as
. m(ENB(r,z))
D =1
2 = (B (r.x)

whenever the limit exists. a. Show that Dg(x) = 1 for a.e. x € E and Dg(z) = 0 for a.e.
x € B°.

b. Find examples of F and x such that Dg(z) is a given number « € (0, 1), or such that
Dg(x) does not exist.

PROOF. (a) Let f := xp. Then f is certainly in L, and we can write

m(ENB(r,z)) 1 - )
m(B(r,z))  m(B(r,z)) /B(m) fy)dy = A, f(z).

Therefore, Dg(z) = lim,_o A, f(x). Then we apply Theorem 3.18 to deduce that
lim, 0 A, f(x) = f(x) = xg(z) for a.e. x € R" In particular, this means that
Dg(z) =1ae. x € E and Dg(z) =0 for a.e. z € E“.

(b) Consider the case of n = 2. We let E be the region defined by

(176) E={zcRz=rc? r>0,0<0<a2n)}

(175)

where we identified R? with C to simplify writing in terms of polar coordinates.

In this case, m(E N B(r,0)) = am(B(r,0)) for any o € (0,1). Therefore,
Dg(0) = a because the terms in the limit are always a.

We note that it is not important that « € (0,1). If & = 0, then there is nothing
to show. If a = 1, then one takes E to be the whole space. Issues only arise if
a ¢ 10,1].

Now we give an example where Dg(z) does not exist. The idea is to make the
the values bounce between certain values by making our E very messy. We make
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this rigorous. Define

R |
n=0
To show that the limit does not exist, it suffices to show that there are subsequences
r, and r; of radii of B(ry,0) in which the ratios of the measure are always different.
We do this exactly as follows.
Consider the case where 7} is equal to 2% In the case of k = 1, what we have
is that

— 1 1 = 1 1
m(E N B(r1,0)) = m(E) = ZQTn T 92ntl Z 22n+1 - 52 An
n=0 n=0 n=0
11 _1 4 2
T 21-17 2737 3
More generally, for r;, we get
I 1 <1
m(E N B(rg, 0) ;2% 22%1:52;4_: 7 -

But note that B(ry,0) has measure equal to 2r, = 2% . Therefore,

m(EN B(ry,0) = 2% 2%-1 ]

m(B(ry,0)) g 6-4F1 0 6.22%2 3
Taking the limit as £ — oo, the RHS goes to <

Now consider the subsequence given by r; = 22] —. In this case, what we get is
that

o) o

1 1 1
m(EnB(r]70)>:Z2_n_22n+l 2222714-1
n=j n=j
ad 1 e 1 1 1 1
22022(n+j)+1 252022(%] T2 W 204_"
11141

T2 wWl-1T 2 w364 64
But notice that B(r;,0) has measure 2r; = 5 = Therefore,

m(ENB(rj,0)) gt _ 2

223

m(B(r;,0)) 5 3
Now we take a new sequence {r,,} in which when m is even, it equals the least
that has not shown up in the sequence and when m is odd, it equals the least 7;
that has not shown up in the sequence. For Dg(0) to exist in this case, these two
subsequences should converge to the same limit, but they do not. So, Dg(0) does
not exist.

O

Folland 3.26 If A and p are positive, mutually singular Borel measures on R™ and A + p is
regular, then so are A and p.
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Proor. By mutual singularity, let LU M = X s.t. L is p-null and M is A-null.
Suppose K were a compact set. Then,

(186) 00> A+ pu)(K)=ANEKENL)+u(KNM)=\NK)+ uK).

Since A and p are positive, we must have A\(K), u(K) < oo for the above inequality to hold.
To show outer regularity, we WLOG just show A is outer regular. Outer regularity means

(187) AE) :=inf{\(U) | E C U open}

and this is equivalent to showing that for all € > 0, there exists an open set U containing F
s.t. AMU) < AE) +e.
Given € > 0. By outer regularity of A + u, we there is an open U O E s.t.

(188) A+ m)(U) < (A + p)(E) + e
But then we have

AU)

AU) +uU) = uw(U)
AMUNL)+u(UNM)—puUNM)
= A+ w(U) = puUnM)

<A+ w)(E) —pUNM)+e
=AMNENL)+u(ENM)—pnUNM)+e
=ANENL)+e

=AFE) +e.

Thus, (187) holds and we have that A is regular. As noted, the same argument applies to u
and so they are both regular. 0

Folland 3.28 If FF € NBV, let G(x) = |up| ((—o0, z]). Prove that |up| = pr, by showing
that G = T via the following steps.

a. From the definition of Tr, Tpr < G

b. |pr(E)| < pr.(E) when E is an interval, and hence when E is a Borel set.

c. |pr| < pr,, and hence G < Tp. (Use Exercise 21.)

Proor. We follow the steps.
(a) We have,

(189) Tr(x) = sup {Z |F(z;) — F(zj1)|: —o0o<xp < -+ < xp = ZE}

and
(190) S P () = Frjon)l = Y lunr((@j-1, 2|
(191) < |pp|((—o0, z])
(192) = G(x).

Taking the supremum over all possible partitions gives us the result
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(b) If E is an interval (a, b], then the result is immediate by Lemma 3.26 (and in class,
Lemma 3.26 was shown to imply that |F(b) — F(a)| < Tr(b) — Tr(a) for a < b).
Next, we generalize to the Borel g-algebra. The collection of half open intervals
forms an algebra by Proposition 1.15. The o-algebra generated by the half open
intervals is the Borel o-algebra. By the Monotone Class Lemma, the monotone class
generated by the half open intervals coincide with the Borel o-algebra. So, we just
show that the result holds true for countable unions of increasing half-open intervals
and countable intersections of decreasing half-open intervals. Suppose (a, b;] were
an increasing union of half-open intervals s.t. b; — b then £ := (72, (a, b;] gives

(193) lur(E)| = Jim, r((a, bs]] < Jim. piry ((a; b5]) = pr (E)
as desired. Similarly, if (a;,b;] is a decreasing sequence of half-open intervals and
E =2, (a;, b;] then continuity from below (as (a1,b1] is finite)

(194) (B = lim (a5, )] < T g ((0,b5) = ey (B),
Thus, the result is true for the monotone class generated by the half-open intervals.
Therefore, it is true for the Borel o-algebra by the Monotone Class Lemma.

(c) By Exercise 3.21, we deduce that |ur| = (ur); as defined in the exercise. Given an
Borel measurable E. By the definition of (ur); and part (b) we get

(195) \r|(E) = sup {Z \up(E;)| :n €N, Ey, ..., E, disjoint, E = UEj}
1 1

(196) < sup {Z pr.(E;) :n €N, By, ..., B, disjoint, E = UEj}
1 1

(197) < pirp (E).

Since F was arbitrary, we are done with the first part.
To see that G < Tk, we use the preceding parts. We have

G(a) = sl (—00,2]) © oy (—00,2]) = T(x) — T(—o00) “™ 2 Ty (a).

O

Folland Exercise 3.29 If FF € NBV is real-valued, then pu}f = pup and p, = puy where P
and N are the positive and negative variations of F. (Use Exercise 28.)

PROOF. It suffices to show uj = up since that implies pun = |ur| — pp. We have

1 1 _ _ 1
pp = 5 (e + o) = 5w+ i + g — i) = 5(2005) = pi
as desired.
O
Folland Exercise 3.30 Construct an increasing function on R whose set of discontinuities
is Q.
PROOF. ® Take F(z) := 377 | 55 X[ge,00) Where {gi} is an enumeration of Q. [Incomplete]

O

3The following proof is motivated form the post here.


https://math.stackexchange.com/a/3008948
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Folland 3.31 Let F(z) = z%sin(z7!) and G(z) = z%sin(z72) for z # 0, and F(0) =
G(0) = 0.

a. F and G are differentiable everywhere (including z =0 ).

b. F € BV([-1,1]), but G ¢ BV ([-1,1])

PROOF. (a) WLOG, it suffices to check differentiability at the point = 0. The
two functions given are clearly differentiable elsewhere (by undergraduate analysis).
We claim F'(x) is differentiable at © = 0. We have, where z = 0,

|[Fle+h) = F(z)| _ |F(h)| _ |h*sin ()]

1
(198) = = = |hsin (—> ’ .
I ] g h
Taking the limit as h — 0, we get
. (1 . 1), .
(199) }ILILI(I) hsin (E) = }}Lngo 5 |sin(h)| = 0.
where the last equality follows because |sin(h)| is bounded.
Similarly, we know
. |G +h)-G)] .. |GR)] (1
200 T L T AV
N R
(201) = hh_}rgo 'E sin(h*)| =0

where the last equality follows because | sin(h?)| is bounded.
(b) To see that F'(x) is of bounded variation, use part (a) to differentiate F’(x) =
2z sin (%) — co8 (%) Therefore,

1 1
|F'(x)\§]2x]|sin<—)|+|cos(—)|§2~1'1+1:3
T T

and |F'(x)] < 3 on [—1,1]. By the result on p. 102, F’ is bounded on [—1, 1] and
a.e. differentiable means F' € BV ([—1,1]) and we are done.
To see G ¢ BV ([—1,1]), we show that T (1) = oco.
1

Define z,, := —= . Then we get a sequence 1 > xy > x5 > x3 > -+ > 0. Also,
bl n
1 1 4dn
202 G(x,) — G(r,_1)| = — = |- .
(202) G (@) (@)l Zt+mn %—l-ﬂ(n—l)’ ‘ 7T(2n—|—1)(2n—1)‘
But since 22:1 |G(x,) — G(zp-1)| < T(b), we have that
i i 4dn
2 li — )| = —
(203) kir?o; G {@n) = Glen-)l nzl 7(2n + 1)(2n — 1)‘
. dn 1 1
204 = - =
(204) ;7‘(‘(4712—1) an:;4n—l
(205) < Tg(1)

where the series on the LHS of the inequality diverges. Hence, T¢(1) = oo and
G ¢ BV([-1,1]).
O
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Folland Exercise 3.32 If Fy,F,,...,FF € NBV and F; — F pointwise, then TF <
liminf T,

PROOF. * Let # € R. Take a partition —oo < o1 < 23 < -+ < &, =: . Then, observing
the definition of T,

Z|F z,) — F(x,1)| = hmZ|F Ty) — Fji(z,-1)] <11m1nfTF

and taking the supremum over all partltlons gives the desired result. U
Folland Exercise 3.33

PrROOF. By Theorem 3.23, we know F' = G’ a.e. when G = F(x+) so fab F'(t)dt =
f; G(t)dt. Then, since G is increasing,

/ G(t)dt < / —mdm < pe((a,b)) < G(b—) — Gla) < F(b) — F(a).

Folland 3.35 If F' and G are absolutely continuous on [a, b, then so is FG, and
b
/ (FG' + GF') ()dz = F()G () — F(a)G(a)

PRrROOF. First, F' and G are continuous because absolute continuity implies continuity.
Because they are continuous on a compact set [a, b], the are bounded. Let L be the maximum
of the bounds on F' and G.

Given € > 0. Choose a 6 > 0 and n > 0 for the definition of absolute continuity of F' and

G with 555 ie. if {(a;,b;)} is finite set of disjoint intervals in [a, b], then

N

(206) Y bj—ay) < = D |F(b)— Fla;)] <

1

€
2L +1

and similarly for n with G. Now we take £ := min{d,n}. Then if Ziv(b —a;) < &, we get

Z |F'(b; F(a;)G(b;)| < Z |E'(b;)G(bs) = bj) + Z |F(a;)G(b;) = F(a;)G(ay)]

N

b)IIF(b;) = Flag)l + Y 1F(a)l|G(b;) — Glay)|

1

|F(b;) — Fla;)| + LY |G(b;) — G(ay)]

IN

N
1
N
LY.
1
€ + € <
€
2L+1 2L +1
4T am unsure if the following proof works. Apply Fatou’s Lemma,

T T 1 1
Tr(x) = pry ((—00, z]) :/ dpr, :/ dTr 7/ lim dTp, < lim 1nf/ dTr, = liminf Tr, (z).

o0 J—r00 j—o0

<

h
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and so, F'G is absolutely continuous on [a, b].

We note that if F' and G are differentiable a.e., then the product F'G is also differen-
tiable a.e.. since the points of nondifferetiability are precisely where either F' or G is not
differentiable. Also, because F', G’ € L', we deduce that (FG)' is also in L'. Also,

(207) / (FG' + GF')(x)dx / (FGY(x)dz = F(O)G(b) — F(a)G(a)

where we use the product rule for the first equality and the criterion of Theorem 3.35¢c. [

Folland 3.36 Let G be a continuous increasing function on [a, b] and let G(a) = ¢, G(b) = d.
a. If E C [c,d] is a Borel set, then m(E) = pug (G7(E)) . (First consider the case where
E is an interval.)

b. If f is a Borel measurable and integrable function on [c,d], then fcd fly)dy =
f;f(G(x))dG(x). In particular, fcdf(y)dy = f;f(G(x))G’(x)d:c if G is absolutely continu-
ous.

c. The validity of (b) may fail if G is merely right continuous rather than continuous.

PROOF. (a) As per the hint, consider the case F := (¢, d') C [¢,d] and G~}(F) =
(a', V') (since G is continuous and increasing, there is such an interval (a’,b’) and it
is contained in [a, b]). Then m(E) = d' — ¢ and

pe(GH(E)) = pa((d', b)) = G) = G(a) =d — ¢
which is what we wanted. Consider the case of a general open subset E C [c, d]. We
can write E as a countable disjoint union of open intervals in [c, d] i.e. £ =J}Z, I;.

Then,
(208) m(E) =m (U Ij) =2 m(l;) = ZuG‘(Gil([j))
(209) = Ha (G Gl(@')) = Ha <G1 (G Ij))
(210) = ua(G7YE))

which is exactly we we desired. Then for the general case of a Borel set, we argue
as follows. The Borel o-algebra is generated by open subsets and hence, every Borel
set can be written as the union of open and closed sets. If we write a Borel set
as the countable union of open and closed sets, we can write it as a disjoint union
as per techniques in Chapter 1. Then, we can write it as a countable union of
open intervals and complements of open intervals. Then by countable additivity of
measures and the fact that inverse images commutes with complements and unions,
we get m(E) = pug(G~Y(E)) for general Borel sets.

(b) The result for the case of characteristic functions over Borel sets is immediate from
(a). Indeed, if E C [¢, d] were Borel, then

d b b
/ xedy =m(E) = ug(G™(E)) = / Xa-vmdpc = / Xp o G(z)dG(z).

Now if we were to consider a simple function f (whose characteristic functions
are over Borel sets), then the linearity of the integral gives the result for simple
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functions immediately. Now that we know the result for simple functions, suppose
we are given a general f that is Borel measurable and and integrable on [c,d]. By
Theorem 2.10b, choose a sequence of simple functions ¢, s.t. |¢,| increases to |f]
on [c,d]. Since we know the result for simple functions, we have

/Cd On(y)dy = /ab ¢ (G(z))dG(x).

and taking limits, we get

d b
/ f(y)dy = / F(G(2))dG (@),

We must justify interchanging the integral with the limit at x. We know |¢,,| < f for
all n € N. But f is integrable on [c, d] and we just apply the DCT to get interchange
of the limit and integral.

Now for the statement about absolutely continuous G, we just need to check
that dG(x) = G'(z)dz on [a,b]. Note that dG(z) = dug and Theorem 3.35 gives us
what we need. We always have

ue((a,b)) = G(b) — Gla) = / G/ ().

The extension to general Borel sets on R follows by Theorem 1.16 and the above.

For a counterexample in the case of only right continuity, we take ¢ = 0,d = 1 so
that [c,d] = [0, 1]. Define

1 >

Gla) = {0 T <
and take [a,b] = [0,1] = G™*([c, d]). Also, G(z) is right continuous. Define

f(x):{l r=0

N0 |

0 otherwise
and f(z) is certainly Borel measurable and integrable on [0, 1]. Notice that

1 z<

jocr = {1 7

DO |00 |

Next,

/0 fl)dy =0

because f(y) is a.e. zero. Meanwhile,

1

/0 F(G(2))dG(z) = /0 " 1dG () (f(G(2)) zero on (1/2,1))

o(t)-am

=1 (Def of G)
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Folland 3.37 Suppose F': R — C. There is a constant M such that |F(z)—F(y)| < M|z—y|
for all z,y € R (that is, F is Lipschitz continuous) iff F' is absolutely continuous and |F'| < M
a.e.

NPROOF. (= ) Given € > 0. .A-ssume Zjvzl bj —a;| < 7. Let 6 := 355, Then if
> j=1 1bj — aj| < 3757 for some partition ¥ < 22 < -+ < @y, we have
N N N Me
(221) D IF(b) = Flap)| <Y Mbj—a;| = MY [b; — a5 < T
=1 j=1 j=1

which shows absolute continuity. To see that F'(x) < M a.e., we note that F”'(x) exists for
a.e. € [n,n+ 1] where n € Z (since it is absolutely continuous on each [n,n + 1], just use
Theorem 3.35). Therefore, F'(x) exists a.e. on R. Suppose the derivative exists at xy and
consider g € [a,b] for a,b chosen s.t zy € (a,b). Then F'(z) exists since F' is of bounded
variation on [a,b]. Then |F(xzo+ h) — F(xo)| < M|z + h — x| for h sufficiently small s.t.
xo + h € [a,b]. Therefore,

|F(zo+ h) — F(xo)]
]
Taking the limit as h — 0 gives us |F'(zo)| < M as desired.

( <= ) By Theorem 3.35, absolute continuity gives F(y) — F(z) = [’ F'(t)dt a.e. and
F'(t) € L'. But then,

(222) < M.

(223) |F(y) = Fa)| =

Y y y
/ F’(t)dt‘ g/ |F’(t)|dt§/ Mdt = |y — z|M

where we assumed y > x. But y and x were arbitrary so we have our desired conclusion. [

Folland Exercise 3.39 If {F}} is a sequence of nonnegative increasing functions on [a, b]
such that F'(x) = Y 7° Fj(x) < oo for all z € [a,b], then F'(z) = > Fj(x) for a.e. € [a,]].
(It suffices to assume F; € NBV. Consider the measures pip;.

PROOF. Since we are working on [a,b], the F; may be assumed to be NBV by the
following reductions. First, F; is bounded and increasing on [a,b] (provided we redefine at
endpoints as needed) and this means F' € BV by Example 3.25a. Since F' is in BV, the
Tr(—o00) = 0. To get right continuity, redefine F' as F'(z+).

Now, F(z) = [*__ F'(t)dt and then,

Fa) =3 B@ =Y [ #wi= [ S Foaw

and by Corollary 3.33, we dedude that  1° Fj(t) = I'(z) a.e. x € [a,b].

Folland 3.42 A function F : (a,b) — R(—00 < a < b < o0) is called convex if
F(As+ (1 = AN)t) < AF(s) + (1 = N F(t)

for all s,t € (a,b) and A € (0,1). (Geometrically, this says that the graph of F' over the
interval from s to ¢ lies underneath the line segment joining (s, F'(s)) to (¢, F'(t)).)
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a. I is convex iff for all s,t,5',t' € (a,b) such that s < §' <t and s <t <t
Ft) - F(s) o F(t) — F(5)

t—s - t— s

b. F' is convex iff F' is absolutely continuous on every compact subinterval of (a,b) and
F’ is increasing (on the set where it is defined).

c. If F'is convex and ty € (a,b), there exists 5 € R such that F(t) — F (to) > B (t — to)
for all t € (a,b)

d. (Jensen’s Inequality) If (X, M, p) is a measure space with u(X) =1, g : X — (a,b)
is in L'(u), and F is convex on (a,b), then

P foi) < [ Poo

(Let to = [ gdp and t = g(z) in (c), and integrate.)

PROOF. (a) (= ): We do a two step process by showing the following chain of
inequalities

~

F(t)— F(s) @ F(t') — F(s) (Z) F(t') — F(s)
t—s t'—s - -5
where we need to use s <t <t at (i) and s < s’ < t" at (ii).
We justify (i). First, s < ¢ < t' implies 0 < tt,’_ss < 1. If we take A = tt,’_ss, we get
that ¢ = At’ 4+ (1 — A\)s and by convexity,

(225) F(t) S AF() + (1 — N F(s).

(224)

IN

Subtracting both sides by F(s) and multiplying through by = gives
F(t)~ F(s) _ F) = F(s)
t—s - tv—s
We justify (ii), notice that because s < s’ < t/, we get 0 < t' —s' < ' —s and this

implies 0 < i,’_ss/ < 1. Take A = f;,’_‘i and notice that we can write s’ = As+(1—At).
Using convexity, we get

(227) F(s') < (1= NF(t)) + \F(s)

(226)

and we can rewrite the above as
(228) AF(#) — F(s)) < F(t') - F(s)).
Writing out A and multiplying through by ¢ — s and dividing by s’ — s,
Ft) - F(s) _ F(t) - F(s)
t—s - t—s
Now all that is left is to deal with the cases where s = ', t = ¢/, and when s = &

and t =t'.
If s = ¢, then (224) gives
(230) F(t) = F(s) _ F(t) = F(s) _ F(t) = F(s)

t—s - t'—s t— s

(229)




(231)
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Similarly, if t = ¢/, (224) gives,
Ft) - F(s)  F(t) - F(s') _ F(t) — F(s)

t—s - t—s t—s
If both s = s’ and t = t’ occur, then there is nothing to even show.
(<= ): Given A € (0,1) and s,t. WLOG, assume s < t. Set 6 := As+ (1 — \)t.
Then s < 0 <t and we can use the given inequality to get

F() - F(s) _ F(0) - F(s)  F(t) — F(s)

1-XN(t—s)  0—s - t—s
Then, we can rewrite the above as
() — F(s)
— L < F(t) - F(s).
A <P = F()

But the above inequality can used to get the following chain of equivalences (the
first step is just obtained by multiplying the above by (1 — \)):

F(0) < (F(t) = F(s))(1 = A) + F(s)
< FO) <A =NF(t)— F(s)+ F(s)A+ F(s)
< F0) < (1=MNF(t)+ F(s)A
< F(As+ (1 = M\)t) < AF(s) + (1 = N F(¢).

But this last inequality is precisely the definition of convexity and we are done.

(b) (= ): Assume F(z) is convex. Let [c,d] be a compact subinterval of (a,b). Then

(238)

(239)

(240)

the above condition allows us to find a [ s.t. %ﬁﬂ(s) < Bforallt, s € |cdie we
take the supremum over all possible quotients on the RHS of the inequality in (a)
with ¢/, s" € [¢,d]. Given € > 0, take 0 := mrr- Then, if (a;,b;) is a partition of the
compact subinterval, then

ij—aj<5 — Z|F(b])—F(CL])|SZ(()]—CL])6<5B<€
j=1 j=1 j=1

To see that F” is increasing where it is defined, suppose ¢ < t' and these are
points where F” is defined. We choose s s.t. s <t <t and s’ =t — (t — s) which
implies s < ¢ < ' (and we choose s sufficiently close to s’ so that s € [¢,d]). Then
(a) gives

F(t) - F(s) _ F{) = F(5)
t—s - v —s

Letting s — ¢, we get ' — t' and by the above inequality, F'(t) < F'(t') as
desired.

(<= ): Let 0 := As + (1 — A\)t and WLOG, assume s > t. Define G(z) :=
Az 4+ (1 — A\)t. We want to use Exercise 3.36 to show convexity directly from the

definition and use G(z) to do this. Conveniently, note that G'(xz) = A. Because F
is absolutely continuous, Theorem 3.35 gives

G(s)
F(G(s)) — F(G(#)) = / F/(2)dx.

G(t)




(241)

(242)

(243)

(244)

(245)
(246)
(247)

(248)

(249)

(250)

(d)
(251)

(252)
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Then by Exercise 3.36,

/G(S) F'(2)dz = /t FI(G(2)) - Mz = A/S F'(G(2))d= < A/S F(2)dz

G(t) t t
— M(F(s) — F(£)) = AF(s) — AF(#)

where to get the second to last inequality, we used the fact that G(z) < z for
€ (t,s) and F'(z) is increasing,.
Also by Exercise 3.36,

G(s)
/ F'(2)dz = F(G(s)) — F(G(t)).

G(t)
Putting together the last two inequalities / equalities,
F(G(s)) — F(G(t)) < AF(s) — AF(t).
Notice that F'(G(s)) = F(As+ (1 — A\)t) and F(G(t)) = F(t). Then the above
can be rewritten and we have a chain of equivalent inequalities:
FAs+ (1 = AN)t) — F(t) < AF(t) — AF(s)
F(As+ (1= M\t) < F(t) + AF(s) — AF(t)
FAs+ (1= Mt) < AF(s)+ (1 = N F(t)

which is what we wanted for convexity.
Given ty. Now if t were s.t. a <t < ty, we get

F(t) = F(to)
B < ro—

where we take ¢ to be t' in (a) and ¢y to be s" in (a) and 8 to be the supremum over
all possible quotients on the LHS of the inequality in (a). Now suppose u were s.t.
t <ty < u <b. Then by the inequality we showed in part (a), we get

(t) = F(to) _ F(u) — F(to)

F
B < < .
- t— to - u — to

Therefore, for any ¢ € (a,b), we have
5 FO - Flt)
t— 1y

as desired.
We follow the hint and set to = [ gdp and t = g(z). The (c) says that

F(t) > F(to) + B(t — to).

Integrate over X in terms of x to get

/XF(t)z/XF(tOH/XB(t—tO).

It is important to keep in mind what is constant in this situation. Then ¢y is
constant w.r.t « while t = g(z) means it is being integrated and we cannot treat it
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as a constant. Therefore,

(253) /X Ft) > /X Flto)dy + /X Bt — /X Bty
(254) :/ F(to)du—ir/ ﬁg(x)dx—/XBto
(255) — Flty) + /ﬁg dx—/ﬂ(/gdu)d

(256) F(to) / Bg(x)dz — B / gdp

(257) — Flto) = F ( /X g(:v)) da

where we used u(X) =1 as needed. This gives us the desired inequality.

4. Point Set Topology

Folland Exercise 4.1 If card(X) > 2, there is a topology on X that is Ty but not 77.

PROOF. Choose z € X. Then define a topology whose open sets are (), X, X \ {z} and
this is Ty by choosing y # = and observing the axiom. 0

Folland Exercise 4.2 If X is an infinite set, the cofinite topology on X is 7T} but not 75,
and is first countable iff X is countable.

PROOF. O

Folland Exercise 4.3 Every metric space is normal. (If A, B are closed sets in the metric
space (X, p), consider the sets of points x where p(z, A) < p(z, B) or p(z, A) > p(z, B).)

PROOF. O

Folland Exercise 4.4 Let X = R, and let T be the family of all subsets of R of the form
UU(VNQ) where U,V are open in the usual sense. Then 7T is a topology that is Hausdorff
but not regular. (In view of Exercise 3, this shows that a topology stronger than a normal
topology need not be normal or even regular.)

PROOF. O
Folland Exercise 4.5 Every separable metric space is second countable.

PROOF. First off, choose a countable dense subset {x,}. Then, take an open neighbor-
hood U, > x, for each n and the collection consisting of all finite intersections of the U,
forms a countable basis. O

Folland Exercise 4.6 Let £ = {(a,b] : —00 < a < b < o0}
a. &£ is a base for a topology 7 on R in which the members of £ are both open and closed.
b. T is first countable but not second countable. (If z € R, every neighborhood base at
x contains a set whose supremum is x.)
c. Q is dense in R with respect to 7. (Thus the converse of Proposition 4.5 is false.)
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PrROOF. (a) Apply Proposition 4.3 to simplify showing £ is a base for a topology.
First, if x € R, then x liesin (x—1,x+1] € £. For the second condition, suppose
(a1, b1], (az,be] € € and x € (ay, b1] N (ag, ba]. But (a1, by] N (az, be] = (¢, d] for some
¢,d because half-open intervals form an algebra. Now choosing ¢ > 0 sufficiently
small, x € (¢ —€,d] and (¢ — ¢,d] C (a1, b1] N (ag, bs] as desired.
Certainly elements of £ are open. Notice that (a, b]® = (—o0, a] U (b, 00). Notice
(b,00) = U2, (b,n] and (—o0,a] = U,—,(—n,a] so these are open sets. Hence,
(a, b]® is open and therefore, (a,b] is closed.
(b) Let € R. Then the collection

(258) N ={(x — %,x] :n € N}

forms a neighborhood base about z. Indeed, z lies in every element of N, and if
U €T st. zeU, we can always take n sufficiently large so that (z — %, z] C U.

Next, we claim that the space is not second countable. Let B be a base. Then
there is a neighborhood base about each x € R. Given an x and a neighborhood
base N,. Then N, must contain a set U whose maximum is x because the open set
(c,z] € € contains z for ¢ < x and by definition of a base, there is a U € N s.t.
x € U and U C (¢, x]. This occurs for each x € R and hence, the base must contain
uncountably many such sets.

(c) We claim Q = R w.r.t this topology. Suppose r € R\ Q. It suffices by Proposition
4.1. to show that r is an accumulation point of Q. Let U > x be a neighborhood
of z. WLOG, assume U is open by replacing U by U°. Since x € U, there exists a
(a,b] € € st. x € (a,b]. But then QN (U \ {z}) 2 QN ((a,b] \ {x}) # O by the
density of Q in the usual topology.

The converse of Proposition 4.5 is then false because QQ is a countable dense

subset but (R, 7) is not a second countable topological space.
O

Folland Exercise 4.7 If X is a topological space, a point x € X is called a cluster point
of the sequence {x;} if for every neighborhood U of x,z; € U for infinitely many j. If X is
first countable, x is a cluster point of {z;} iff some subsequence of {z;} converges to .

PROOF. ( = ) : If x is a cluster point of {z,}, then just use the first count ability
to pick a countable neighborhood base about x. Per the remarks on p. 116, we can form
a countable neighborhood base {U, },en satisfying Uy D Us D Us D .... Then take the
subsequence {z;, } to be a sequence of points satisfying z;, € U,.

Let U be a neighborhood of x. Then there is an N € Ns.t. Uy C U and for alln > N,
we have z;, € U, C Uy C U. Hence, {z;,} = =.

( <) : If we have a subsequence which converges to x, then for any neighborhood Uy
of x, there is an z,, € U;. We need to show that U; contains infinitely many elements of
the sequence {z;}. By first countability, there is a countable neighborhood base about x

and so, we can choose a descending chain U; D Us D ... and since z; — x, choose elements
Ty, € U;. But Uy D U, for all ¢ and so, there are infinitely many elements of the sequence
contained in U; as desired. O

Folland Exercise 4.8 If X is an infinite set with the cofinite topology and {z;} is a sequence
of distinct points in X, then z; — x for every x € X.
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PRrooF. This follows essentially from definition. O

Folland Exercise 4.10 A topological space X is called disconnected if there exist nonempty
open sets U,V such that UNV = @ and U UV = X; otherwise X is connected. When we
speak of connected or disconnected subsets of X, we refer to the relative topology on them.
a. X is connected iff @ and X are the only subsets of X that are both open and closed.
b. If {E,},c4 is a collection of connected subsets of X such that (., Fa # @, then
Uaea Ea is connected.
c. If A C X is connected, then A is connected.
d. Every point x € X is contained in a unique maximal connected subset of X, and this
subset is closed. (It is called the connected component of x.)

acA

Proor. a. (= ): Assume X is connected and let U be a set that is both open
and closed but U # () and U # X. Then U U U¢ = X is a union of two nonempty
disjoint open sets which contradicts X connected.

( < ): Assume only () and X are open and closed subsets of X. Suppose
X =U UV for disjoint nonempty open sets U and V. Notice that

Us=X\U=(UUV)\U=(UUuV)nU=VNnU=V

where the last equality follows by U¢ C V. Then U¢ = V is open so U¢ = () or
U¢ = X. Therefore, X is connected.

b. Let € (), c4 £a- Suppose U,V are disjoint open sets s.t. (J,ey Lo = UUV.
WLOG, assume x € U. Then E, C U for all @ € A since if not, there is an « for
which £, NV and E,NU are nonempty disjoint open sets whose union is £, which
is a contradiction. Thus, U = UaE 4 Eo which means Uae 4 Eo 1s connected.

c. Let A C X be connected but assume not and that A = U UV for nonempty disjoint
open sets U, V. Then (ANU)U(ANV) = A where ANU and ANV are nonempty
disjoint open sets in the relative topology contradicting A connected. We need to
check that ANU =@ or ANV = () do not occur. If ANU = @, then V = A which
is not open.

d. Let C' := Jgee F where € := {E C X | E is connected & = € E}. We claim that C'
is the connected component. To see that C' is connected, notice that (.o £ # 0.
Hence, part b shows that C', being the union, is also connected. To see that C' is
maximally connected, suppose C” were a connected set containing . Then C’ € £
and hence, C’" C C. Since ¢’ was arbitrary, C' is a maximal connected set of x.
Finally, C' is closed because part ¢ showed that C' would also be connected which
means C' C C by maximality of C'. Therefore, C C C C C and so, C = C implying
that C' is closed.

O

Folland Exercise 4.11 If Ey, ..., E,, are subsets of a topological space, the closure of UL E;
is U;L Ej.
ProoFr. This is a standard undergraduate topology exercises. 0

Folland Exercise 4.12 If X is a topological space, U is open in X, and A is dense in X,
then U = U N A.

PRrROOF. Essentially from definition. O
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Folland 4.16 Let X be a topological space, Y a Hausdorff space, and f, g continuous maps
from X to Y.

a. {x: f(z) = g(x)} is closed.

b. If f = g on a dense subset of X, then f = g on all of X.

PROOF. (a) Let W be the set given. It suffices to show W€ is open. Let x € W°. By
Y Hausdorff, choose U,V open disjoint sets containing f(x) and g(x) respectively.
Since f, g are continuous, f~'(U) and g~!(V) are open and so f~1(U)Ng (V) is
open. In particular x € f~Y(U) N g (V) C W€ because if y € f~H(U) N g~ 1(V),
then f(y) # g(y) since UNV = (). Since x € W¢ was arbitrary, W¢ is open and the
set is closed.

(b) Suppose f = g on a dense subset D C X. Then, D C {z | f(x) = g(x)} and so,
X=DC{z| f(z) =g(x)} C X implying {z | f(z) = g(x)} = X. But the set was
already closed by (a) which means {z | f(z) = g(x)} = X.

O

Folland Exercise 4.17 If X is a set, F a collection of real-valued functions on X, and T
the weak topology generated by F, then 7T is Hausdorff iff for every z,y € X with x # y
there exists f € F with f(x) # f(y)

PROOF. (= ): Fix 2 # y. Since T is Hausdorff, there are disjoint open sets U > = and
V 5 y. By definition of the topology, U = J,c4 fa ' (Ua) for U, open sets of R and f, € F.
Since x € U, there is an f5'(U) 3 « which is disjoint from V. Therefore, fz(x) # fa(y) for
if fs(x) = f3(y), that means y € fﬁ_l(Ua) which is absurd from U NV = (.

(<= ): Fix an [ as stated in the problem. Since R is Hausdorff, there are U,V disjoint
open sets s.t. f(z) € U and f(y) € V. Then, f~1(U) and f~*(V) are our desired disjoint

open sets containing x and y respectively. Hence, T is Hausdorff. 0

Folland Exercise 4.20 If A is a countable set and X, is a first (resp. second) countable
space for each o € A, then [] ., X, is first (resp. second) countable.

ProoFr. If each X, is first countable, then every point has a countable neighborhood
base. Let x € X := HaeA X,. For each z, € X,, choose a neighborhood base N,. We claim
the collection S of finite intersections (,c; 1. en, Mo (Ua) forms the countable neighborhood
base about z.

First, the collection is countable. For every cardinality |I| € N, the collection Sj;; of sets
of the form (N,¢; ;. cn, Ta ' (Ua) is countable since each A, is a countable collection and A is
a countable set. Then S is just the union of Sj7 over all [I| € N which is a countable union
of countable sets. Hence, S is countable.

Second, S forms a neighborhood base of . If U € S, then z € U since x € 7, '(U,)
for all U, € N,. Suppose V > x were an arbitrary open set of X. By Proposition 4.2,
V= U; ﬂgl(VB) where V3 C Xjp is open. Then x € 7;'(V,) for some v which means
z, € V,. Since N, is a neighborhood base for z., € X, choose U, € N, s.t U, C V,. Then,

rem, 1(U,) € 8 which fulfills the second condition of being a neighborhood base.
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Suppose each X, is second countable and let £, be a countable base for topology on X,,.
Let

€= {r,"(Es) | Ea € Ea,a € A} = | {7, (Ea) | Ea € Ea}.
acA
Since A is countable, the RHS is a countable union of countable sets which means & is
countable. We use Proposition 4.2 to show £ is a base for the topology. From p. 120,
the product topology on X is the weak topology generated by the coordinate maps. By
Proposition 4.2, every nonempty open subset of X is of the form

U:= U 75" (Up)

BeBCA

By Proposition 4.2, for each «, we can write U, := | J E, ~ which means

YEC,Eq ~EEn

U= J U =5 (Es)

BeEBCA~eC,Eg EE3

as desired: the collection £ is a basis for the product topology.

To summarize, open sets of X are unions of sets of the form W[;l(Uﬁ), but each Ujs is
a union of sets of the form Fz ., € £ C £ and since inverse images commute with unions,
open sets of X are unions of sets of the form Wﬁ_l(Egﬁ). Proposition 4.2 shows that £ forms
a basis which we showed was countable. At last, X is second countable. 0

Folland Exercise 4.25 If (X, 7)) is completely regular, then 7 is the weak topology gener-
ated by C(X).

PROOF. First, let S be the weak topology generated by C'(X) and we show & C T.
Note that when we are writing f € C(X), we are really referring to f : (X,7) — C being
continuous w.r.t this topology. By definition, a basis element of S is of the form f~(U) for
some U C C open. But clearly, f~!(U) has to be open w.r.t T and therefore, f~1(U) € T.
Since the base of Sisin 7, S C 7.

Next to show that 7 C &, if suffices, by Proposition 4.2, to show that for all open
U € T, the set U can be written as the union of sets of the form f,'(U,) for U, C C open
and f, € C(X). Assume U is nonempty since that is a trivial case. Certainly U¢ C X is
a closed set. Then for x € U, there is an f, € C(X) (technically f, € C(X,]0,1]), but
0,1] € C) s.t. fu(z) = 1 and f,|ye = 0. Consider the open sets f,;'({0}) ranging over
zeU. Weclaim U =, f, 1({0}¢). First off, f,1({0}¢) C U because U°N f,*({0}*) = 0.
Next, U C U,y fo '({0}€) because for any = € U, we obviously have z € f;1({0}¢). Hence,
U=U,e f;'({0}). Thus, U € S. O

Folland 4.26 Let X and Y be topological spaces.

a. If X is connected (see Exercise 10) and f € C(X,Y), then f(X) is connected.

b. X is called arcwise connected if for all g, z; € X there exists f € C([0,1], X) with
f(0) = x¢ and f(1) = 1. Every arcwise connected space is connected.

c. Let X = {(s,t) € R? : t =sin (s71)}U{(0,0)}, with the relative topology induced from
R% Then X is connected but not arcwise connected.

PROOF. a. We prove the contrapositive. Suppose f(X) were not connected and
f(X) = UUV for disjoint nonempty open sets U and V. Then f~H({U)Uf (V) =X
is a union of disjoint nonempty open sets which means X is not connected.
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b. Let X be arcwise connected. Suppose not and X = U UV for disjoint nonempty
open sets U and V. Choose 2y € U and x; € V alongside and f € C([0, 1], X) s.t.
f(0) =z and f(1) = x;. By part a, f([0,1]) is connected. However, one can write
f£(10,1]) = (f([0,1))nU)U(f([0,1]NV) which is a union of disjoint nonempty open
sets. Contradiction.

c. This is famously known as the topologist’s sine curve.

First, X \ {(0,0)} is connected because we will show X \ {(0,0)} = {(s,t) € R? |
t = sin(s71)} is arcwise connected and apply part a.

Suppose 2y, z1 € X \ {(0,0} are distinct points. WLOG, let 2y = (s0,sin(sy "))
and z; = (s1,sin(s;!)) and assume sy < s;. Define f € C(X \ {(0,0)},[0,1]) by

f(t) = (so(1 —t) + s1t,sin((so(1 — ) + s12)71)).

The fact that f is a continuous function can follow from an e-§ argument. Instead
of an e-0 argument, let us apply Proposition 4.11 where f is viewed as a function
from [0,1] to R?. The projection 7 o f := so(1 — t) + s;¢ is continuous, since it is a
linear function in ¢, and the projection myo f = sin((so(1—¢)+s1¢)™!)) is continuous
since so(1 — t) + st is never equal to zero on [0,1] and sin(x™!)) is continuous for
x € R\ {0}. Therefore, f(¢) is a continuous function. Hence, it is a continuous path
connected zg and z;.

Next, we show (0,0) € acc(X \ {(0,0)}). For every open ball B,((0,0)) where
r > 0, we have B.((0,0)) N (X \ {(0,0)} # 0 since we can choose s € (0, 1] suffi-
ciently small s.t. (s, f(s)) € B.((0,0)). This means (0,0) € acc(X \ {(0,0)} and
X\ {(0,0)} = X. From part ¢ of Folland 4.10, X is also connected.

To show that X is not arcwise connected, consider points (0,0) and (1,sin(1)) of
X. Apathp:[0,1] - X that connects the two points has the property p(0) = (0, 0)
and p(1) = (1,sin(1)) and p continuous. However, p cannot be continuous for the
following reason. At (0,0), consider a ball B.((0,0)) of radius € := %. For p to be
continuous, there must be some 6 > 0s.t. forall z € [0,0), we have p(z) € B.((0,0)).

However, for any 6 > 0, we can consider z := +—+— for n € N large enough s.t.

g+2n7r
x € 1[0,0). Then, p(x) € B.((0,0)). .

Folland Exercise 4.27 If X, is connected for each a@ € A (see Exercise 10), then X =
[I,c4 Xa is connected. (Fix » € X and let Y be the connected component of = in X. Show
that Y includes {y € X : m,(y) = ma(x) for all but finitely many a} and that the latter set
is dense in X. Use Exercises 10 and 18.)

ProOOF. Fix x € X and, from part d of Folland 4.10, Y, a connected component of x in
X and Y is closed. Let Z := {y € X : m(y) = mo(z) for all but finitely many a} . To show
Z CY,let y € Z. By definition of Z, suppose 7., (y) # 7, (z) for 1 <i <n and ~; € A.

We make use of the following fact: if a is in the same connected component as b, denoted
a ~ b, and b ~ ¢, then a ~ c. Indeed, a ~ b means there is a connected set U > a,b and
b ~ ¢ means there is a connected set V' 3 b,c. But UNV 3 band U UV is connected by
Exercise 4.10. But a,c € U UV and a ~ ¢ by definition of a connected component.
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Construct Y7 := X5, X [T5c 4\ 5, {ms(2)}. Exercise 4.18 shows that Y7 is homeomorphic®
to X,, and is also connected. Notice that x € Y; and y; € Y; where y; is defined by
Ty (1) := 7y, (y) and 7, (y1) := ma(x) for all o # ;. Therefore, x is in the same connected
component as y1. Now construct Y := X, x {7, (y1)} X [T5c a\ (5, o) {17s(2)} which is also
connected by Exercise 4.18 and Exercise 4.10. Notice that y; € Y5 and yy € Y5 where 35 is
defined by 7,,(y2) = 7, (y) and 7,(y2) = 7, (y) for all a # . Therefore y; and y, are in the
same connected component. Repeating this method, we can construct points yi,ys,...,Yn
so that y; and y;41 lie in the same connected component and hence, y; and ¥, lie in the same
connected component. Notice that z and y; lie in the same connected component and so, x
and v, are in the same component. These conclusions from follow the fact we proved above.
Finally, notice that inductively, y, is actually just the point y because the coordinates of y
differed from z in only those 7; coordinates for 1 < i < m and the process defined y;1 by
changing the v;1; coordinate of y; to 7, (). Hence,  and y are in the same connected
component. Therefore, y € Y as desired.

Next, we show Z is dense in X: for all w € X, and all open neighborhood U 3 w, we have
UNZ # (. We reduce to showing this for the base of the product topology since U is a union
of elements in the base. By the remarks on p. 120, WLOG we may assume U := [] ., Ua
where only finitely many U, # X,. Since w € U, m,(w) € U, for all &« € A. We define a
z € ZNU which shows ZNU # 0. For the infinitely many U, = X,, set m,(2) = ma(2).
For the finitely many U, # X,, set m(2) = m,(w). In this way, z € Z, since infinitely many
To(2) = mo(x) and z € U, since m,(2) € U, for all a. Therefore, Z is dense in X.

Since Z is dense in X, Z C Y, Y is closed, and Y is connected, we have X = Z C Y C X
and hence, X =Y which means X is connected.

OJ

Folland Exercise 4.30 If A is a directed set, a subset B of A is called cofinal in A if for
each « € A there exists § € B such that § 2 «.

a. If B is cofinal in A and (z,),.4 is a net, the inclusion map B — A makes (xg)
subnet of (z4),c4-

b. If (z4),c 4 is a net in a topological space, then (z,) converges to x iff for every cofinal
B C A there is a cofinal C' C B such that (z,), . converges to .

geB &

PROOF. (a) First, we claim B is a directed set. Clearly, 5 = 8 for all § € B. If
a 2 B and B 2 v are elements of B, clearly o 2 + since it is inherited from A. If
a, € B, then there is a v € A st. v 2 a and 7 2 3. By cofinality, choose a
v € Bs.t. v1 2 v and so, 11 2 «a and vy; 2 [ by transitivity.

Let ¢ : B — A be the inclusion map. We define x5 as x,, where ag = 3 using
the inclusion map. Suppose ay € A is given. By cofinality, we can find a 5y € B
s.t. Bo 2 ap. Now, whenever 3 2 3, we have that ag = 8 2 By 2 ap. This shows
that (z3)sep is a subnet.
(b) (= ): Assume (z,) — z. Let B C A be cofinal in A. Clearly, B is cofinal in
itself: if § € B, just choose (3 so that 5 2 .
We show (zg)sep — x i.e. B is our desired cofinal C. Let U 5 z be an open set.
Then choose ag € A s.t. for all & 2 g, o, € U. By B cofinal in A, choose 3y € B

"We are applying Exercise 4.18 with X,, and viewing the point [gea\ (43 {ms(x)} as an element of the
topological space HﬁeA\{%} Xp.
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s.t. Bo 2 ap. Then, for all ag = 5 2 By, we have 8 2 «ap and hence, 3 € U. This
means (Zg)gep — T.

( < ): Suppose not and U > x open s.t. Vag € A, Ja 2 ap s.t. x4 € U.
Define B :={f € A| z3 ¢ U}. Then B is clearly cofinal by our first assumption: if
a € A, wecan find 8 2 as.t. g € U and hence, § € B. By the hypothesis, there
exists C' C B which is cofinal in B for which (x,)yec — 2. Then there is a 7y € C
s.t. for all vy € C' and vy 2 7, one has z, € U. By cofinality of C' in B, if we view
Yo as an element of B, there exists a v € C s.t. v 2 79. Hence, z, € U. However,
v € C C B means that v € B and hence, ., € U. Contradiction.

O

Folland Exercise 4.32 A topological space X is Hausdorff iff every net in X converges to
at most one point. (If X is not Hausdorff, let = and y be distinct points with no disjoint
neighborhoods, and consider the directed set N, x N, where N, N, are the families of
neighborhoods of x,y.)

Proor.

( = ) Suppose X were Hausdorff. Let (x,)aca be a net. We claim it converges to at
most one point. Suppose it converges to two points, y and z. But that means for every
neighborhood U, of y, (z,) is eventually in U, and the same holds true for U,. By Hausdorff,
we can take U, and U, neighborhoods of y and z that are disjoint. Then there is an oy and
ay s.t. for all @ 2 ag, o, € U, and for all a 2 oy, z, € U,. Since A is a directed set, choose
an ag € A s.t. az 2 o9 and o3 2 . Then z,, € U, and z,, € U,. However, U, N U, = 0.
Contradiction.

( <) Suppose every net converges to at most one point. Let y # z be distinct points in X.
Suppose not and that there are no open sets the satisfy the Hausdorff condition. Then for
all open sets U, V' containing y and z respectively, U N’V # ). Then choose z,y € UNV.
This defines a net (z(y,)) whose directed set is N, x N, and we order by (U',V’) < (U, V)
iffU' DU and V' D V.

We claim this net converges to both y and z. Let N, be a neighborhood of y. Then for
every (U,V) > (Ny, X), we have zvy € UNV C N,NX C N,; that is, (x,vy) is eventually
in N,. Hence, (x@w,)) — y. Let N, be a neighborhood of z. Then for (U,V) > (X, N.), we
have z(yyy € UNV C N, N X C N,; that is, (z(y,v)) is eventually in N,. Hence, zyv) — 2
as well.

Since nets converge to at most one point, y = z. Contradiction. U

Folland Exercise 4.34 If X has the weak topology generated by a family F of functions,
then (x,) converges to x € X iff (f (z,)) converges to f(z) for all f € F. (In particular, if
X =T1l,e; Xi, then x4 — z iff m; (v4) — mi(x) for all i € I.).

PROOF. ( = ): By definition of the weak topology, each f € F is continuous. Propo-
sition 4.19 says that f € F is continuous iff for every net (z,) converging to x, one has
(f(a)) = F(x). S0, (f(ra)) = f(x) for all f € F.

(<= ): Suppose (f(zq)) — f(z) for every f € F. Let U > = be open. By definition of
the base of the weak topology, there is a neighborhood base about x. Then there is an open
set W=, fi (Vi) s.t. V;open, f € F, x € W and W C U. For each i, since f~1(V;) is
a neighborhood containing x, choose an «; s.t. for all « 2 «;, one has z, € fl-_l(Vi). Since
A is a directed set, there is an g s.t. ag 2 «; for 1 < i < n. Then, for all & 2 «ag, one has
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a 2 «a; for all 1 <4 < n and hence, z, € fi_l(V;) for each i. Therefore, z, € W C U and
since U was arbitrary, (z,) — .

Extra: The extra statement regarding the Cartesian product follows by taking the family
F to be the family of projection maps m; : X — Xj. OJ

Folland Exercise 4.35 Let X be a set and A the collection of all finite subsets of X,
directed by inclusion. Let f : X — R be an arbitrary function, and for A € A, let z4 =
> sea f(x) Then the net (z4) converges in R iff {z : f(z) # 0} is a countable set {z,}
and Y07 |f (x,)| < oo, in which case 24 — >.7° f (z,,) . (Cf. Proposition 0.20.°)

neN

PROOF. ( = ): Suppose (z4) — 2z to some z.
First, S := {z : f(x) # 0} is a countable set. Suppose not and that it were uncountable.
By Proposition 0.20, > _¢|f(x)| = co. Then,

T f@)=> 0 fl@) =) _|f(x) =00  where S*:={z: f(z) >0} &S :={x: f(x) < 0}.

eSS+ reS— €S

At least one of the sets on the LHS is uncountable and the corresponding sum diverges. So
WLOG, assume ) o, f(x) = oo where |[S*| > |N|. Consider the open set (z—1,2+1) C R
about z. Convergence means there is an Ay € A s.t. forall A D Ay, z4 € (2 — 1,2+ 1).
Consider ST U Aj and since ST U Ay 2 Ag, we have zg+y4, € (2 — 1,2+ 1). However, since
Ag is a finite subset, Y- g1\ 4, f(2) diverges and

zsrun, =2l = | D @)+ Y fl@) =2 2| Y fl2)| -

z€ST\Ap T€AD z€ST\ A

Then, zg+ua, & (2—1, 2+1) and this is a contradiction. If |[S7| > |N|and =) o f(z) = o0
instead, we could consider zg-4, and have |z — zg-y4,| = 00 and so, zg-ya, € (2 — 1,2+ 1)
which is also a contradiction.

Second, we show > " |f(x,)| < oo for an enumeration {z,} of S. Suppose not and that
YU 1f(zn)| = co. We can once again consider the sets ST and S~ as above and at least
one of > o f(z) or =) o f(x) are infinite. WLOG assume ) ¢, f(z) = oo, and
then consider ST U Ay once more. By the same reasoning, |zg+u4, — 2| = oo which is a
contradictions since this means zg+ya, € (2 — 1,2 4+ 1). Again, if =" < f(x) is infinite,
we would have |z — zg-4,| = 0o which means zg- 4, € (2 — 1,2+ 1).

The final statement z4 — Y 7° f(z,) follows from the fact that Y 7°|f(z,)| < co and
hence, any enumeration of S does not affect the value of the limit > {° f(xy,).

(<= ): Assume S = {x,}nen is countable and Y 7°|f(z,)] < oo. To show that (z4)
converges, we show (z4) — 2z := > f(x,). First,

Let U > z be an open neighborhood of z. Since a base of the topology on R consists of open
intervals, assume z € (z — ¢,z +¢€) C U for an € > 0. Next, since | f(x,)| < oo, choose

2= flx)

x€Ag

>loo—1] =00

< [ f(xa)] < o0 — > fz) €R.

6«Given f : X — [0,00], let A := {x : f(z) > 0}. If A is uncountable, then Yosex f(x) =00 If Ais
countably infinite, then > . f(z) = 37" f(g(n)) where g : N — A is a bijection and the sum on the right
is an ordinary infinite series.
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an N € Ns.t. for all m > N, we have Y | f(z,)| <e. Let Ay := {1, 22,...,2x}. Suppose
A D) Ao. Then,

2= flx)

€A

D fwa) = D f@) = D Sflan)| < DY f@) <D If(an) <e

e ANS zn€S\A zn€S\A N+1
which means ) _, f(z) € (z —¢€,2 +¢€) C U. Therefore, (24) — 2 as desired. O

Folland Exercise 4.38 Suppose that (X, 7)) is a compact Hausdorff space and T is another
topology on X. If 77 is strictly stronger than 7T, then (X, 7") is Hausdorff but not compact.
If 77 is strictly weaker than 7, then (X, 7”) is compact but not Hausdorff.

PrROOF. Let 1x : (X,7) — (X,7’) be the identity map defined by z — z. Let 1’ :
(X,T") — (X, T) be the identity map with topologies switched around.

First Statement: Suppose 7" is strictly stronger than 7 i.e. T C 7'. Then 1 : (X, T") —
(X,T) is a continuous map.

First, T is Hausdorff because if z # y, then we can choose open disjoint sets U,V € T
which contain x, y respectively and then consider 15 (U) and 15 (V) which are our desired
disjoint open sets in the T’ topology containing z and y respectively.

Second, suppose not and that 7’ were compact.

Ezplicit Proof: Suppose U € T'\ T. Set Z := U® which is closed w.r.t 7'. Since (X,7T") is
compact, Proposition 4.22 says Z is also compact. By Proposition 4.26, 1y (Z) is compact in
(X, T). But (X, T) is Hausdorff so 1% (Z) is closed w.r.t. (X,T). Thus, (1%(2))¢ = 15 (U)
is open w.r.t. (X,7). But then 1%(U) = U open in (X,7) means U € T which is a
contradiction.

Theorem Proof: If T' were compact, 1’ is a bijective continuous map from a compact space
to a Hausdorff space. Hence, it is a homeomorphism by Proposition 4.28. A homeomorphism
preserves the topologies so 7 = T which contradicts 7 C 7.

Second Statement: Suppose T’ were strictly weaker than T ie. 7' C 7. Then 1y :
(X,T)— (X,T7) is a continuous map.

First, we show (X, 7") is compact. Let {U,}aca be an open cover of X w.r.t 7'. Then
1%'(U,) is open w.r.t T and by compactness of 7, {15'(Us)}aca has a finite subcover
{134(U,,)}7,. Then that means {U,, }7_, is a finite subcover of {U, }aca because 13 (U,,) =
U,,. This shows compactness.

Second, suppose not and that 7’ were still Hausdorff.

Ezxplicit Proof: Let U € T\ T'. Set Z := U°. Then Z is closed w.r.t. 7 and by Proposition
4.22, it is compact. By Proposition 4.26, 1x(Z) is compact in 7". Since 7" is assumed to be
Hausdorff, then 1x(Z) is closed in 7. Thus, (1x(Z))¢ = 1x(Z¢) = 1x(U) = U is open in
7" and so, U € T'. However, U € T \ T so this is a contradiction.

Theorem Proof: If T’ were Hausdorff, 1y is a bijective continuous map from a compact space
to a Hausdorff space. Hence, it is a homeomorphism by Proposition 4.28. A homeomorphism
preserves the topologies so 7 = 7' which contradicts 7' C T. O

Folland Exercise 4.39 Every sequentially compact space is countably compact.

PROOF. Suppose X were sequentially compact but not countably compact and {Uy }ren
were a countable open cover with no finite subcover. Then the union U; U --- U U, is
never a cover for X when n € N and so, X \ J,_, Uy, # 0. For each n € N, choose an
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xn € X \ (Up_,Ug). This defines a sequence (x,) in X with the property that x, ¢ U; for
1 < n.

By sequential compactness, there is a convergent subsequence say (z,,) — x. Since
{Uk }ren is a covering of X, we know that x € Uy, for some L € N. Then by convergence of
the subsequence, there is an n; s.t. for all ny, > ny, z,, € U,. Set N := max{L,n;}. For all
ng > N, we have z,, € Uy, and z,, ¢ U, by construction which is a contradiction. ]

Folland Exercise 4.40 If X is countably compact, then every sequence in X has a cluster
point. If X is also first countable, then X is sequentially compact.

PrRoOF. We prove the first and second statement separately.

(a) Define E,, := {x,, | m > n}. Let B C N be a finite subset and b := max B. Then,
ﬂne BE_n # () since x;, € ﬂne B E,. Since B was an arbitrary finite subset of N, this
shows that {E,},en has the finite intersection property. We claim (1, oy En # 0.

If not and ),y En = 0, we have a countable open cover |J, .y X \ E, = X
by taking the complement. By countable compactness, there is a finite subcover
U,ep X \ B, = X. But then, (N, p B, = 0 which contradicts the finite intersection
property we established.

Since (,,cy En # 0, choose an z € (), E,. We claim « is a cluster point for
(x,). Let U 3 x be an arbitrary open neighborhood. By choice of x and definition
of E,, we have U N E,, # () for all n € N. Since this occurs, for any n € N, we can
choose an [ > n s.t. z; € U N E, by definition of E,. Hence, z; € U and (z,) is
frequently in U. Because U was arbitrary,  is a cluster point of (z,,).

(b) Suppose X were first countable as well. Given a sequence (z,). By Exercise 4.7,
it has a cluster point x € X and x has a countable neighborhood basis {V},} ey as
well. WLOG, we choose a countable neighborhood basis s.t. V; D V5 D ... and
we construct a convergent subsequence converging to x as follows. Take x,, where
ny > 1 to be a point that lies in V} which exists by definition of a cluster point. Then
take x,,, to be a point that lies in V5 s.t. ny > n; which also exists by definition of
a cluster point. Inductively, we construct a subsequence {z,, } and by construction
this is a subsequence that converges to x: for any neighborhood U > x, choose a
Vn C U and then for all n; > ny, one has Ty, €V; CVy CU.

O

Folland Exercise 4.43 For = € [0,1), let > (" a,()27" (a,(z) =0 or 1) be the base- 2
decimal expansion of z. (If z is a dyadic rational, choose the expansion such that a,(x) =0
for n large.) Then the sequence (a,) in {0, 1}V has no pointwise convergent subsequence.
(Hence {0, 1}%V with the product topology arising from the discrete topology on {0,1} , is
not sequentially compact. It is, however, compact, as we shall show in §4.6.)

PROOF. A pointwise convergence subsequence of (a,) is a subsequence (a,,) s.t. for
every z € [0,1), (an, (z)) — (a(z)) for some a(x). However, for any subsequence (a,, ), one
can construct a point z € [0,1) of the form 7 a,(x)2™" where a,, (x) = 1 for k even,
an, () = 0 for k odd, and for all other values of n not included among the ny’s, set them
equal to zero. Notice that our point is not a dyadic rational because for any m € N, there
is an ny > m where k is even and so, a,, () # 0. In which case, the subsequence (a,, (z))
does not converge to an a(x) at .
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In particular, (a,, (x)) does not converge because it would need to converge to one point
by Exercise 4.32, and for any small enough interval about the limit a(x), the sequence is

not eventually in the interval since we can always find a large enough ny, s.t. a,, (z) =0 or
ap, () = 1. O

Folland Exercise 4.47 Prove Proposition 4.36. Also, show that if X is Hausdorff but
not locally compact, Proposition 4.36 remains valid except that X* is not Hausdorff.

PrROOF. (X*,T) is a topological space:

(1) First, O € T because ) is an open subset of X. Also, X* € T because co € X* and
(X*)¢ =0 is a compact subset of X.

(2) Suppose {Ua}taca € T is some arbitrary collection. Then, J,.,Us € T because
we can handle the two cases that occur. If oo &€ U, for all o € A, then U, C X is
open and (J, .4 Ua is open in X. If oo € Up for some (3, then Ui C X is compact.
Then, (,c4 US is compact because it is an intersection closed sets depending and
so it is closed in Uj which means it is a closed subset of a compact set which means
it is compact.

(3) Let U; € T and consider (., U;. If oo ¢ U; for all i, then (), U; is already open
in X. If oo € (N, U;, then J;_, Uf is a finite union of compact sets which is again
compact. Hence, (;_, U; is open.

X* is compact: Suppose {U;};c; were a covering of X*. Then each Uj is either open in X
or oo € U; with U compact. Since the U; cover X*, we have oo € U; for some j. Hence,
U5 is compact and {U;}iep g5y covers Us. Hence, there is a finite subcover {Us, }i_, of U¥.
Therefore, {U;, }3_; U {U;} forms a finite subcover for X*.

X* is Hausdorff: The verification is obvious if we choose z,y € X distinct points since
X is Hausdorff. So, consider x € X and oo and we show that they can be separated by
open sets. Since X is locally compact, there is a compact set K s.t. z € K C X. By
Proposition 4.31, there exists a precompact open V st. K C V Cc V C X. Thenz € V
and oo € X*\ V =: U. Certainly, U is open because co € U and X*\ U =V is compact
in X. However, VNU =V N (X*\V) = () which shows that U,V are the disjoint open
neighborhoods of x and co we desired.

1: X — X" is an embedding: First, i : X — X* is injective because it is just the identity
map on X and X C X*. Next, i : X — i(X) is a homeomorphism because if i(X) has
the relative topology as a subset of X*, then a subset U C (X)) is open iff U is open in X
because co € U. Indeed, i and i~! are naturally continuous because i(U) is open when U is
open and i~ (V) is open when V is open. The identity map is clearly a bijection between X
and i(X).

The iff statement in the proposition:

(= ): If we continuously extend f, then f(oco) = ¢ for some ¢. Now consider (f — ¢)
which is also continuous’. For all € > 0, |f —¢|7([0, €)) needs to be open since |f — c| is also
continuous. Notice that oo € |f — ¢|7'([0,¢)) and hence, the complement |f — ¢|7!([e, 00))
needs to be compact. But that precisely means that f —c € Co(X). Hence, f = (f —¢) + ¢
with f — ¢ € Cy(X) and we are done.

(<= ): If f =g+ cwhere g e Cy(X) and f(co0) = ¢, we must show that f is continuous
on X*. WLOG, we may assume ¢ = 0 because if we show continuity of f —c = g on X*, then

"See following footnote.
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adding by a constant does not affect continuity®. By considering real and imaginary parts,
assume f is a real-valued’. We show f~!((a, b)) is open for any open interval (a,b) C R since
open intervals form a base for the topology on R. There are two cases to consider.

If 0 & (a,b), then f~1((a,b)) C X. Since f = g and g € Cy(X), we know f is continuous
on X and therefore, f~!((a,b)) is open in X.

If 0 € (a,b), then oo € f~!((a,b)) C X* which is open if we can show f~1((—o0, a|U[b, >0))
is compact. We have

(259) FH((=00,a] U b, 00)) = fH((—00,a]) U f([b, 00)).

Since 0 & (—o0, a] and so 0o & f~((—o00,a]) € X, we know f~'((—o0,a]) is a closed subset
of X and a < 0. Similarly, 0 & [b,00) and so oo & f~!([b, 00) which means f~!([b,00)) is a
closed subset of X and b > 0. Because f =g € Cy(X),

117 ([lal, 00)) & |fI7([|b], o)) are compact in X.

But f~((—o0,a]) C |f|7([|al,0)) and f~1([b,00)) C |f|71([|b], 00) are now closed subsets
of compact sets and are therefore compact. Since (259) shows f~'((—oc,a] U [b,00)) is a
union of compact sets, it is also compact. This was what we wanted.

Proposition 4.36 mostly true if X* not locally compact: We just verify that our proof
did not rely on X* being locally compact. In showing that X* is compact, notice we did
not use that hypothesis. Similarly for showing that ¢ : X — X* is an embedding. For the
iff statement, we did not use the hypothesis in proving ( = ) nor did we use it in proving
( <= ). The only part of the proof where we used the locally compact hypothesis was in
showing X* is Hausdorff.

X* is not Hausdorff if X* not locally compact: Towards a contradiction, assume X
is Hausdorff and not locally compact. Then there is a point x € X that has no compact
neighborhood and one can find disjoint open neighborhoods U,V of x € X and oo € X*
respectively. Since oo € V| we know X*\ V' is compact in X and contains U > z. Therefore,
V¢ is a compact neighborhood of z. Contradiction. OJ

Folland Exercise 4.55 Every open set in a second countable LCH space is o -compact.

PROOF. Let U be an open set and assume it is nonempty. Let B be a countable basis. Let
x € U and by Proposition 4.30, there exists a compact neighborhood N, s.t. x € N, C U.
By Proposition 4.31, there exists a precompact open set V, s.t. N, C V, C V. Since the
basis is countable, V. := |J,,cyy Bn,» for B, € B. Furthermore, B, , C V, are closed subsets
of V, which is a compact set and therefore, m is compact. Since our point x was arbitrary,
we can repeat this process to write

U .= U U B, 4.

x€U neN,By €8

Since B, , € B and B is countable, the union above is a countable union. Therefore, U is a
countable union of compact sets. Hence, U is o-compact. 0

Folland Exercise 4.56 Define ® : [0,00] — [0,1] by ®(¢) = t/(t + 1) for t € [0,00) and
P(o0) =1

8Constant functions from one topological space to another are always continuous.
9Recall f (z,y) is continuous iff ;0 f is continuous for ¢ = 1, 2 projection maps on first and second coordinates.
This is a consequence of Proposition 4.11.
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a. @ is strictly increasing and ®(t + s) < ®(t) + P(s).

b. If (Y, p) is a metric space, then ® o p is a bounded metric on Y that defines the same
topology as p.

c. If X is a topological space, the function p(f, g) = @ (sup,cx | f(z) — g(x)|) is a metric
on CX whose associated topology is the topology of uniform convergence.

d. If X is a 0 -compact LCH space and {U,}{" is as in Proposition 4.39, the function

p(f9) =) 27" (Su_p |f(x) — g(:ﬁ)\)

IEUn

is a metric on C* whose associated topology is the topology of uniform convergence on
compact sets.

PROOF. Part a. Suppose s < ¢. Note that if ¢ = oo, then the result is trivial since 25 <1
always. So assuming t < oo,

S t
s+1 = t+1
For the second statement, the case of ¢ = co or s = 0o is obvious and we have the following
equivalences where the last statement is true since ¢, s € [0, 00):

t+s t S
B(t+5) < D(t) + B(s) — < —
(t+5) < ®(8) + B(s) frstl 41 541

s+ 2As+1t?+ 82 +s+12+t < 2Ws+ 2 +Ats+ 12+t + 82 +s < 0<t’s+ 2s+ts>

Part b. Note that &' : [0,1] — [0, 00] exists and is defined by ®~'(s) = . First, opis
bounded because p: Y x Y — [0,00) and @[ ) < 1. Next, the metric axioms are verified:
(1) ®op(z,y) =0iff p(z,y) =0 iff z =y,
(2) ®op(w,y) = ;AL = Do p(x,y),
(3) and ® o p(z,2) < P(p(z,y) + ply, 2)) < Pop(x,y) + P o p(y, z) using part a. twice.
Let Q be the topology generated by p and Q' be the topology generated by ® o p.

Containment Q C Q': Suppose U € Q were nonempty. Let x € U and we show there is a
ball about x contained in U w.r.t the metric ® o p. There is an r > 0 s.t.

Bf(z):={yeY :ply,z)<r} CU.

Let s := 75 = ®(r). Then,

B¥Yr(r):={ycY :doply,z)<st={yeY pyz)<rtcU

which shows U € Q'.

Containment Q' C Q: Suppose V € Q' were nonempty. Let € V. Then, there is
anr > 0 st. B*P(z) C V. If r > 1, we can shrink r so that r < 1 since we still have
BPor(x) C V. Let s := ;=. Then V € Q because

Bl(x) :={yeY :ply,x) <sy={ycY :®op(y,x) <r} CB*(x) CV.

and x € V was arbitrary.

Part c. First, note that we cannot apply part b. since the supremum does not define a
metric on C¥ (sup,cy |f — g may not be finite). So, we do everything directly from the
definition. For ease of notation, we fix U(f,g) := ®(sup,cx |f(z) — g(x)|) = @(sup |f — ¢])
and omit the x € X subscript when it is clear.

<— st+s<its+t < s<Ht.
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(1) ¥(f,g)=0iff sup|f —g| =01iff f(x) —g(z)=0forallz € X iff f =g.

(2) W(f,g9) = ¥(g, f) is immediate.

(3) ®(sup|f — h[) < @(sup|f — g| +suplg — h|) < P(sup|f — g]) + (sup g — h[) by
application of part a.. Note that if sup | f —h| = oo, then the inequality is immediate
since that forces either sup |f — g| = oo or sup |¢g — h| = oo for any g € C¥.

Let 7 be the topology generated by ¥ on CX. Let 7' be the topology of uniform
convergence on p. 133.
Containment 7 C 7': Let U € T and assume U # () since that case is vacuous. Then for
all f € U, there exists an r > 0 s.t.

BY(f) = {g € C¥ s ®(sup f — gl) < 1} C U.
Choose n € N s.t. (L) < r. Then,

1
{seciswlr-g< 1} cloeciapwlr - <ncu

So, U is a union of sets of the form on the LHS. The sets of the form on the LHS generate
the topology 7" and so, U € T".

Containment 7' C T: Let V € T’ (again, assume nonempty). Then V is a union of finite
intersections of sets of the form {g € CX :sup|f —g| <n~'}. Toshow V € T, let f € V be
arbitrary and we show there is a ball about f contained in V. By definition of the topology
of uniform convergence, there is a basis element that contains f s.t.

fem{ge(CX:sup|g—fi|<ni_1}CV.

1€l
Set M := minj<;<,, ®(n;"). Then,
feBy(f)={geC¥:d(suplg— f|) <M} C{g e C* :suplg— fl| <n;'} VI<i<m.

Hence, BY;(f) € Niey{g € C* :sup|g — fil <n;'} €V and we conclude that V € T.
Part d. First, we check that p(-,-) is a metric.

(1) p(f,g9) = 0 iff 37727 ®(supy, |f — g]) = 0 iff @(supy; |f — g]) = 0 for all n iff
Supgex | f(z) —g(x)| =0 iff f(z) =g(x) forall z € X iff f =g.
(2) The symmetry p(f,g) = p(g, f) is immediate.
(3) p(f h) < 37727 ®(supy |f — gl) + 227 27" (supg; |9 — hl) = p(f, 9) + plg, h) is
immediate by part c. or part a. as needed.
Let S be the topology generated by p on CX. Let S’ be the topology of uniform conver-
gence on compact sets. We show the two topologies contain each other.
Containment § C §’: Let U € S (again, assume nonempty). Let f € U. Then B?(f) C U
for some r > 0. WLOG, we may shrink » > 0 so that 1 > r > 0. Then, consider the set

1 1 T
Hy = X — — h —
f e Hy {gE(C suB|g(x) f(x)|<m} w erem< ]

xeU; -

Then,

{g € C* s sup |g(x) - f(z)| < ml} CBf)CcU

zeU;
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because if ¢ is in the LHS set, we have

> o (sup|g<x> - f<x>|> <Y ar=r

n=1 xGUn

Notice that Hy € &' since U, is compact. Since f € U was arbitrary, that and there always
exists a ball BY(f) C U, we deduce that U := ¢, Hy i.e. U is a union of sets that are in
S’. Hence, U € §'.
Containment &’ C S: Suppose V' € &’ (assumed nonempty). By definition of the topology,
V' is a union of finite intersection sets of the form given on p. 133. We show V' € S by showing
that sets of the form {g € C* : sup,cx lg — f| < n7'} for K compact and n € N are in
S. The reason we can do is this because sets of these form generate S’ and that means sets
in &’ are unions of finite intersections such sets. Once S contains these sets, since S is a
topology, it will necessarily contain unions of finite intersections of such sets. WLOG let
Vi={geCY sup,exlg— fl<n '}

Let h € V and we must show there is an r > 0 s.t. B?(h) C V. First, choose an m € N
st. K C U, CU,.

Then choose o > 0 small enough s.t. a2™ < ®(n~' — sup,cx |h — f]) and 0 < a2™ < 1.

Then, we show B?(h) C V. Suppose g € B?(h). Then,

p(g,h) = 27" (sup |g — h|) < a
1

zelUy,

which means
27"®(sup |g — h|]) <«

xém
and so,
d(sup |[g—h|) < a2™ < ®(n~' —sup |h— f]) = sup |[g—h| <n~ ' —sup |h— f].
2€Um zeK Um zeK

Then, since K C U_m,
1

sup|g — f| < suplg—h|+sup|h— f| <n~' —sup |h— f| +sup|h— f| =n"
rzeK rzeK zeK reK rzeK

and so, g € V. O
Folland Exercise 5.5

5. Elements of Functional Analysis

Folland Exercise 5.1 If X is a normed vector space over K (=R or C), then addition and
scalar multiplication are continuous from X x X and K x X to X. Moreover, the norm is
continuous from X to [0,00); in fact, |||z| — [Jy||| < ||z — v

PrRoOOF. Addition and scalar multiplication are linear maps. We check this to
apply Proposition 5.2 and reduce the problem. Note that K is a normed vector space over
K with |k| for k € K as its norm. The checks are straightforward.
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(a) Define ¢ : X x X — X by (z,2") — x + 2. Then X x X is a normed vector space
with the product norm. Checking linearity Vk,l € K and Vx,2',y,y € X:

O(k(z, 2') + Uy, y) = kx + ly + ka' + 1y = ko ((2,2") + 1o(y, ).
(b) Define ¢ : K x X — X by (k,z) — kz. Then K x X is a normed vector space with
the product norm. Checking linearity, Vo, 8, k, k' € K and Vx, 2’ € X:
Wlak,z) + B, 2')) = ak + BK's' = av((k,2)) + Bu((K, o)),
Addition is continuous. Let € > 0 and ¢ := §. For all (z,2") € X, if |[(x,2")|| < 4, then
we have max(||z||, ||2[|) < 5 and so,
€
2
Scalar multiplication is continuous. Let ¢ > 0. Let § := /e. For all (k,z) € K x X, if
|(k,x)|| < ¢, we have max(|k|, ||z||) < /€ and so,

[k, )| = [kl = [K[ll2]] < Veve=e.

Norm is continuous. Let ||| : X — [0,00). Let y € X and € > 0. Let § := €. Then, for
all 7 € X s.t. ||z —y|| <0, one has

€
o, 20 = llo + /)| < flal) + 1] < 5+ 5 = e

izl =Tyl < llz —yll <o =e

We used the inequality |||z|| — |ly||| < ||z —y]| in a previous HW, but we justify the inequality
here. One has

el = llz =y +yll < llz =yl + vl - [zl = llyll < [l = yli
Iyl = lly — 2 + 2|l < lly — =[] + [|l] = [yl = [zl <l =yl
which together implies |||z] — |ly[|| < ||z — vl O
Folland Exercise 5.6 Suppose that X is a finite-dimensional vector space. Let eq,..., e,
be a basis for X, and define ||Y "7 a;e;]l, = Y7 |as]
a. || - ||1 is a norm on X.
b. The map (ai,...,a,) — Y, aje; is continuous from K™ with the usual Euclidean

topology to X with the topology defined by || - ;.
c. {x € X :||z|l; = 1} is compact in the topology defined by || - ||;.
d. All norms on X are equivalent. (Compare any norm to || - ||;.)

PRrROOF. Part a. We verify the axioms of a norm. Fix v = > 7 aje; and w = bje;.
(1) First, |||y =0 iff > 7 |a;| = 0 iff |a;| = 0 for each j iff v = 0.
(2) Second, [[Avlly =357 [Allas| = |A[[[]]1.
(3) Third, [lv+wlly = 3 la; +b;| < 377 lag[ + 327 b1 = [[vlls + [[wl]]1.
Part b. By Proposition 5.2, it suffices to check continuity at zero because part a. showed

X is a normed vector space and K" is a normed vector space with usual Euclidean norm
while the given map is clearly linear since

k(al,...,an)—|—l(b1,...,bn) HkZajej—l—lejej.
1 1
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Let € > 0. Let 6 := —=. Then if [(a1,...,an)|l = /327 a? < 0, by applying the Cauchy-
Schwarz Inequality, it follows that

n

Z a;e;
1

Part c. Let B:={z € X : ||z|; =1} and A := {(ay,...,a,) € K" : Y | |a;| = 1}. The set
A is bounded in K™ (it is contained insider the ball Bjo(0) with Euclidean metric) and it is
closed because A = f~*({1}) where f : K™ — [0, 00) is defined by f((a1,...,a,)) = Y iy |aj]
which is continuous since this is a norm on K" and Exercise 5.1 shows that norms are
continuous. Therefore, A is a compact subset of K" (recalling that Folland writes K to be
either R or C and we just use the Heine-Borel property here). The image of A under the
map in part b. is the set B. Since the map in part b. is continuous, B is the continuous
image of a compact set and hence, B is compact.

Part d. Since || - || : X — [0,00) is continuous, the continuous image of B := {z € X :
||| = 1} (which is compact by part c.) is also compact and so, there is a minimum L and
a maximum M. That is, for all v € B, we have L < ||[v|| < M. Note that L # 0 because
L = 0 iff ||z|| = 0 for some x € B iff x = 0 iff ||z||; = 0 which is impossible. From these
bounds, for any v € B, since ||v||; = 1, it follows that

Lifolly < lol < Mlv]ly-

n

:i|aﬂ'|:i\/;§'1§ Za? ilz ia?\/ﬁ<6\/ﬁ:6.
1 1 1 1 1

1

Then, for any = € X,

= M||z|}x
1

= Ll
1

]l = [l

X €T
—H < ||x||1MH—
Bl EL

€T
and 2] = ] HWH > JlzlhL

' T
(4
Therefore, for any x € X, we have L||z||; < ||z|| < M||z||; and this means || - || is equivalent

to || - |J1. Since || - || was arbitrary, every norm on X is equivalent to || - ||; and because being
equivalent as norms is an equivalence relation, this shows every norm is equivalent on X.

O

Folland Exercise 5.7 Let X be a Banach space.

a. fT € L(X,X) and || —T|| <1 where I is the identity operator, then 7" is invertible;
in fact, the series Y (I — T)™ converges in L(X, X) to T—'.

b. If T € L(X, X) is invertible and ||S — T|| < |77*||"", then S is invertible. Thus the
set of invertible operators is open in L(X, X).

Proor. By Theorem 5.1, any absolutely convergent series in X converges in X. Propo-
sition 5.4 shows that L(X, X) is complete. Note that if S, T € L(X,X), then ST = SoT
by abuse of notation. By convention, for all T € L(X, X), it is defined that T° = I.

Part a. Since 7,1 € L(X,X), we know I — T € L(X,X) and in particular, (I —T)" €
L(X, X) for any n € Ng. We claim 7% := > (I —T)". By the hypothesis, || — T < 1
and so,

(260) SNT=1)" <> I -T|" < .
n=0 n=0
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By Theorem 5.1, 7' = 3> (I — T)" is defined and an element of L(X, X) which means
it is bounded. Next, we verify 7! is actually the inverse of T

TT‘I:(—(I—T)Jr])i(I—T)”: 3 —(I—T)(J—T)"Jri(l—:r)“
= i(I—T)"— 3 (-7 =1

and

T7'T = (Z(I - T)") I-I-T)=> I-T)"=) (I-T)""=1I

n=0 n=0 n=0
Since T" has a two-sided inverse, T is bijective. Because we showed T' is bijective and
T-' e L(X,X), we deduce that T is invertible.
Part b. From the assumptions, we know that

1= ST =TT = ST < [T = ST = IT[IIS = 7| < 1.
Then Y 07 (I — ST~')" converges in L(X, X) since

DT =T <Y (TS =TI < oo

n=0 n=0
and so it is an absolutely convergent series. Completeness of L(X,X) shows Y > (I —
ST-1)" e L(X, X). Next, we show that the inverse of S is defined by S~ :=T"13"> (I —
ST—1)". Since T~ € L(X, X), the RHS is defined and S~ € L(X, X). Now we check that
S~!is actually a two-sided inverse for S. Indeed,

SSt=8 (T—l i([ - ST-l)n> =(T—(T-29)) (T-l i([ — ST-l)n>

n=0 n=0
=> I-ST7)"=> (I-ST )" =1
n=0 n=0

For the next computation, we first show T (I — ST~')" = (I — T~1S)"T~! by induction on
n. The base case n = 0 is obvious since 71 = IT~!. Suppose the result holds up to some
n € N. Then,
T -STHy =171 - ST YHY"(I -ST™ Y =T ~-T'S)"TY(I —ST™1)
=(I-T'9"(I-T'S)T ' =(I-sT Hyrtir
where the we used the inductive hypothesis for the second equality. This auxiliary result

is used in the third equality of the computation and the second to last equality follows by
T-Y(T—-8)=1-T7'S:

S71S = (T—1 i([ - ST*)H) S = (i([ - T—ls)"T—l) S = (i(z - T—ls)”T—l) (T — (T - 5))

[ee] oo o0 o0

= I-T7'9)"=> I-T')"TNT-8)=> I-T'S)"=> I-T'9)"" =1

3
Il
=)
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Since we exhibited a two-sided inverse, S is a bijective map. Because S is bijective and
S~1is bounded, S is invertible.

If Z is the set of invertible linear operators, then for any 7" € Z, the ball Byp-1-1(T)
about T is entirely contained in Z by what we showed above. Hence, Z is open w.r.t the
operator norm on L(X, X). O

Folland Exercise 5.8 Let (X, M) be a measurable space, and let M(X) be the space of
complex measures on (X, M). Then ||u| = |¢|(X) is a norm on M (X) that makes M (X)
into a Banach space. (Use Theorem 5.1.)

PRrROOF. First, we verify the axioms of a norm.

(1) If |||l = 0, then |p|(X) = 0 and this means g is the zero measure.
(2) llapl = lap|(X) = |af[ul(X) = |alf|ul] . N
(3) i+ il = -+ 2I(X) < [l (X) + W (X) < [lul] + 7] by applying Proposition 3.14.

Next, the vector space axioms are essentially immediate because for o, € C and pu,v €
M(X), it follows au + fv € M(X). Indeed, ap + Sv(B) = 0 and

ap+ B <U Ej) = QZM(EJ') +5ZV(EJ) = Zaﬂ + pr(Ej)

for {£;}32, € M and the series in the middle obviously converge absolutely and hence, the
series on the RHS converges absolutely.

We have thus shown that M (X) is a normed vector space and to show completeness, we
employ Theorem 5.1. Suppose Y 7, ||fn]| < oo. Then > 7 u, is a well-defined since it
converges i.e. for any F' € M, we have, by application of Proposition 3.13,

DB <D Il (F) < ) [l (X) = D ] < 0.

Next, we verify that this is actually a complex measure.
(1) First, (327" pn) (0) = 3277 pn(0) = 0.
(2) Let {E;}32; be a disjoint sequence of measurable sets. Let E := [J;Z, Ej. Then
tn(E) = pin (U]Oil Ej> = Y721 1n(E;) and the sum converges absolutely by defini-

tion of a complex measure. Therefore,

WACE 9 WATIED 9 WRCIED S poaL)

where changing the order of integration is justified by applying the Fubini-Tonelli
Theorem with the counting measure, using the fact that 3 7%, y1,(E;) converges
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absolutely, and >~ " | ||un|| < co. Notice that the RHS converges absolutely because

Z (Z un(Ej)> < Z Z \un(E5)| < Z Z |en| (E) (second inequality by Propositio:
j=1 n=1 j=1 n=1 j—l n=1
= Z ] fn ] ( Z |pn| (E (apply Fubini-Tonelli and |u,| is a complex me
< Z |pn| (X)) = Z | tn]] < o0 (from monotonicity and hypot
= =
Therefore, > 7 | u, € M(X). O

Folland Exercise 5.9 Let C*([0, 1]) be the space of functions on [0, 1] possessing continuous
derivatives up to order k on [0, 1], including one-sided derivatives at the endpoints.
a. If f € C([0,1]), then f € C*([0,1]) iff f is k times continuously differentiable on (0, 1)
and lim, N\, fY () and lim,/; f¥(z) exist for j < k. (The mean value theorem is useful.)
b. [|f]l = Zg ||f(j)Hu is a norm on C*([0,1]) that makes C*([0, 1]) into a Banach space.
(Use induction on k. The essential point is that if {f,,} € C*([0,1]), f, — f uniformly, and
fl =g uniformly, then f E Cl([O, 1]) and f" = g. The easy way to prove this is to show
that f(z) =[5 9(
Folland Exerc1se 5.10 Let Ll([O, 1]) be the space of all f € C*71(]0,1]) such that f*~1 is
absolutely continuous on [0, 1] (and hence f*) exists a.e. and is in L'([0,1])). Then || f|| =
S fol | /U (z)| dx is a norm on Li([0,1]) that makes L}([0,1]) into a Banach space. (See
Exercise 9 and its hint.)

PROOF. O

Folland Exercise 5.11 If 0 < a < 1, let A,([0,1]) be the space of Hélder continuous
functions of exponent « on [0,1]. That is, f € A.([0,1]) iff || f]|a, < oo, where

1l = lFO1+  sup LD ZSWL

syeblazy 1T Y[
a. || - ||a, is a norm that makes A,([0, 1]) into a Banach space.
b. Let A\, ([0,1]) be the set of all f € A,([0,1]) such that % — 0 as v — vy, for

all y € [0,1]. If & < 1,A4([0,1]) is an infinite-dimensional closed subspace of A,([0,1]). If
a = 1,A,(]0, 1]) contains only constant functions.

PROOF. [Incomplete]a. Verifying that this is a norm is relatively straightforward.

b. The second statement is clear when o = 1 because if not the function is not constant,
then there is a point in which the limit would not converge to zero which is absurd. For the
statement about o < 1 verifying that it is a closed subspace is not difficult. However, the
infinite dimensional part is not entirely certain for me. 0

Folland Exercise 5.12 Let X be a normed vector space and M a proper closed subspace
of x.

a. ||z + M| =inf{||z + y| : y € M} is a norm on X/ M

b. For any € > 0 there exists € X such that ||z|| =1 and ||z + M| > 1 —e.

c. The projection map 7(x) =z + M from X to X/ M has norm 1 .
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d. If X is complete, so is X/ M. (Use Theorem 5.1.)
e. [Incomplete]

PRrROOF. Part a. First, we check that this is actually well-defined. Suppose z — 2’ € M.
Then, —2' + z € M by M subspace of X and so,

|z + M| = ||z + (—z+2') + M| = ||z’ + M]||.

Next, we verify the three axioms of a norm.

i. If ||z + M|| = 0, then there is a sequence of y, € M s.t. ||z + y,|| — 0. Then the
sequence ¥y, is converges to —z because ||y, — (—z)|| — 0 as n — oo and since M is
a closed subspace, —x € M. Since M is a subspace, x € M. Hence, v + M = M

as desired.
If x + M = M, then z € M which means ||z + M| = 0 since —x € M by the
subspace axioms and hence, ||z + M| < ||z — z|| = 0.

ii. Suppose a € C. Then,
la||lz+M| = |a| inf{[|z+y]| : y € M} = inf{|laz+ay| : y € M} = inf{||az+y|| : y € M} = [|az+M].
iii. Given z + M,y + M € X/ M. Since we can always write z = %Z + %z and M is a
subspace,
le+y+ M| =inf{||lz+y+ 2] : 2 € M} <inf{||z+ z1]| : 21 € M} +inf{|ly + 22| : 22 € M}
= [z + Ml +[ly + M].
Part b. Let € > 0. If € > 1, then the result is obvious since any unit vector would work. So

assume 0 < € < 1. Since M is a proper subspace, let z € X \ M and consider x + M. By
definition of ||z + M||, we can find a y € M s.t.

(261) [+ M| = [l +yll(1—e).

But notice that ||z + M| = ||z + y + M| and so if we take z := ”Iiyu, we get

|z + M| = mf{H +wH:wEM}:inf{‘—+w“;weM} H _|_MH
[l + vl [z +yl [z +yll

~ e+l +?J|| eyl MI= Iz +yll T llz+yll(1—€¢) =(1—¢)

where we used (261) to get the inequality. Note that the second equality above follows from
m € M. Now, this means z is our desired element since it has norm one by our definition.
The only issue that can occur is if ||z + y|| = 0 but this cannot occur since z € X \ M and

y e M.
Part c. From (b), for all € > 0, there is a y € X s.t. ||ly|| =1 and ||y + M| > 1 — € and so,

Il = sup{[[x(2)[| : l|=]] = 1} = sup{[|z + M| - [lz]| = 1} = [ly + M| = 1 —¢

Since this is true for all € > 0, ||7| > 1. It suffices to show ||| < 1. Indeed, since
|z + M]|| < ||z|| (because 0 € M),

(262) |7l = inf{C >0: ||z + M| < Cz||} <1
Altogether, ||7|| = 1.
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Part d. To show that X/M is complete, we use Theorem 5.1. Let F':= " xx + M be
an absolutely convergence series i.e. Y ;- |lzx + M| < co. By definition of ||z} + M||, for
every € > 0, there exists a y, € M s.t.

[k + gl < llzx + M| + €.

Taking € = 5 where k € N, then for all k£ € N, there exists a y, € M s.t. |z + g <
|zx + M| + 55. Therefore,

oo o0 o0 1
S loe+ el < S llow+ MY+ 3 o < 0o
k=1 k=1 k=1

which means ) .-, ) + yx is an absolutely convergent series and hence, converges in X.
Notice that {y;} is a sequence in M and since M is closed, Y .-, ys converges in M.
Therefore, if z = lim,, o0 > o, Tk + Y& we have z + M = > 72 x;, + M. Altogether, this
shows that

Zxk+/\/l = Z:L‘;ﬁ—z Y+ M = lim Zﬂ(xk~|—yk) = lim = (Z T + yk) =7 (Z T + yk> e X/M
k=1 k=1 k=1 R " = k=1
Hence, Y - |z + M converges in X/ M.

O

%Folland Exercise 5.18 Let X be a normed vector space.
a. If M is a closed subspace and x € X\ M then M + Cz is closed. (Use Theorem 5.8a.)
b. Every finite-dimensional subspace of X is closed.

PROOF. a. By Theorem 5.8a, there exists an f € X* s.t. f(x) # 0 and f|p = 0.
Multiplying f by the constant ﬁ, we may assume f(z) = 1.
To show M + Cx is closed, suppose there were a sequence z, := m, + A\, x €
M+ Cz and z, — z converges.

Consider the sequence {2, — f(2)z}nen € M. The reason this sequence is in
M is because f(z,) = f(m,) + A\ f(xz) = A\, which means

z2n — f(zn)r = 2 — Az = m,, € M.
Then, by closedness of M, this means

lim z, — f(z,)z =z — lim A\, f(2)zr =z — lim \,x € M.
n—00 n—00 n—00

So, there is an m € M s.t. m = z — lim, o A,z. Hence, z = m — lim,,_,o A\, 2.
Therefore, z € M + Cx as desired.

b. We induct on the dimension of the subspace. For the base case, if the dimension is
zero, we just have the zero subspace and it is closed under any norm. Assume the
result is true for all subspaces of dimension < n. Let M be a subspace of dimension
n+ 1. Choose a basis {z;}!"]' for M. Then Cz; + - - -+ Cux, is a closed subspace by
the inductive hypothesis. Clearly x,.1 € Cxy + - -- + Cx,, by linear independence
and so, by part a., (Cxy + -+ Cx,) + Cz, g = M is closed.

OFor this Homework, I mainly collaborated and discussed with Scotty Tilton. I also received a hint from
James Wong on Exercise 5.18. Supplemental resources were the course text, extra reading from “Real
Analysis” by Stein and Shakarchi, “Real Analysis” by Royden, and “Real and Complex Analysis” by Walter
Rudin.
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O

Folland Exercise 5.19 Let X be an infinite-dimensional normed vector space.

a. There is a sequence {z;} in X such that ||z;]| = 1 for all j and |jz; — x| > 5 for
J # k. (Construct z; inductively, using Exercises 12 b and 18.)

b. X is not locally compact.

PROOF. a. First, choose an element x; € X s.t. ||z1]] = 1. Then M; := Cux;y is
a closed subspace by Exercise 18b. Let € = % and by Exercise 12b, we can find an
Ty € X s.t. ||za]| =1 and
1 1
o =)l > flea + M| 21— 1 = =

By Exercise 18, the subspace My := Cxy + Cx, is closed since it is finite dimen-
sional. Indeed, ||zo + M| > % means that o ¢ My and therefore, x; and z, are
linearly independent. This means My = Cx; @ Cx,. By Exercise 12b, we can find
an r3 € X s.t. |lxg + Mol > % Since x1, x2 € Mo, this implies

1
|23 — 1] > [|25 + Mal| > 3

1
and lzg — 2ol 2 |23 + Mol = 5.

Then, repeat the process with M3 := My + Cxz = My @ Cxjy since 3 € My means
{1, 29,23} forms a linearly independent spanning set of M.

Now if M,, is given in this process, then M,, = Cx; @ - - - & Cx,, and we can find
an Zn41 € X s.t. ||zpqa] =1 and ||@p41 + M, || > 1 which means [|z,41 — 2] > 3
forall 1 <7 <n.

Inductively, we obtain a sequence of points ||z; — x| > % whenever 7 > k. By
positive homogeneity of the norm, |lz; — x| = ||z — x;]| > 5 whenever k < j as
well. Hence, ||z; — || > 3 for j # k.

b. To show that X is not locally compact, we show that there is a point in X that
has no compact neighborhood. Because X is a normed vector space and the maps
x +— rx and x — x + y are homeomorphisms for all scalars » and y € X, it suffices
to show there is no compact neighborhood about the origin containing the unit ball.

Suppose not and N were a compact neighborhood at 0. By Folland’s definition,
this means 0 € N° so there a is ball B,(0) of some radius r > 0 s.t. 0 € B,(0) C N.
By scaling the space (using a homeomorphism z %x), assume that N contains
the closed unit ball B. From part a., we can find a sequence {r;}32, in BCN
s.t. |lz; — 2kl > § for all j # k. This latter condition implies that {2;}52, has no
convergent subsequence. Since, N is compact and closed subsets of compact sets
are compact, B is compact. By Theorem 4.29, since B is compact, any sequence in

B must have a convergent subsequence. Contradiction.
O

Folland Exercise 5.20 If M is a finite-dimensional subspace of a normed vector space X,
there is a closed subspace A such that M NN = {0} and M + N = X.

PROOF. The subspace M is closed by Exercise 5.18b and has basis {¢;}! ;. Each element
of x € M is represented by P(x) = ay(z)e; +- - - +ay,(x)e, and each a; extends to a bounded
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linear functional on X. The space N is then the intersection of the null spaces of these
bounded linear functionals. Then any x € X has form * = Pz + (r — Px) and Px € M
while z — Px € N (applying P would give Pz — P?x = Pz — Px = 0 and similarly for any
extension of ;). O

Folland Exercise 5.21 If X and y are normed vector spaces, define o : X*xY* — (X xY)*
by a(f,g)(xz,y) = f(x) + g(y). Then «a is an isomorphism which is isometric if we use the
norm ||(z,y)|| = max(||z|, [Jy|]|) on X x Y, the corresponding operator norm on (X x Y)*,
and the norm [|(f, g)|| = [| /]| + [[gl[ on X* x Y.

PROOF. It is clearly isomorphic since the map is linearly and one defines the inverse map
in the obvious way (over each component). Checking the isometry follows by using the norm
on X XY to deduce that if ||z|| = |ly|| = 1, then ||(z,y)|| = 1. Indeed, we would get

lac(f, 9)llop = sup{[f (2)+g()| : [z, y)|| = 1} = sup{[f (@) +]g )] - [l=]| = llyll = 1} = [I [ +]lgll = [|(f, )]

The middle inequality is nontrivial but < is obvious and > follows by scaling = by sgn((x)) sgn((y))
which does not affect the norm of = nor the absolute value of f(x). O

Folland Exercise 5.22 Suppose that X and Y are normed vector spaces and T € L(X,Y).
a. Define T" : Y* — X* by T'f = foT. Then T" € L(Y*, X*) and ||T"|| = ||| . T" is
called the adjoint or transpose of T.
b. Applying the construction in (a) twice, one obtains 777 € L (X**,Y**). If X and Y

are identified with their natural images X and Y in X** and Y** then T | X =T

c. T is injective iff the range of T is dense in Y.

d. If the range of Tt is dense in X*, then T is injective; the converse is true if X is
reflexive.

PROOF. a. First, we check linearity, for all f,g € Y* and a,b € K, we have
T (af +bg) = (af +bg)oT =afoT +bgoT =aT'f 4 bTT.
Next, since for all z € X, we can write
[f Tzl < WFTIll < JTIHLF

it follows
ITTfIl = 1f o TI < IIFINT < oo.
This means ||T|| < ||T|| and also, TT € L(Y*, X*).
Now we show the other inequality. Let z € X. If Tx = 0, then the inequality ||Tz|| <

C||z|| is trivial since we can just take C' = ||T"||. So suppose we are given Tz # 0. Then,
choose an f € Y* s.t. ||f|| =1 and f(Tx) = ||Tz|| by Theorem 5.8b. Then,

|Tzll = |f(T2)| = | f(T2)]| = [I(foT)x]| < I foTIllzll = NTfIlllzll < NT NIl = 1T [l

where the last equality follows by ||f|| = 1. So, for all x € X, we know || Tz| < ||TT||||z|.
By definition of ||T||, this means ||T'|| < ||TT||. At last, ||TT|| = ||T|| as desired.

b. Embed X and Y into X** and Y** by identifying X with X and Y with Y. By applying
the construction twice, this means 77" = (T1)!. Then showing T'T|x = T entails showing

T(z) = Tz for all z € X. Indeed, for all z € X and all g € Y*, we have
TH(@)(9) = GT)(9) = 2(T(9))) = F(9(T)) = g(T(x)) = g(Tx) =Ta(g) =  TH@E) =Tw
This shows Ty = T.
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c. (= ): Suppose T is injective which means, since 77 is linear, if TTf = 0 for some
f e Y* then f = 0. Towards, a contradiction, assume 7" is not dense in Y and therefore,

there exists y € Y\ T'(X). By Theorem 5.8a, there is an f € Y" s.t. f(y) # 0, flzzy = 0.

Therefore, TTf = f o T = 0 by definition of f. However, this contradicts injectivity of T
since f is not the zero linear functional.

( <= ): Suppose the range of T' is dense in Y. Because 77 is a linear map, to show
injectivity, it suffices to show T f = 0 if, then f = 0.

Let f€Y*st. TTf = foT =0. Let g denote the zero linear functional. Then, for all z,

f(Tx)=foT(x)=0=goT(x)=g(Tx) = f=9g onT(X).

Since C is Hausdorff, T'(X) is dense in Y, and f,g € Y* are continuous, applying Exercise
4.16, we deduce that f =gon Y.
d. ( = ) To show injectivity, it suffices to show that if Tx = 0, then = = 0. Suppose
Tx =0. Then 7 : X* — C is defined by f — f(x) and so, 7 is defined on T7(Y*) C X*. For
all foT € TT(Y*), we have

foT(x)=[f(0)=foT(0)
Therefore, Z = 0 on T7(Y*). But this means Z = 0 on the dense set T1(Y*) C X* and since
C is Hausdorff, we can apply Proposition 4.16 to conclude z = 0 on X*.

Next, we show this means x = 0. Because linear functionals separate points of X 13y
Proposition 5.8¢c, if x # 0, there exists an f € X* s.t. f(x) # f(0) and this means f # 0f
which is a contradiction. R

( < ) Assume further that X is reflexive i.e. X = X**. Towards a contradiction,
suppose TT(Y*) is not dense in X*. So, there is an f € X*\TT(Y*). By Theorem 5.8a, there
exists ¢ € X*™ s.t. ¢of # 0 and qﬁ|m = 0. Since X is reflexive, there exists an z € X s.t.
T = ¢ and we write ¥ for ¢ from here on.

Because T is injective, we know Tz’ = 0 iff 2/ = 0. Certainly, z # 0 because Tf = ¢f # 0
(and by definition, zf = f(x)). Therefore, Tx # 0. By Theorem 5.8¢c, there exists an
h € Y* st. h(Tx) # h(0). Then TTh € TT(Y*) C X* and since E\W = 0, it follows
Z(T'h) = Z(hT) = h(Tx) = 0. However, by definition of A,

Z(hoT)= (hoT)(z)=h(Tz)# h(0)=0
which is a contradiction. U

Folland Exercise 5.25 If X is a Banach space and X* is separable, then X is separable.
(Let {f,}° be a countable dense subset of X*. For each n choose z,, € X with ||z,| =1
and |f, (z,)| > 3/f»]l. Then the linear combinations of {xz,}]" are dense in X. ) Note:
Separability of X does not imply separability of X*.

Proor. " If {f,}3° C X* is a countable dense subset, then for each n, we can choose
T, € X sit. ||lz,|| =1 and |f,,(z,)] > 3|/ fn]. We are able to make such a choice because by
definition,
Ifull = sup{llfuz]| - 2z € X, [l=]] = 1}.
Let S be the set of finite linear combinations of {z,}° whose coefficients are in Q or
Q + iQ depending on if our ground field K is R or C. This ensures that & is countable.

HThe hypothesis that X is Banach does not look like it is needed, we do not need it for Theorem 5.8 nor
do we need it to find the sequence f,,, — f in X™.
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Indeed, let S,, be the set of finite linear combinations with m terms. Since the scalars are
in a countable set, S, is countable. Then, S = (J,-_, Sy, is a countable union of countable
sets and hence, § is countable.

Towards a contradiction, assume § is not dense. Then S is a proper closed subspace of
X. So, there is an x € X \ § and by Theorem 5.8a, there exists an f € X* s.t. f(z) # 0,

fls=0,[f[=1, and f(z) = inf 5[z -yl
Since f € X* and {f,}7° is dense in X*, choose a sequence f,, — f in X*. Then, by
construction of f,

%ankll < oy @n)l = [ (n) = F@n)] < Wi = Sl | = 1o = F1I-

The first step is from our choice of ,, the second step is by f(x,,) = 0 since x,, € S, the
third step is because f,, — f € X* and the absolute value is the norm on K, and the final

step is from ||z, || = 1. Let k¥ — oo. Then the above inequality has ||f,, — f|| — 0 as
k — oo which means || f,, || — 0. Therefore, f,, — 0 in X* where 0 denotes the zero linear
functional. However, we required f,, — f and ||f|| = 1 # ||0|| which is a contradiction. [

Folland Exercise 5.29 Let Y = L!(u) where p is counting measure on N, and let X =
{feY: Y "n|f(n)] < oo}, equipped with the L' norm.

a. X is a proper dense subspace of Y; hence X is not complete.

b. Define T': X — Y by T'f(n) = nf(n). Then T is closed but not bounded.

c. Let S=T7"1 Then S :Y — X is bounded and surjective but not open.

PROOF.

a. Let f(n) = &. Then, ||[f(n)]i = X0?, 3 < oo so f € Y. However, > 1" n|f(n)| =
o % = 0o which means f ¢ X. This shows X C Y.
Next, X is a subspace since for all a, 8 € C and for all f,g € X, we have af + g € X.
Indeed,

[e.9]

> nlaf(n) + By(n !<aZn|f )| +83 nlg(n)] < .

1

To show that X dense in Y, let f € Y be arbitrary. Then Y [°|f(n)| < co. Given e > 0.
Choose an N € N s.t. Y U |f(n)| < 5. Then choose a g(m) s.t. |f(m) — g(m)| < sy for
1 <m < N and then set g(n) =0 for all n > N + 1. Therefore,

If =gl = 1£(n) = g(n)] 22m+1+ Z m|<3+5=e

m=N+1

On the other hand, we have

9] N

S nlg(n) = 3 nlg(n)] < o

1
which means g € X.

Conclusion: X is not complete so the hypothesis of the Closed Graph Theorem and Open
Mapping Theorem do not hold in this situation.
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b. To show T is unbounded, it suffices to show for all M € N, there exists an f € X s.t.
\T(f)]] > M| f]]. Given M € N. Define f by setting f(n) = 0 for 1 < n < M and for
f(n) = & for n > M + 1. Then,

|77 H—me OIS SE S SE )

M+1 M+1 M+1

Next, we show that T is a closed operator'?. Suppose f,, — f and Tf,, — g for some
g €Y. We want to show T'f = g. Because f,, = f, we know

| fn — [l :Z|fm(n)—f(n)] — 0 as m — o0.
n=1

So, for all n, we have |f,,(n) — f(n)] — 0 as m — oo. Hence, f,, — f. Because T'f,, — g,
this means

|T frn — gl = Z|n.fm (n)| — 0 as m — oo.

This implies for all n, |nf,(n) — g(n)] — 0 as m — oo. So, for all n, g(n) = nf(n) and this
means T'f = g as desired.

Conclusion: By showing that T is closed and not bounded, we have shown that the
hypothesis that X be Banach in the Close Graph Theorem is necessary.

c. First, S is surjective because if f € X, then nf € Y because Y "n|f(n)| < co and
S(nf) = f. The equality S(nf) = f is due to what we show next.

Second, we claim S : Y — X is defined by mapping f(n) € Y to 1 f(n) € X. In order to
ensure that we can actually write S = T~!, we verify that T is bijective. It suffices to show
that S is a two sided inverse of 7" when defined in this way. Indeed,

i. Given f(n) € X, we have ST(f(n)) = S(nf(n)) = +nf(n) = f(n) which shows
STf = f for all f € X. Hence, ST = idy.
ii. Given g(n) € Y. Then T'S(g9(n)) = T (2g(n)) = g(n) which shows f € X for all
TSg=g. Then, T'S = idy.
This shows our definition of S is correct and equals 7! which is well-defined.
Next, S is bounded. Given any f € Y, we have

o

IS71=3" ~1fenl < S 1)l = 1£])

1

Therefore, ||S|| < 1 and this guarantees that S is bounded.

To show S is not an open map, we use the remarks on p. 162. The map S is open iff
S(By) contains a ball centered at 0 in X where B; is the unit ball about 0 in Y. Therefore,
we show that there is no ball centered at 0 contained in S(By).

So suppose 7 > 0 and we want B( ) € S(By) in X. Define f by f(n) = -5 %% Then,
||f||_ 16r_7r 6r r
n?m22 6 w22 2

2Recall T is closed if for any sequence ,, — x s.t. Tz, — y for some y, this implies y = T'x.
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which means f € B,(0). But f & S(Bi) because if it were, there exists a g € By s.t. f = 1g

and [|g|| < 1. This means g(n) = £ 5% for all n € N. However,
=Y —55=0#1
gl S35 = %

1

Conclusion: By showing that S is bounded and surjective, but not open, we have shown
that the Open Mapping Theorem fails if the completeness condition on the domain is
dropped. O

Folland Exercise 5.30 Let Y = C([0,1]) and X = C*(]0,1]), both equipped with the
uniform norm. a. X is not complete.
b. The map (d/dx) : X — Y is closed (see Exercise 9) but not bounded.

PROOF. a. For noncompleteness, take a sequence of polynomials (which are in C*(]0,1]))
that approximate |z — %| uniformly (apply the Stone-Weierstrass Theorem, see Section 4.7
pp. 138-139). However, the limit is |z — £| which is not in C*([0, 1]).

b. Checking that the map is closed is easy because if f, — f in X and % fn — g for some
g, then obviously g = % f (differentiation behaves well with limits in this case). To see that
it is not bounded, consider the sequence of functions z™ which gives ||-£z"||, = n despite

2"l = 1. O
Folland Exercise 5.32 Let || - ||; and || - |2 be norms on the vector space X such that
-1l < - |l2- If X is complete with respect to both norms, then the norms are equivalent.

PrROOF. Let X := (X, - |[1) and X5 := (X,|| - ||2) denote the respective Banach space
structures. Define T': X5 < X; to be the identity map on X. Then 7T is bounded because
for all z € X, the hypothesis gives ||Tz|; = ||z]1 < ||z||2 which means ||T'|| < 1. Also, T
is bijective because it is just the identity map on X. By the Open Mapping Theorem (in
particular, Corollary 5.11), 7" is an isomorphism of normed vector spaces and in particular,
T-' € L(Y, X). Hence, there is a constant C' > 0 s.t. ||z|ls = [T z|2 < CJz||; for all
x € X;. Therefore,

[zl < lzll2 < Cllz|,  Vz e X.

This means that the norms are equivalent. 0

Folland Exercise 5.37 Let X and Y be Banach spaces. If T': X — Y is a linear map such
that foT € X* for every f € Y*, then T is bounded.

PRrOOF. By the Closed Graph Theorem, it suffices to show that 7" is a closed linear map.
Suppose z, = x in X and T'z,, — y in Y. We must show that y = T'x.

Suppose not and y # Tx. By Theorem 5.8¢c, there exists a linear functional f € Y*
s.t. f(y) # f(T'z). However, foT € X* is bounded and so it is continuous which means,
foT(x,) — foT(x) and therefore, foT(z,) /4 f(y). However, we assumed T'(x,) — y and
since f € Y* is bounded, it is continuous and this means we must have f o T'(z,) = f(y).
In other words,

Jim (f o 7)(x,) = (f o T)(lim ) = f(T) # f(y) = f(lim Tz,) = lim (f o T) ().

n—oo n—o0

Contradiction. O
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PrROOF UsSING UNIFORM BOUNDEDNESS PRINCIPLE. Linear functionals foT with || f]| <
1 fulfill the hypothesis of the Uniform Boundedness Principle (X is Banach and supj < [|f©
T(z)|| < oo by foT always bounded). Therefore, there is a C' s.t. ||f(Tz)|| < Cllz|| for
all x € X and f € Y* s.t. ||[f]] < 1. For any =z, ther exists f € Y* st. |f|l = 1 ad
f(Tx) = ||Tz||. Therefore, ||f(Tz)|| = ||Tz| < C||z|| which means ||T|| < C. O

Folland Exercise 5.41 Let X be a vector space of countably infinite dimension (that
is, every element is a finite linear combination of members of a countably infinite linearly
independent set). There is no norm on X with respect to which X is complete. (Given a
norm on X, apply Exercise 18 b and the Baire category theorem.)

Proor. Towards a contradiction, let || -|| be a norm on X in which (X, || -||) is complete.
Fix a basis {e; };en of X. Then for all N € N| the subspace Sy spanned by {e; ?Ll is a closed
subspace by Exercise 5.18b. Then, X := (J, .y S» and by the Baire Category Theorem, as
X is complete, there is an N € N s.t. Sy is not nowhere dense. So, there is an r > 0 and
x € Sy s.t. B.(z) C Sy. Now suppose x := ZJIV aje; € Sy. Define y := Ziv a;e; + deniq

Where 5 = W. Then,
ly — zl| = l[den=ill = 6]llentall <7 — y € B.(z) — y € S
However, y — x = deyy1 € Sy which contradicts Sy being a subspace. Contradiction. O

“Folland Exercise 5.43 Prove Proposition 5.16. (For part (b), proceed as in Exercise
56 d in §4.5.).
5.16 Proposition. Let X be a vector space equipped with the topology defined by a family
{Pat,ea of seminorms.
a. X is Hausdorff iff for each x # 0 there exists « € A such that p,(x) # 0.
b. If X is Hausdorff and A is countable, then X is metrizable with a translationinvariant
metric (i.e., p(z,y) = p(r + z,y + 2) for all z,y,z € X)

PRrROOF. Proposition 5.16 (a) ( = ) Suppose = # 0. Since X is Hausdorff, there exists
disjoint open sets U, V' containing = and 0 respectively. By definition of the topology, there
is a basis element © € (gepc 0~ (Wa) € U where the W, are open. Then, z € p.'(Wa)
and 0 & p;'(W,) which means p(z) # p(0).

(<) Let z,y € X be distinct points and by translating, X using the homeomorphism
X — X defined by z +— z — y, we may assume y = 0 and x # 0. Then, there is an « s.t.
Pa(z) # 0 = pa(y). Since K is Hausdorff, there are disjoint open sets W 3 p,(z) and V' > 0
of [0,00). Then, p*(W) > x and p,'(V) > 0 and these sets are disjoint by construction
which means these are our desired sets for the definition of Hausdorff.
Proposition 5.16 (b) Enumerate A as N using a bijection. Define p: X x X — [0, 00) by

plz,y) ==Y 27" D(p(y — 2)).

First, this map is well-defined by because ® < 1 so the series on the RHS always converges
and p,(y —x) > 0 means ®(p,(y — z)) is well-defined. Next, the metric axioms and the
translation invariance,

BFor this Homework, I mainly collaborated and discussed with Jeb Runnoe and Scotty Tilton. Supplemental
resources were the course text, extra reading from “Real Analysis” by Royden and “Real and Complex
Analysis” by Walter Rudin.
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(1) We have p(z,y) = 0iff ®(p,(y—z)) =0 for all n iff p,(y —z) = 0 for all n iff z = y.
The last iff is due to the part a. because if x # y, then y —x # 0 which means there
is a pn(y - l’) 7£ 0.
(2) We have p(y,z) = p(z,y) because {p,} is a family of seminorms.
(3) We have p(x,y) < p(z,2) + p(z,y) because of the results in Exercise 4.56 (in par-
ticular, Exercise 4.56a and Exercise 4.56d).
(4) We have p(z + z,y+2) =>.7°27"(p,((y + 2) — (z + 2)) = p(x, y).
With these verifications completed, we proceed to show that the metric coincides with the
topology defined by {p,}. Recall the observations we made about ®~! in that exercise.
Let S and &’ denote the topology defined by the metric and the family of seminorms {p,}
respectively.
Show & C §": Given U € S nonempty. Let z € U be a point and B?(z) C S for
some r > 0. Choose an N sufficiently large s.t. Z}’VOH 2% < r. Then, choose ¢ > 0 s.t.
0 <e<r—> i1z Then, consider the set in the basis of &'

N
eV i=(Uis
i=1
and we chose ¢ s.t. if p,(w,) < J, then ®(p,(w — 2)) < e. We claim V C U. Let w € V.
Then,

00 N 00
ZQLH(I) <22in<1>pn w — 2) +Z <e+22in<r.
1 1

N7 2 N+1
That is, w € B?(z) C U as desired.

Show &’ C S: Suppose U € 8’ is nonempty. Since there is a basis for S’ by Theorem 5.14, it
suffices to assume U := ﬂf\il Uz, mi.e;- Even better, since the sets U, generate the topology
of § by Theorem 5.14, it suffices to assume U = U, ,,  for some z € X, m € A, and € > 0.
We claim U € § and since S is just the metric topology, we just show points of U contain
balls about them inside U.

Let z € U and we want to find an r > 0 s.t. B?(z) C U. Choose r > 0 sufficiently small
so that r < 1 and

O (2™r) < €
In this case, we deduce that
1
2_m<p(pm( —z2)<r — pm(w — 2) < €.
So for any w € BP(z), we know
p(w, 2) Zi w—2z)) — i@( (w—z2)) <r = (w—z2) <€
o D (pn 5 P (P Pm
which means w € U as desired. 0

Folland Exercise 5.45 The space C*(R) of all infinitely differentiable functions on R has

a Fréchet space topology with respect to which f,, — f iff fT(Lk) — ) uniformly on compact
sets for all k > 0.
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PROOF. Proof of First Claim: Define a countable family of seminorms by

Pmi(f) = sup |f®(x)] m € N, k € Ny.
z€[—m,m]
If f# 0, then we can choose m sufficiently large and k = 0 to get p,,1(f) # 0. Then, the
preceding exercise shows that the topology induced by the seminorms is Hausdorff. It is also
clear that the family of seminorms we just defined is a countable family and by the preceding
exercise, C*°(R) is metrizable with a translation invariant metric p.

The last part is to check that this yields a complete metric space (since the comments
on p. 167 explains that being complete would just mean being complete in the metric sense
for this case).

Let { f,.}nen be a Cauchy sequence in C*(R). Theorem 5.14. Because of how we defined
the metric in the preceding exercise, we know that means {f,} is a Cauchy sequence in

uppose ful—mm — f for some f € C®([—m,m]) and f,|-y — ¢ for some g €
[—(,1]) where [ > m. Then by definition of the metric, for all m € N, we get g|[_mm] = f
and g(’“)|[_m’m] = f®) for all k > 0. Because this holds for all m € N, we deduce that f, — f
in C*(R).

Proof of Second Claim: Suppose f, — f w.r.t the topology. Then Theorem 5.14 shows
that means p,, x(f, — f) — 0 for all m and k. But every compact set is contained in some
interval [—m, m| where m is chose sufficiently large and therefore, p,, x(f, — f) — 0 implies
£ s #®) yniformly on compact sets for all k > 0.

Conversely, if frgk) — f®) uniformly on all compact sets for all k& > 0, then that means
j}(Lk) — f%® uniformly on all sets of the form [—m, m] for m € N. Therefore, p,, 1(f, — f) — 0

for all m and k. Then by Theorem 5.14, that means f,, — f in the topology generated by
the seminorms. O

Folland Exercise 5.47 Suppose that X and Y are Banach spaces.

a. If {T,,}7° € L(X,Y) and T,, — T weakly (or strongly), then sup,, [|T,| < co.

b. Every weakly convergent sequence in X, and every weak*-convergent sequence in X*,
is bounded (with respect to the norm).

Proor. a. We apply the Uniform Boundedness Principle. By definition, T,, — T" weakly if
for all € X, we have T,,x — Tz in the weak topology of Y. That is, (foT,)x — (foT)x
for all f € Y*. This means sup,, | 7,,z|| < oo for all n and therefore, sup,, || 7,,| < oo.

Since the strong topology is stronger than the weak topology, T;,, — T strongly means
T,, — T weakly and therefore sup,, ||7,| < oo.
b. First Statement: Let x, — x be weakly convergent in X. Then for every f € X*, we
have f(z,) — f(z). Consider z,, € X** and then,

fxn) = f(2) = Tnf = Zf

for every f € X*. Since sup,, |7, f| < oo for every f € X*, by the Uniform Boundedness
Principle, we have sup,, ||z|| = sup,, [|Z.|| < oo since ||z, || = ||=]|-

Second Statement: Assume f, — f weakly*. Then f,(z) — f(x) for all z € X. There-
fore, sup,, || fo(x)|| < co. By the Uniform Boundedness Principle, sup,, || fol|| < 0. O
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Folland Exercise 5.56 If F is a subset of a Hilbert space H, (EL)l is the smallest closed
subspace of H containing E.

PROOF. * We are essentially asked to show (E4)t = E.

By definition, (E+)* @ E+ = H and E* is closed by the remarks on p. 173. Clearly,
E 1 E* so that means E C (E+)*. This shows (E4)* D F and (E+)* is closed so we just
need to show it is the smallest closed subspace that contains F.

Suppose not and M C (E+)% were a proper closed subspace and contained E. The
hypothesis implies ((E+)+)t € M+ and this gives (E+) € M*. So there is an m € Mt s.t.
m ¢ E+. That means (m,m’) = 0 for all m’ € M, but (m,n) # 0 for some n € E. However,
M DO FE which is a contradiction. ]

Folland Exercise 5.57 Suppose that H is a Hilbert space and T' € L(H,H)

a. There is a unique T* € L(H,H), called the adjoint of T, such that (T'x,y) = (x, T*y)
for all z,y € H. (Cf. Exercise 22. We have T* = V1TV where V is the conjugate-linear
isomorphism from H to H* in Theorem 5.25, (Vy)(z) = (x,y).)

b. ||T*|| = |T||, |T*T| = ||T||?, (aS + bT)* = aS* + bT*, (ST)* = T*S*, and T** =T

c. Let R and N denote range and nullspace; then R(T)* = N (T*) and N (T)* =
R (T™).

d. T is unitary iff T is invertible and 7! = T*.

PRrROOF. (a). Uniqueness: Suppose there were S,R € L(H,H) s.t. (z,Sy) = (Tx,y) =
(x, Ry) for all x,y € H. Therefore,

<Sy,$> - <Ry7$> = <(S - R)y,x) =0

for all x,y € H. Fixing y, we can let x vary through elements of an orthonormal basis of H.
Therefore, (S — R)y = 0. Hence, Sy = Ry for all y € H.

Ezistence: Given a y € H, define the map ®, : H — K by z — (T'z,y). This is a
bounded linear functional because

P, (ax + bz) = (T'(ax + b2),y) = a(Tx,y) + b(Tx,y)

shows it is linear and

(T, )| < [ T([[lyll < I T[]yl

By Theorem 5.25, there is a w € H s.t. ®,(x) = (x,w) for all x € H. Set T"y = w. Since w
is unique for any given y, this we obtain T* : H — H.

We check linearity. Let a,b be scalars and z,y € H and we want to show that T*(ax +
by) = aT*z + bT™*y. By existence of orthonormal basis and completeness, it suffices to show
that for all z € H, we have,

(z, T"(ax + by) — aT™x — bT*y) = 0.

Indeed, using adjointness and the conjugate bilinearity of the inner product in the second
coordinate,

(2, T*(azx + by) — aT*x — bT*y) = (2, T (azx + by)) — (z,aT*x + bT*y) = (T2, azx + by) — a(Tz, ) — b{Tz,

Myunyi suggested that it would be better to explain ((E1)+)t = EL which I used implicitly here. Indeed,

this follows from the fact that (E+)* was shown to be closed and that just means the + of it is going to be

ELt=—FE".
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We check that 7™ is bounded. We have

|T*z|| = V(TT*2,x) < V| T||= ||| 72| - 17"l < |IT) 2T | = [T < |
(b). Showing ||T*|| = ||T||: First, for all z € H,
T2l = (T2, T*x) = /(TT*x,y) = IT*2|* =TT, y) < |TT |||z < |TINT"||]]

by an application of the Schwarz inequality. Therefore, ||T*|| < ||T’||. For the other inequality,
repeat what we just did except switch the the T with T" and vice-versa.
Showing | T*T|| = ||T||*: First,

[T T || < TNl — 17T < TN = 1T
using the preceding part. It remains to show the other inequality. We have
|1T2|* = (T2, Tx)| = (T T, 2)| < |T"Tx|||z]| < |T°T| [l

Taking the supremum over all ||z|| = 1, we have || T||*> < || T*T||.
_ Showing linearity of *: By uniqueness, it suffices to show that ((aS+01)z,y) = (z, (@S*+
bT*y) for all z,y € H. Let x,y € H be arbitrary. Then,

{(aS +bT)z,y) = a{Sx,y) + b{Tx,y) = alzx, S*y) + blx, T*y) = (x, (@S* + bT*)y)

where the second equality follows by conjugate linearity of the inner product in the second
coordinate.
Showing (ST)* = T*S*: For all z,y € H, we have

(STx,y) = (Tz,S*y) = (x, T*S™y) = (ST)  =T*S*

by uniqueness of (ST)*.
Showing T** =T: For all z,y € H,

(Trz,y) = (y, T*z) = (Ty,z) = (x,Ty) = ™ =T

by uniqueness of T™.
(c). Showing R(T)* = N(T*): We have
R(T)Y:={2€ H:{(2,Tx) =0, Vo € H}
={ze€eH:(T"z,2) =0, Vx € H}
={z€H:T'2=0}
= N(T™).

Showing N(T)*+ = R(T*): We reduce to showing that N(T) = (R(T*))l because (M*)+ =
M.

N(T)={z€ H:Tz=0}
={zeH:(Tz,w)=0, Vw e H}
={ze H:(z,T*w) =0, Vw € H}

)

~ (R(T))

where the second equality follows because the inner product is continuous in both coordi-
nates.
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(d). (=) Since T is unitary, we know 7! is invertible and (T'x, Ty) = (x,y) for all x,y
which means T is defined on all of H and so is its inverse (from Exercise 5.55, we know 7 is
surjective as well). So,

(Tz,y) = (T2, TT 'y) = (. T"'y)

By uniqueness of the adjoint, this shows T* = T

(<= Since T is invertible, ™! is well-defined and bounded. Since T~ = T*, for any
z,y € H,

(T, Ty) = (2, T*Ty) = (x, T 'Ty) = (x,7) — T is unitary.
O

Folland Exercise 5.58 Let M be a closed subspace of the Hilbert space H, and for x € ‘H
let Px be the element of M such that x — Px € M* as in Theorem 5.24.

a. P € L(H,H), and in the notation of Exercise 57 we have P* = P, P? = P R(P) = M,
and N'(P) = M. P is called the orthogonal projection onto M

b. Conversely, suppose that P € L(H,H) satisfies P> = P* = P. Then R(P) is closed

and P is the orthogonal projection onto R(P).
c. If {un} is an orthonormal basis for M, then Pz =Y (2, u,) uq

PROOF. a. Showing P € L(H,H): Define P : H — H by x + Pz where v — Px € M.
This map is well-defined by Theorem 5.24. Next, checking linearity: let a,b € Cand x,y € H
and then,

ax + by — (aP(x) + bP(y)) = ax + by — aP(z) — bP(z) = a(x — Pz) + b(y — Py) € M™*

since M is a subspace and by well-definedness of P, we deduce P(ax+by) = aP(z)+bP(y).
Next, we show that P is bounded. We have the following identity:

(Px, Px) = (z, Px) — (x — Pz, Pz) = (x, Px)
= (z,z) — (x,x — Px)
= (x,x) — [(x — Pz, — Px) + (Px,x — Px)]
= (z,z) — (x — Px,x — Px).
Indeed, for any x € H, we have
1P|l = /{Pz, Pz) = \/(z,2) = (& = Pz,x — Px) < \/{w,2) = ||z].
which shows ||P|| < 1.
Showing P* = P: For any xz,y € H, we have
(P,y) = (z,y) — (v = Pr,y) = (z,y) = (r = Pr,y — Py + Py)
= (z,y) — (x — Pa,y — Py) — (x — Pz, Py)
= (2,y) = (&,y = Py) = (z,y) — (v,y = Py) = (z, Py).

Showing P? = P: For any x, we know Pz — P?x € M* and therefore, P(x — Px) € M+
which implies

r — Pz — (P(x — Px)) € M.

Since x — P is already in M*, this means P(z — Px) = 0 so Pz = P%z.
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Showing R(P) = M: Clearly R(P) C M so we prove the other inequality. Let x € M.

Notice that
(22 — Pr) — 2 = — Px € M~

and by uniqueness, this means P(2z — Pz) = x. Since 2z — Pz € H, this means that
x € R(P).

Showing N(P) = M*: Clearly, if z € N(P), then z € M+ because M+ > x — Pz = z.
So suppose * € M*. Then, v — Px € M* means Pz = 0 by uniqueness of Px.
b. Let {z,} = {Py,} C R(P) be a convergent sequence and z,, — x. Then by continuity of
P,

Py, = P?y, = P(Py,) — Pz

which means Py, — Pz € R(P) and we deduce that the limit of x,, = Py, is an element of
R(P).

By part a., to show that P is the orthogonal projection onto R(P), we need to show that
N(P) = R(P)*. From Exercise 5.57c, we know

N(P)= N(P*) = R(P)".
c. Let {u,} be an orthonormal basis of M. We know Pz € M and by Theorem 5.27c,

Pz = Z(Px, U ) Ug = Z((x, Ug) + (PT — 2, Uq ) )Up = Z(m,ua>ua

since (Px — x,u,) = 0 from the fact that x — Pz € M~ and u, € M.
U

Folland Exercise 5.59 Every closed convex set K in a Hilbert space has a unique element
of minimal norm. (If 0 € K, the result is trivial; otherwise, adapt the proof of Theorem
5.24.)

Proor. If 0 € K, then it is clearly the element of minimal norm. Furthermore, it is
unique because any other element with norm zero must be zero by definition.

Suppose 0 ¢ K and let § := inf ek ||y||. Choose a sequence {y,} C K s.t. [jy,| — 0.
Then, by convexity, %yn + %ym € K for any m,n € N. By the Parallelogram law, we deduce

2 2

! 1 Jol?
This means
1 ? 1 ?
=] = =4 | 0+ )| 422 = 2 20 =4 50+ )| < 242 P4

Letting n, m — oo, the RHS converges to 26% 4 262 — 462 = 0. This shows {y, } is a Cauchy
sequence and therefore, vy, — y for some y and in this case, y converges to an element of
norm equal to ¢. Indeed,

[yl = || Tim yn[| = Tim g, || =&
n—oo n—oo
by continuity of the norm.
For uniqueness, suppose ||z| = ||y|| are of minimal norm. Then,

1 1 1 1
0< =~ Zull2 < Sllellz 4 Syl = 2
52+ 591 < Sllel® + 5yl =
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taking square roots,
1 1
0<|= —y|| <
52+ 5ol < ll2]

which is a contradiction since equality in the triangle inequality for norm occurs iff the two
elements are linearly independent. 0

Folland Exercise 5.61 Let (X, M, u) and (Y, N,v) be o -finite measure spaces such that
L?(p) and L?(v) are separable. If {f,,} and {g,} are orthonormal bases for L?(;) and L?(v)
and Ay (2,y) = fm(2)gn(y), then {h,,,} is an orthonormal basis for L2(u x v).

ProoOF. We verify that {h,,} forms an orthonormal set.
First, |[Amnllr2(uxy) = 1 since {fn} and {g,} are orthonormal bases of the respective
spaces and

ol = | AfledamPtex o) = [ [ @Rl Pdu@int) = [ 1fu@Pduto) | 1,

= ||f||%2(,u)||g||%2(z/) =1

where we applied the the Tonelli part of the Fubini-Tonelli Theorem (Theorem 2.37a). The
hypothesis Tonelli’s Theorem are fulfilled because | f,,(2)gm(y)|* € LT (1 x v). This compu-
tation also confirms that {h,,} C L*(u x v).

Next, assume (m,n) # (m’,n’) and WLOG assume m # m’. Then,

o Bty = /X % 0) = [ (o For @ ) G x )

XxXY

= /X S (@) frr (2)dpt /Y 9n(Y) g (Y)dV = (fin S ) (Gns Gur) = 0{gn; gnr) =0

where we applied the Fubini-Tonelli Theorem for the third equality. Next, to show it is an
orthonormal basis, we use Theorem 5.27. Suppose F(x,y) € L*(u X v) s.t. (F, hpn) = 0.
That is,

(F ) = /X P ) )

- /X P @l x v)

/ / (x,y) fn(x)dp(x) g, (y)dv (Fubini-Tonelli Theorem)

- /Y (F fu)an@) A = ((F, f) ) = 0.

Since, for any m, this equality holds for all n, we deduce that (F, f,,) = 0 for all m
(viewed as a function in y). Fixing y, we know that (F, f,,) = 0 for all m. Hence, F' = 0
a.e. when fixing the value of . But notice that our application of Fubini-Tonelli and our
deductions afterwards could be done with g,(y) and f,,(z) switched and x and y switched
so that means ' = 0 a.e. when we fix a value for y. Together, FF =0 a.e. on X x Y. O

Folland Exercise 5.63 Let H be an infinite-dimensional Hilbert space.

a. Every orthonormal sequence in H converges weakly to 0.

b. The unit sphere S = {x : ||z|| = 1} is weakly dense in the unit ball B = {z : ||z|| < 1}.
(In fact, every x € B is the weak limit of a sequence in S.)
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PROOF. a. Let {z,,} be an orthonormal sequence in H. To show z,, — 0 weakly, we must
show for all f € H*, f(x,) — f(0) = 0. Fix an f € H*. By the Riesz-Representation
Theorem, we know f(-) = (-, y) for some y € H. Bessel’s inequality,

> Ham o) < lyl” < oc

n=1
which means lim,, |(z,,,y)|* = 0. Therefore, lim, (z,,y) = 0 as desired.

b. Let b € B. We show that there exists a sequence in S that converges weakly to
b. Since {b}* is a closed subspace of H, it is also a Hilbert space. Therefore, it has an
orthonormal basis and we can extract from it an orthonormal sequence {z,} (since H is
infinite dimensional, {b}* is infinite dimensional, then consider infinite countable dimension

subspace and choose an orthonormal basis for it by the Gram-Schmidt method). Define,
b, = 0,2, +b.

We want 6,, to be a constant s.t. ||b,|| = 1. We can exploit the fact that {z,,} C {b}* to get
that,

1= ||ball = VO, Opzn) + (Opzn, b) + (b, Opz,) + (b, D) = \/|0n|? + |b|2.
Therefore,
|00 = /1 —b]*.

Since ||b|| < 1, the above choice for |6, is possible (we do not get a complex value). So, we set
0, = /1 —|b|? for all n. Next, we show b, — b weakly. We employ the Riesz-Representation
Theorem once more. Let z € H. Then,

(b, 2) = (Opxn, 2) + (b, 2) = Op{xy, 2) + (b, z) — (b, 2)
because x, is an orthonormal sequence and we apply part a. 0

Folland Exercise 5.48 Suppose that X is a Banach space.

a. The norm-closed unit ball B = {z € X : ||z|| < 1} is also weakly closed. (Use
Theorem 5.8d.)

b. If E C X is bounded (with respect to the norm), so is its weak closure.

c. If F C X* is bounded (with respect to the norm), so is its weak™® closure.

d. Every weak*-Cauchy sequence in X* converges. (Use Exercise 38.)

PRrROOF. a. Suppose z, — x weakly. Assume z, € B for all & € A in the indexing set. We
must show z € B. The condition f(z,) — f(z) for all f € X is equivalent to z,(f) — Z(f)
for all f € X*. By Theorem 5.8d, we know ||Z,|| = ||za|. Therefore, ||Z,| — ||Z]| because
|- ]| : X = C is also a bounded linear functional. But (||z,||) is a net in the closed unit ball
B1(0) of C and so is the limit ||Z|| € B1(0). Hence, ||z| = ||Z|| < 1.
b. Suppose E C X is bounded and R > 0 was large enough so that £ C Bg(0) :={z € X :
|z]| < R}. By part a., if we let E denote the weak closure of E and since the norm-closed
unit ball is weakly closed, E C B = B and this means E is also bounded.

To deduce Br(0) was also weakly closed, we made use of the fact that scalar multiplication
is a homeomorphism (X, w) — (X, w) with respect to the weak topology. Indeed, this is an
immediate consequence of the fact that the base for the weak topology is given by sets

Uy, o= )f'(Vi) Vi CCopen, fi € X"
=1
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and scalar multiplication by R > 0 gives R(Uy; ;,) = (i, f; ' (RVi) where RA := {Ra :a €
A} when A is a set.

c. If F C X* is bounded w.r.t norm, let R > 0 be large enough so that F' C Bg(0) :={f €
X* . ||fll £ R}. Then Bg(0) is compact in the weak* topology by Alaoglu’s theorem and
since the weak* topology is Hausdorff, compact sets are closed which means Bg(0) is closed
(the weak* topology is Hausdorff because of Exercise 4.17 and Theorem 5.8c). Therefore, if
F denotes the weak closure of F, then F' C Br(0) = Bg(0) is also bounded.

Again, to deduce Bg(0) is compact, we made use of the fact that scalar multiplication

(X*,w*) = (X*,w*) is a homeomorphism. The fact that this is also a homeomorphism
follows by the same reasoning as above (the base for the topology is preserved).
d. Let {f,} be a weak* Cauchy sequence inside X*. That means f,, — f,, — 0 and therefore,
(fn — fm)(x) — 0 for all z € X (and the directed set here is (n,m) € N x N). So for all
x € X, {fn(x)} is a Cauchy sequence in C and by completeness, {f,(x)} converges. Let
f(z) == lim, o0 fu(z) for x € X. By Exercise 5.38, we deduce that f € L(X,C) when
defined in this way.

We verify that f, — f w.r.t the weak® topology. Indeed, f, — f iff for all x € X, we
have f,(z) — f(z) and indeed, this is immediate by the definition of f. O

Folland Exercise 5.51 A vector subspace of a normed vector space X is norm-closed iff it
is weakly closed. (However, a norm-closed subspace of X* need not be weak* -closed unless
X is reflexive; see Exercise 52 d.)

PROOF. ( = ): Approach (1)' Assume Y is a norm closed vector subspace of X. By
Theorem 5.8, for every x € X \ M, there exists f, € M* s.t. f.(z) # 0 and f|yy = 0.
Since the weak topology is generated by bounded linear functionals in X*, we know that
fz : (X,w) — C is continuous where (X, w) denotes X with the weak topology. Therefore,
f1({0}) is a closed subset of (X, w) because {0} C C is closed. Then,

M= () f'{o})

zeX\M

which is immediate because the LHS is clearly contained in the RHS by construction and
the RHS is contained in the LHS because the intersection runs over all those z € X \ M.

However, the arbitrary intersection of closed sets is necessarily closed. So, this shows M
is a closed subset of (X, w).

Approach (2) Assume Y is norm closed. To show Y is weakly closed, let (y,) be anetin Y.
Suppose y, — y w.r.t the weak topology and we must show y € Y. We know f(y.) — f(v)
for all f € Y*. By Theorem 5.8, choose f € X* s.t. fly =0 and f(y) = = inf,cy ||y — 2|
Then if y € Y, that means

1/ (W) = FWII = 17 W) = fy) # 0

which is a contradiction.
(<= ): Assume Y is weakly closed. Suppose y,, — v is a sequence in Y and ||y, —y|| — 0.
We claim y € Y which shows Y is norm closed. For any bounded linear function f € Y*,

1S @ = I < N FMlyn —yll =0
which implies y,, — y weakly. By weakly closed, y € Y. O

I5This approach is a consequence of discussion with Jeb Runnoe.
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Folland Exercise 5.53 Suppose that X is a Banach space and {T,},{S,} are sequences
in L(X, X) such that T,, — T strongly and S,, — S strongly.

a. If {z,} C X and ||z, — z|| — 0, then ||T,,x, — Tx| — 0. (Use Exercise 47a.)

b. T,,S, — TS strongly.

PROOF. a. Let € > 0. By Exercise 5.47a and T,, — T strongly, we know C':= sup,, ||T,.|| <
00. Since T,, — T strongly, we also know T,,x — Tz in the norm topology of Y and therefore,
we choose N € Ns.t || T,z —Tz|| < e for n > N. Since ||z, — z|| — 0, choose M € N so that
|z, — z|| < € for all m > M. Set L := max{N, M}. Then, we deduce that for all n > N,

| Than — Tzl = Tz, — Tox + Tz — Ta|| < || T (w, — 2)|| + [Tz — Ta)|| < || Tolll|2n — 2| + (T — T)x]
< Cllxy —z|| + (T, = T)z|| < Ce+ ¢

Since the RHS is arbitrary, ||T,z, — Tz| — 0 as desired.
b. First, T,,S,, — T'S strongly iff ||(7,,S, —T'S)(x)|ly — 0 as n — oo for all x € X. Because
Sn — S strongly, for any € X, we have ||S,z — Sz|| — 0. From a., we deduce

T (Spz) — T(Sx)|| — 0.

6. L? Spaces

Folland Exercise 6.1 When does equality hold in Minkowski’s inequality? (The answer is
different for p = 1 and for 1 < p < co. What about p = o0 )

ProOOF. We deal with the case p =1, 1 < p < 0o, and p = oo separately.

(1) For p=1, weneed [|f+g|= [|f|+ [|g| to occur. But [|f|+ [|g] = [ |f] + |g]
so that means we must have |f(z) + g(x)| = |f(x)| + |g(z)| for a.e. z. Hence,
equality holds iff the usual triangle inequality is an equality a.e.. Recall that the
usual triangle inequality for complex numbers holds iff f = 0 or g = 0 or f = kg
for some x > 0.

(2) Suppose 1 < p < co. We needed equality at two points. First, we needed equality
at [f+gP < (|f|+|gD)|f + g|P~" which we need a.e. since we integrated afterwards.
So, we need | f +g| = |f|+ |g| a.e.. Since f, g are complex valued functions, equality
occurs iff f and g have the same argument a.e.. Therefore, |f + g| = |f| + |g| a.e.
occurs iff f is a positive multiple of g a.e. or f =0 a.e. or g =0 a.e.

We also need equality to occur in our application of Holder’s inequality. Our
first application was [ |f[|f + g["~" < [ fllpIf + g[*'llg. Equality occurs iff there
exists constants «aq, f; with both not equal to zero s.t.

(263) allfIP = Bilf +g[*") = Bilf + gl ace.

Note that g(p—1) = p since %+é = 1. Our second application was [ [g]|f+g[P~ <

lgllollf + gl - Equality occurs iff there exists constants aq, 2 with both not
equal to zero s.t.

(264) aolgl” = Bolf + g|"P™) = Bol f + gI” ae..
But then
a1 Bl fIP = BiBalf + 9| = Braalg|”.
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Taking pth roots and recalling the discussion in the first paragraph, equality in
Minkowski’s inequality for 1 < p < oo occurs iff f = 0 a.e. or ¢ = 0 a.e. or f is
a positive multiple of ¢ a.e. and there exists constants a, 8 s.t. «|f| = 5lg| a.e..
Notice that the condition that there exists such constants «, 5 follows from the fact
that f is a positive multiple of ¢g: set f = kg for k > 0, then take a =1 and § =k
to get alf| = |kg| = Blg|. Thus, equality in Minkowi’s inequality occurs iff f = 0
a.e. or g =0 a.e. or f is a positive multiple of g a.e..

(3) Let p = oco. There is no characterization for equality similar to that for the case
1 < p < oo. Take for example [ = x(_1,0) and g = x(—1,1). In this case, ||+ ¢/ = 2
and || f]lco = ||9]lec = 1 so equality for Minkowksi’s inequality occurs. However, there
are no constants o and 3 s.t. a|f| = S|g| except a = 5 = 0.

We give a characterization by using Theorem 6.8 and the definition. Note that
essential supremum || f||o says that |f| < ||flle a.e.. Hence, || f + glloc < ||f]loo +
lg]|so from the usual triangle inequality. From the definition, equality occurs iff
there is a positive measure set £ on which |f + g| = |f| + |9, |f + g9 < a, and a is
the infimum such value over all possible positive measure sets F.

O

Improving Understanding of p = oo equality:
The homework solution had: “For p = oo, equality holds iff Ve > 0, 30 € [0, 27 s.t.

p{z € X | |f(2) = I f sl < € & lg(2) = “llglloc| < €}) > 07
PROOF. ( <= ): Assume the condition holds. Then, for a.e. z in that set of positive
measure
11/ oot llgllocl=(1f (@) +g(2)DI < | (@) +9(x) = (I fllootlglloc)] < [f (@)=l fllool+lg(x) =€l glloo| < 2¢

the first inequality follows from reverse triangle, second from usual triangle, and last from x
in the set. Then, for a.e. = in the set

[flloe + llglloe < 1f(2) + g(2)] + 2¢ < [If + glloo + 2¢.

But since this holds for all € > 0, |[fllcc + [l9llc < [[f + gllc and equality holds. Note:
the reason why that set had to have positive measure is because we need to it to deduce

[F(2) + 9(@)] <[] + glloo-
( = ): Assume that the condition fails so fix an € > 0 and for all § € [0, 27| the set had
measure zero. That means, for every 6 € [0,27] N Q,
[f(@) =l fllol > or g(@) = e”llglloc| > €
for almost every . WLOG assume the first holds for an x. Then |f(x) — €|/ f|s| > € =

| flleo — € > |f(x)] ae..

In particular, if f(z) = r,e then
|f(z)=e (| flloc] > € — ra=[[flloo] > € — [flloo—e> 12 = |f(z)] ace..
But this means

[f (@) +g(@)| < [f(2)] +]g(2)] < [[fllec — €+ llglloc < [ flloc +1lglloc — €
for almost every z. But that means ||f + gllooc < ||f]loc + [|9]lcc — € and so

1f + glloe < 1 flloc + [lglloo-
Question from OH, “why write |f(z) — €?|| f||o| < € instead of |f]| > || f]lec — €77
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The condition won’t work. The ( =) direction fails! If we claimed equality when for
all e >0

p{z e RTfI = flo —€ & [g] = [lgllc — €}) > 0.
What is the issue here? Consider f := x(,1) and g := —X(o,1)- Then

plre X |[fI21-¢ & [gl=1—¢})>0

but equality doesn’t occur in Minkowski’s.

Extra Question: Why not require |f(x) — || fl|lo| < € and [g(x) — ||g]|oc| < € on some
positive measure set?
Answer: Then ( <) fails. Because we can get a counterexample; f = (1 + 4)x(,1) and
g = (2+2i)x(01)- In this case, the condition is not fulfilled || f|loc = v/2 and ||g|l. = 2V/2.
For example, take ¢ = 1 and the set where both inequalities is true is not positive measure;

[f(@) = I flleel > 1 lg(z) = [lgllec] > 1

on (0,1) (the first is ~1.08 and second is ~2.1).
However, equality in Minkowksi’s does occur

If + gllse = 3V2 = || fllsc + llg -

Key Note from OH: The two statements are not equivalent (“if V6, a.e. 7 <= “a.e.
x, V8) Let us write out the conditions.

Vo € S, n(Ag) = 0 versus pu(Ag) = 0, (Npeg Ao = A and p(A°) = 0 are not equivalent
unless S' is a countable set.

Example where the above equivalence fails is as follows. Consider f, : R — R and
fy(x) = & —y. Clearly, Vy € R, f,(z) # 0 for a.e. x. However, we do not have for a.e. z,
Vy € R, f,(z) # 0. Because we can just pick y, = x and then, f, (z)=0. O

Folland Exercise 6.2 Prove Theorem 6.8 .

PrRoOOF. We break the proof into parts.

(a) Let f, g be measurable functions. We may restrict our attention to the set where
f # 0 since the result is vacuous if f = 0. Let E, := {x : |g(z)] > a} and
E¢ :={z :|g(x)| < a}. Consider the values a > 0 s.t. u(E,) = 0. Then,

(265)

/\fg!z/\f\\g\S/Ea\ngH/Egalf!=/Ea!f\|g!+a/Eg!f!:a/Eg!f\za/X\f\-

Notice that we have equality at the end since u(ES) = p(X) due to u(E,) = 0.
Taking the infimum over all such a > 0, we get

(266) 1fglle < [lgllool[ 11

as desired.
We had an inequality when deducing [, |f||g| < a [. |f] and this was the only

time we had an inequality. Notice that we get equality iff |g| = a a.e.. But we took
the infimum over all such ¢ > 0 and hence, since we restricted attention to when
f # 0, equality occurs iff |g| = ||g|| a.e. on the set where f(x) # 0.

(b) We show that || - ||« is a norm.
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(i) Suppose ||f]lcc = 0. Then that means {x : |f(x)| > 0} has measure zero. So,
|f] = 0 a.e. which means f = 0 a.e.. Suppose f =0 a.e.. Then {z : |f| > 0}
has measure zero and || f|. = 0.
(ii) Let a € C. If a = 0, then it is clear that ||af||c = ||| f]|c S0 suppose a # 0.
Then
(267) llaflleo = inf{a >0 : |af(z)| > a} =inf{a > 0:|f(z)| >

a
—} = ||| f]l -
o3 = lallf)
(iii) We proved this in Exercise 6.1, so we repeat the proof. By definition, || f|| is
the infimum such value for which |f| < || f]|« a.e. and since |f + g| < |f| + |g],
one has [ f + glle < [f[+ |g] a-e.. Hence, [[f + glloc < [|flloc + ll9loo:
(c) (= ): Assume ||f, = flloc = 0. If f,, = f =0 a.e. for all n, then there is nothing
to show. Consider sets

(268)  En:={z:[fu(z) = f(2)] > an} = EL = Az [fule) = fz) < an}

where a, > 0 for all n, a, — 0. Because ||f, — fllo = 0 as n — oo, We may
require p(F,) = 0 as for all n by taking a, to be the infimum such value in the
definition of || - ||. Let E°:= J,~, E, which has measure zero by subadditivity.
Then E := () _, E¢ which is a set that f,, — f uniformly on.

(<= ): Let € > 0. Choose an N € N sufficiently large s.t. for all n > N, we
have

(269) E.:={z:|fu(x) — f(z)| > €} C E“.

By monotonicity, u(E.) = 0. Therefore, ||f, — f|looc < €. Since € > 0 was arbitrary,
this shows that || f,, — f|lcc = 0 as n — 0.

(d) We first verify that L>°(u) is a vector space. Indeed, if f,g € L*>(u) and «, 5 are
scalars, then

(270) loof + B9lloe < lel| flloo + [8llglloc < 00 = af +fg € L=(n).

We employ Theorem 5.1 to show completeness because (b) and the above shows
us that L™ is a normed vector space. Suppose {fr} C L gives an absolutely
convergent series » oo [[fille = B < oo. Let F := Y - fr. Then, ||Fllo <
Y et I fklloo = B by (a) which shows us that F' € L*. Furthermore, since for a.e.
x, we have |F(2)] < Y207 [fel <D orey 1fello < B a.e. and so F(x) is defined a.e..
All that is left is to show that ), | fix — F as m — oo. We have

F=S"h =Y A < X Ifle=Ylfillo < B <o
k=1 0 k=m+1 00 k=m+1 k=1

so letting m — oo, the series on the 72 || fills goes to zero. Hence, the LHS
goes to zero as m — oo which shows that > " | fi, — F as desired.

(e) First, notice that simple functions are in L. Indeed, suppose ¢ := Y\ | a;xp, were
simple where we assume WLOG that p(E;) > 0. Then

(271) [6lloc = sup |as| < oo.
<i<

1<i<n

Now suppose f € L*> were arbitrary. By Theorem 2.10, choose a sequence of
simple functions f, s.t. |f,| increases to |f| and f, — f uniformly on any set in
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which f is bounded. In particular, f, — f uniformly on the set,
(272) E=X\{zeX:[f[>|fl}

But the set E° is measurable and of py-measure zero by definition of || - ||«. By (c),
this means for all € > 0, we have |f,, — f| < e on E, and hence ||f, — f|loc < € on E.
Therefore, || f, — flleo — 0.

O

Folland Exercise 6.3 If 1 < p < r < oo, LP N L" is a Banach space with norm ||f| =
| fllp + I |l and if p < ¢ < r, the inclusion map L” N L™ — L9 is continuous.

PROOF. Since LP and L" are Banach spaces, and in particular vector spaces, the in-
tersection LP N L" is also a vector space. To see that || - || is a norm, we show the three
axioms.

(i) First, || f]| = 0 iff [|f]l, = [[f]l» = 0 iff f =0 ae..
(i) Second, for any scalar A € C, | Af|| = ||[Afll, + [[Afll- = |AFIl-
(i) ﬁﬁr& |i|fﬁ7g € L7L", then || f+gl = [ f+gllp+ /gl < 1F I+ lgllp+ I+ f ]l <
+ g1l

Using Theorem 5.1: For showing completeness, we employ Theorem 5.1 of the text.
Suppose {fi} C LP N L" is an absolutely convergent series i.e. Y oo, ||fx]| = B < co. Let
Gy :=> 0 |fel and G :=>"77, | fel. Then by Minkowski’s inequality,

(273) 1Goll = IGally + 1Galle < D NIGally + Y IGull < Y lIGI < B
k=1 k=1 k=1

for all n € N. By MCT,

(274) max{/Gp,/GT} = max {lim/Gﬁ,lim/G;} < B <

and so G € LPNL". Hence, G(z) < oo a.e. and F :=_/° | f; is defined a.e.. Since |F| < G,
FelPnL, |[F=Y0 fil <(2G) € L', and |F = >__, fil? < (2G)? € L'. By DCT,

(275)
F=> I F=>
k=1 k=1
as n — oo and so, which means
F=>
k=1

i.e. > po | fr converges in the LP? N L"-norm.

In case we cannot use Theorem 5.1: Let {f,} be a Cauchy sequence in LN L". By
definition, {f,} is also Cauchy w.r.t. the p-norm and the g-norm. By completeness of L?
and L", assume f, — g in L? and f,, — h in L". By Exercise 6.9, convergence in the p-norm
and the ¢g-norm shows that f,, — g and f,, — h in measure. By Theorem 2.30, since f, — h
in measure and f,, — ¢ in measure, g = h a.e.. Therefore, {f,} converges to g in LP N L".

r

g

r

p

-

p

p r
—0 & —0

F=Y f F=> fr
k=1 k=1

n

F=Y f

k=1

n

F=Y f

k=1

(276) + — 0 as n — oo

p T
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Inclusion map is continuous: Suppose p < ¢ < rand i : LPNL" — L4 is the inclusion
map. Let € > 0. Let § := €. Let g € LP N L". Suppose f € LPNL" s.t. ||f —g| <. By
Proposition 6.10, for the A in the proposition

(277)
1i(£) =iy = If = glly <N F = gllpIlf = glls™ < NF =gl f =gl <Nf —gll <o =e

which shows continuity.

U

Folland Exercise 6.4 If 1 < p < r < oo, LP + L" is a Banach space with norm || f| =
inf {||g|l,+ ||~ll»: f =g+ h},andif p < ¢ < r, the inclusion map L¢ — LP+L" is continuous.

PRroOOF. First, we verify that || - || is a norm.

i. Suppose ||f|| = 0. Then there is a sequence of g, and h, s.t. f = g, + h, and
llgnllps |Anll- — 0. But that means g, — 0 and h, — 0 since L” and L" are
complete. Therefore, f = 0.

Suppose f = 0. Then ||f|| =0 since 0 € L” and 0 € L".

ii. Suppose « is a constant. Then,

lacf |l = inf{{lagll, + |2l - f =g+ h} =[] f].

iii. For the triangle inequality,
If+ 1 <inf{llglly + 1Bl : f =g+ Rl +inf{llg'l, + 1]l : /"= g"+ B} = FI + IF]]-

Now, we show that L? + L" is a complete Banach space w.r.t the given norm. We use
Theorem 5.1 to do this. Suppose > ;" || fu]| < co. By definition of || - ||, we can find g,, € L?
and f, € L7 .6 [[gallp + [hally < T full + 2 and fu = go + Ay Then,

(278) > lgalls < D171 +e.

Since L? is complete, Y ° g,, is defined i.e. it converges. Similarly, > ° h,, is defined due to
L" complete. But then Y ° f, = > g, + 2.7 hn.
We now show that the map L? — LP + L" is continuous. Let ¢ > 0. Now, let F :=
{z : |f(x)] > 1} and F := E°. Then we can decompose any f € L? as f := fxg + [xr
and Proposition 6.9 showed that fxgp and fyp are in LP and L" respectively. We also
have |f|P < |fxel|? and |f|" < |fxr|". Integrating and taking pth roots, we deduce that
[}

£ 1, < )12 and [|£]l, < [|f]li. Let e > 0 be arbitrary. Let & := max{et, e }.
Since the inclusion map is linear, we just need to show continuity at 0. Suppose || f||, < o.
Then,

(279) LI < I xells + 1fxEellr < [1FxElY? + | FIYT < 2e.
]

Folland Exercise 6.5 Suppose 0 < p < ¢ < oo. Then LP ¢ L9 iff X contains sets of
arbitrarily small positive measure, and L? ¢ LP iff X contains sets of arbitrarily large
finite measure. (For the ”if” implication: In the first case there is a disjoint sequence {E,}
with 0 < w(E,) < 27", and in the second case there is a disjoint sequence {E,} with
1 < p(E,) < co. Consider f = > a,xg, for suitable constants a,.) What about the case
q=o0?
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Folland Exercise 6.6 Suppose 0 < py < p; < oo. Find examples of functions f on (0, co)
(with Lebesgue measure), such that f € LP iff (a) po < p < p1 (b) po < p < p1 (¢) p = po.
(Consider functions of the form f(z) = 27logz|".)
PROOF. Let us deal with the cases.
(a) We give an f s.t. f € LP iff py < p < p;. Notice that
1 1
(280) /X(Zoo)—pdx & /X[Oa) dx
ZP0

€TP1

converge iff pg < p < py. Therefore, f(x) := xo, )" F +X[0 )~ F € LPiff py <p < p;.
(b) Notice that

(281) / ! <
XoWYW——————% oo
) (22] log )

iff p < p1. The reason is that if p < pi, the integrand is bounded above by x g 1 )ﬁ

p1

which converges while when p > py, the integrand is bounded from below by x g 1 )%
which diverges.
Notice that

1
(282) / XBo00) 5 dx
) (@llog 2?7

converges iff pg < p. When p = py, then the integral is equal to = by undergradu—

ate analysis. When py < p, we can bound the integrand from above by X (8,00) m

which converges which is only possible when z is s.t. x|logz|? > 1 and we chose
(8, 00) specifically for this purpose On the other hand, when p < pg, we can bound
the integral from below by X(g )~ Therefore, our de81red function is

2P0

1 1
(283) f=Xoyy———— + XBoo)——57dT
(O’e)(x2|logx])ﬁ ( )($|10g$‘2)p%

andeLlep0<p<p1

(c) Given py. Now let f := ———1——. We claim f € L” and only when p = pj.
xPO (| Inz|2+1)

Suppose p > pg. Then pﬂo > 1 and we can bound f? >

X (0,1) and since the
z PO

integral of the latter term diverges, f & LP if p > po. Similarly, suppose p < py.

Then we can bound f? > %X(gm) and since p% < 1, the integral of the latter
Po

x
function diverges.

0

Folland Exercise 6.7 If f € LP N L*> for some p < oo, so that f € L4 for all ¢ > p, then
[f1loo = limg—soq [|.flg-

PROOF. This is Homework 8 on Homework 1 for Math 240B. We showed on the Home-
work that such a limit occurs iff f & L\ ¢} o) L7 O

pE[1,00)

Folland Exercise 6.8 Suppose u(X) =1 and f € L for some p > 0, so that f € L? for
0<qg<np.
a. log||flly > [log|f|. (Use Exercise 42 d in §3.5, with F'(t) = ¢".).



6. L? SPACES 171

b. (JIf14=1) /g = log || fllg: and ([ [f|? = 1) /g — [log|f] as ¢ — 0.
c. limgyo || fllg = exp ([ log|f]).

PROOF. a. By Jensen’s inequality,

(251) -y log|f\)q§ [essttiosiri = [ iy

Taking gth roots, and taking the logarithm, [log|f| <log||f]|l, as desired.
b. Note that  — 1 > logx for all > 0. Set z := [ |f|?. Then,

(285) / \f!q—lzlog</ mq) — Wzlogufuq

where the latter followed by properties of logarithms.
The last part, which is only sketched here, follows from noting how z—1 — glog x
for a.e. z.
c. By part (b) and (a), we deduce that

(256) exp (W) > 11, 2 e [ 10s111)

and part (b) shows that the LHS converges to exp (f log|f|) as ¢ — 0, hence,

I fllg = exp ([log|f]) as ¢ — 0. )

Folland Exercise 6.9 Suppose 1 <p < oo. If || f, — f[|, = 0, then f, — f in measure, and
hence some subsequence converges to f a.e. On the other hand, if f,, — f in measure and
|fn] < g € LP for all n, then || f, — f|, — 0

PROOF. Suppose ||f, — fll, = 0. Then [|f, — f|P — 0 as n — co. Set E,:={x € X :
|fu — [P > €}. Then,

(287) [in=sv= | AE / o= aulB)

As n — oo, the LHS goes to zero. Hence, u(E,.) — 0. Since € > 0 was arbitrary and
|f — f|P > € is equivalent to | f, — f| > €'/, we deduce f, — f in measure. The statement
about a subsequence converging a.e., use Theorem 2.30.

Suppose f, — f in measure and |f,| < g € L? for all n. Then, |f, — f| — 0 in measure
and | f,— f|P — 0. So, we choose a subsequence s.t. [ |fn,—f|P — lim, o [ | fn, — f|P. Taking
another subsequence by Theorem 2.30, |f,, — f[P — 0 a.e.. Next, notice that |f,, — f[’
2Pt g|P € L' since g € LP.. We are justified in applying the DCT; lim; [ |fn, — fI?
S lim; o0 | fn; — [IP = 0. Therefore,

IIA

hm/'fn_ﬂp: lim\/’fnj_f|p:1im/|fnji_f’p:0 = an_fHP 0.
n—o0 ]—)OO 1—00
[

Folland Exercise 6.10 (without using Exercise 2.20) Suppose 1 < p < oco. If f,,, f € L?
and f, — f a.e., then [|f, — f[[, = 0 M || fall, = | fll,- (Use Exercise 20 in §2.3.)
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PROOF. ( = ): Since the triangle inequality holds for p > 1, the reverse triangle
inequality also holds by a standard undergraduate analysis proof; ||| full,— | Fllp| < [ fa— fllp-
Since the RHS goes to zero as p — oo, || full, = || fllp-

( < ): It suffices to show [|f, — f|P — 0 as n — oo. Because 0 < |f, — f|P <

20(|ful? + 1 117),
0 < 2°(|ful” + [F1P) £ | fu = 1"

Set g, := 2P(|ful? + | f|P) and then, g := lim, o0 g, = 2P| f|P a.e. since f, — f a.e..
Set h, = |f, — f|P and then, h := lim,, ., h, = 0 a.e. since f, — f — 0 a.e.. Notice that

h, € L' since g, € L*. Then,
/g—i—/hz/(g—i—h)S/g—i—liminf/hn
/g—/h:/(g—h)gliminf(/g—hn) g/g—limsup/hn.

Subtracting [ ¢ from both sides of the two inequalities above, and rewriting the second

inequality, we have
limsup/hn < /h < liminf/hn,

whereby, [ h = lim,_ [ h. But [ h = 0 and from the definition of h,,, lim, o [ |f,—fF =0
as desired. ]

Folland Exercise 6.11 If f is a measurable function on X, define the essential range R of
f to be the set of all z € C such that {x : |f(x) — z| < €} has positive measure for all € > 0
a. Ry is closed.
b. If f € L*, then Ry is compact and || f||.c = max{|z| : z € Rs}.

PROOF. OJ

Folland Exercise 6.12 If p # 2, the L? norm does not arise from an inner product on L?,
except in trivial cases when dim (L?) < 1. (Show that the parallelogram law fails.)

PROOF. Assume p # 2 and dim(L”) > 1. Let F be a set of finite measure and assume
it is not of measure zero. Then set f := xg and g = f. Then the Parallelogram Law
gives, after some algebraic manipulations, u(E)*? = u(E) which is true iff u(E) = 0,1
when p # 2. Suppose u(FE) = 1 were the case. Then take f := 2xp and g := xg. Then
the Parallelogram Law would given, after some algebraic manipulations and simplifications,
9 = 10. Contradiction.

Remark: The professor discussed this in class and noted that L? is special since it is

the only LP space that is a Hilbert space. Obviously, we ignore the trivial case where
dim(LPr) < 1. O

Folland Exercise 6.13 L? (R",m) is separable for 1 < p < co. However, L> (R",m) is not
separable. (There is an uncountable set F C L™ such that ||f — g||oc > 1 for all f,g € F

with f # g.)

PROOF. We exhibit a countable dense subset of LP(R",m). We know that the simple
functions S with characteristic functions on finite measure sets are dense in LP(R",m) by
Theorem 6.7. Since being dense is transitive, we exhibit a countable dense subset of the



6. L? SPACES 173

collection of such simple functions. By Theorem 2.40c, if m(E) < oo, there is a finite
sequence of disjoint rectangles whose sides are intervals {R;}{ s.t. m(EA UY R;) < e and
WLOG, we require the intervals to be open intervals. Define,

D := { rectangles S | centered at ¢ € Q" with rational vertices and open interval sides}

The collection D approximates the collection of rectangles i.e. if R is an arbitrary rec-
tangle, for any € > 0, we can choose an S € D s.t. m(R\ S) < e. Also, D is a countable
collection since there are countably many vertices rectangles in D can have. We show the
first statement is possible.

Suppose € > 0. For each side R; := (a;,b;) of R, we can choose S; := (r;,¢q;) where
ri,¢i € Q, S; € R; and m(R; \ S;) = (bi — @) + (a; — ;) < ex by choosing ¢; arbitrarily
close to b; and r; arbitrarily close to a;. The center of S; is obviously a rational number. Set
S :=T[, S; which will also have a rational center. Then, m(R\ S) = [[\_, m(R; \ S;) = e.

Since arbitrary rectangles approximate Lebesgue measurable sets of finite measure, the
elements of D approximate Lebesgue measurable sets of finite measure too as the following
argument shows. If E is Lebesgue measurable, choose rectangles {R;}{ s.t. m(EAUY R;) <
e. Then, choose rectangles S; € D s.t. m(R; \ Sj) < e. By Folland Exercise 1.12 and
exploiting the fact that S; C R,
m(EAUY Sj) < m(EAUY Ry) +m(UY S;AUY Ry) < e +m((UYS)) \ (U Ry)) +m((UY R;) \ (UY'S)))

N
= e+ (UYR)\UYS))) <e+> m(B;\S)) < (N + 1e.
1
Next, define

k
G:= {Z a; X R;
=1

Define G, as the subcollection of G consisting of finite sums where the £ is fixed. Then G,
is countable since Q and D are countable, there are countably many pairs a;xg,, and it is
a finite sum. Then, G is countable as G = UZO:1 G, 1s a countable union of countable sets.
To show G is dense in S, let ¢ € S. WLOG it suffices to approximate simple functions of
the form ¢ = byg for m(E) < oo as elements of S are sums of simple functions of that
form. Choose finitely many disjoint R; € D s.t. m(EA UY, R;) < e. Choose ¢ € Q s.t.
|b—¢q| < ¥/e. Then,

N p N
bxe— Y x| = / bXE— Y qXR,
=1 p =1

and taking pth roots shows that the p-norm of ¢ is arbitrarily approximated by elements

of G. At last, G C S C LP(R",m), taking the closure G = S, and since G is closed,
G =8 = LP(R",m) as desired.

We show that L>(R"™,m) is not separable. Define F to be the collection of functions of
the form f.(x) := X(B,(0))c for r > 0. Then for r # s, we have

(288) |fr(2) = f5(2)] = IXB,@)e\B.(2)e]

and ||f, — fsllo = 1 is immediate since m({z : |f.(z) — fs(z)| > 1}) = 0 while m({z :
|fr(z) — fs(z)| > 1}) is equal to the volume of the annular region remaining. This shows

CLZ'GQ,RZ‘ED}.

p
- / b gPXuevmm, = [b— aPm(NYLE\ R) < &
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that L>°(IR™,m) is not separable since a countable dense subset of L>*(R", co) would need
to approximate all of the functions in F. Let us explain in more details.
Suppose S were a countable subset. For each f € F, consider a ball B 1 (f) about f w.r.t

to the metric induced by the norm. Then B 1 (f) does not contain any other g € F since

|f — gllo = 1. Since S is countable, the elements of S only lie in countably many balls.
But F is uncountable so there is an h € F which cannot be approximated by elements of .S.
Hence, S cannot be dense. O

Folland Exercise 6.14 If g € L*>°, the operator T" defined by T'f = fg is bounded on LP
for 1 < p < co. Its operator norm is at most ||g||-o, with equality if p is semifinite.

PROOF. The hypotheses give us

(280) / Fol < llgl2. / P

by Theorem 6.8a. Taking pth root gives | Tf|l, = ||fgll, < llglls|lf]lp- This shows that
T : P — L? is a bounded linear operator. This also shows that the operator norm is at
most ||g||« since the definition of the operator norm has an infimum.

We claim equality occurs when p is semifinite. Define A := {z : |g(z)] > ||gllcc — €}-
By semifiniteness, choose B C Ast. 0 < u(B) < oo (since A has nonzero measure by

definition). Deﬁnef —XBW Then,

(290) J 197 = [ 1alu(B) = w(B) [ ol =€ = (gl —

and as € — 0, this means [ |fg|? > ||g||%,. Taking pth roots, shows | Tf||, > ||g|lcc. There-
fore, |Tfll, > llgllsllfll, for all ||f|l, = 1 which means ||T'|| > |lg|lcc. Since the other
direction was already proven, this completes the proof. 0

Folland Exercise 6.15 (The Vitali Convergence Theorem) Suppose 1 < p < oo and
{fa}" € LP. In order for {f,} to be Cauchy in the LP norm it is necessary and suffi-
cient for the following three conditions to hold: (i) {f.} is Cauchy in measure; (ii) the
sequence {|f,|"} is uniformly integrable (see Exercise 11 in §3.2); and (iii) for every € > 0
there exists £ C X such that u(E) < oo and [, [fa|” < € for all n. (To prove the sufficiency:
Given € > 0, let E be as in (iii), and let A,,, = {x € E : |fm(z) — fu(z)| > €}. Then the
integrals of |f,, — fiu|" over E\ A, Amn, and E° are small when m and n are large — for
three different reasons.)

Folland Exercise 6.16 If 0 < p < 1, the formula p(f,g) = [ |f — ¢g|° defines a metric on
LP that makes LP into a complete topological vector space. (The proof of Theorem 6.6 still
works for p < 1 if || f]|, is replaced by [ |f[?, as it uses only the triangle inequality and not
the homogeneity of the norm.)

PROOF. Checking the axioms for a metric space is easy. Use the fact that |f — h|P <
|f —g|P +|g — h|P when 0 < p < 1. This metric then defines a topology on the vector space.
We must check that it is a complete topological space. Replace the instances of | f||, with
J1f]P in the proof of Theorem 6.6. This alleviates the concerns that arose on p. 182. Of
course, this just shows that L? is a complete metric space since [ |f[P is not necessarily a
norm (one cannot factor our scalars: [ |af|P # « [ |f|P in general). O
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Folland Exercise 6.17 With notation as in Theorem 6.14, if ;4 is semifinite, ¢ < oo, and
M,(g) < oo, then {z : |g(x)| > €} has finite measure for all ¢ > 0 and hence S, is o -finite.

PROOF. Recall in Folland Exercise 1.14 we showed that if u is semifinite and E is a set
with infinite measure, then for all C' > 0, there exists F' C E s.t. C' < p(F) < oo.

So suppose not and that {x : |g(z)] > €} has infinite measure for some ¢ > 0. Given
C >0, we can find a set F' and C' < u(F) < oo as before and then set f := xp. Therefore,

/ng‘> /Fg‘>M(F)6>C€-

Since this holds for all C' > 0, we deduce that M,(g) = oo which is a contradiction. O

Folland Exercise 6.18 The self-duality of L? follows from Hilbert space theory (Theorem
5.25), and this fact can be used to prove the Lebesgue-Radon-Nikodym theorem by the
following argument due to von Neumann. Suppose that u, v are positive finite measures on
(X, M) (the o -finite case follows easily as in §3.2 ), and let A = u+ v

a. The map f ~ [ fdv is a bounded linear functional on L*(\), so [ fdv = [ fgd\ for
some g € L*()\). Equivalently, [ f(1 — g)dv = [ fgdu for f € L*(\).

b. 0 < g < 1) -a.e., so we may assume 0 < g < 1 everywhere.

c. Let A={z:g(x) <1},B ={z: g(x) = 1}, and set v, (F) = v(ANE) v (F) =
v(BNE). Then v, 1 p and v, < p; in fact, dv, = g(1 — g) "' xadp.

PROOF. If we have the result for finite positive measures then the o-finite case is a
consequence of the same argument as in Section 3.2 as stated.
a. Clearly, the map f — [ fdv is a linear functional on L*(\) so we just show that it is
bounded. Suppose || f|[2(x) = 1. Then,

1/2 1/2
[ sar| < Ufloltlize =l ( [15200) < e < oo ( [1020) -

By the Riesz-Representation Theorem and recalling the definition of the inner product on
L%(X), we deduce that there exists a g € L*(\) in which [ fdv = (f,g) = [ fgd\. Equiva-
lently, this means there exists g € L*(A) s.t [ f(1 — g)dv = [ fgdu for f € L*(N).

b. Let E :={z : g(z) < 0}. Our goal is to show that A(E) = 0. Notice that setting f = xg,
we obtain

V(E)g/f(l—g)dl/:/E(l—g)dl/:/EgduSO.

This implies v(F) = 0 by positivity of v. Furthermore,
O:/(l—g)dy:/gdu = w(E) =0.
E E
Let F:={z : g(x) > 1}. Setting f := xr,
u(E) < /fgd,u: / gdp = /(1 —g)dv < 0.
E E
This implies u(E) = 0. Also,

O:/gd,u:/(l—g)du — v(F)=0.
F F
Therefore, \(F') = 0.

V(X[ fllzzx
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c. Assume 0 < g < 1 everywhere. Clearly, AN B =0 and AUB = X.
To show vy L p, notice that v,(B) = v(AN B) = v(B) = 0. So we show p(A) = 0.
Indeed,

p() = [ adu= [ xalt = D=0

To show v, < pu, suppose p(E) = 0. We want to show v,(E) =v(AN E) = 0. Indeed,
V(AHE):/ dV:/XAmE(l—O)dV:/XAmEdu:u(AﬂE):O.
ANE

For the last statement, set f = ﬁ to get

vo(E) = v(ANE) = /

ANE

1 g _
— 1—gdy:/ ——du — dv, = g(1 — g) txadp.
(1_9)( ) anel—yg ( )" xa

Because v, + vs = v, we have our desired decomposition into mutually singular and
absolutely continuous parts. Furthermore, the last statement shows that the f in Theorem
3.8 is our I%QXA here.

O

Folland Exercise 6.19 Define ¢, € (I°)" by ¢,(f) = n~*>.7 f(j). Then the sequence
{¢,} has a weak* cluster point ¢, and ¢ is an element of (I°°)* that does not arise from an
element of !

PROOF. O

Folland Exercise 6.20 Suppose sup, || fu|, < oo and f, — f a.e.

a. If 1 < p < oo, then f, — f weakly in LP. (Given g € L%, where ¢ is conjugate to
p, and € > 0, there exist (i) & > 0 such that [, |g|? < ¢ whenever u(E) < 4, (ii)) A C X
such that f(A) < oo and [y, [g|? <€, and (iii) B C A such that u(A\B) < ¢ and f, — f
uniformly on B.)

b. The result of (a) is false in general for p = 1. (Find counterexamples in L'(R,m)
and ['. ) Tt is, however, true for p = oo if p is o -finite and weak convergence is replaced by
weak™ convergence.

PROOF. a. We justify the three claims (i), (ii), and (iii). Given € > 0.

Proving (i): Because g € L9, we know |g|? € L'. By HW 4 Problem 7 from Math 240A,
there is a § > 0 s.t. for any u(E) < 4§, we get [, [g]? <e.

Proving (i1): Again, |g|? € L' and we can apply Exercise 2.16 to deduce that there exists
a measurable set A s.t. u(A) < oo and [, f > [, f— e which is equivalent to fX\A f<e

Proving (iii): Note that pu(A) < oo since it is the A in the statement of (ii). Since
fi, f2,... and f are measurable and f,, — f a.e., use Egoroff’s Theorem (Theorem 2.33) to
find (A\ B) C As.t. u(A\ B) < ¢ and f,, — f uniformly on B.

Since sup,, || fn||, < oo and f,, = f a.e., we know || f,, — f||, < C for some constant C' > 0.
By Theorem 6.15, any T" € (L”)* is of the form T := ¢, for some g € L. For A, B, and
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0 > 0 as above and an application of Holder’s inequality,

(291) ‘/gfn—/gf‘S/X\AIgllfn—f|+/A\Blgl|fn—f|+/B|9||fn—f|

(292) < [llgllzacx\ay + lgllzacavs ] 1o = fllecx +/B|g||fn—f|
(203) < 208lfo — flooo + [ lolls = 51 <2096+ [ lallfa 1.
B B

Choose N sufficiently large s.t. |f,(z) — f(x)| < e for all n > N and « € B. Then,

1/p
[ ol = 115 Dol ( / |fn—f|p> < llglu(B)"e.
B B

— gf| <2C¥e+ ||gllqu(B)/Pe s0 ¢y frr — by f which means f, — f weakly

Therefore,
in LP.

b. Counterezample in L' (R, m): Let f, := nxjo,1/n). Clearly, ||fu|l1 = 1 for all n, sup,, || f.| =
1, and f, = 0=: f a.e.. Let g := xp,1j, and define ¢ : L*(R m)—>(beh>—>fhg Then

[ho=rwmen «  [r=0 = [rep[rs = enpor

Counterezample in (*(N): Define f, by f,(m) = 1 for m = n and f,(m) = 0 for all
m # n. Then, ||f,||x =1 for all n, sup,, || fu]1 =1, and f, = 0 =: f a.e.. Define g € ¢* by
g(m) =1 for all m € N and so g defines ¢, € (¢*)* since the counting measure is o-finite on
N so Theorem 6.15 applies. However, f,, 4 f weakly in ¢! because

Y fam)glm)=1,¥neN & > flmgm)=0 = ¢g(fa) # by(f)

meN meN

fn — f weakly® for p = oo and if p is o-finite: In this situation, we are viewing
L> = (Ll) as the dual space and elements f € L*> as defining bounded linear functionals
¢¢(g9) = [ fgdp for g € L' which is justified by Theorem 6.15 with p o-finite. To show
fn —> [ weakly*, we show ¢y, (9) = ¢¢(g). For any g € L',

167.(9) — b5(g)| = \ [no-[ fgdu‘ < [ 12— Flloldi < 17 = Sl =0

where the convergence to zero is justified by Theorem 6.8c. The hypothesis of the Theorem
6.8c requires f, — f uniformly on a set of full measure. In this case, we take the set of full
measure E where f,, — f because f,, — f a.e. by hypothesis. To see that f, — f uniformly
on E, we note that sup,, || fu|lcc < 00 and therefore, sup,, || f — fllco < 0o which ensures that
fn — f uniformly on F if we replace E as needed. OJ

Folland Exercise 6.21 If 1 < p < oo, f, — f weakly in P(A) iff sup, [|f,[, < oo and
fn — [ pointwise.

PROOF. ( = ) We may view each f, as an operator on ¢4 defined by mapping g € ¢4
to [gf, € C and this is an immediate consequence of Theorem 6.15 and 1 < p < 0.
Next, sup,, ||¢+.(g9)|| < oo for all g € (9(A) since f,, — f weakly in (P(A). By the Uniform
Boundedness Principle, as ¢7 is Banach, sup, ||¢y, || = sup,, || fx| < oo.
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For convergence pointwise, we show |f,(a) — f(a)| — 0 for all « € A as n — oo. Define
g € t1(A) by g(b) =0 for all b # a and g(b) = 1 when b = @ and clearly ||g||, < co. Since
fn — [ weakly, this means

|09 (fn) = @g(f)] =0 = |fn(a) = fa)] =0

which is precisely what we wanted.

( <= ): First proof: Given T' € (#(A))* and assume T := ¢, for some g € (?(A) by
Theorem 6.15 once more. We need to show ¢,(f,) = ¢4(f) which is equivalent to showing
Y oaca fnla)gla) = .4 f(a)g(a). However, notice that this is then equivalent to showing
¢r.(9) = ¢5(g9). Recast in this way, ¢y, : ¢9(A) — C defines a sequence of linear operators
and we are trying to show that ¢, — ¢ strongly. Since f, — f pointwise, we deduce that
o5 V1(A) — C is actually a linear operator.

By Proposition 6.13, we know || ¢y, ||, = || fn ||, so the hypotheses implies sup,, ||¢+, ||, < oo.

We show that ¢ € L(¢?(A),C) and by the above, we only need to show it is a bounded
operator. It suffices to show f € ¢P(A) because we would then get |¢;(g)| < ||gllllfll, by
Holder’s inequality. Indeed, by Fatou’s Lemma, noting that summands are positive,

D [f(a)P =) liminf|f(a)[P < liminf» [ fa(a)P < sup ||f.][} < oo.
a€A n

a€A acA

At last, we have {05,122, C L(£9(A),C), sup, |65, = sup, [|f]l, < oo, and ¢; €
L(¢1(A),C) which fulfills the necessary hypothesis of Proposition 5.17. Let D denote the
subset of (P(A) consisting of simple functions with finite support and D is dense in 7 by
Proposition 6.7. Let h € D and assume h is supported on the finite set B C A. Then,

167, (R) = & (W) < D | fal@)hla) = fla)h(a)| = D |fal@)h(a) — f(a)h(a)l

acA a€B

and we have lim, . Y .5 |fu(@)h(a) — f(a)h(a)| = > ,c5 M(a)lim, o |fn(a) — f(a)| = 0O
because we have a finite sum so interchange of limit with the sum is permitted. Invoking
Proposition 5.17, we know ¢y, — ¢ strongly and recalling what we said above, this is
equivalent to f,, — f weakly in /P(A).

Second proof:'® Because sup,, || f,||, < oo and f,, — f pointwise, which certainly implies
fn — f a.e., we use Exercise 6.20a., and deduce that f,, — f weakly in (P(A). OJ

Folland Exercise 6.31(A Generalized Hélder Inequality) Suppose that 1 < p; < oo and
Z?;pj—l =r ' <1 If f € LP for j = 1,...,n, then []} f; € L" and [T} /5, < IIY ||fj||pj :
(First do the case n = 2.)

ProoF. Consider the base case of n = 2. Assume pil + p% = % <1 and f; € L** and

f2 € LP2. Then, apply Holder’s inequality with - + 7 = 1 (as this equation shows they are

conjugate exponents) to get

1/r 1
Vfall = ( / |f1V|fz!’”> < QAT T ML el i)™ = [l L el

16Credits go to Jeb Runnoe for pointing that this should have been much more straightforward.
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We must take note that the hypotheses of Holder’s inequality are fulfilled in this situation.
Because 1 < py,py < 0o and % <1, for i € {1,2} we obtain

11 z Z
<<l = 1<Poy = Pen o

pi T r "
Now we induct on n. First, assume the result holds for n € N and we prove that it holds

) ntl 1 _ 1 . 1 1 _ 1
for n + 1 as well. Let § := Z? ST and then > o = s equivalent to it =r and

clearly % < 1. By the same reasons as above, we know (3, p,y1 € [1,00]. Then applying the
above result and then the inductive hypothesis,

Hfg

n+1

H fj

n+1

n
< W astllpwes TT1ill, = TT 150,
1 1

< an+1 Hpn+1

O

Folland Exercise 6.32 Suppose that (X, M, u) and (Y N, v) are o -finite measure spaces
and K € L*(p x v). If f € L*(v), the integral Tf(z) = [ K(z,y)f(y)dv(y) converges
absolutely for a.e. x € X; moreover, T'f € L*(u) and ||Tf||2 < K2/l fl2-

Proor. Converges absolutely: By an application of Holder’s inequality,

[ 1K@y < 1Kl < oc

and this shows absolute convergence a.e. x since [ |K(z,y)|*dy converges for a.e. = by the
Fubini-Tonelli Theorem and K € L?(; x v) and we had assumed f € L*(v).

Tf € L*(n) and | Tf]l2 < ||K]2]|fll2: We first justify the hypotheses of Minkowski’s
inequality for integrals. We need to show that y — ||K(-,y)f(y)||2 is in L'(v) and we note
that it is clearly measurable since K(-,y)f(y) is measurable, raising to the second power
doesn’t affect measurability, neither does integrating. For the hypothesis,

1/2
/ K C,9)f () ldy = / ] / K (2, y)f ()| dy = / VK C)llalf () 1y

< (furcomra)” ([ iwra)” (HElder’s Inequalit)
_ (/‘/|K(m,y)|2d$ dy) - £l 220
= ([ [ 100

= [[K(-, ) 2(uxny 1 () 20y < 00 (Fubini-Tonelli).

The finiteness follows from the hypotheses of the problem. This shows that the hypothesis of
Minkowski’s Inequality is fulfilled. Then, if we use the above inequality for the last inequality
below,

IOl = | [ 50

< Oz HC )||L2 ()

/ | K (-, Y)llody  (Minkowski’s Inequality)
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This establishes ||T'f|la < ||K]2]|f]l2 and by the hypotheses, we know ||K||s < oo and
| fll2 < oo which implies || T'f|ls < oo so T'f € L*(u1). Furthermore, this establishes || f]]2 <
2] 12

U

Folland Exercise 6.38 f € L iff }-™ 2"\, (2¥) < oco.
Professor Zlatos’s comments: Assume p € (0,00).

PROOF. (== ): Assume f € L? so that ||f[|? < co. Then,

P30 PPN =p DT BB = p Y (24— 2Rt (2

k=—oc0 k=—o00 k=—0oc0
<p Z / ozp_lx\f(oz)doz:p/ o’ '\ (a)da
e J a€[2k 2k 1] 0
= I} < o0

where the last equality follows by Proposition 6.24. In case it is not obvious, the second
inequality follows by 28! = 2F 4 2% which means 2¢*! — 28 = 2% The inequality follows
by definition of A;(2%), the preceding fact, and just observing what the upper bound for the
summand is.

(<=): Let F}, := {z : 28 < |f(x)| < 2""'}. Then, we deduce Y > 2" p(F}) < oo since
w(Fy) < Ap(2%). Therefore, noting that the +1 shift in index does not affect convergence of

the sum,
12 = /X =3 [ Y o) < o

k=—oc0 /I k=—o0

O

Folland Exercise 6.40 (a,b,c,d) If f is a measurable function on X, its decreasing re-
arrangement is the function f*: (0,00) — [0, co] defined by
f*(t) =inf{a: A\f(a) <t}  (where inf @ = c0)

a. f*is decreasing. If f*(¢) < oo then Ay (f*(t)) <t, andif Af(a) < oo then f* (As(a)) <
Q

b. Ay = As+, where Ay« is defined with respect to Lebesgue measure on (0, 00).

c. If \p(av) < oo for all @ > 0 and lim,—,oo Af() = 0 (so that f*(t) < oo for all ¢ > 0),
and ¢ is a nonnegative measurable function on (0,00), then [, ¢ o |f|du = fooo ¢ o fr(t)dt.
In particular, || f|l, = [ f*]|, for 0 <p < oo

d. If 0 < p < 00, [f], = sup,~o /P f*(t).
PROOF. a. f* is decreasing: Assume s < t. Then we have
f(s) =inf{a: A\p(a) < s} >inf{a: A\p(a) <t} = (1)
because
{a: Af(a) < s} C{a: (o) <t}

If f*(t) < oo then A\¢(f*(t)) < t: Because f*(t) < oo we know {a : A\s(a) < t} # 0.
Then,

A(fF (@) = p{z = [f(2)] = F1(0)}) = p{a - [f(2)] = inf{5 : Ap(B) < t}) <t
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if we just observe the definition of f*(¢) and that the infimum is at most ¢.
If Af(a) < oo, then f*(Af(a)) < a: Because Af(a) < oo, f*(Af(v)) is well-defined and
the set {8 : A\f(8) < A¢(@)} is nonempty and the infimum is well-defined. Then,

F Ap(@) = inf{5: Ap(B) < Ap(@)} <«
because clearly av € {5 : Af(8) < Af(a)}.
b. First, we prove the result for characteristic functions, then for simple functions, and then
generalize to arbitrary measurable functions.
Case f is characteristic: Suppose f := yg for some measurable F C (0,00). Then,

Ar(0) = p({x : xs(2) > a) = {“(OE D es)

On the other hand,
(@) = e ()] > a)) = { MO Ho St il e o]

0 fa>1 0 ifa>1

This might be tricky to see so we provide some exposition.

Suppose a < 1. We claim that z € (0,u(F)) satisfies |f*(z)] > a. By definition,
f*(x) = inf{B : A\¢(B) < z}. The only way for |f*(x)| > o when a < 1 is for the infimum
B to be bigger than a. We can use the above computation for Af(a). In this case, A\f(5) <
x € (0,u(F)) iff > 1 and so the infimum is 1. This means |f*(z)| = 1 > « which is what
we wanted.

Suppose a > 1. We claim there is no value of x that fulfills |f*(z)| > a. We want the
infimum ( such that Af(3) < z to be larger than . If z € (0,1), then A\;(5) < « is fulfilled
with = 1. But then |f*(2)| # a. Now if x € [1,00), then A¢(5) < x is fulfilled with 8 =1
and possibly § = 0 if z large enough. But again, that means |f*(z)| } «.

Case f is simple: The case of f simple is complicated to write down, but it essentially
follows from the analysis we did above. We demonstrate determining the values for Ay when
f=N anxe, and |ay| < ag| < -+ < |ay|. Wesee As(a) = u(X \ (EyU---U E,,)) when
a < || It then readily follows that for the same «, we get A« (o) = m((0, u(X \ EHU--- U
En)) = Arla).

General case of f measurable: Choose a sequence f,, of simple functions such that f, — f
pointwise and |f,| increases to |f|. Proposition 6.22 shows that As, — A; increasingly. But
then we know Ap= — Ay increasingly. All that remains is to show that As. — Ay pointwise
and increasingly.

First off, if |g| < |h|, then Proposition 6.22¢ shows A, < Aj,. But that means

{z:]g"(@)| > o} S{z: [ (2)] > o}
because we can observe the definition of A* and ¢g* and compare them using A, and A,. But
by the same argument as in Proposition 6.22, we deduce that A;= — Ay« increasingly because
the above set containment shows we just have an increasing union of sets.
c. First statement: Notice that the hypotheses for the first statement fulfill the hypotheses
we need to apply Proposition 6.24 twice to get

/Ooo¢of* /¢> a)d\s- (0 /cb a)dAs-(a /<z> a)dAs(a /¢ fld.

Second statement on inequality: We first must note that the p-norm that || f||, refers to
is with regards to p while the p-norm || f*||, refers to is with the Lebesgue measure.
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Set ¢(x) = 2P and applying the preceding result we just proved. We obtain

/X|f|pdu=/Ooo<f*<t>>pdt=/Oooyf*(mpdt

because f*(t) is nonnegative. Taking the pth root, we get || ]|, < || f*|l, as desired.
d. First, we show for all t, > 0, there exists a > 0s.t. £5/"f*(to) < ars(@)'/?. Given a fixed
to > 0.

Since f*(to) = sup{B : Af(B) > to}, for any € > 0, there exists v > 0 such that

fflto) —e<y & Ap(v) > to.

Hence,

to" £ (to) < Ap(N)VP(y +e)

and letting ¢ — 0, we get the result. This establishes that sup,.,t"/?f*(t) < [f],. So, we
proceed to establish the reverse inequality.

For the reverse direction, we show that for every ag > 0, there is an € > 0 sufficiently
small s.t. [f], < sup,.otPf*(t) + €. First, assume A;(ap) # 0 because if it were zero, there
is nothing nontrivial to show. Choose the infimum possible § > 0 in which we get

f*(Ap(en) = 0) = ag.
Then, let € > 0 be sufficiently small so that agAf(ag)/? — € < ag(Af(ag) — §)/P. We have
aoAs(a0)? — € < ag(Ar(a) — )7 < f*(Ap(an) — 8)(As(ao) — 6)7 < supt'/P f*(t).
0

Taking the supremum over all g and as € — 0, we get [f], < sup,.qt/?f*(t). O

Folland Exercise 6.41 Suppose 1 < p < oo and p~t + ¢! = 1. If T is a bounded operator
on L? such that [(Tf)g = [ f(Tg) for all f,g € LP N LY, then T extends uniquely to a
bounded operator on L” for all r in [p, q] (if p < q) or [q,p] (if ¢ < p).

Professor Zlatos’s comments: “bounded operator on LP” means “bounded linear operator
from LP(u) to LP(u)” Also assume p is semifinite if p = oo.

PrROOF. Assume WLOG that p < ¢ and r € [p,¢q]. The argument would be done with

p and ¢ interchanged if p > ¢. Because the function % is strictly decreasing on (0, 00|, we

know % <1< Ilj so there exists ¢ € (0,1) such that 2 = % + 3 by convexity of B, %] We
also note that 7' : L — LP since it is stated to be a bounded operator on LP.

Case where p € (1,00): First, we extend the domain of 7" to L9. From the hypotheses, we

have
’/(Tf)g < /I(Tf)llgl < NTflpllglle < NNl

where we applied Holder’s inequality for the second inequality. What the above shows is
that the linear functional f +— [(Tf)g is a bounded linear functional with operator norm
bounded above by ||T||||gll,- By Theorem 6.15, we know there is an g* € L? that corresponds
to the bounded linear functional as ¢,4-. So, for all f € LP, we get [ fg* = [(T'f)g = [ f(Tg)
and the second equality follows by the hypothesis if we use the fact that LP N L? is dense in
L% and LP respectively so that we can pass the T' through for any f € L? and g € L4. So,
we take T'g = g*.
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Next, we make some trivial verifications. Namely, we check that T": L? — L is linear and
well-defined. We check linearity because well-definedess follows by the fact that (LP)* = L9
is an isometric isomorphism so the choice of ¢g* is uniquely determined. For linearity, let
«, € Cand g, h € L9. Then linearity follows immediately from the fact that [ f(ag+Sh) =
faffg+8]fh

Then, we define T : LP + L — [P + L by T(f +g) = Tf + Tg for f € LP and
g € L% Notice that L™ C LP + L7 by Proposition 6.9. Next, if f +¢g = f' + ¢, we know
f—f+9g—¢ =0and
0=T(f~f'+9-9) = T(H)-T(f)1+o~9) = T(H-T(f)1Ha"~(g) = T(f)+g" =T(F)+()"
which implies T'(f + g) = T(f' + ¢'). This shows T": LP + L7 — LP 4 L9 is well-defined.

Moving on, we employ Theorem 6.27 to show that 7" : L” — L" is actually bounded
linear. Checking the hypotheses, we know T : P 4+ L? — L” 4+ L9 is a linear map satisfying
7fl, < Myl fly and ITfl, < M;fl, and clearly pg € [1,o0]. For t € (0.1) and
L= % —|— , we have ||T'f||, < M~ tMtHfH which shows 7T is a bounded linear operator on
L.

Now, we proceed to show that the extension T is unique. For clarity, suppose S were

another extension of T'. Therefore, S : L™ — L" and S|» = T. Let h € L" be arbitrary and
since L C LP+ L9, write h := f+g for f € L? and g € L? and we show S(f+g¢g) =T(f+g).
By linearity, we only need to show S(g) = T'(g). Choose a sequence of simple functions g,
with finite support such that g, — g w.r.t the r-norm. Because of how simple functions
are defined, we also have g, — ¢g w.r.t the p-norm and ¢g-norm. Because S is a continuous
extension of 7', we deduce that lim, . S(g,) = S(g). But for simple functions, we know
gn € L9 and therefore, S(g,) = T(g,) and by continuity of 7', we deduce lim, ,, T(g,) =
T(g). Hence, S(g) =T(g).
Case where p = oo: In this case, we assume the measure is semifinite. If we scan through
our proof, there are two instances that we need the hypothesis. One was to employ Theorem
6.15 as we needed the measure to be at least o-finite because if p = oo, then ¢ = 1. Two,
we needed semifiniteness for Proposition 6.13 to ensure ||g*||, = ||g]lq = ||¢4l]- Otherwise, we
could not apply Theorem 6.27 with our extension.

A few other things to note. To apply Theorem 6.27, notice that we do not need semifinite-
ness unless we have both p = oo and ¢ = oo. So our proof is still valid in this situation.
Furthermore, the remark on convergence of simple functions is still valid because our sim-
ple functions were required to have finite support. Additionally, the initial application of
Holder’s inequality is valid for p = oo because of Theorem 6.8.

O

Folland Exercise 6.42 Prove the Marcinkiewicz theorem in the case py = p;. (Setting
p = po = p1, we have Apgp(a) < (Collfllp/a)® and Ars(a) < (Cy]|fll,/a)™ . Use whichever
estimate is better, depending on «, to majorize qfooo aq_l)\Tf(a)da.)

PROOF. Assume pg = p;. Then clearly p = py = p; by the hypotheses of the Marcinkiewicz
theorem. First step for us is to justify the hint and it folllows immediately from the weak
type estimates since T is weak type (p,qo) and (p,q1). With the estimates justified, we
proceed to bound | Tf[[Z. We have

o0

00 A
irsle= [T = q / o gy (@)dar < gC|| 1 / a0 da 1 qC | | / ot 1 do
0 0 A
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for A > 0. The inequality follows from splitting the integral in two, and then bounding
above by the estimates in the hint. WLOG assume ¢y < ¢;. The reason we may assume
WLOG is because if ¢y > ¢;, then we would just switch our choice of estimates above. Then
0 < q < ¢ which means 0 < q¢—qo <q1 —qoand qo —q1 < q—q1 <0. Note 0 < ¢; —q as
well. Then, we evaluate the integrals (using the inequalities just stated to ensure they are
well-defined),

A _ A _ _ 00 _
/ 0010, — [aq qo} _ Ad—d0 N /oo amlg [aq @ } _ Aa—a |
0 q—4q0] q—4qo A q—4q1] 4 q1 —4q

Then from the bound on || T'f]|Z,

Ad—a0 Ad—a
171G < qC"’“HfH‘"0 —o T —
If we take A := || f||,, then the above reduces to

1 1
I'fl|4 < (qC’qo——i—qC'ql—) fl14.
|| ||q 0 q— q 1 0 q || Hp

1/q
Taking the gth root, we see that the constant we wanted is B, ( c p— + qCT = q) )

Notice that this constant depends only on p, ¢; (since ¢ is written in terms of ¢; and we
allowed to depend on t), Cy, and C4. O

7. Radon Measures

Folland Exercise 7.1 Let X be an LCH space, Y a closed subset of X (which is an LCH
space in the relative topology), and x a Radon measure on Y. Then I(f) = [(f | YV)du is

a positive linear functional on C.(X), and the induced Radon measure v on X is given by
v(E)=u(ENY).

PRrOOF. ! First, we check linearity. Let f,g € C.(X) and «, 8 € C and so by linearity
of the integral,

mw+5m:/&U+ﬂmﬂm=/@ﬂy+@ww=a/}wm+5/5mm:auﬁ+ﬂmm

Next, if f € C.(X), then fly € C.(Y) so that I(f) = [ flydu is well-defined. This is
because f|y is definitely continuous and if supp(f) is compact, then supp(f|y) = supp(f)NY
is compact since Y is closed. Then, the comment proceeding Proposition 7.1 imply that I
mapping f € C.(Y) to [ f'du is a positive linear functional. In particular, if f > 0 and
f € Ce(X), then fly € C(Y) and

mﬂz/uwwuz/ mquuz/ Lz

I"NTS: Think about this some more. If we show I(f) = [ fduy = [ fdv, then uniqueness of the Riesz
Representation Theorem implies uy = v. What goes wrong is that py may not be a Radon measure on X
itself even though it is a Radon measure on Y (inner regularity may fail).
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Define uy (E) := p(ENY) and it is a Borel measure by Exercise 1.10 as it is a restriction
of a Borel measure and Y is closed. To show v = puy, we need to show v(FE) = uy (F) for all
E € Bx. Let us show uy is outer regular on By. Let E € Bx. The inequality

py(E) =p(ENY) <inf{u(UNY): ENY CU openin X} =:7n

is immediate from monotonicity of measures. Now we show the other direction. By u being
Radon on Y and definition of the subspace topology,

w(ENY)=inf{u(W): ENY CW, W open in Y}

If W is open in Y, there is an open subset V C X s.t. W =V NY. In particular, we can
choose V' =W U Y which is an open subset of X because

Wuy =(Vny)uYe=vnyY =(Ynvee
is the complement of Y N V¢ which is open. Therefore,
w(ENY)=inf{g(WUuY)nY): ENY C(WUY)NY, W open in Y}.
But since W U Y ¢ is open in X, we deduce from bounding the RHS above from below,
w(ENY)>inf{u(UNY): ENY CU, U open in X}

Since py and v are outer regular By, to show equality on By, it suffices to show equality
on open sets.

Let U C X be open. Let € > 0 and by Theorem 7.2, there exists an f € C.(X) s.t.
f<Uand v(U) — e < I(f) and therefore,

v(U) — e < I(f) = / flydp < / lydp = u(UNY).

Since € > 0 was arbitrary, »(U) < u(U NY). For the other direction, suppose K C U NY
were a compact set and by Lemma 4.32, there exists a g € C.(X) s.t. glg =1 and g < U.
Then by Theorem 7.2, we have

v(U) =sup{I(f): feCX), f<U} zsup{/XK\yd,u:Kg Uuny, Kcompact}

=sup{u(KNY): K CUNY, K compact} = sup{py(K): K CUNY, K compact}
=uUNY) = py(U),

where the existence of g € C.(X) satisfying the stated conditions gives the inequality, the
equality in the second line follows from KNY being compact as Y is closed'® and the equality
from the second to third line follows from g being Radon on Y and U N'Y C Y being an
open subset of Y. 0

Folland Exercise 7.2 Let  be a Radon measure on X.

a. Let N be the union of all open U C X such that u(U) = 0. Then N is open and
1(N) = 0. The complement of N is called the support of p.

b. z € supp(p) iff [ fdp > 0 for every f € C.(X,|0,1]) such that f(z) > 0.

I8While discussing this with James Wong, Y being closed is not necessarily needed here.
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PROOF. a. Because N is a union of open sets, N is necessarily open as well.
If K C N is a compact subset of N, there is a finite subcover K C UZ:I U, where
w(Ug) = 0. Then,

p(K) < p (U Uk) <> uUy) =) 0=0.
k=1 k=1 k=1
That is, any compact subset K C N has measure zero. Because N is open, by definition,
is inner regular on N. Therefore,

pu(N) =sup{u(K): K C N, K compact} = 0.

We note that supp(pu) = N€.

b. ( = ): Assume z € supp(u). Let f € C.(X,[0,1]) and assume f(z) > 0. Because
x € supp(p), there is an open V' C X s.t. x € V and pu(V) > 0. Because f is continuous,
thereisa W C V s.it. u(W) > 0 and f|w > 0. Then,

/fdy>/wfdy>,u(W)5>O

where § > 0 is sufficiently small so that f|y > > 0.

( <= )": Suppose not and = ¢ supp(r). Then there exists an open set U > x s.t.
w(U) = 0. Because {z} is a compact subset and X Hausdorff, we know {z} is in particular,
closed. Let U be some open set containing  and by Urysohn’s Lemma 4.32, there exists a
continuous f s.t. fly =1, 0 < f <1, and supp(f) € X. Then f(z) =1 > 0 and since
x & supp(u), we know u({z}) = 0. By the Riesz-Representation Theorem (7.3), if I is given
by g — [ gdu for g € C.(X), we know

0= u(U) =sup {I(f): f € Cu(X),f < U} > /fcm >0

where the last inequality follows by hypothesis. So 0 > 0 which is a contradiction.
OJ

Folland Exercise 7.3 Let X be the one-point compactification of a set with the discrete
topology. If p is a Radon measure on X, then supp(u) (see Exercise 2 ) is countable.

ProoF. * Use Exercise 7.2b as needed.

For all x € X \ {oo}, we have x € supp(p) iff p({z}) > 0. If p({z}) > 0, then for all
f € Cu(X,[0,1]), we know [ f > f(z)u(z) > 0 which implies z € supp(u). On the other
hand, if © € supp(u), consider h(y) defined by h(z) = 1 and h = 0 elsewhere. For any

I9NTS: Another possible proof, but there might be an error somewhere.

( <= ): Suppose not and x ¢ supp(u). So there is an open U s.t. © € U where u(U) = 0. By Proposition
4.30, there is a compact set © € M C U. By Urysohn’s Lemma 4.32, there is an f € C(X,[0,1]) s.t. f=1
on M and supp(f) C U. Then,

/fdu = / fdp < (sup f(u))p(supp(f)) = 0
supp(/f)

yeU

since p(supp(f)) < u(U) = 0 (note that supp(f) is compact and since X is Hausdorff, supp(f) is closed).
Therefore, from the hypothesis and f(z) =1 > 0, we obtain

O</fdu:0

which means 0 < 0. Contradiction.
20This is the correct proof provided by Yunyi Zhang for Math 200C.
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openset U CC,if0 e Uand 1 ¢ U, h'{(U) = {z}¢is open. If 1 € U and 0 ¢ U, then
h=Y(U) = {z} is open. If 0,1 € U, then h~'(U) = X is also open. Finally, if 0,1 ¢ U, then
h=Y(U) = 0 is open. This means h is continuous. Also, it is clearly compactly supported.
But then 0 < [ hdp = h(z)p({z}) = p({z}).

For all m € N, oo > pu(X) > Zu({x})zﬁ u({z}) implies that only finitely many x have

p({z}) > L. Also, supp(u) C {oo} U UH({ZE}»%{x} is countable. O

Folland Exercise 7.4 Let X be an LCH space.
a. If f € C.(X,[0,00)), then f~*([a,00)) is a compact G5 set for all a > 0.
b. If K C X is a compact Gy set, there exists f € C.(X, [0, 1]) such that K = f~'({1}).
c. The o -algebra B% of Baire sets is the o -algebra generated by the compact G sets.

PROOF. a. Set K := f~!([a,00) which is a closed set because it is the preimage of a
closed set under a continuous function. First off, f~!([a,00)) =Moo, /™ ((a — £,0)) € Gs
because f~! ((a — %, oo)) is the preimage of an open set and f is continuous. Also, K is
compact since a > 0 implies K C supp(f), and because K is closed and supp(f) is compact,
Proposition 4.22 shows K is compact..

b. Let K := (), U, be a countable intersection of open subsets U,, C X. By replacing
U, with ﬂle U;, we may assume U; O U,y for all i. By Proposition 4.31, there is a
precompact V C X st. K CV CV CU. Set V; :==U; NV and then, Ne, Vi=N, Ui =
K. By Urysohn’s Lemma 4.32, we can find continuous f; s.t. filx = 1,0 < f; < 1, and

supp(f;) € V;. Define f(z) = 3.2, £ 2(1; ) and this is is a well-defined sum since

=1
|f(z)] < ZE =1
=1

for all z € X. Next, we claim f(x) is continuous. Indeed, the summands % are bounded and
continuous and because BC(X, |0, 1]) is a Banach space w.r.t to the uniform norm ||f|, <

S0 Wil smee L — 1 shows $00°, LAllv is an absolutely convergent series and therefore, the
series that defines f converges in BC(X, [0, 1]). Next, supp(f) € U;=, supp(f;) € U=, Vi C
V which means supp(f) is a closed subset of a compact set and therefore, it is compact.?!
Therefore, f € C.(X).

Finally, we show K = f~!({1}). If z € K, then f(z) = }.;°, 3 = 1 by construction
of the f;. Conversely, if z € f~1({1}), then we must have f;(z) = 1 for all i because the
summands £ ’Q(f ) are nonnegative. But that means z € supp(f;) € V; for all ¢ and hence,
€2, Vi =K. We conclude that K = f~!({1}) and that f is the desired function.

c. Note B% := M(E) is the o-algebra generated by £ := {f~}(F) : f € C.(X), E C
C measurable}. The goal is to show B = M(F) where F is the collection of compact Gs
sets. We note that is suffices to restrict attention to real-valued functions f € C.(X,R) by
taking real and imaginary parts. Furthermore, we can restrict attention to the nonnegative
part by decomposing f = f* — f~ and noticing that if f € C.(X), then [T, f~ € C.(X) as
well. So we reduce to assuming

E={fYE): feC.(X,]0,00), EC[0,00) measurable}.

21This is the where the choice of V is important. Had we chosen f; s.t. f; C U; instead, we would not be
able to deduce that supp(f) was indeed compact.
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Showing B% C M(F): Since we want to show M(E) C M(F), we can use Lemma 1.1
to reduce to showing & C M(F).

Let f'(E) € €. Because B ) is generated® by the half-open intervals of form [a, o)
for a > 0, we reduce to showing f~([a, 00)) € M(F). By part a., shows that f~*([a,0) € F
so f7([a,0)) € M(F).

Showing M (F) C B%: By Lemma 1.1, we show F C M(€). Let K € F and by part
b., there exists f € C.(X,[0,1]) s.t. K = f~1({1}). But {1} C [0, oc] is measurable so this
means K € £. Hence, K € M(E). O

Folland Exercise 7.5 Let X be a second countable LCH space.
a. Every compact subset of X is a Gy set.
b. Bx = BY%.

PROOF. a. Let K be compact and {B;}2, be a countable basis of the topology. For every
B; N K = (), there exist disjoint open sets U; D B; and V; D K.

We claim K = (.2, V;. Clearly, K C (;2,V;. For the other direction, suppose not and
there was a v € (.2, V; s.t. v ¢ K. Since {v} is a closed set, there are disjoint open sets
U D {v} and V O K. Then, there is a basis open set B; s.t. {v} C B; CV and B;NK = .
This means, there is an 4 s.t. we have disjoint open sets U; O B; and V; O K. However, we
would have v € V; and v € U; which means they cannot be disjoint. Contradiction.

b. Clearly, Bx 2 B%. For the other direction, we recall Folland Exercise 4.55 which says
every open set in a second countable LCH space is o-compact. Therefore, if U is open in X,
we can write U = | J 2, K,, as a union of compact sets. By a., we know the K,, are all G4 sets
and by Folland Exercise 7.4c. we know the K, are in the generating set of BS. Therefore,
U € B%. Since the open sets generate By, we deduce that By C B%. O

Folland Exercise 7.6 Let X be an uncountable set with the discrete topology, or the
one-point compactification of such a set. Then By # B%

PROOF. [Incomplete]

Suppose X is an uncountable set with the discrete topology. We must show Bx ¢ B%.
A C.(X) function f(z) must be nonzero on a closed finite set. However, the set where f(z)
is zero is not a compact G4 set and therefore, f(x) is not measurable. Take for example,
[ = Xx\{z} which is (Bx,[0,1]) measurable, but it is not (B%, [0,1]) measurable since its
support is not compact.

The one-point compactification of X does not affect this fact. O

Folland Exercise 7.7 If ;4 is a o -finite Radon measure on X and A € By, the Borel
measure 4 defined by pa(E) = p(E N A) is a Radon measure. (See also Exercise 13.)

PROOF. (1) First off, 4 is a Borel measure on Bx because A € Bx and by Exercise
1.10.
(2) Let K C A be a compact set. Since p is a Radon measure, pa(K) = u(K N A) <
u(K) < 0.

22First off, Bg is generated by half-open intervals of form [a,00) for a € R. Restricting to Bjg,o) =
{EN[0,00) : E € Br} means that Bjy ) is now generated by the half-open intervals [a,o0) N [0,00). So,
Bjg, o) is generated by the half-open intervals [a, 00) for a > 0. We can require a > 0 because if a = 0, then
we just write [0, 00) = [a,00)¢ U [a, 00) so we do not need it in the generating set.
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(3) B %

Let E € Bx and then AN E is Borel. Let € > 0. By outer regularity of p, there
exists an open U 2 AN E s.t. u(U) < u(AN E) + e. By Proposition 7.7, since y is
o-finite and A° is Borel, there exists a closed F' and open V s.t. I C A° C V and
u(V\ F) < e. Note that FF C A° implies A C F°. Then,

pa(UUV) = i(ANU)U(ANV)) < u(ANU) + u(ANV) < u(U) + u(ANV)
<p(ANE)+e+pu(VNF)=uwANE)+e+u(V\F) < u(ANE)+ 2 = pus(E) + 2e.

Since U UV is open, E C (ENA)UA° C UUV and € > 0 was arbitrary, we are
done by definition of outer regularity.

(4) Let U C X be an open set. To prove inner regularity on U, we show two inequalities.
First,

pa(U) = p(UNA) =sup{u(K): K CUNA, K compact} > sup{ua(K): K CU, K compact}

and the second equality is by Proposition 7.5 and the fact that p is o-finite while the
inequality is due to the fact that if K CUNA, then K CU and u(K) > p(KNA)
by monotonicity.

Now, we show the other inequality. We split into two cases.

Case 4(U) < oo: In this case, u(U N A) < oo by Proposition 7.5, there is a
compact set K CUNAst. pf(UNA) < pu(K)+e But then K CUNACU so we
have a compact set K C U which has us(U) < pa(K) + €. So this establishes the
other inequality?’.

Case 114(U) = oo: We show that there are compact subsets of U with arbitrarily
large 114 measure.

Let U := |J,~, F,, be a countable union of finite measure sets and assume the
F,, are disjoint. Let M € N. We have co = p(UNA) =>"7 | u(ANF,). So there is
an N € Nst. Y20 u(ANE,) > M +1. Since (AN F,) is of finite measure, from
Proposition 7.5., there is a compact set K, C ANE, s.t. p(ANE,) < p(K,)+ + =
pa(Ky) ++ Then UY K, CUY,ANF, CUNACU and the finite union of
compact sets is still compact. But we find that

I (UKn> :Z/LA(KH)>Z(M(AQF”)—%) >M+1—-1=M.

This shows that there are compact subsets of U of arbitrarily large measure and
therefore, sup{pa(K): U 2O K compact} = 0o = pus(U) as desired.
OJ

Folland Exercise 7.8 Suppose that p is a Radon measure on X. If ¢ € L'(u) and ¢ > 0,
then v(FE) = [, ¢dp is a Radon measure. (Use Corollary 3.6.)

Z3NTS: I initially gave an incorrect argument using inequalities of infimums of sets. Try to be careful since
inequalities in those situations can easily go awry.

24 James Wong pointed out a different approach using a 55 argument. It is essentially just a repeat of
Proposition 7.7: If E € By, let E := |J;—, Ex be a countable union of disjoint finite measure sets. For
each Ey, choose open Uy D Ejy s.t. u(Up \ Er) < 5% by Proposition 7.5. Set U := Ui, Ux. Then,
w(U) = 3272 1(Uk) < 32720 n(E) + 55 = u(E) +e.

25This actually establishes equality as well. We could have gone without showing two inequalities.
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PROOF. (1) First off, v : Bx — [0, 00] defines a Borel measure by Exercise 2.13.
(2) It suffices to show that v is a finite measure since it implies finiteness on all compact
sets and indeed,

/() = [ odu = [ 16 = 6l < .

(3) ?° To show inner regularity on open sets, it suffices to show inner regularity on
all Borel sets. Let E € Bx and ¢ > 0. Let 6 > 0 be as in Corollary 3.6 with
€ > 0. The set ¢71((0,00)) is o-finite by Proposition 2.23 and nonnegativity. So,
let ¢71((0,00)) = ;= Ex a countable union of finite measure sets and WLOG*",
assume that Fy C FEjy.; for all k. Because u(Ey) < oo, Proposition 7.5 tells us
that p is inner regular on Ej. So, there exists a compact set Kj s.t. Ky C Ej
and u(Ey \ Ki) < 0. Therefore, v(Ey \ Ki) < €. Since v is a finite measure by
part 1., we know v(|J,—, Ki) < co. So there is an N € N sufficiently large s.t.
V(Upeni1 Ki) < €. Now,

V(En\GKk> §V<En\(DKk>>+I/< D Kk) <v(E,\ K,)+ €< 2e.

k=N+1

We want to compute that measure of /. We have

v(E) = /Ecbdlt = /Em{¢>>o} ¢dp = /U,;"Ll N ddp = v (,91 Ek> .

Since {Ex}72, is an ascending sequence of measurable sets, we know that v(E) =
limyg o v(Ey). From this fact, v (E’ \ Uszl Kk> = lim,, oo v (En \ Uff:l Kk> < 2e.

But Uivﬂ K, is a finite union of compact sets and is therefore compact. This proves
that v is inner regular on all Borel sets.

(4) Now for outer regularity on all Borel sets. Let E € Bx and let ¢ > 0. Since FE
Borel, E° is Borel and then there exists a compact set K s.t. v(E°\ K) < € or
equivalently, v(E°) — e < v(K) since v finite. Since K is compact, it is closed and
K¢ is open. Since K C E° we get £ C K¢ All that is left is the inequality, and we
use finiteness of v,

V(K)=v(X)—v(K)<v(X)— W(E)—€)=v(X)—vE)+e=v(X\E)+e=v(F)+e.

This last inequality implies that v(F) := inf{v(U) : E C U, open}.
0

Folland Exercise 7.9 Suppose that p is a Radon measure on X and ¢ € C'(X, (0,00)). Let
v(E) = fE ¢dp, and let v/ be the Radon measure associated to the functional f — [ fodu
on C.(X).

a. If U is open, v(U) = V/(U). (Apply Corollary 7.13 to ¢xru)-

b. v is outer regular on all Borel sets. (Hint: The opensets Vi, = {z : 2% < ¢(z) < 2"} [k €
Z, cover X.).

c. v =1/, and hence v is a Radon measure. (See also Exercise 13.)

26A hint was provided by James Wong. In particular, find a way to exploit o-finiteness since ¢ € L' (1).
2Tn particular, one can take Ej := o7 (3,00)).
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PROOF. a.?® Since ¢ is continuous and yy is LSC by Proposition 7.11, ¢xy is LSC. So by
Corollary 7.13, since ¢y is nonnegative and LSC and p is Radon,

v(U) =/cbe=Sup{/gdu:g€Cc(X)70§g§¢XU}-

We also have sup { [ gdp: g € Co(X),0 < g < ¢dxv} =sup { [ hodu: h € Co(X),0< h < xp}:
h € C.(X) iff h¢p € C.(X) and this fact is just a consequence of the fact that supp(h¢) =
supp(h) by ¢ nonzero and 0 < h < xy iff 0 < h¢ < ¢xy. Essentially, if g is in the LHS set,
then g¢ is in the RHS set and conversely, if A is in the RHS set, then h¢ is in the LHS set.

Since h¢ € C.(X), we can use the definition v/ to deduce that [ h¢du = [ hd'. So we
get

V(U)zsup{/hgbdu:hECC(X),OShSXU}:sup{/hdu’:hGC’C(X),OShSXU}:/XUdV’:.

and the second to last equality follows from Corollary 7.13 (' is Radon by hypothesis) and
the last equality is from definition.
b. Let E be a Borel set. First off, v(E) < inf{v(U) : E C U, U C X open} is clear by
monotonicity of measures. We need to show the converse. Let Vj := ¢~ 1((2%,2%2)) and
these sets cover X because J ., Vi = ¢ ((0,00)) (note that we have k+ 2 which is crucial).

Suppose we showed that for all & € Z, we could find a Uy, 2 V, N E st. v(Uy) <
v(Ve N E) + 5i. Then we can take U := (J,cz Ur and then, U 2 ., Vi N £ = E while
v(U\ E) < 3¢ because V(e Us \ Vi N E) < 37, 5 = 3¢

By replacing U, with the open set U, N Vi, we may assume U, C Vi. Then that means
we want to find a U, C V. s.t. U, O Vi, N E and U}, satisfies the condition above.

From the hint,

2"u(U \ ENV;) < /¢XUk\Emvde <252 (U \ EN V)

and since v(Uy \ EN Vi) = [ dxva\eov,dp, we need to choose pu(Uy, \ E N V) sufficiently
small. From p Radon, we can find Uy 2 ENV; s.t. pu(Uy) < p(E N Vi) + g5 and this
means j((Uy \ BN V) < gz From the above inequality, this means

€
V(U \ ENV,) <2"2u(U \ ENV,) < S

as desired.

c. Since v(U) = V/(U) for all open sets, v/ is outer regular on all Borel sets by definition,
and v is outer regular on Borel sets by part b., we deduce that v(F) = /(E) for all Borel
sets and so v = 1/, Since 1/ is a Radon measure, v is Radon as well. U

Folland Exercise 7.10 If ;1 is a Radon measure and f € L'(p) is real-valued, for every ¢ > 0
there exist an LSC function g and a USC function h such that h < f < g and [(g—h)dp < e.

PROOF. Let us assume® that f > 0 first. Then by Proposition 2.23, {z : f(z) > 0} is
o-finite and by hypothesis, f is Borel measurable. Then we can characterize [ fdu by the
infimum and supremum in Proposition 7.14. Let € > 0. Then there exists a USC function h

28NTS: A difficult and impossible to savlage proof I initially went with entailed using Lusin’s Theorem on
the cases where U was finite or nonfinite p-measure. It worked for finite measured U, but is impossible to
work with when infinite measured because there is no “good” upper bound.

29This is not necessary, actually, but was a good starting point when working on the problem.
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st. 0 <h < fand [hdu+ 5 > [ and a LSC function g s.t. [ gdp — 5 > [. Subtracting
from one another,

/h—gdu+e=/hd,u+§—</gd,u—%)>f—f=0 — /(g—h)du<e.

Let € > 0. Assume f is real-valued and by Proposition 2.23 again, {x : f(z) > 0}
and {x : f~(z) < 0} are o-finite where f = f* — f~ is the positive and negative parts
decomposition from Chapter 2. This enables us to apply Proposition 7.14 four times®’: there
exists LSC functions g1, g2 s.t. g1 > [T, 92> f7, [o1 < [ fT+¢€,and [go < [ [~ + € and
there exists USC functions hy, hos.t. hy < fT, ho < f7, [hy > [ fT—e,and [hy > [ [~ —e.
Putting this together, we know

hi—go < fT—f <g—ho

and in case it is not clear, the fact that —go < —f~ and —f~ < —hy is used. Because
f = ft—f", we obtain hy — go < f < g1 — hy. Since go is LSC, —g, is USC and
hi — g = h1 + (—g2) is the sum of USC continuous which is then USC. On the other hand,
hy is USC implies —hs is LSC and therefore, g1 — hy = g1 + (—h2) is a sum of LSC functions
meaning it is LSC. This gives the desired lower bound by a USC function and upper bound
by an LSC function. For the integral bound,

/(91 — hy) — (h1 — g2)dp = /gldﬂ — /hzdu - /hldﬂ + /QQCZM

< /f+du+€—/f_d,u—|—e+—/f+du+e+/f_d,u+e
= 4e.
Since we can scale the our choice of € to §, we are done. 0

Folland Exercise 7.11 Suppose that p is a Radon measure on X such that p({z}) = 0 for
all x € X, and A € By satisfies 0 < pu(A) < oco. Then for any « such that 0 < a < u(A)
there is a Borel set B C A such that u(B) = a.

PROOF. * Define a set G := {BC A: u(B) <a,UNA= B with U C X open} which
partially order by inclusion i.e. B < B’ whenever B C B'.

First, establish that & is nonempty. Because 0 < p(A) < oo is nonempty and p is zero
for all one point sets, we can choose a € A, use outer regularity to find an open set U D {a}
s.t. u(U) < o and take B := U N A which then satisfies the conditions to be in &.

Now for the chain condition of Zorn’s Lemma. Let {B;};c; be a chain inside &. We
claim the upper bound is | J,.; B;. Certainly, if B; = U; N A, then |J,,; B; = (UZ.EI UZ-) NnA
which is an intersection of an open set with A. Next, to compute p(lJ;c; Bi), we note that
U,er Bi € A which allows us to use Exercise 1.15 (the measure y is semifinite on A since A
has finite measure). This means that u({J,c; Bi) = sup{u(F) : F' € U,e; Bi» p(F) < oo}
and since every F' C | J,.; B; is in some B;, we deduce that (| J,.; Bi) < a. Invoking Zorn’s
Lemma, we know there exists such a set B € & that is maximal w.r.t partial ordering.

30The hypotheses of Proposition 7.14 are fulfilled since f* are nonnegative and Borel measurable.

3INTS: Is it possible to do this construction without Zorn’s Lemma? It looks impossible to do without it
because there are possibly uncountably many measurable sets and we would need to choose a candidate.
However, it is likely possible if we had semifiniteness of measures.
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To establish that B is the set we want, show u(B) = «. Suppose not and that we had
strict inequality pu(B) < a. Then 0 < a — u(B) and then pu(A\ B) > 0. So, A\ B # 0.
Choose an a € A\ B which makes {a} a closed set. Since oo > p(A\ B) > 0, the measure
fa\B is o-finite and thereby a Radon measure. By outer regularity, there exists an open set
Vst V2 {x} and pap(V) < pap({z}) + o — u(B) = a — p(B) by hypothesis. Then, we
get

w((VNA)UB) <u((VNA)UB) <uB)+pu(VNA) <u(B)+a—pB)=a

Notice that B C (V N A) U B because V' contains the point x € A\ B. To contradict
maximality of B, we must establish that (VN A)UB € &. Indeed, if B=UNAforU C X
open, then (VN A)UB = (VUU)N A and is therefore in &. Contradiction. O

Folland Exercise 7.12 Let X = R x R, where R; denotes R with the discrete topology.
If fis a function on X, let f¥(z) = f(z,y); and if £ C X, let EY = {x : (z,y) € E}

a. f e C(X)iff f¥ e C.(R) for all y and f¥ = 0 for all but finitely many y.

b. Define a positive linear functional on Ce(X) by I(f) = 3 g [ f(z,y)dz and let
be the associated Radon measure on X. Then y(FE) = oo for any E such that EY # & for

uncountably many y.
c. Let £ ={0} x Ry. Then p(F) = oo but pu(K) = 0 for all compact K C E.

PROOF. a. (= ): Suppose f € C.(X). If we fix y € R and consider f¥, then f¥ is certainly
continuous by definition of the product topology. Also, supp(f¥) C supp(f) which means it
is a closed subset of a compact set and therefore, compact. For the last statement, suppose
not and that f¥ # 0 for infinitely many y. Let Y be the set of those y s.t. f¥ # 0. Then
(fY) 1 (R) x {y} is open in X since (f¥)"'(R) C R is open and by definition of the product
topology. But then supp(f) C U,cy (fY) ' (R) x {y} and there is no finite subcover because
of our assumption. Contradiction. Therefore, Y| < oc.

( <= ): This direction is trickier*> so we are more detailed here. Suppose U C C were
an open set. If 0 € U, then f~(U) = U, ep,(f¥)"'(U) x {y} is a union of open sets with ¥’
being the set of y s.t. fY #0. If 0 ¢V, then f~1(U) = U,y (f*)"1(U) x {y} where Y is the
set of y s.t. fY # 0. Therefore, f~1(U) is open. To show that f has compact support, we
have

supp(f) = [J(f9)"HC\ {0})) x {y} = [J () HC\{0D)) x {y} = | swpp(f*) x {y}

yey yey yey

and the first equality is by definition of the support, the second equality is because the union
is finite and the closure of a product is the closure of the individual parts, and the last is by
definition of the support.

Because {y} is a compact set, Tychonoft’s Theorem shows that supp(f¥) x{y} is compact.
The finite union of compact spaces is necessarily compact. Hence, supp(f) is compact.
b. First, we verify that I(f) is positive and a linear functional I : C.(X) — C as claimed.
Certainly, I is linear because the integral and sum is linear and the sum is a finite sum
when f € C.(X) by part a.. For positivity, suppose f > 0 and then, I(f) is a finite sum of

32Continuity of functions from product spaces can be tricky and we recall that it is not true that f(z,y) :

X xY — Z is continuous when f¥(x) is continuous for all y and f*(y) is continuous for all . The standard
counterexample is f(z,y) = % with f(0,0) = 0.
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positive summands and is thereby positive. From the Riesz-Representation Theorem, there
is an associated Radon measure p i.e. I(f) = [ fdu for f € Co(X).

Let E be s.t. EY # ) for uncountably many y. By outer regularity, u(E) = inf{u(U) :
E C U open}. It suffices to show that u(U) = oo for all E C U.

To compute u(U), the Riesz Representation Theorem tells us that pu(U) = sup{I(f) :
feCX), f<U} Since U D E, we know that UY # () for uncountably many y.

Define an f,, € C.(X) as follows. First, choose a finite sequence yi,...,yn, € Y s.t.
EYi = (). For each i, choose a point x; € E¥ and apply Urysohn’s Lemma to find a function
gi € C.(R) s.t. gi(z;) = 1, supp(g;) € U’. Then, set f,, := g; on R x {y;} and for all
v € {yl, -, Ym}, set fr, = 0 for R x {y}. From part a., we know f,, € C.(X) and by
construction, f,, < U.

Now we integrate and note that by construction 3 , | f(x,y;)da > 0 for all 4,

/fmxydx—/fmxylder /fmxym

yER

Let F be defined by setting F¥ = ¢ for y s.t. EY # () and ¢ is obtained from Urysohn’s
Lemma by {z,} C EY, g(x,) = 1,0 < g <1, and supp(g) C UY. Now we take the supremum
when computing p(U) and therefore, our p(U) is greater than or equal to the supremum
over all I(f,,). Therefore,

w(U) > sup{I(fm) : fin € C.(X) as above} = Z/ x,y)d

yeR

The equality of the supremum with the uncountable sum follows from the fact that an
uncountable sum is defined! as the supremum over the finite sums®. The last equality
follows since the RHS sum is an uncountable sum of positive values.
c. Let E := {0} x R;. Then EY # () for all y € R, because EY = {0} x {y}. Therefore,
by part b., u(FE) = co. Now suppose K C E is compact and so K := {0} x {y1,...,y,} for
n € Ny with n = 0 meaning K = {0} x (). Notice that if K := {0} x (), then the zero function
is in the set on the RHS so pu(K) = 0 is obvious. So assume n € N. To show u(K) = 0,
apply the Riesz-Representation Theorem to get u(K) = inf{I(f): f € C.(X), f > xk}-
Let m € N\ {1}. Define f,,(x,y) by setting f¥ (z) to be the function where f¥ | 1/m2| =
1, supp(f¥%) C (—=1/m,1/m), and f¥% € C.(R) which is obtained from Urysohn’s Lemma
and then

- fyk(x) Yk, 1 <k <n,

Then f,, € C.(X), because of part a., f,, > xk, and f,, > 0. Moreover,

0<I(fn)= Z/fmxydx_Z/fyk dx<2—:—n.

yER

33We know fo, (2, ;) = g(z). But we also know 0 < g < 1, g(z) is continuous, and g(z;) = 1. So there is an
open set W 3 z; on which gl > 0. But every nonempty open set of R has positive Lebesgue measure so
[ fm(z,y;)dz > 0.

343ee the remarks on p. 11 of Folland.

351 this case, finite subsets {y1,...,ym} in which E¥ # 0.
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Since m € N was arbitrary, we have a sequence {f,,}>°_; s.t. fi, € Co(X), fm > xx, and
I(fm) — 0. These are candidates for the infimum and so, u(K) = 0. O

Folland Exercise 7.13 In the setting of Exercise 12, let A = (R\{0}) xR, and ¢(z,y) = |z|.
Then the measures pa(E) = (AN E) and v(E) = [, ¢dp are not Radon. (Thus, the
hypotheses that p be o -finite in Exercise 7 , that ¢ € L'(u) in Exercise 8 , and that ¢ > 0
in Exercise 9, cannot be dropped.

PROOF. Failure of 14: % Let E := {0} xR,;. Then ENA = () and therefore, 14 (E) = 0.
We claim that outer regularity fails. Let U O E be an open set containing E. By definition
of the product topology and by the basis of the topology on R, there exists an interval
(a,b) that contains 0 s.t. E C (a,b) x Ry € U. Now choose an element x € (a,b) x Ry
which is not equal to 0. Then, {z} x R; C (a,b) x Ry. From Exercise 7.12b, we know that
p({x} xRy) = 0o. But {z} x R; C A implies that pa({x} x Ry) = co. But this implies that
1a(U) = oo by monotonicity of measures.

Since U was an arbitrary open set, we deduce that every open set containing E has
pa(U) = oo. But this means inf{us(U) : E C U, open} = oo and hence, inf{u,s(U) : E C
U, open} # ua(E). So outer regularity on Borel sets fails.

Failure of v: Let E := {0} x R; and E is Borel. We know p(E) = oo from Exercise 7.12c.
We also know that ¢ = 0 on E by definition. Therefore, [ 5 ¢dp = 0. Suppose we had an
open U D E and by taking n € N sufficiently large, we have U 2 (—1/n,1/n) x R; D E.

Let Y := {y1,...,yn} C Ry be some arbitrary finite subset of R,;. From Corollary

7.13, since ¢ is lower semicontinuous, nonnegative, and g is Radon, we can approximate

Bl (=1/n,1/m)xry = h(2, y) where
T (n+1) (n+1) Sz S
hle,y) = v 0= < 50
0 elsewhere

L
+

foryeY & h(z,y) =0fory &Y.

and note that h(x,y) € C.(X) because h(z,y) # 0 for only finitely many y and h(x,y) €
C.(R) for those y in which it is nonzero. The support of h(x,y) in R when it is nonzero is
[0, =] and it is continuous because of how we defined it. Then,

’ n+1
/ b > / b > / ) > | Wz y)dp
=11 ><Rd =11 ><]Rd [—1 #]XY
1/(n+1)

/(n+1)
= Z/ hz,y)de = N h(z,y)dz.
—1/(n+1)

—1/(n+1)

The entirety of the first line is clear because of our approximation and the second inequality
is because we restricted to a smaller set. The first equality on the second line follows
from the definition in Exercise 7.12b and the fact that h(x,y) € C.(X). Note further that

36For this part of the proof, I discussed the material with Professor Ebenfelt, Frederick Rajasekaran, and
with Scotty Tilton and Jeb Runnoe.

NTS: I was under the impression that the problem statement was wrong, in part of reading a discussion
about why restrictions don’t work well with Radon measures. I wrote my own proof “falsifying” Folland’s
problem. However, I was not careful in writing the proof that “falsified” Folland’s statement. A crucial error
I made was in the my proof that ua4 was of outer regular on Borel sets. I used an € > 0 argument which I
purported gave me the nontrivial inequality. However, that does not given the way I used it.
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f_li%ﬁ)l) h(z,y)dz > 0. But our choice of N was arbitrary so if we let N — oo, we deduce

that [, ¢du = oo. This establishes p(U) = oo whenever U D E. Since pu(E) = 0 and the
infimum of only infinite values is just infinity u(E) cannot possibly be outer regular. O

Folland Exercise 7.14 Let p be a Radon measure on X, and let py be the semifinite part
of p (see Exercise 15 in §1.3 ).

a. o is inner regular on all Borel sets.

b. po is outer regular on all Borel sets E such that p(E) < oo.

c. [fdp= [ fduefor all f e C.(X)

d. If p is the measure of Exercise 12 and m is Lebesgue measure on R, then p(E) =
> yer M (EY) for any Borel set E.

PROOF. Let = ug + v be the decomposition from Exercise 1.15.
a. Let £ € By and € > 0. The there exists a finite measure F' C E s.t.

po(E) — e < u(F).

Then, by inner regularity of  on o-finite sets, thereis a K C F compact s.t. pu(F)—e < p(K).
Since p(K) < oo, we know p(K) = po(K). Then,

po(E) — 26 < p(F) — € < p(K) = po(K)

as desired.
b. Assume p(E) < 0o. Let € > 0 and choose U D E s.t. U is open and u(U) < u(F) + €.
Then,

po(U) +v(U) < po(E) +v(E) + ¢ = po(U) < po(E) +v(E) —v(U) + e < po(E) + €

which gives us what we wanted. Finiteness of p(E) is needed since otherwise, v(E) = oo.
c. [Incomplete]

d. Approximate xg by a C.(X) function f. Then [ fduo = [ fdu = 3 cp [ f(z,y)dy
implies that uo(E) = 3 g [ Xhdr = 3 g m(EY). O

Folland Exercise 7.16 Suppose that I € Cy(X,R)* and IT, I~ are the functionals con-
structed in the proof of Lemma 7.15. If p is the signed Radon measure associated to I, then
the positive and negative variations of u are the Radon measures associated to It and I~

PROOF. By Theorem 3.4, choose P and N s.t. PN N =0, PUN = X, v=(P) = 0,
and vT(N) = 0. Let f € Co(X,R) and IT(f) = sup{I(g) : g € Co(X,R),0 < g < f} by
construction’”. So, if we expand I(g) = [ gdu = [ gdu™ — [ gdu~, and note [ gdu= > 0,

I(f) =Sup{/gdu+—/gdu‘ :geCo(X,R),Oégéf} Ssup{/gxﬁ:geCo(X,R%OSgSf} <

For the other inequality, let € > 0. Also, fxp is*® a measurable function vanishing outside a
set of finite |u|-measure. By Theorem 7.10, choose a ¢ € C.(X) s.t. ¢ = fxp except on a
set Ee s.t. |p|(Ee) < € and since f is bounded, assume ||¢[|, < || f]l.. WLOG, we may take
the positive part of the Re (¢) to get ||é]l. < || f]l. and ¢ still differs from f on a set of < ¢
measure. Since ¢ € Cy(X),

37See p. 221 of Folland
38Since f € Co(X,R) it is a measurable function and the product of measurable functions is still measurable.
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I'(f) =sup{l(g) : g € Co(X,R),0 < g < f} > I() = /¢du = ¢du+/ o
E¢ E.

Z/g¢d#++/e¢du+—/g¢d#_—/ecbdlf

pdu™ — | ¢dp™ — | pdu”
fxpdu®t — | fxpdp™ — | ¢du~ (6= fxe
Ferdat — [ Frpdu — / 1 ludu (6l -

Ee Ee E.

Ferdit — [ feoxwdu / 1 ludi~ (def.

Ee Ee E.

Fopdu® — / 1 ludi™ (PN

E¢ Ec

fodu + fodu prdu I flludp™
E.

/ s = [ s = [ e (det. of 1" & o]
> /X Fait — 1l (B — 1f el (B2 (5
Z/fdﬂ+—2]|f|]ue (nl(E

X

Because f € Cy(X,R) was arbitrary and € > 0 was arbitrary, we deduce that IT(f) >
[ fdut forall f e C’O(X ,R). So by the uniqueness part of Theorem 7.17, I'" has associated

Radon measure p
On the other hand for all f € Cy(X,R), we have

I =10 -1 = [ gau= [ aut = [ sau-

and therefore, I~ has associated Radon measure =~ the uniqueness part of by Theorem 7.17.
O

Folland Exercise 7.17 If y is a positive Radon measure on X with p(X) = oo, there exists
[ € Co(X) such that [ fdu = oo. Consequently, every positive linear functional on Cp(X)
is bounded.

ProOOF. * By inner regularity, choose a compact subset K; C X s.t. u(K;) > 2! + 1.
Then X \ K; is open and u(X \ K;) = 0o so we can apply inner regularity to find a K, s.t.

39There is an error in the construction which has not been fixed. I was deducted one point since my
construction cannot ensure the f, do not interfere outside the set K,. Not too sure what the issue, maybe
th uniform convergence?
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pu(Ks) > 22+1 and K, C X\ K;. Inductively, we can find a compact K, s.t. u(K,) > 2"+1
and K, is disjoint from K1, ..., K, _1.

Define F' := > 7 g—z The sequence of partial sums Fy := 25:1 fn converge to F
because [|[F|l, < Zle“f;# < >3 = 1. Furthermore, the partial sums are a fi-
nite sum of continuous functions and hence, continuous while the support supp(F,) =
UN_{z € X : fulz) # 0} = UL, supp(f,) is compact’® and therefore Fiy € C.(X). Since
Fn — F w.r.t. the uniform norm and Cy(X) is the closure of C.(X) under || - ||, by Propo-
sition 4.35, we get F' € Cy(X). Now, we show [ fdu = oo by estimating from below. By

Theorem 2.15,

[ = [ fa (K)o 20+ 1
/fdu—; [z [ Jrane SRS T o

since the RHS sum has nonnegative terms that converge to 1 as n — oc.

Suppose [ were a positive linear functional on Cy(X) that was unbounded. Restricting /
to I]c,(x) gives a positive linear functional on C.(X) and then I¢,(x) is given by integration
against a positive Radon measure p on X by Theorem 7.2. Furthermore, u(X) < oo.
Suppose not and p(X) = oo so there exists a sequence of Fy as the one above. Let Gy :=

F
i and note that | Exllw < ||F|lw = 1. Then,
I(Fn) _ I(Fy)

and as N — oo, we get I, (x)(Gny) — oo. This implies that ||Ic, (x| = sup{I(f) : f €
Ce(X), || flle = 1} = oo and so, I¢,(x) is unbounded. From the remarks on p. 221, this
means I, (x) cannot be extended continuously to a functional on Cy(X). However, I itself
is an extension of I¢,(x) that is continuous which is a contradiction. We conclude that
w(X) < oo. By requiring p(X) < oo, we deduce that I itself is bounded because | [ fdu| <
[ lups(X) = ([ fllull ol for all f & Co(X). m

Folland Exercise 7.18 If i is a o-finite Radon measure on X and v € M(X), let v = v 414
be the Lebesgue decomposition of v with respect to p. Then vy and vy are Radon. (Use
Exercise 8.)

PROOF. The Lebesgue Decomposition of v = vy 4+ 15 is obtained from the Lebesgue-
Radon-Nikodym Theorem and WLOG, there is an f € L'(u) s.t. dv = dvy + fdp and
dvy = fdp and vy L A

First Approach:!' By the Lebesgue-Radon-Nikodym Theorem, there is an f € L'(u)
s.t. dv =dvy + fdu, dvs = fdu, and vy L p.

We know 15 is Radon iff |15] is Radon and since dvy = fdu, we know d|vy| = | f|dp. From
Exercise 7.8, we know |1s| is Radon since [vo|(E) = [, |f|du, p is Radon, |f| € L'(p), and
|fI > 0.

Since M (X) is a vector space, the difference of Radon measures is also a Radon measure.
Since v is Radon, we see that o = v — v; must also be Radon.

Second Approach: Since v; is a complex measure, 14 = v, + iy ; can be split into its
real and imaginary parts. Decompose vy, = vy’ —vy, into its positive and negative variations

T
40The finite union of compact sets is compact and the closure distributes over finite unions.

41T his first approach was suggested by Jeb which is fast while the second approach was my original (longer)
approach.
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which are just restrictions v4 ,. p, 11, n Of 11, to a positive and negative set P, N respectively
st. PNN = {0 and PUN = X from the Hahn-Jordan Decomposition. Since v was o-finite,
so are v, and v; as well as their positive and negative variations. Since fo . = Vi,p, Exercise
7.7 tells us that I/ff » 1s Radon as well. Repeating the same argument for v, z/ff i and vy,
we know v is a Radon measure.

Deal with the case f > 0 and f € L*(p) first. In this situation, fdu is a Radon measure
by Exercise 7.8. Because dvy = fdu = fodp + fidp = fFdu — fodu+ (f;7du — f; du)i, we
can apply this to each part to deduce that frdu, fdu, f;", and f; are Radon measures.
But these are the positive and negative variations of the real and imaginary parts of v,
respectively. Hence, f.du and f;du are Radon measures which implies 15 is a Radon measure
as well.

O

Folland Exercise 7.22 A sequence {f,} in Cy(X) converges weakly to f € Cy(X) iff sup
| fall, < oo and f, — f pointwise.

PrROOF. (= ): For f, — f pointwise, let z € X and let u, be the point-mass measure
at € X and this is a Radon measure *%. Also, [ gdu, = g(x) for any g € Cp(X). Then,
fn — [ weakly in Cy(X) implies f,(z) = ffnd,ux — [ fdu, = f(z) and since z was
arbitrary, f, — f pointwise on X.

To show sup || fuls < o0, we use the Uniform Boundedness Principle. Since f, — f
weakly, we know f, oI — f oI for every I € Cy(X)*. Therefore, sup,, ||f. o I|| < oo for all
I € Co(X)* and the Uniform Boundedness Principle implies sup,, || fulle = sup,, || /|| < .

Alternatively, to show sup || f,|l. < oo, we directly use Exercise 5.47b. We know Cj(X)
is a Banach space w.r.t the uniform norm and therefore, every weakly convergent sequence
is norm bounded. That means || f,|l. < oo for all n € N and hence, sup || f,,||. < oo.

(<= ): Let I € Cy(X)* and by the Riesz-Representation Theorem, there is a u € M(X)
st. I = I,. We need to show I,(f,) — I.(f). Let g := sup, ||fu|l. and notice that
g € L'(u) = L'(|p|) because |p| is a finite measure and ¢ is bounded and by applying
Proposition 3.13c. Since f, — f pointwise, we certainly have f, — f a.e.. Also, |f,] < ¢
a.e. and for all n from the definition of g. By the Dominated Convergence Theorem,

lim 1(f,) = lim / Fodp = / lim £ (= / f(x)dp(x) = 1(f)

n—o0

as desired. Hence, f,, — f weakly. O

Folland Exercise 7.26 If {,} C M(X), p,, — p vaguely, and ||u, || — |||, then [ fdp, —
[ fdu for every f € BO(X). (If u = 0 the result is trivial. Otherwise, there exists g € C.(X)
with ||g|l. < 1such that [ gdp > ||ul|—¢, and [ gfdp, — [ gfdpfor f € BC(X).) Moreover,
the hypothesis ||x,|| — ||| cannot be omitted.

4201631‘1}7, it is finite on compact sets because it is a finite measure. It is also outer regular because if x ¢ FE,
then u,(F) = 0 and the infimum measure of open sets containing F is zero. If z € E, then u, is outer
regular on E. If U is an open set and it contains x, there is a compact set {} C V C U by Proposition
4.31 and p,(V) = 1 which shows inner regularity in this case. If 2 ¢ U, then compact sets in U all have pu,
measure zero and . (U) = 0 and inner regularity still holds.
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PROOF. ** Suppose u = 0. Let f € BC(X) and so [ fdu = 0. Then }f fdun‘ <
J1f1d ] < N flullgenll = 11 fllu - 0 = 0 and we are done in this case.

Suppose st # 0. We show?* there exists a compact set K C X and an n € N s.t. for all
n > N, one has p,(X \ K) < e. Assuming ||u|| > 0, we can find a g € C.(X) s.t. ||g]l. <1
and | [ gdu| > ||p|| — € which is equivalent to € > ||| — | [ gdu|. Since ||u,| — ||p]| and
pn — p vaguely, for large enough n € N, we have |||u|| — ||ual|| < € and so ||u]] < €+ |||
as well as || [ gdpu| — | [ gdpa|| < € and so | [ gdu| — € < | | gdu,|. These estimates give,

Then, writing ||, || = [ 1d|u,| and using the fact that | [ gdp,| < [ |g|d|p.] since g € L* (),

[ 1= laldlinl = il = [ loldll < 1l - ' ez

Since g € C.(X), we know g € Cy(X) and the set K := {z € X : |g(z)| > 1/3} is compact.
Next, K°={zr € X : |g(z)] <1/3} ={xr € X :2/3 <1—|g(x)|}. Then, for n large enough,

3
<5 [ 1= lolidle
Kc

— rtnll = el 4l = ] [ o] < e 1 - ] [ o] < e 1 - \ / gdu‘ o<

< 3e.

3 2 3
X\K)=|2] = Sl -
K =[5 [ S| < |3 [ 0=l
3

> a-lghdnl
X\K
3 9
< = 1—|g|)d —€.
<5 [ lahdln] < 5

So the set K is our desired set to get u,(X \ K) < € (after scaling our €)) provided n is
sufficiently large, say n > N. Since there are only finite many n s.t. 1 < n < N, and inner
regularity allows us to always find a choice of K, for each of those values, p,(X \ K,,) < €
for 1 <n < N, and so we can increase the size of the set K so that p,(X \ K) < € holds for
all n € N by taking the union of our choices of compact sets and using the fact that a finite
union of compact sets is still finite.

Let f € BC(X). Now, choose a K as above, since it exists, s.t. u,(X \ K) < € for all
n € N. Then, by inner regularity on open sets, choose a compact set J s.t. pu(X\J) < e. Set
L := JUK so that the estimates |u,|(X \ L) < € holds for all n and for x in place of y,. By
Urysohn’s Lemma, choose a g € C.(X) s.t. ¢ =1 on L. Then by vague convergence, since
supp(fg) C supp(g) and g continuous means fg € C.(X), choose an N s.t. for all n > N,

43NTS: You had an argument where you split f = (1 —g)f + gf. The argument you wrote failed because
your choice of a C¢(X) function for the approximation is not actually C.(X).
44A hint was provided by James Wong.
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| [ gfdu, — [ gfdu] < e. Then, we have estimates for n large,

'/fdun—/fdu‘ < /Lfdﬂn—/Lfdu’Jr chd”"_/u fdu'

= /Lgfdﬂn_/Lgfd/i‘—F g fdﬂn_/LCfd:u‘

dp, — du| < u dp, — du| < u (| | (L€ L
[t [ gl < el [ [ < e 1l +
< e 1 Tl (E) + 11l (29) < €+ [11(2) < (1 + 211

Necessity of hypothesis: We show that hypothesis ||u,| — ||p|| cannot be dropped.
Let X := R and p, = J_, be the point mass at —n € R. Then ||u,|| = 1 for all n and
tn — 0 =: p vaguely because [ f(z)du, = f(—n) — 0 for all f € Co(X) and [ f(x)dp = 0.
Now, let f(z) := 1 the constant function which is bounded and continuous. However,

[ fdp, = f(—n) =1 for all n which means [ fdu, 4 [ fdu since [ fdu = 0.

< e+

O

Folland Exercise 7.30 Let p and v be Radon measures on X and Y, not necessarily o
~finite. If f is a nonnegative LSC function on X x Y, then z — [ fodv and y — [ f¥dyu are
Borel measurable and [ fd(uxv) = [[ fdudv = [[ fdvdu

PROOF. Borel measurability: We establish Borel measurability of ®(z) = [ f.dv
and ¥(y) = [ fYdu. Since f is nonnegative and LSC on X X Y, we know f, and fY are
nonnegative and LSC functions on Y and X respectively.

By Corollary 7.13,

<I>(:U):/fxdyzsup{/gdu:gECc(Y),Oégﬁfx}=sup{/gxdu:g€Cc(XxY),Oggngx},

and it is clear that the set on the RHS is contained in the set on the LHS, so we at least
have >, but it is necessary to show the other inequality to establish equality above. Let C
be the supremum on the LHS while (5 is the supremum on the RHS and we have C; > Cs.

Let € > 0. Thereexistsag € C.(Y)s.t. 0< g < fyand C; —e < [ gdv. Since g € C.(Y),
we know supp(g) is compact so g € C'({x} x supp(g)) if we define g(z,y) = g(y) as is. By
the Tietze Extension Theorem 4.34, we may extend g to a G € Co(X xY) s.t. Gliayxy = g
Then, G is in the set on the RHS since G, = g means 0 < G, < f, and G € C.(X x Y).
But [ gdv = [ G,dv so that means C; — e < [ gdv < Cs. Since € > 0 was arbitrary, we get
C7 < 05 and we already know C > C5 which means C; = Cs.

Choose a sequence g, € Co(X x Y) s.t. [ gn.dv — Cy increasingly. Define @, (z) =
f gnodv and @,(x) is Borel measurable for each n because Lemma 7.24 establishes that
they are continuous and continuous functions are necessarily Borel measurable. But then
®(z) = sup,, P, (z) = lim, o P,(z) which implies that ®(x) is also Borel measurable by
Corollary 2.9.

The result for W(y) follows by switching = with y, X with Y, f, with f¥ and modifying
the above proof in the obvious way. Thus, ®(z) and ¥(y) are Borel measurable functions on
X and Y respectively.

Iterated Integrals: Since f is a nonnegative LSC function, Corollary 7.13 can be
applied. If g were a C.(X x Y) function, we know f € L'(u x v) by Proposition 7.22 since
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p and v are Radon measures. So, g € L!'( x v). But by definition of the Radon product,
[ gd(uxv) = [ gd(u x v). Putting this all together

[ sy =swn{ [adtuzv) g cux xv)0<g< £
:sup{/gd(pxzj):gGCc(XxY),Ogggf}

:sup{//gd,udl/:geCc(XXY),OSQSf}

:/sup{/gyduzgeCC(XXY),OSQSf}dV
://fd,udy

and to reiterate, the first equality is by Corollary 7.13, the second is by definition of uXv,
the third is by Proposition 7.22, and the fourth is by an application of Proposition 7.12. The
last equality then follows since the supremum is just equal to the integral | fdu. Changing
which iteration we took in the third equality, [ fd(uxv) = [[ fdudv = [[ fdvdu as desired.

O

8. Elements of Fourier Analysis

Folland Exercise 8.1 Prove the product rule for partial derivatives as stated in the text.
Deduce that

0° (2°f) = 2P0+ cp®df, 2P0 f = 0% (2Pf) + ) 507 (°f)
for some constants c,5 and 5 with c,5 = ¢/ 5 = 0 unless |7| < |a| and |d] < |A].

PROOF. Recall the product rule is 0% = 3, I L(0°f)(07g). Tt is easier to observe

the rule inductively on n o = (ay,...,qy,) i.e. show the result WLOG for one coordinate
being nonzero. Certainly when oy # 0 and «; = 0 for ¢ # 1 one has

= 2.

B1+1=«a

@ﬁ1 )aw (g)

51"71

from the usual Leibniz Rule®® The result just carries over by noting that we need to differ-
entiate in each coordinate.

The first equation follow from applying this rule directly and considering the term where
f =0 and v = a. Incomplete] O

Folland Exercise 8.2 Observe that the binomial theorem can be written as follows:

(4 =3 B (o= (@) 0= (01,00)

la|=k

45See this page for instance.


https://en.wikipedia.org/wiki/General_Leibniz_rule
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Prove the following generalizations: a. The multinomial theorem: If x € R",

k!
(214 + )" = Z &!x

|a|=k

b. The n -dimensional binomial theorem: If x y e R™,

(z +y)° Z 5171

BHy=a

PROOF. a. The multinomial theorem is an easy consequence of induction and in fact,
one can deduce the result quite efficiently by use of combinatorial techniques.
b. This generalization follows by consider the binomial theorem in each coordinate. [

Folland Exercise 8.4 If f € L> and ||7,f — f|| ., — 0 as y — 0, then f agrees a.e. with
a uniformly continuous function. (Let A, f be as in Theorem 3.18. Then A, f is uniformly
continuous for 7 > 0 and uniformly Cauchy as r — 0.)

9. Elements of Distribution Theory
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